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Approximation Behaviour of Generalized
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ABSTRACT. The goal of this manuscript is to introduce a new sequence of generalized-Baskakov-
Durrmeyer-Schurer Operators. Further, basic estimates are calculated. In the subsection se-
quence, rapidity of convergence and order of approximation are studied in terms of first and
second order modulus of continuity. We prove a Korovkin-type approximation theorem and
obtain the rate of convergence of these operators. Moreover, local and global approximation
properties are discussed in different functional spaces. Lastly, A-statistical approximation
results are presented.

2010 Mathematics Subject Classification. Primary 41A10; Secondary 41A25; 41A36.
Key words and phrases. Suchrer-Durrmeyer type operators; local and global approximation;
Peeter’s K-functional; rate of convergence; Korovkin theorem.

1. Introduction

In 1998, Mihesan [10] presented a generalized Baskakov type operators as:
— k
Lualtio) = Y- Wistan (%), )
k=1
where h € C[0,00) and W, (z) = elte pk(ﬁ’a)ﬁam with W¢,(z) = 1. He
proved uniform convergence for these sequence of operators on [0, b] for functions that
have exponential growth and also discussed a pointwise estimate. In [3], Wafi and

Khatoon studied the rate of convergence of these operators in terms of the modulus of
continuity and obtained the Voronovskaja type theorem and a direct estimate of these
operators in terms of the Ditzian-Totik modulus of smoothness. Subsequently, Wafi
et al. ([2], [3]) and Rao et al. ([34, 35, 30]) studied the simultaneous approximation
properties of these operators for functions of one and two variables in exponential and
polynomial weighted spaces.

In [4], Erencin and Bascanbaz-Tunca studied the weighted approximation proper-
ties and they estimated the order of approximation in terms of the usual modulus of
continuity of these operators. For f € C'[0, ), the space of all bounded and contin-
uous function on [0, 00), Erencin [5] introduced the Durrmeyer type modification of
the operators defined and established some local results for these operators. Agrawal
et al. [9] extended her study and discussed some direct results in simultaneous approx-
imation by these operators, e.g., pointwise convergence theorem, Voronovskaja type
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APPROXIMATION BEHAVIOUR OF BDS OPERATORS 91

theorem and error in the estimate of the modulus of continuity. Also, they obtained
the error in the approximation of functions having derivatives of bounded variation.

To approximate in a bigger class, i.e., class of Lebesgue measurable function, Dur-
rmeyer type modification of Baskakov operators was introduced by [5]. In the last
few decades, the integral modifications of several operators were constructed and their
approximation behavior studied, we mention some of the work in this direction, e.g.,

Raiz et al. ([0], [7]), Rao et al.([27], [34], [35], [36], [42]), constructed a new sequence
of the operators and Karsli[13], Mohiuddine et al. [37], Mursaleen et al. [38], Ansari
[40], Nasiruzzaman et al. [39], Devdhara et al. [41] etc. On the other hand, Stancu

[14] introduced and investigated a new parameter-dependent linear positive operators
of Bernstein type associated to a function h € C[0,1]. The new construction of his
operators shows that the new sequence of Bernstein polynomials present a better ap-
proach with the suitable selection of the parameters. We also refer to reader for a deep
historical background [15, 16, 17, 19, 20, 21, 22, 23, 41, 42]. Kumar et al. [24] pro-
posed Stancu type modification of generalized Baskakov Durrmeyer operators. They
defined the Stancu type generalization of Baskakov Durrmeyer type of the operators

as:
< Wwe oo k-l nt + a
L& (h; ok / dt
7 ZB 0 (1+t>"+kf(n+/3)

+ W o(@)h (nj‘_ﬁ). (2)

Motivated by the above development, we introduce Schurer type modification of Gen-
eralized Baskakov Durrmeyer operators. For h € D,s+d € N and 0 < o < 7, we
defined the Schurer type generalization of the operators defined in (2) as:

Pe gl o it (s+d)it+o
s+dc otd ih dt
st—l—d (14 ¢t)std+ s+d+T
o
P h|{————
¥ P ao(u) (S+d+7), Q
where
c _&Qi(S—Fd,C)
s+d,i(u) = e ] (1—|—u5+d+’ Z 6+dz
L
i(s+d,c) = . s+d)jc' ™7
Qs = (5 )6+ o

where (s + d); denote the Pochhammer symbol given by (s + d)o = 1,(s + d); =
(s+d)(s+d+1)...(s+d+j—1), for 5 > 1 and D denotes the class of all Lebesgue
measurable functions A on [0, c0) as:

D= {h : /OO |h(it”dt < oo for some positive integer s + d} .
o (1+t)std
We observe that Cg[0,00) C D. The operators (3) are linear, positive and for o =
7 =0 and s + d = n they reduce to generalized Baskakov Durremeyer operators.
The purpose of this paper is to investigate and study the convergence properties
of the operators defined in (3). First, we derive the recurrence relation and central



92 N. RAO, M. RAIZ, AND V. N. MISHRA

moments of these operators and then we study the local approximation, weighted
approximation and A-statistical convergence of the operators.

2. Basic results

In the sequel, we shall need the following auxiliary results which will be necessary to
prove our main results.

Lemma 2.1. [9] For every u € (0,00), we have

a0 { P00} = 10— 5+ du)(140) = cub P )

Lemma 2.2. We have the following recurrence relation:

u(l +u)® (Dg-:dc (t’”;u)) = Dt (75 u) {(1 +“)(W N

o
- —s+du ] —cu
s+d+T ) }
(s+d)(1+4u)
s+d+T

mao g
DI, (™) (1 1— :
D () +U)s+d+7’( s+d>

Proof. For u = 0, the above relation is easily verified. For u € (0, 00), we proceed as
follows:
From Lemma 2.1, we can write

(D‘” (tm;u))/::ﬁ‘@;d’i(i)) /Ooo( et «<S+dt+a>mdt

stdse B(i,s +d L+t)ystdri \ s d47

d , . o "
+ == (Plrao(w) <W)

1 c
- DT, (s
1u(l +u)  (1+4u)? S+d’c( )

DI (). (1

—|—Ds+dc(tm+1;u) (s+d—m—1)

We may write J1 as

Pgg(u /“ti—l(i—l—(s+d+1)t) s+dt+o ’"dt
< B(i,s +d) (14 t)std+e s+d+T

+i Pgg(u) /Oo i1 s+dt+o\™
Z.OB(z,n—s—p) (1+t)stdti \ s+d+71
(w) (> it (s+d)t+o\"
d+1) Povai / ‘t dt
+ls+d+ Zst+d) o (14 t)std+i s+d+T

=Jy + Js3. (5)
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Using t = $£d&7 Ks+dt+"> — ( — )} and integrating by parts, we obtain

s+d s+d+1 s+d+1
Jo == mDTy ("50) + D ()
_m 21(7_; pt) D7y ("5 u) = (S_,_Z;((TZMDgfd,c (" 5u)
+ 2 D pre, ). ()

S +d)t+ -
Again using t = ":_f?r [((Z_Fd)_”a) - (sile)}v we get

(s+d+1)(s+d+7)

J3: S—|—d s+dc(

g
DU7T
s+d+ 7 stde

thrl7 U) _

("5 u). (7
Combining the equalities (4)-(7), we get the desired result. O

Corollary 2.3. For the function Ds+d . (™ u), we have

o N (s +d)? cu o
(1) DYg(tiu) = n+p—1)(s+d+r1) (u+ (s+d)(1+u)) +s—i—cH—T’
(s+d)>1,

o (s+d) o
( )Ds+dc( 7u)_(s+d71)(5+d72)(8+d+7')2 (u+(s+d)(1+u))

N (s +d)* ( u? n T +¢
(s+d—1)(s+d—2)(s+d+7)2\(s+d)? +d (s +d)2(1 +u)?

2cu cu (s +4d)
Tttt (s+d)2(1+u)) + ((s+d—1)(s+d+7))

X + < + z 2 +d>2
Ut ——— — ) s :
(s+d)(1+u) s+d+71) "’

(#9i) For each u € (0,00) and m € N,

D4 (t"5u) = em(s +d, m)u™ + (s + d) 7 (rin(u, ¢,0,7)+ 0(1)),

m
where ¢y, (s +d,7) = Si;iq,) o % and 1y, (u, c,0,7) is a rational func-

tion of u depending on the parameters c,o and T.

For m € N° = N U {0}, the m—th order central moment for the operators (3) is
defined as:

OV am(®) - = D& ((t —U)"‘;U)

s+d,m
>\ PSga(u /00 -1 (s+dt+o mdt
. —u
“ B(i,s +d) (14 ¢t)std+i \ s+d+7

g

—u) , S+d>m.
s+d+T

+ Pt
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Lemma 2.4. For the function 0777, (u), we have 0377 ((u) = 1 and the following
recurrence relation holds:

060’7’

(s+d+7)(s+d—m—1) s+dm+1( u)
= (s + dyu(l + u) ((a; T+ meE, 1(x)>

egfdfm(u)<ms+d(s+d+7)< u)(zm(s+d)+1)

s+d+1
+ (s + d)*u + s deu +0°77 (u)m(s+d+T) S i
(1+u) std,m—1 s+d+T

merd(S;“H_Tu)). (8)

Proof. For u = 0, the relation (8) holds. For u € (0,00), we proceed as follows from
Lemma 2.1, we can write

d ,
> T( 9+d1( )) o0 tl_l S+dt+0' m
GCO'T ) _ _ dt
(S+dm ; B(i,s +d) /0 (1—|—t)5+d“<s+d+7' u)
> Peya(u /°° #i—1 (st+dt+o mildt
< B(i,s +d) (14 t)stdti \ s+d+7

d o m o m—1
=2 (pec - P -
+du(s+d,0<u>>(s+d+7 W) mPao) (s )

=Ty =m0 (u), (say) . 9)

On making use of Lemma 2.1, we obtain

o) d ( pc (u)) 0 i—1 m
du ( s+d.d t (s+dt+o
1 2N = E 1 2 , _
u(l+u)h u(l+u) B(i, s +d) /0 (1+t)s+d+l( s+d+T “) dt,

+u(1+u)2di( ra,o(u )) (0_u>m

s+d+T
— (= (s +du)(1 +u) —cu)Pg () o 471
z:: B(i,s+d) : /0 (1 +¢)stdtk
X (m - u) dt — ((s + d)u(l +u) + cu) Pg, 4 o(u) (S-FZ%-T - u)
= (1+u)lz — (s + Au(l +w)077), (u) — cubgly (u). (10)

We can write Jy as

= P¢ i1 d)t mn
M _ u) dt

s dz() > .
J2:Z;B(:s+d)/0 (1+t)s+d+i((2_1)_(s+d+1)t)< stdtr

s+d,i *° tiil (S —+ d)t + o m
((sd+1)i+1) (BEDET ) g
+ZBkerd/ A )< stdvrr ¢

= J3 —+ J4, say. (11)
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Now, using the identity t = SJsrfd'T {((SS:'%:J - u) — (S‘le“T)}, we have

S _(srd+ (s tdtT) i Pe g (u) /°° i1 (s+dt+o "
4 s+d “~ B(i,s +d) (14t)stdtk \ s+d+T1
m—+1
o o (s+d+1)(s+d+7)
pe v o
+ s+d"0(u)<s+d+7 u) ] (s—l—d—l—T u> s+d
o Piiqq(u /°° ¢! (s+d)t+o "
‘ —u
< B(i,s +d) (14 t)std+i \ s+d+7
o m
P -
+Pa0(u )(s+d+7 U) ]
A+ D +d+T) oo o
5+d 05+dm+(u) S+p+ﬂ U
(ns+d+1)(s+d~+7) cor
x Qe—&-d,m,(u)' (12)

s+d
Making use of the identity #(1 + t) (W) =@{—(s+d+ 1)t)(1+t)fw
and then integrating by parts, we obtain
— Piiaqlu /OO ! (s+d)t—|—aiu mdt
« B(i,s +d) (14 t)stdti \ s+d+7
— b R d)t "
—Z i / - —t(1+1) Grdtto N a (13)
B(i,s +d) (14 t)std+i gt s+d+T

. . _ s+d+T (s+d)t+o _ [ o—Tu
Again using t = o d K P = U rdrs ) |» we have

X Pgy(u /°° i1 (s+d)t+a_u mdt
< B(i,s +d) (I+t)std+i \ s+d+7

Py a(uw) e it (s+dit+o "
- 1 s / , —u) dt
(m + )Z;B(z,s—&—d) (1+t)s+d+z< s+d+T u)

> pc 0o tiil At m—1
+m GRAIC / ‘ (s +d) 7 _ . dt
S+d+7’ < B(i,s + d) (14 t)std+i \ s+d+7

_(m+2)(s+d+7)i Psid@()/‘x’ t-1 ((s+d)t+a_u>m+ldt
B ) Jo (

s+d (i,s+d 1+t)s+d+i s+d+T

i=1
_m(s+d+T) _ & Psc+dz
s+d s+d+7' st+d

X/OC ti-1 (s+d)t+a_u e ldt
o (T+ppstati \srd+r

=J1 + Jo, say. (14)
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Now, we estimate J;

Ji = —(m+1)

P¢ygi(u /°° i1 (S+d)t+0fu mdt
« B(i,s +d) Jo (14t)std+i \ s+d+7
ag m g
P — - @
+ +d0()(8+d+7’ u> ]+m<s+d—|—7 u)
> P

Z s+dz( u) /Oo i1 (S-l-d)t-l-a_u mfldt
“~ B(i,s+d) Jo (L4t s+d+7

m—1
o
+P+d°()(s+d+7_“> 1
Piyailu /Oo et (3—|—d)t+o*_u mdt
« B(i,s + d) (14 t)std+i \ s+d+7
o m
* P+d0(><s+d+f“> }

o
=m0+ (T ) 655 ) (15
Proceeding in a similar manner, we obtain the estimate of Jo as

(m+2)(s+d+7) cor 2(m+1)(s+d+7T) cor

J2 = 5+ d s+d,m+1(u) 5+ d s+d,m(u)
m(s+d+7) o 2 o
— — 0, 16
S+d (S+d+7’ U) s+d,m— l(u) ( )
Combining (9)-(16), we get the desired recurrence relation. O

Corollary 2.5. For the function 077y, (u), the following hold (i) 637, (u) is a
rational function of u and s+d. (i) For every u € (0,00), GZdem(u) =0 ([1m+1]> ;

s+d| "o
where [n] denotes the integer part of 1.

Proof. The assertions (i) and (ii) easily follow from the recurrence relation (8) by
using the mathematical induction on m. O

3. Uniform convergence of the operators D}, .(.;.)

Definition 3.1. Let k € C[0,00), then, modulus of continuous for a uniformly con-
tinuous function h is presented as:

w(h;n) = sup|s, —s,|<nlh(s1) — h(s2)], 51,52 € [0, 00).

For a uniformly continuous function & in C[0,00) and 7 > 0, one has

Ih(s1) — hsz)] < (1 L a nj) ) w(hin). (17)
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Theorem 3.1. For D7, .(;.) the operators introduced by (3), with D7}, .(.;.) con-

verges to g uniformly on each bounded subset of [0,00] where g € C[0,00] N {g : v >

g(v)

converges as v — OO}

"1+ v2
Proof. In the light of Korovkin-type property (iv) of Theorem 4.1.4 in [11], it is
sufficient to show that D7), .(;.) — t™(u), for m = 0,1,2. By Corollary 2.3, it is
obvious D7/, .(;;.) — t(u) as (s +d) — oo for m = 0,1,2..., which completes the
proof of Theorem 3.1. O
Theorem 3.2. [12] Suppose L : Clp, q] — Blc,d] be a linear and positive operator and

suppose B, be the function defined by
Bu(u) = |u—wvl, (u,v) € [¢,d] x [p, q].
If g € Cp([p, q]) for any u € [p,q] and n > 0, the operator L verifies:
[(Lg)(u) = g(w)| < [g(u)[|(Lt)(w) = L{(Lt)(u) + 0~/ (Lt) (u) (LB (u)) hwg ().

Theorem 3.3. Let g € Cp[0,00). Then, for the operator ng:d7c(.; .) presented by
(3), we get

| o, T

D7y (5)(g,u) — g(u)| < 2w(g;n), wheren = /D7V, (¢%;u).

Proof. In term of Lemma 2.2, Corollary 2.3, and Theorem 3.2, one has

D2~ )] < {1467 /DI @bt

which completes the proof. O

4. Local approximation

Let Cp[0,00) be the space of all real valued continuous and bounded functions h on
the interval [0, c0), with the norm

[hllcy = sup [h(u)].
u€[0,00)

Let § > 0 and C%[0,00) = {g € Cp[0,00);¢’,¢"” € Cp[0,00)}. For h € Cp[0, ), the
Peetre’s K-functional is given by
K(h,6) = inf {||h = gll + 8 lg"[| ;9 € CH[0,00)} . (18)

By DeVore and Lorentz ([8] , p. 177, Theorem 2.4), there exists an absolute constant
C > 0 such that

Ky (h,8) < Cwsy(h, V), (19)
where the second order modulus of continuity is defined as:
wa(h,V3) = sup  sup |h(u+2g) — 2h(u+g) + h(u)]. (20)

0<g<V/5 u€(0,00)
For h € Cp[0,00), the usual modulus of continuity is defined as:

w(h,d) = sup sup |h(u + g) — h(u)l.
0<g<V80<u<oo 0
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Theorem 4.1. Let h € Cg[0,00). Then, there exists a constant K > 0 such that
DI, (hi) = h(w)| < Koo (13 50 )

CHI L o(s+d—1) —u((s +d)r — (s +d) — 7)
(s+d+7)(s+d—1)

4w | h;

N w) = DI ((t—u)?u)

(s+d+71)(s+d—-1) u+(s+d)(1+u) +S+d+7_—u 2.
+( (5 +d) ( cu ) - )

Proof. First, let us consider the auxiliary operators

s+d Jhu) = D‘S’;:d’c(h; u) + h(u)

< (s+d) ( cu ) o >
—h u+ + .
(s+d+7)(s+d—1) (s+d)(1+w) s+d+T

(21)
According to definition of the auxiliary operators, Dsjrd o(1,u) =1and DUJ:d tu) =
u Let h € C%[0,00). Using Taylor’s expansion of g, we write

h(t) = h(u) + (t — u)g'(u) + / (t —v)h' (v)dv.

u

Applying the operators Dg T, .(;.), to both sides of above equality, we deduce

/u t(t — ) (v)dv ;u>

’/ s+d+87+j)+d—1) <u+(s+d§1{1+u)>

+s+d+7}‘<(s+df;;(j)+d—1) (u+ (s+d():?1+u)>

g

b ) @) | D2 (= 50) 1)

D25, i) — )| < 077,

+(@+df$£ldn(“+@+5Z+uJ

2
g _ "
terdtr u) lg”l

=57 () |lg"]| - (22)

From (21), we have

D27 o w)| < 3] (23)



APPROXIMATION BEHAVIOUR OF BDS OPERATORS 99
Since g € C%[0,00) and using (22),(23) in (21), we obtain
D77 (s w) = hw)| < | DI = giw)| + | DI (g:0) — 9(w)| + lg(w) — hw)

h<(8+d+i)+(d+d1) <(S+d) 1tfu 1) +S+Z+7) — h(u)

< 4l = gl + | DI, (g:0) = g(w)|

+‘h<(s+d+sf)+<sd+cl—1) <(S+d)u+1iﬁl>+8+;+7) )

< 4|h— gl + 175 (w) 9"

(s +d) cu o
(i (v arates) i)~
< 4llh =gl + 07 u) g
bkder 1 (s +d— 1)~ u((s + d)r = (s + ) = 7)
(s+d+T1)(s+d—1)

+

4w | h;

Taking the infimum on the right hand side over all g € C%[0, 00), we get

DYy o) — h(w)| <4k (hsn 20, )

. Crien 4 o(s+d —1) —u((s + )7 — (s +d) — 7)
’ (s+d+7)(s+d—1)

+w

Thus by (19), we get

DYy o (hiu) — h(u)‘ < Cwy ( ngj—?a(“))

(s+d)cu
(1+u)

+o(s+d—1)—u((s+d)T—(s+d)—71)

e h Grdr)(std=1)

which completes the proof. 0

5. Weighted approximation

Let B, [0, 00) be the space of all real valued functions on [0, co) satisfying the condition
|h(u)| < Mpp(u), where My, is a constant depending only on h and p(u) is a weight
function. Let C,[0,00) be the space of all continuous functions in B,[0, c0) with the

< oo}. In

norm |[[hll, = sup,efo o0 IZEZ;' and C) = {h € C,[0,00) : limy 00
what follows, we assume the weight function as p(u) = 1 + u?.

Theorem 5.1. If h € C,[0,00), then for each u € [0,b] and s+ d > 2,then we have

s+d (hyu) — h(u)’ < 6M,, (1 + b2) gg‘i;)c(u) + 2wpt1 <h, 1/§s+d,c(u)> ,
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where 5(1?0( ) = Dii_’;’)c ((t —u)?u) and wy(h,d) is the modulus of continuity of h
on [0, b].

Proof. Let w € [0,b] and t > b+ 1. Then, in view of ¢ —u > 1 we have

A(t) — h(w)] < My (246 +u?)
< Mp(t—u)? (3 + 2u+ 2u?)
< 6My(t—u)® (1+u?)
< 6Mu(t—u)? (1+07). (24)
For u € [0,b] and ¢ < b+ 1, we have
[h(t) — h(u)] < wppr(hy |t — u|) < wpri(h,d) (1 + w) 0> 0. (25)

Combining (24) and (25), we obtain

() = f(u)] < 6My (1 + b2) (t— U)2 +wyg1(h, 6) <1 + ! ; U|> .

Applying the operators D7\, .(.;.) given by (3) to the above inequality and using the
Cauchy-Schwarz inequality, we have

D77 w) = h(u)‘ <6M, (1+52) DT, ((t —w)? )

s+d,c
+wyp1 (h, ) (1 N (O u)a,u)> .

Choosing § = {gi’;)c(u), we get the required result. O

Theorem 5.2. Let f € C’g. Then we have

lim HD

s+d—o00

| -
s+dc ) o

Proof. With elementary calculations, it follows easily that

li D" i) —eill, =0, wh i(w)=u'i=0,1,2.
(S+61511) I (ord).c (e:,.) —eill, where e;(u) = u’,i
By weighted Korovkin theorem given in [25], we get the required result. O

Next we give the following theorem to approximate all functions in C’g. This type
of result is discussed in [26] for locally integrable functions.

Theorem 5.3. For each h € C’O and A > 0, we have

‘Derdc h ’LL) - h(u)‘

lim =0.
s+d—o00 uE[O 0) (1 + u2)1+>‘
Proof. For any fixed z¢ > 0,
D77, (hyu) = h(u) ]DMC (hyu) — h(u)‘ (DMC (hyu) — h(u)
sup =+ sup

ue[0,00) (14 u2) ™ = e (14 u2)" ™ u>u0 (1+u2)'
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DYy (14 82,0)]
Tae (142 h(a)
< HD?T . hH + ||h|l, sup ‘ + sup
s C[0,uo] g u>xo (1 + U2)1+)\ u>ug (1 + u3)1+>\
= Il + IQ + 13, say. (26)
Since |h(w)| < ||h|l, (1 + u?), we have

h h h

P 1 I 1 R 1

u>ug (1 + u2) u>ug (1 —+ ’U,Q) (1 + U%)

Let € > 0 be arbitrary. In view of Theorem 3.1, there exists n; € N such that

D3 (14 2,0)]
s+d,c I 1 €
[IR] < 17| (1+u2 +),V(s+d)>n
e S w0
h
<« Mo 1€ oy d) >y (27)
SRR
D 2,
Hence, ||h||, sup,>,, | “+d“(zlﬁku>| < Ablle £ V(s+d) > ny. Thus, I + I3 <
>uo  (L4u?) (4uz) 3
(2H ||pA V(s + d) > ny. Now, let us choose ug to be so large that (1”+h|‘2")A <¢
Then
2¢
I, + 13 < §V(S+d) >ni. (28)
By
€
S RO S V(s+d) > na. 29
! stae(h) C[0,u0] <3 (54 d) 2 na (29)
Let ng = max (n1,ng). Then, combining (27)-(29)
‘D9+d(' h ’LL) - h(u)‘
sup <€ VY(s+d)>ng.
u€[0,00) (1 + U2)1+/\
This completes the proof. O

6. Statistical convergence

Let A= (c(erd)i) be a non-negative infinite summability matrix. For a given sequence
u:= (u;), the A-transform of u denoted by Au : ((Au)stq) is defined as

oo
(Au)sya = Z Clstd)ili

i=1
Provided the series converges for each s+d. A is said to be regular if lims q(Au)stq =
D whenever limu = D. Then u = (usyq) is said to be a A-statistically convergent
to D ie.stg —limu = D if for every € > 0,limg4 Zi:\ui—D\ze C(s+a)i = 0. Recently,
the statistical convergence properties have been investigated for several operators by
following the work of Gadjiev and Orhan [32], for instance, Agratini [29], Ozarslan
[28], Erkus et al. [31], Dogru and Orkcii [30] etc.
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Theorem 6.1. Let u € [0,00) and A = (C(S+d ) be a non-negative reqular summa-
bility matriz. Then, for all h € CO we have

wA—MWDHMM)—h

= 0,
Po

where p,(u) =1+ u?T7, 0 > 0.
Proof. In [33], it is enough to prove that

StA - hm HDs-i-d c (61', ) - ei”pg = O’

where e;(u) = u’,i =0,1,2

stA—llm"Ds+dc(eo,.)—eo = 0.
pPo
Using Corollary 2.3, we have
(s +d)?
D7, (tu —uH = su < —1)u
’ Yael ) p ue[o,lzo)ll (s+d+7)(s+d—1)
c(s+d) v o 1
(s+d+7)(s+d—1)(1+wu) (s+d+7)[1+u?

(s +a)? (s + d)e o
S(@+d+ﬂ@+dU_1)+@+d+ﬂ@+dn+s+d+f

For each € > 0, we define the following sets

o = {ova:[plii @) a2
(s +d)* €

G o= {S+d:((8+d+T—;(s+d—1)1>23}

G {S+d:(s+df;(i)id_1)2§}

C4:

v

d o €
s >
s+d+71 3
It is clear that C; C Co UC3UCy, which implies that Ziecl Clstdyi < Zie% Cls+d)it
Y icCs Clstdyi T Dicc, C(s+ayi- Hence, we have

StA—llm"Ds+dc(€1,.)—61 =0.
Po
Again using Corollary 2.3, we obtain
o 2(s +d)3
HDs+dc - _xQHp:ueS[gEO)|u((5+d+7)2(5<+d)1)(s+d2)
N 2(s + d)%*c ) —|—u2< (s +d)?
(s+d+7)(s+d—-1) (s+d+71)%(s+d—1)(s+d—2)

(s +d)*
e Fd P std—1)(s+d—2) _1)
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L ( 2(s +d)?c 2(s + d)co )
QI+uw\(s+d+71)2(s+d—-1)(s+d—2) (s+d+7)(s+d—1)
n (s +d)? cu?
(s+d+7)2(s+d—1)(s+d—2) (1+u)?
N (s+d)? 2cu? n o? | 1
(s+d+7)2(s+d—-1)(s+d—2)(1+u) (s+d+7)%2 1+u?
2(s +d)? 2(s +d)?%c
= <((s+d)+7)2(s+d—1)(s+d—2)+(s+d+7)(s+d—1))
N < (s +d)? N (s +d)* 3 1)
(s+d+7)2(s+d—1)(s+d—2) (s+d+71)(s+d—1)(s+d—2)
N < 2(s +d)?c 2(s+d)co >
(s+d+71)2(s+d—1)(s+d—2) (s+d+71)(s+d—1)
(c+d)? N 2c(s +d)3
(s+d+7)2(s+d—1)(s+d—2) (s+d+71)3(s+d—1)(s+d—2)
T erdroz

For a given € > 0, we have the following sets

Dy : {S+d HDSU—:dc 62,.) —62” > 6}

DQ:‘{”d srdin)? <s(i+dd-)31><s+d—2) <s+d2f:><i)igd—”2;}
P {S+d (s—i—d—H' s:ddzl)(Ser_z)

T Grdr e (i8++dd11)(s+d—2) 1> Zé}
D, {s+d (8+d+7 ;:ddzl)(s:d_z)+(s+d24(rs;(i)iad_1)>>665}
Do ={s s (o =T 2 6
DG::{s+dt (5+d+7)2(z(izf)1)($+d—2) = (65}
D7::{8+d:(5+217)22;}'

Then it is clear that D1 € Dy U D3 U D4 U D5 U Dg U D7. Hence, we observe that

Z Clctd)i < Z C(s+d)i + Z C(s+d)i + Z C(s+d)i

i€Dy 1€ Do 1€ D3 1€Dy
+ E C(s+d)i T E Cls+d)i T E C(s+d)i-
i€Ds5 1€ Dg €D~

Taking limit as (s + d) — oo, we have

=0.
Po

ta— i HD )=
sta = lim || Di¥a. (e2,) —e2
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Hence, the proof is completed. O

7. Conclusion

In this study, we provides a comprehensive analysis of the approximation properties of
Baskakov-Durrmeyer-Schurer operators. We investigate their convergence behavior,
we prove a Korovkin-type approximation theorem and obtain the rate of conver-
gence of these operators. Moreover, local and global approximation properties are
discussed in different functional spaces. Lastly, A-statistical approximation results
are presented.
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