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ABSTRACT. We show that Cauchy-Schwarz inequality for shifted quantum integral operator
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1. Introduction

Quantum calculus is a type of calculus where the main notions of derivative and
integral are defined without using the limits. Instead, it is based on the concept
of finite differences. These can be written in two distinct ways which relate to two
principal branches of the quantum calculus. One of them is h-calculus, which is based
on standard finite differences. It has numerous applications in physics and differential
equations. The second branch is g-calculus based on finite difference form as follows

f (x0) — f (gz0)

0—gz qe(0,1).

The g-calculus is applied in many scientific fields, as well. Its main applications are in
number theory, numerical analysis, ordinary and partial difference equations, dynamic
systems, algebra, communications and medical engineering (see for example [2], [1],
[5], [8],[11] and references therein).

Within the g-calculus theory development, a systematic approach to investigation
calls for obtaining the g-analogues of classic results (see [8], [5]). In this paper we
are focused on obtaining Ostrowski type inequalities for shifted quantum integral
operator by using the 2-seminorm. We will now introduce everything required to
properly describe the problem we are dealing with.

The following Ostrowski inequality is well known [10]:

b r — atb)?
@) = 5= | ] < i+((b_)) (b= a) /'] (1)
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It holds for every = € [a,b], whenever f : [a,b] — R is continuous on [a,b] and
differentiable on (a,b) with derivative f’: (a,b) — R bounded on (a,b) i.e.
1l =" sup |f" (£)] < +o0.
te(a,b)
Ostrowski proved this inequality in 1938, and since then it has been generalized

in a number of ways. This inequality can easily be proved by using the following
Montgomery identity (see for instance [9])

b b
o [ f@ds [P 2)

where P (x,t) is the Peano kernel, defined by

A (t—a), a<t<ux
@n=4 = | 3)
P(x,t) = . 3
ﬁ(t—b), r<t<b

If we apply Holder inequality to (2) we obtain

/fdt /th t) dt

where 1-norm is calculated with respect to variable ¢. Using

b T b
Hp(m,t)nl:/ |P(ac,t)dt:bia</ (t—a)dt+/ (b—t)dt)

2 2 a 2
G M ) [1+(x—;b)

2(b—a) 4 (b—a)’

<P (@ )l 1 Moo

(b_a)v

we obtain (1). In a similar way, if f’ is square-integrable function on the interval [a, b]
we can utilize the Cauchy-Schwarz inequality

——/f t)dt| = /th t) dt

11l =< )] dt) < +00
and

P(xt||2</ |P (z,1)|? dt) ( m(ta)thJr/b(bt)th)
1 \/(x—a b—x)
T b—a 3

to obtain Ostrowski type inequality
< 1 (z —a)® + (b—x)° 17
“b—a 3 2

b
‘f(w) e AL

<P (@ D)l 1111,

where

D=

1
2
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In [2] Ostrowski inequality for shifted quantum integral operator is presented. The
bound is given for every x € [a,b] and also tighter bound, but valid only on the
g-lattice, that is for x = a + ¢"™ (b — a), m € NU {0}.

Theorem 1.1. (Ostrowski inequality for g-calculus) Let f : [a,b] — R be a
q-integrable function over [a,b] and continuous at a. Then the following inequalities

hold
b

J7 0| < a @ D] 2

a

1
b—a

fle) -

(b—a) (B2 —qm), ife=a+qm (b—a) formeNU{0},

(b—a) (”éi;’ + Tqu) ; otherwise.

The aim of this paper is to obtain Ostrowski type inequalities for shifted quantum
integral operator by using the 2-seminorm, that is for functions whose q-derivative is a
g-square-integrable function on the interval [a, b]. The rest of the paper is organized as
follows: in Section 2 we give preliminaries for shifted g-calculus, in Section 3 we show
by counterexample that Cauchy-Schwarz inequality for quantum integral operator
does not hold in general. We prove that it is valid on the g-lattice, that is, if the
endpoints of the g-integral are a + ¢"™ (x — a) and z, for any m € NU{0}. In Section
4 we apply this result to Ostrowski type inequalities for shifted quantum integral
operator.

2. Shifted g-derivative and g-integral
Taking g € (0, 1), the shifted g-derivative of an arbitrary function f : [a,b] — R is
defined by (see [11])

e F@) — flata(e—a)
Dl @) = = @ —a)

DS f (a) = lm D3 f (x).

,ifx e (a,b],

We say that f is g-differentiable for every = € (a,b], since the shifted g-derivative ex-
ists. Furthermore, if lim D, f () exists, we say that f is g-differentiable on [a, b]. The
T—ra

shifted g-derivative is generalization of the Euler-Jackson g-difference operator
DY f (z)(see [0]). We can assume both to be discretizations of ordinary derivative. If
f is differentiable function then it is valid

lim DS f (z) = f' (x).
qg—1
As in [11], the shifted q-integral is defined by

/f(t)d3t=(1—q)(x—a)Zq’“f(aJrq’“(x—a)% z€lab]. (4)

2 k=0
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xr

If the series on right hand-side converges we say that g-integral / Q) dgt exists.
a

Furthermore, if f is continuous on [a,b] as ¢ — 1, then the series

(1-q)(@—a)) q"f (a+¢" (z - a))

k=0

tends to the Riemann integral (see [3], [8]) and we have
hm f t)dgt = / ft

xT
Let us note that shifted g-integral generalizes the Jacksons g-integral / f@ dgt
0
(see [7]). For an arbitary c € {(a, z) shifted g-integral is defined by

jf (t)dgt = jf(t) dgt — /Cf (t) dgt. (5)

In the following theorem important properties of shifted g-derivatives and g-integrals
are given (see [L1]).

Theorem 2.1. For function f : [a,b] — R, ¢ € (0,1) and z € [a,b] the following
identities hold

(V)

(i)
/D;f(t)dgt: /(@) - f(a)
(iii)

xT x T

/(f(t)+g(t))d;t:/f(t)dgt+/g(t)dgt

a a a

()
/af(t)dgt:a/f(t)dgt, aeR

3. Cauchy-Schwarz inequality for shifted quantum integral operator

In this section we show that Cauchy-Schwarz inequality for shifted quantum integral
operator does not hold in general. We prove the conditions under which it is valid.
Here and hereafter we suppose that f : [a,b] — R is g-differentiable on [a, b], that is
ii_r)r}ngf (x) exists.



110 A. AGLIC ALJINOVIC, L. HORVAT DMITROVIC, AND A. ZGALJIC KEKO

The symbol Lg [a, b] denotes the space of g-square-integrable functions on the in-

terval [a, b] equipped with the seminorm || f[|i?¢ (or simply || £[|¥"*') defined by

b B
a,b
19157 = { f1rorae| .

Note that ||| is not actually a norm since it takes into account only values
of fat a+q¢™(b—a), m € NU{0}. To make L?[a,b] fully fledged Banach space
it is necessary so to take a quotient, considering functions equal if they coincide for
r=a+q¢"(b—-a), me NU{0}.

la,b]

We also define seminorm in the case when interval of integration is different from
[a,b]. In the case when a < z < b we define

a+q" (x—a),z 2 ja
e I OIS
a+q™(z—a)

In the next example we show that Cauchy-Schwarz inequality for quantum integral
operator does not generally hold. We will also show that in some cases even 2-
seminorm does not exist.

Example 3.1. Consider the functions f,g : [a,b] — R defined by f(z) = b — «z,
z € [a,b] and g (z) = 7, = € [a,b]. Using the following result from [12]

“ n oja g 1_q n+1

we calculate the left hand side of the Cauchy-Schwarz inequality

/\f g (t)]do t =

a+b
b b
1
/b—a dat—/ t—a,
b a —a
a+b
2
1 b ‘%b b u;rb
il /(b—a)dZt—/(b—a)dZt—/(t—a)dgt+/(t—a)dgt
a a a a

1 ((b-a)? 3(-a) _ 2 —1
T b-a 2 4(1+gq) _(_a)4(1+q)'

For the right hand side of the Cauchy-Schwarz inequality we need

|| ” /7 1 b_b+a_ 1
ol “b—aV 2 \20—a)
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1915 / b
b b
2 1a 2 ja
/|b—t| dqt:/((t—a)—(b—a)) aut
aft afb

2

and

t—a 72(t7a)(b—a)+(b—a)2)dgt

= (quw);(b—a)?’—Q(b—a) (1_16])2(1)—@)24—([)_2@)3

—(b—a) 4¢° —4¢*> + 3¢ —1
4(1+q) (A +q+4q*)

\@

b b .
Thus ||f||£ £ exists only if 4¢3 — 4¢® + 3¢ — 1 > 0, that is for ¢ € [%,1>. In this
case Cauchy-Schwarz inequality reduces to inequality

2g—1 <\/ 4¢3 —4¢% +3qg— 1

4(1+q) ~ V80 +q(1+qg+4q?)
which is equivalent to
4¢* —=3¢* +7¢—3>0.
By factorizing the polynomial we get
4 =3¢* +7¢—3=(2¢—1)(2¢+3) (¢* —q+1) >0
Last inequality does not hold for ¢ € <07 %>, consequently Cauchy-Schwarz inequality
in this example holds only for g € [%, 1>.

In the next theorem we show that Cauchy-Schwarz inequality is valid for every q €
(0, 1) if the endpoints of the g-integral are a + ¢™ (z — a) and «, for any m € NU{0}.

Theorem 3.1. Let q € (0,1), and let f,g : [a,b] = R be functions such that f,
g € L2 [a,b]. Then for every x € (a,b] and m € N the following identity holds

x

/ [F (O lg @) dg t < ||f]He emabed g e @, (6)
atqm(z—a)
Proof. From the definitions (4) and (5) we have
z z a+q™ (z—a)
[ rolseiai= [irosoige- [ ir@lsoldge
a+q™ (z—a) a a

=(1-q(x-a)) ¢"|f(a+" (@—0a)l||g(a+d" (- a))

k=0
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~ A=) (g™ (@ —a) > " |f (a+ ¢ (@~ a)| |g (a+ ¢ (2 — a))]
k=0

m—1

=(1-q)(z—a)) _ ¢"|f(a+d" (@—a)||g(a+d"(x—a)).

k=0

By using the discrete Cauchy-Schwarz inequality for sequence spaces (the discrete
Holder’s inequality for equal conjugate exponents) we obtain

(1-q)(z—a qu\f a+q"(x—a))llg(a+d" (x—a))|

m—1
=== 3 (¢ (@t d @=a)]) (¢ o (0 +¢* - )]
k=0
m—1
S((l—Q)(x—a)Z f (a+¢" (z—a)) )
k=0
m—1
<<1q><wa>zqk|g(a+q v a) )
k=0
z a+q™ (z—a) atq™(z—a) 3
| furorae- [ yordg /\g B [ P
z 2 z 3
= [ woerad| | [ worag
a+q™(z—a) a+q™(z—a)
= (75 g e
O
Remark 3.1. If we take m — oo in (6) we obtain result from [12]
J1s@ls @1y < 1518 1ol -
a

4. Ostrowski type inequalities for shifted g-integrals

In this section, we give two generalizations of Ostrowski inequality for shifted quantum
integral operator. The first inequality is valid for every x € [a,b] and the second,
with tighter bound then the first, that holds only on the g-lattice, that is for = =
a+q¢m(b—a), m € NU{0}. Here we will use Montgomery identity and Cauchy-
Schwarz inequality. We state the identity for g-integrals that is given in [1].
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Lemma 4.1. Let f : [a,b] — R be arbitrary function and x € [a,b]. Then the
following identity holds

b
f@) - [ 1o (®)

(gt —1)Dgf (tb+ (1 —t)a)dt

g,\,_.

=(b—a) / (qt)qu(tb+(1—t)a)d2t+
0

x
b—a

Remark 4.1. In the case when ¢ = 1, identity (8) reduces to classic Montgomery
identity for Riemann integral.

We will need the following result from [8]

n 30 4 n+1
/Otdqt_<1—q”+1>x . (9)

In the next theorem we give a generalization of Ostrowski inequality for g-
integrals that is valid for every x € [a, b].

Theorem 4.2. Let g € (0,1), f : [a,b] = R be a g-integrable function over [a,b] such
that Dy f € Lz [a,b] and © € [a,b]. Then the following inequalities hold

b
1 b—a)(1 2 a,T
s o < [ e v g

Proof. Starting from (8) we have

b
P@%wla/fﬂﬂﬁ

—a
—a

8

(qt) Dy f (tb+ (1 —t)a)dy t +

z
b—a

(gt —1)Df (th+ (1 —t)a)dyt

Il
—
S
|
&
o\v
D‘\H

z—a
b—a

— (b—a) / gt — 1) DOf (th+ (1 1) )d0t+/D“ (th+ (1—t)a)dt

0
1 =n
/qt—l Dif(tb+ (1—t)a)dyt| + /D“ (tb+ (1 —t)a)djt
0
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By using triangle inequality for g-integrals (see [3]) and inequality (7) if follows

rz—a

1 b—a
/qt—l Dif(tb+ (1—t)a)dt| + /D“f (tb+ (1 —t)a)djt
0

e

1

< (b—a) /|qt—1||Dgf(tb+(1—t)a)|d2t+/|Dgf(tb+(1—t)a)}dqt
0

<( —aHD“ftb—i— (1—t)a) )Y

HD“f (tb+(1—t)a

H ’b a

(b—a)

Furthermore, for = € [a,b] we obtain
[o.=¢]

fla+qt(b—a))

. oyl || flattC—a) -
D2 f (tb+ (1 —t)a)| H =) ,
o eme&  (fat o) fatdte—a)\T)
= q)b—a,;f} < (1-q)¢"(z—a) )

1 —a = (a+¢" (@ —a)) - f(a+q**! (z — a)) 2
(1 ;)q ( (1-q) " (z —a) ))

Vb
_ 1 f@#)—flat+q(t—a)) .7 _ 1 HDaf(t)H[a@]_
b—a 1-¢)(t—a) ) Vb—a 4 2
. a (0,1 pag||latl
In particular, we get || Dgf (tb+ (1 —t)a)]|, \/7 |Dg 1],
Afterwards, we apply (9) to obtain
1 1
1 3 2 3
2q q :
1—qt Wv”—(/ 1—2qt + ¢*t d0t> —(1 + >
”( q)HQ o ( q q ) q 14¢q 1+q_|_q2
1+¢° H
a ((1+q)(1+q+q2)> '
Finally, we get
1—qt)]§"

(b—a) | D2 (th+ (1 — t)a)||5"

+ (a7 |[Daf (tb+ (1 —t)a)HgO’H]

b—a 1 2 a, a,r
:\/(( ) ( "“J))H H[ b]+m”Daf H[ ]

1+ (1+q+¢

O

Theorem that follows gives a generalization of Ostrowski inequality for qg-
integrals that is valid only on the g-lattice, that is for x = a+¢™ (b — a), m € NU{0}.
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Theorem 4.3. Let f : [a,b] — R be a g-integrable function over [a,b] such that
Dif € L2 [a,b] and m € NU{0}. Then the following inequality holds

m a — De [a,a+q™ (b—a)]
fla+qm - /f Bdit < Vb—a a( ?Hq ik
w20 =) (L) ey lata™ (0-a).0)
+\/1 o - L S Dy )

Proof. Starting from (8) we have

b
|f<x>—bia/ F(eydgt

z—a

=(b—a) /(qt)Dgf(tb+(1—t)a)d2t+/(qt—l)Dgf(tb+(1—t)a)dgt
0 z:g
t=a 1

<(b—a) /(qt)Dgf(tb—i—(l—t)a)dgt + /(qt—l)Dgf(tb—i—(l—t)a)dSt
0 z—a

In order to apply triangle inequality for g-integrals on the g-lattice ([8]) and inequality
(6) we have to take z = a + ¢ (b — a). Therefore, we obtain

z—a z—a

/(qt)DZf(tb—&—(l—t)a)dSt < / (qt) Daf (th+ (1—t)a)| do
0 0

< gt g i+ (1 1) 0|

[a,z]
D¢ .
\/ba\/1+q+q ( ) H fH
Here we have used equalities: HD;‘f (th+(1—1) a)HLO’H] = f||[a ] and
1
e o—a 3 3

gt =) = (f 2] t) ==
Thus, for x = a+ ¢™ (b — a) we have

D B2 (2]

/ (qt) Dy f (tb+ (1 —t)a)d) t| < R IETEYS) H aflly

0

Similarly, we obtain
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1
/qt—l )DGf (tb+ (1 —t)a)dg t| <

r—a x
b—a b

(gt — 1) DEf (tb+ (1 —t)a)| d2 ¢

P~

|
e

g
|

=]

< [|Dgs b+ (1 =1 a) |1 gt — 115
Furthermore, for z € [a, b]
[#=21]

2

|Dgf(tb+ (1—1t) a)HLi:a

Hf (a+t(b—a))— f(a+qt(b—a))
(1-q)t(b—a)

St -a) -~ f ot - a)\
! Q)kz_oq< (- b a) )

N

Z ( a+qk<xa>)f<a+qk+l<xa>)>2

af= (I-q)d*(x—a)

b e S (flatd ®—a) — fatd (b —a)) ?
_\/m (1 Q)(b ),;Jq ( (1—q)qk(b—a) >

oo . . 9
-(1-4q) vaqk< (0+d"(x—a) —f(ata™ (’I—a))>
k=0

1
2

(1-4q)¢" (x—a)

[,b]

_ 1 __1 |
2 _\/bfa

N vb—a

and

1
1 z—a 3
:::7:1’1 b—a
llqt — 1\|£H I_ (/O (1 —2qt +¢°t*) dy t — (/0 (1 —2qt + ¢°t*) d t))

_ (4 2q " q? zfaJr 2q T —a 27 q? z—a\’\’>
B 1+q 14qg+¢* b—a 14qg\b—a 1+g+¢*\b—a ’
For x = a+ ¢™ (b — a) finally we get

z—a, 2 2 3m
oo =15 = (1-gm - 2Ly s )

1+¢ 1+qg+¢q

ft)—flatq(t—a))
(1—q)(t—a)

D2 f ()|

S

and the inequality is proved. O

Remark 4.2. The bound in the inequality form Theorem 4.3 is tighter than the one
in the inequality from the Theorem 4.2 for z = a + ¢™ (b — a). Indeed, it’s not hard
to see that for m € NU {0}

a a —a),b a a,b]
Dyl < g gy
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and also for ¢ € (0,1)

T —a q3m+2
— g™ > -+t
Vb—a = 1+q+¢%
g 2¢(1—¢™) (1 —¢*")
14¢q L+q+¢?

1+ q2 _ qm (]_ _ qm+3) _ (2qm+1 + 2qm+2 + qm+3) (]_ _ qm) _ q3m+2 (1 + (])
(I+q)(1+qg+4q?)

1+ ¢2
1+ (1+qg+q¢*)

5. Conclusion

We have shown generalizations of Ostrowski inequalities for g-integrals, one valid for
every © € [a,b], and the other one valid on g-lattice giving also the tighter bound
on the g-lattice. We have shown that g-analogue of Cauchy-Schwarz inequality for
quantum integral operator is only valid on the g-lattice, that is for x = a+¢™ (b — a),
m € NU {0}, and it can not be obtained in general. Applications and further gener-
alizations are possible for classes of functions that fulfill additional properties.
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