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Semihypergroup Actions by using the Generalized
Permutations

B. DAVVAZ AND M. MOSTAFAVI

ABSTRACT. An ordered hypergroupoid is a hypergroupoid together with a partial order such
that satisfies the monotone condition. In this paper, we introduce the notion of semihyper-
group actions on ordered hypergroupoids. Some results in this respect are investigated. In
particular, we prove that if S is a commutative semihypergroup acting on an ordered hy-
pergroupoid H, then there exists a commutative semihypergroup S acting on the ordered
hypergroupoid H := (H x S)/p in such a way that H is embedded in H.
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1. Introduction

The concept of algebraic hyperstructures was introduced in 1934 by Marty [21] and
has been studied in the following decades and nowadays by many mathematicians.
Marty published some notes on hypergroups, using them in different contexts: al-
gebraic functions, rational fractions, non-commutative groups. Several books have
been written on hyperstructure theory, see [4, 5, 8, 10, 11, 22]. The concept of a
semihypergroup is a generalization of the concept of a semigroup. As we know, in a
semigroup, the composition of two elements is an element, while in a semihypergroup,
the composition of two elements is a non-empty set. Indeed, semihypergroups are the
simplest algebraic hyperstructures which possess the properties of closure and asso-
ciativity. Semihypergroups are studied by many authors, for example, Bonansinga
and Corsini [1], Davvaz [6, 7], De Salvo et al. [13], Freni [15], Hila et al. [17], Leo-
reanu [19], and many others. The concept of ordering hypergroups investigated by
Chvalina [3] as a special class of hypergroups and studied by him and many others. In
[16], Heidari and Davvaz studied a semihypergroup (H,o) besides a binary relation
<, where < is a partial order relation such that satisfies the monotone condition.
Several mathematicians considered actions of algebraic hyperstructures, for example
see [9, 20, 23]. In [20], Madanshekaf and Ashrafi considered a generalized action of a
hypergroup H on a non-empty set X and obtained some results in this respect. In
[18], Kehayopulu and Tsingelis are studied semigroup actions on ordered groupoids.
Now, in this paper, we apply their results to algebraic hyperstructures and introduce
the notion of semihypergroup actions on ordered hypergroupoids.
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134 B. DAVVAZ AND M. MOSTAFAVI
2. Semihypergroups

Let H be a non-empty set. A mapping o : H x H — P*(H), where P*(H) denotes
the family of all non-empty subsets of H, is called a hyperoperation on H. The couple
(H, o) is called a hypergroupoid. In the above definition, if A and B are two non-empty
subsets of H and x € H, then we denote

AoB= |J aob, zoA={2z} oA and Aoz = Ao {x}.

a€A
beB

A hypergroupoid (H, o) is called a semihypergroup if for every z,y,z € H, xo(yoz) =
(z oy) oz, that is

U zou= | voz

uEeyoz veToy
A semihypergroup H is commutative if it satisfies xoy = yox, for all z,y,z € H. The
associativity for semihypergroups can be applied for subsets. A non-empty subset A
of H is called a subsemihypergroup if x oy C A for all z,y in A.

Remark 2.1. Every semigroup is a semihypergroup.

A hypergroupoid (H, o) called a quasihypergroup if for every x € H, x o H = H =
H o x. This condition is called the reproduction axiom. The couple (H,o) is called a
hypergroup if it is a semihypergroup and a quasihypergroup.

Definition 2.1. [16] An ordered hypergroupoid (G,o,<) is a hypergroupoid (H, o)
together with a partial order < that is compatible with the hyperoperation, meaning
that for any z,y,z in H,

r<y=zox<zoyandzxoz<yoz.

Here, zox < zoy means for any a € z oz there exists b € z oy such that a <b. The
case x o z < y o z is defined similarly.

Example 2.1. [2] We have (5,0, <) is an ordered semihypergroup where the hyper-
operation and the order relation are defined by:

b c d
{a,b} {a,c¢} {a,d}
{a,b} {a,c¢} {a,d}

b c d

b c d

<= {(a7a>7 (b7 b)? (07 C)7 (d, d), (a7 b)}

Example 2.2. [12] Suppose that S = {z,y, 2,1, s,t}. We consider the ordered semi-
hypergroup (S, o, <), where the hyperoperation o is defined by the following table:

QL O |0
Q2 Q2 |

Y Z r s t
{r.st Art} = {z,y} {z2}

s Antt oy A{z,z}
{r, s} t x {x,y} z
{z.y} A{z,2} r {rs} A{rt}

y Az} s A{nt}
{z,y} 2 {r.sp 1

S+ » I NN 8|0
828 8 3 3 3|8

S 3
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and the order < is defined by:
<i= {(xw%')a (y,y), (Za 2)7 (T’ T)a (S’ S)v (t7t)> (877‘), (tJ’), (y733), (Z7LL‘)}

Let (H,+,<pg) and (H',+, <pg ) be two ordered hypergroupoids. Let f: H — H’
be a mapping. Then,
e fis called isotone if x,y € H, x <y y implies that f(z) <g' f(y).
o f is called reverse isotone if x,y € H, f(x) <g  f(y) implies that x <pg y;
(each reverse isotone mapping is one-to-one.)
e f is called a homomorphism if it is isotone and satisfies f(x 4+ y) = f(z) + f(y)
for all z,y € H;
e f is called an isomorphism if it is homomorphism, onto and reverse isotone.
We say H is embedded in H' if there exists a mapping f : H — H' which is homo-
morphism and reverse isotone.

3. Generalized permutations and semihypergroup actions

According to [14, 22], we can consider a generalized permutation on a non-empty set
X asamap f: X — P*(X) such that the reproductive axiom holds, i.e.,

U flz) =f(X) =X.
zeX
We denote the set of all generalized permutations by Mx. A generalized permutation
f is said to satisfy the condition 6 [22] if
xe€Xand z € f(x) = f(z)=f(z).

We denote the set of all generalized permutations that satisfies the condition 6 by
My.

Theorem 3.1. [22, Theorem 6.2.9] Let f € My and My ={g € Mx | g C f}. Then,
My¢ is a hypergroup with respect to the hyperoperation x defined by

fixfa={p€ Mx |pC fio fa},
where f1 0 fo is defined by
ficfa= U fily).
Y€ f2(x)
Now, we give the definition of an action of a commutative semihypergroup on an
ordered hypergroupoid.

Definition 3.1. Let (H,+,<py) be an ordered hypergroupoid and (.5,-) be a com-
mutative semihypergroup. The map f: S x H — P*(H) is called an action of S on
H and denoted by (H, S, f), if the following axioms hold:
(1) For all « € S, for all x,y € H, f(a,z +vy) = f(a,z) + f(e,y), where for all
g € H and X € P*(H),
flg.X)="U flg,2).
zeX
(2) For all o, € S and for all © € H, f(af,z) = f(a, f(8,2)), where for all
BeP*(S)and g € H,
f(B,g9)= U [f(bg)

beB



136 B. DAVVAZ AND M. MOSTAFAVI

(3) For all « € S and for all z,y € H, f(a,z) <g fla,y) &z <pgy.

Lemma 3.2. Consider (H, S, f). Then,
(1) For all A,B € P*(H) and for all m € S, we have

f(m, A+ B) = f(m,A) + f(m, B).
(2) For all a,b € H and for all M € P*(S), we have

f(M,a+b) = f(M,a) + f(M,b).
(3) For all A,B € P*(H) and M € P*(S), we have

f(C,A+ B)=f(C,A)+ f(C,B).
Proof. (1) We have

f(m, A+ B) :f(m,( U a+b)>

acA

beB
:agAf(m,a-i-b)
beB
= U (f(m,a) + f(m,b)
‘i§§< )
= U (U i+)

a€A i

bB )
= U i+j

i€ f(m,A)

JEf(m,B)
= f(m, A) + f(m, B).

(2) We have

f
= U (f(m.a)+ f(m.b))
(LY,

M *acf(m,a)

BEf(m,b)
a€f(M,a)
BEf(M,b)

(3) We have

f(C,A+B) = U f(c,A+ B)
ceC

= U (fle. )+ f(e.B))

ceC

= U (U fea)+ U fleb)
ceC “a€A beB

= U fle;a)+ U fleb)
ceC ceC
a€cA beB

= f(C,A)+f(C,B)
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Let H be a set and <z be a relation on P*(H) x P*(H). Suppose that A, B and
C are arbitrary non-empty subsets of H. The following properties can be considered
(1) A<u4;
(2) if A<y B and B<i A, then A = B;
(3) if A<y B, then B<y A:
(4) if A<y B and B<pyC, then A<yC.
If “<z” has the properties 1, 2 and 4, then it is a partial order relation on the non-
empty subsets of H. If “<y” has the properties 1, 3 and 4, then it is an equivalence
relation on the non-empty subsets of H.

A relation o on H is called a quasi-order on H if it is reflexive and transitive. If o
is a quasi-order on H, then the relation 0* = cNo~! is an equivalence relation on H.

Lemma 3.3. Let o be a quasi-order on P*(H), the non-empty subsets of H. Then,
each of the following equivalent definitions defines an order on the set P*(H)/c*.
(1) <o={(6*(A),0*(B)) |3 A1 € 6*(A), 3 By € 0*(B),>: (41,B1) € 0}.

(2) <o={0*((A),0*(B)) |VA; € 0*(4) V By € 6*(B),>: (41,B1) € o}

(3) 0*(A4) <, 0*(B) < (A,B) €o.

Proof. Tt is straightforward. O

Definition 3.2. Consider (H, S, f), A,B € P*(H) and C € P*(S). Then,
A<yB & f(C,A)<uf(C,B).

In particular, if C' := {c}, then /@233 f(e, A)<p f(c, B). Moreover, if A := {a}
and B :={b}, then a <g b < f(C,a)<uf(C,b).

Remark 3.1. If (H, S, f), o,8 € S and = € H, then f(f, f(a,z)) = f(a, f(B,x)).

Lemma 3.4. (1) If(H,S, f), a,B,y € Sandx € H, then f(af, f(v,z)) = flafy,x).
(2) If (H, S, f), A, B € P*(S) and C € P*(H), then f(A, f(B,C)) = f(B, f(A,C)).

Proof. (1) We have
faB, f(v,x) = U fla, f(v,2) = U f(ar),z) = f((ap),x).

acaf acaf
(2) We have
fAfBC) = U flafbz)

a€AbeB,xcC (
= U  f((ab), )
a€AbeB,xeC
((ba)
(

= u f

a€AbeB,xzeC

= U f(b, f(a,x))

ac€AbeB,xeC

In the following we generalize [18, Theorem 3].

Theorem 3.5. Consider (H, S, f). Then, there exists a (H,S,8) such that
(1) H is embedded in H under a mapping 1.
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(2) There exists a homomorphism Q : S — S satisfying the conditions:

(i) For every B € S and every x € H, ¢(f(8,7)) = Q(B) B ().
(ii) For each B € S and each x € H there exists q§ € H such that

Q(B) B qs = ¥(x).
Moreover, if H is a semihypergroup, then H is also a semihypergroup. If H is a
commutative hypergroupoid, then so is H. If H is a cancellative ordered hypergroupoid,
then H is also so. Conversely, suppose (H,S,[) such that
(1) H is embedded in H under a mapping Y.

(2) There exists a homomorphism Q' : S — S having the properties:
(i) For every a € S and every x € H, ¥'(f(a,2)) = Q' () B¢ ()

(ii) For each B € S and each x € H there exists ¢© € H such that
Q(B) b qj = ¢(x).
Then, H is embedded in H.

Proof. The proof consists of a series of constructions and steps. We shall complete
the proof in the rest of paper. O

Proposition 3.6. Consider (H, S, f). Define a relation o by

(f(/Bax) + f(a7y),aﬁ)a(f(ﬁ1’,\1;1) + f(alay1)7alﬁl)
< floaapr, f(B,2) + fla,y))<u f(aB, f(Br,21) + fla1,y1))

on the non-empty subsets of HxS. Then, o is a quasi-order on the non-empty subsets
of HxS.

Proof. If (f(8,2)+ f(a,y),aB) € H x S then, since f(af, f(8,2)+ f(a,y)) € H and

<p is an order on P*(H ), we have f(af, f(8,z)+ f(a,y))<u f(ap, f(B,2)+ f(a, ),
ie, (f(B,2) + fla,y),aB)), (f(B,2) + f(a,y),aB)) € o, so o is reflexive. To show
the transitivity, suppose that (f(8,z)+ f(o,y), aB)o(f(B1,x1) + f(a1,y1), a1 61) and
(f(Br,z1) + floa,y1), a1 Br)o(f (B2, x2) + flaz,y2), az2). Then,

(f(B,z) + fla,y), aB)a(f(Br, 1) + flai,y1), a1B1)

= fleaBi, f(B,2) + flea,y)) < flaB, f(Bi,z1) + fla1,y1))

= f(aaf, flerfr, F(B, ) + fla,y)<m f(azBa, f(aB, (B, 1) + flar,41)))
= fla1B, flazBa, F(B.x) + flo.y)Suf(aB, flezBa, f(Br 1) + floa, ).

Moreover, we have
(f(B1,21) + fla1,y1), 1B1)o(f (B2, w2) + f(a2, y2), a2f2)
= flazBe, f(Br,21) + flar,y1))<u fe1Bi, f(B2, 22) + f(az, y2))
= f(aB, Fazfa, f(Br.x1) + f(or, 1)< f (0B, f(er By, [(B2,22) + f(02,2)).

Consequently, we obtain
FlarBy, flaafa, £(B,3) + fo,9)<uf(aB, flar By, f(Ba, w2) + flaz, y2)))
= f(a1/817 f(aQBQa f(ﬁ"r) + f(a7y)))§f(alﬁl7 f(aﬁv f(ﬁ2,$2) + f(a27y2)))

= fla2fa, f(B,2) + fla,y)Suf(aB, (B2, x2) + flaz,ya)).
This completes the proof. O
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In the following we always denote by ¢ the quasi-order on the non-empty subsets
of H x S defined in Proposition 3.6. Since o is a quasi-order on P*(H x S), it follows
that o* is an equivalence relation on P*(H x S). Clearly, o* is an equivalence relation
on H x S too.

Proposition 3.7. Consider (H, S, f). Then, for every o, € S and z,y € H, we

have
(1) o*((z,a)) =" ((y, B)) & f(B,x) = fla,y),
(2) o*((f(e, ), )) o*((f(B,x),B)),
3) o ((f(e, x), b)) = Cf*((x,ﬂ))-
Proof. (1) Since o* is an equivalence relation, it follows that
(z,a)0"(y, B) & (z,a)a(y, ) and (y, )0~ (z, )
& (2, a)o(y, B) and (y, B)o(z, @)
& f(B,x)0f(a,y) and f(a,y)of(B,x)
& f(Bx) = fley).
The proofs of (2) and (3) are similar to the proof of (1). O

Proposition 3.8. Consider (H, S, f). Define the hyperoperation “®” and the order
“=s" on (H xS)/o* by

(H x S)/o*) X ((H x S)/o*) - P ((H X 5)/0*)
)

(0*((z,0)),0*((y, 8))) = o*((f(B,2) + f(,y), aB)
o*((z,)) 25 o((y, ) & f(B,x)<uf(a,y).

Then, ((H x S)/o*, 0, =, ) is an ordered hypergroupoid.

L

Q

Proof. The hyperoperation is single-valued. Let (z, @),
be such that o*((z,a)) = o*((¢, &’)) and o*((y, )
tion 3.7 (1), we have f(o/,x) = f(a,2’) and f(/)” y) =

( 7a)7( ’ﬂ)v(ylvﬂl)GHXS
a*(y',8")). Then, by Proposi-
f(B,y'). Hence,

o ((f(B,2) + flay), aB)) = o™ ((f(B,2") + f(o',1/), 0/ B")),
or equivalently
F@'B f(B,2) + fla,y)) = fleB, f(B,2") + f(o/,y).
Thus, we conclude that
B f(B,x) + flayy)) = f(&B, f(B,2) + f(a'F, fe,y))

= f(BB f(e ) + flad!, f(B,y)) = F(B', fla, ")) + flac!, £(B,y))
= flaB, f(B,2") + f(e,y)).

Consequently, (H x S)/c* is a hypergroupoid.
Since o is a quasi-order on H x S, it follows that o* is an equivalence relation on
non-empty subsets of H x S. Then, by Lemma 3.3, the relation

0" ((z,0)) 25 0"((y,8)) & (z,a)a(y, B)
is an order relation on (H x S)/c*. On the other hand,

(z,0)a(y. B) & f(B,2)<uf(a,y).
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Finally, we prove that the operation ©® is compatible with the ordering. Suppose that
o*((2,0)) Zo 0" (4. B)) and (z,7) € H x 5. Then,

7" ((2.7) © 0" ((x,0)) 2o 07((2,7)) © " ((y, B))-
In fact, we have to prove that
o ((fa, 2) + f(7,2),70)) 2o ((f(B,2) + f(7:9),78));
or equivalently,
FOB: [ flas2) + F(v ) ) <u f (v, [£(8,2) + (7, 9)))-

Since o* ((z, @) =4 o*((y, B)), it follows that f(8,z)<xf(a,y). Now, we have

F((B), [f (e 2) + [y, 2)]) = [(F(vB), S e, 2))] + [ ((vB), f (v, 2))]
= [£((v80), 2)] + [(v87),2)] = [/ (08). )] + [ (178 )]
= [f((va), F(B, 2] + [F((97), £ (B, %))]-

Since f(83,2)<p f(a,y) and vy € P*(S), by Definition 3.2, we obtain
FOr F(B @) < f (v, flasy)).

Since (H,+, <p) is an ordered hypergroupoid and f(y«, f(8,2)) C H, we have

(v, £8.2)] + [ ((y)s £ By )< lf (), F(B, )] + () )]

Hence, we conclude that

Similarly, it can be proved that o*((z,a)) <, 0*((y,8)) and (z,7v) € H x S imply

o"((z, @) © 0™ ((2,7)) 2 0" ((y,5)) © 0" ((2,7)):

Proposition 3.9. Let (H,S, f). Define ¢o : (H x S)/c* — P*(H x S)/c*) by
a(0*((2,8))) = o*((f(a, @), 8)) = {o*((t, 8)) | t € f(a, )}

is an isomorphism and a generalized permutation.

Proof. The mapping ¢,, is well defined, since

o*((z,B)) = o™ (2, 8") = f(B'.2) = f(B,2") = fle, f(B',2)
= f(ﬁlvf(aw%')) = f(B,f(Oé,:Bl) = J*((f(a I) ﬁ)) = a*((f(aw’),ﬁ’)).

Q
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The mapping ¢, is a homomorphism, since

Palo™((z,8)) © o™ (4, 7)) = {ba(07((2,0))) | z € f(7,2) + £(B,y),0 € Bv}

={o"((f(a,2),0)) | z € f(v,2) + f(B,y),0 € B}
={o™((t,0)) | t € fla, f(v,2) + f(B,y)),0 € By}
={o"((t,0)) | t € fla, f(v;2)) + f(e, [(B,y)), 0 € By}
={o"((t,0)) | t € f(v, fla,2)) + F(B, e, y)), 0 € B}

={o"(t,0)) | t € f(y,m) + f(B,n),m € f(a,x),n € f(e,y),0 € B}
= {o"((f(v;m) + f(B;n),B7)) | m € f(a,z),n € f(a,y)}
={0"((m,8)) © a"((n,7)) [ m € f(e,2),n € f(e,y)}

" ((f(e,2), 8)) 0" ((f (e, y), 7))
:¢a( (=, 8)))Oa (e ((4:7)))-

The mapping ¢, is isotone and reverse isotone, since

o*((z,B) 2. 0" (2", 8')) < f(B',2)<uf(B,2)
éf(aaf(ﬁ, ))<Hf(a f(ﬂv ))
& (B, fle,2)<uf(B, fla,2)
& o ((fla,2), ) 200" ((fla,2"), B'))
& da(0* (2, 8))) 20 (0 (('8"))).

Clearly, ¢, is onto. The mapping ¢, is a generalized permutation, since

Pa0”((x,8)) = U o ((f(a, z), 8))

o*((z,8))€(HxS)/o* o*((z,8))€(HxS)/o*

= U o ((@n5).

a€f(z,a),s€H

On the other hand, o*((f(z,«),5)) C (H x S)/o*, so 0*((a,5)) € (H x S)/c*
Therefore, we get

o*((a,B)) = (H x S)/o"
o ((a.B)E(H xS) /0"

This completes the proof. O
In the following, for (H, S, f), we denote S the set of all generalized permutation

on (H x S)/o*. We can define operation “e” the usual composition on S, ie., if
®a, P € S, then

¢a.¢6(0*((xva))) = U ¢a(y)7
veds (o7 ((z.0)))

for all o*((z,a)) € (H x S)/c*.
Proposition 3.10. Let ¢, 05 € S. We define x: S x S — P*(S)
bat 03 = {6, | 6, C da 005, U oo ((@a) =

(H x S)/o"}.
o*((z,a))e(HxS)/o*

Then, (S, %) is a commutative semihypergroup.
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(L 7 1S

Proof. The hyperoperation “x” is associative, because the operation “e” is associative.
More precisely for each ¢, ¢g, ¢, € S we have

G * (P % dy) = {Pr €5 | A C da @ P50 0y} = (Pa * Bp) * 5.
We show ¢, ® 93 = dap. In fact, if (x,v) € H x S, then

(¢a @ d5) (0" ((2,7))) = U ba(r)
regs (o (2.7)))
= U dalr)
rea”((t,))
tef(B,x)
= U ¢alo*((t,7))
tef(B,x)
= U {0 ((z7) | # € fla, )}
tef(B,x)
={0"((2,7)) | z € f(aB, z)}
={0"((z,7)) | z € f(k,x),k € aB}
={o*((f(k,2),7)) | k € aB}
= {¢w(0*((z,7))) | k € ap}
= dap(0*((2,7)))-

The semihypergroup S is commutative, since

Ga * Pp :{d)w ‘ ¢vg¢a'¢ﬁ}:{¢v|¢vg¢aﬁ}
:{¢7 ‘ ¢7§¢Ba}:{¢7|¢vg¢6'¢a}
:¢B*¢a~

Proposition 3.11. Consider (H, S, f). We define
B (S,%) x (H x §)/0*,®,24) = (P*((H x §)/0%),0, o)

by ¢o B o*((z,8)) = d)a(a*((z,ﬂ))). Then, for every «,B,v € S and for every
z,y € H. We have N
(1) ¢a B [0 ((z,8)) © o™ ((y, )] = [ aEU ((z,8))] © [¢a Bo™((y,7))], where for

any¢a€Sanda (( ,B)) C(H x S)/o*,

pa B0 ((4,B)) = U $a B o™ ((z,q)).
o* (w.0))€0* ((A.B) )

(2) (¢a * ¢p) Bo*((x,7)) = da B (¢p Bo*((x,7))), where for any K C S and

o*((z,8)) € (H x 5)/0

K<>J*(($»ﬁ))= U ¢aBo™((z,8)).

PaEK

(3) ¢ Bo*((2,8))206a0™((y,7)) if and only if o*((x, 8)) %o *((y,7))-
Proof. The proof follows from By Proposition 3.9. O

Theorem 3.12. If (H, S, f), then ((H x S)/o*, S, ).

O

Proof. By Proposition 3.11, the proof is straightforward.

Definition 3.3. Consider (H, S, f). If C € P*(S) and A, B € P*(H), then f(C, A)
f(C,B) & A = B. In particular, if A := {z}, B := {y}, then f(C,z) = f(C,y) &
x=uy.If A:={z}, B:={y} and C := {a}, then f(a,z) = f(o,y) &z =y.
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Theorem 3.13. Let (H, S, f). We define 1o : (H,+,<pg) — (P*(H x S/c*),®,=<,)
by

Ya(z) = o ((f(a,2), @) :={o"((t,a)) | t € fla, z)}.
Then, ¥ s a reverse isotone homomorphism.

Proof. We have

r=y = f(B,2)=f(B,y)
= f(a, f(B,2)) = fle, f(B,y))
= f(B, fla,z)) = fa, f(B,v))
= o ((f(a, ) =" ((f(B,9),B))

VYalr+y) ={valk) | kex+y}
={o"((f(a,k),)) | k € x +y}
= {o*((f(a? k), ) | k € x4y}
={0*((2,0)) | z € f(@®, x4+ y)}
={0*((2,0%)) | z € f(e®,x) + f(a?y)}
= {Z*((%az)) | 2 € J:(mf(a,w)) + fla, fla,y)}

it follows that v, is a homomorphism.

Now, let z <p . Since a2 € P*(S), by Definition 3.2, we have f (a2, 2)<g f(a?2,1),
that is f(aa, z)<g f(aw, y). Then, by Definition 3.1 (2), f(o, f(o, 2))<u f(a, f(a,y)),
from which o*((f (e, x), @))=<e0*((f(e, y), @), i.e., Yo(2)=oa(y). Thus, the map-
ping 1, is isotone.

Finally, if z,y € H such that 1o (2) <410 (1), i.c., o* ((f(a, 2), a))<.0*((f(a,y), @),
then f(a, f(o,z))<n f(a, f(a,y)) then, by Definition 3.1 (2) f(aq,z)<gf(ao,y),
and by Definition 3.2, x <y y. Hence, the mapping v, is reverse isotone. O

We remark that if (H,S,f) and o, 8 € S, then ¢, = 9. If x € H then, by
Proposition 3.7 (2), we obtain ¥, (z) := o*((f(o, z), @) = c*((f (8, ), x)) := ¥a(z).

Proposition 3.14. Consider (H, S, f). Then, Q : (S,.) — (S,*) with a > ¢ is an
onto homomorphism.

Proof. If a, B € S then, by Proposition 3.10, we have

Qaf) ={QWN\) [ A€ aB} ={or | ox C Pas}
={or | ¢r C Pa @i} = Q(a) x Q(B),

because (A € af = Q(A) C Q(af) = ¢up = da ® ¢3). So, Q is a homomorphism.
Clearly, @ is onto. O

Proposition 3.15. If (H, S, f), then
VB € S,Vo € H; va(f(B,2)) = Q(B) B Ya(z).
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Proof. We have
Ya(f(
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z))

=
=
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Proposition 3.16. Consider (H,S, f) and o € S. Then, for each € S and each
x € H there exists (y,v) € H x S such that Q(8) B o*((y,7)) = Ya(x).

Proof. Suppose that 5 € S, v € H. Since ¢o(x) € P*((H x S)/c*) and Fp is a
mapping of (H x S)/o* onto P*((H x S)/c*), there exists (y,7) € H x S so that
oF (a*((y,'y))) = 1o (z). On the other hand, since g (0*((y,7))) = ¢g Bo*((y,7))
and ¢ := Q(B), we have Q(8) H o™ ((y,7)) = Ya(). O

Definition 3.4. An ordered hypergroupoid (H,-,<p) is said to be s-cancellative if
for every A, B,C € P*(H), we have

(1) AB<pAC implies B<yC;,

(2) BA<pCA implies B<pC.

Proposition 3.17. Consider (H, S, f). Then, we have the following statements.

(1) If (H,4) is a semihypergroup, then ((H x S)/c*,®) is a semihypergroup.

(2) If (H,+) is a commutative hypergroupoid, then ((H xS)/c*,®) is a commutative
hypergroupoid.

(3) If (H,+,<g) is an s-cancellative ordered hypergroupoid, then ((H xS)/c*,®, =,
) is an s-cancellative ordered hypergroupoid as well.

Proof. (1) Let (z,«), (y,8), (2,7) € H x S. Then, we show that
(0" ((z,a)) © 0™ ((y,8))] © 07((2,7)) = 0" ((z, ) © [0"((y, B)) ©® o™ ((2,7))]-

[0*((z,0)) © o*((y,8))] © 0*((2,7))

={o*((t,N) | t € f(B,2) + fla, ), A € aB} © 0*((2,7))

={o"((p,0)) [ p € f(7,1) + f(N\,2),0 € My, A € aB,t € f(B,z) + fla,y)}
={c*((p,9)) | p€ f(v, f(B,2) + f(a,y)) + f(ap, 2)}

={o"((p,0)) | p € [f (v, F(B, %)) + f(v, fle,y)] + fle, f(B,2)),0 € (af)7}

we obtain
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[f(7, (B, ) + f(, fleyy))] + fa, f(B,2)),0 € (aB)v}
(v f(Bs2)) + [f (7, fla, ) + fla, f(B,2))],0 € a(B7)}
(v8,x) + [f(a, (f ( y) + f(B,2))],0 € a(B7)}

(k Q) quf(vy)Jrf(ﬂ z),0 € ak}
q€ f(v,y)+ [(B,2),k €vB,0 € ak}

(2) Let (x, ), (y,8) € H x S. We show that
o*((z, ) © 0" ((y,8)) = 0" ((y, 8)) © o™ ((z, ).

Since (H,+) is a commutative hypergroupoid and f(a,y), f(8,z) C H, we obtain

o*((z,@)) ©a*((y,8)) ={0"((2,7) | 2 € f(B,2) + f(,y),7 € af}
{o"((z,7) | 2 € fla,y) + f(B,x),7 € Ba}
a*((y,5)) © o ((z, a)).
)

(3) Suppose that (z,a), (y, 8), (z,7v) € H x S such that

o"((z,0)) © 0™ ((y,8)) 207 ((2,0)) © 0" ((2,7)) = 0" ((y, ) 25 07 ((2,7))-

Since

we have

o* ((f(B,2) + fla.y),aB) 20" (f(, @) + f(a,2),a7))

= f((a): [f(B,2) + fla,y)]) <u f((aB), [f(1,2) + f(a.2)])
= [f((a), F(B, D] + [f ((a), Fesy))] <m [f(eB, (v, 2)] + [f((aB), f((, 2)]
F(erB),2)] + [f((ara),y)] < [f((aBy),2)] + [f((aBa), 2)]

F((@Br),o)] + £ ((@*7),9)] <u [f((aB),2)] + [F((a?B), 2)]-

H,+, <py) is an s-cancellative ordered hypergroup01d on the subsets and f((af7), x),
v),9), f((a?B),2) C H, we obtain f((a>y),y) <u f((a2B),z). Therefore, we

= |
= [
Since (

f((a?

have

F@2, f(v,y) <u (e f(B,2)) = f(r.y) <m f(B.2)
= O—*((yaﬂ)) jU 0-*((27'7))

This completes the proof. O

Theorem 3.18. Let (H, S, f) and (ﬁ, S, O) having the following properties.
(1) There exists ' : (H,+,<pg) — (H, ¥, <j) reverse isotone homomorphism.
(2) There exists Q' : (S,.) — (S,7) homomorphism such that

(i) for alla € S, for all x € Ha)' (f(o, ) = Q' (o) Y/ (),

(ii) for all v € S, for all x € H, exists ¢% € H, Q'(o) L ¢% = ¢/ (x).
Then, x : (H x 8)/0*,®,=,) = (H,+.<gz) by x(c*((z,))) = ¢ is a reverse
isotone homomorphism.
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Proof. The mapping x is well defined. Indeed, we have

o*((z,a)) =0"((y,8)) = f(B,2) = f(e,y)
=" (f(B,2)) =4 (f(a,y))
=Q'(8)HY'(z) = Q'(a) T’ (y)
éQ'(ﬂ) 0(Q'(a)Bay) = Q'(a) B(Q'(B) D g)
Q'(8) B (Q'() Hgg) = Q'(8) B (Q' () B gf)
:>(Q'(5) CQ(e)Hgg = (Q’(Oé) ~(Q'(B) Baj
=Q'(Ba) D = Q'(Ba) Hg
Because ¢, € H and Q' (a),Q'(B) C S, we have Q' () Q'(B) =Q'(apf) C

as (H,S,[), thus by Definition 3.3, we have ¢% = qg.

Suppose that x (o*((z, @))) = g%, x(o*((y,8))) = ¢4 and x (o*((z,

qg;(ﬂ,x)+f(%y))' Then, we show

=4dap

Indeed, we have

OO &
S
o8 9O8

o8
~

On the other hand,

(f(B,x)+f ()
dap

(@ ()~ Q(8)) T

So, (Q'(a)-Q'(8)) B (a5 + af) =
by Definition 3.3, we have

(Q(e) -

o~

,x)+f (o, T
qéfB(B )+ f( y)):(qa

Therefore, the mapping x is a homomorphism.

F(B2)+f (e, y)

Q/(aﬁ) Bl qéfﬁ(ﬁﬂf)+f(aay))
V'(f (B,

z) + fla,y)).

FhY).

a))Oao

B)) @ g7+ Since (11,5, 0),

Suppose that (z,«),(y,8) € H x S so that o*((z,)) =<, ¢*((y,5)). Then,
4a <7 44 By condition (B), we have Q'(a) B ¢ = ¢'(x) and Q'(8) 1 g = ¢’ (y).

Since o*((z, ) = o*((y, B)), it follows that we have f(8,z)<g f(c,y). On the other
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hand,

Q'(af) gy =(Q' () “Q'(B) Lag
=Q'(a) B (Q'(B) D az)
=Q'(8) D (Q'(a) D gg)
—Q(B) DY ()
= (f(B,2)<z ¢'(f(e.y))
= Q'(a) B¢'(y) = Q'(a) B (Q"() U g5)
= (Q'(a) ~Q'(B)) D g

I
~
)
&
O
()
e

Since Q'(af) T ¢* 5,} Q'(aB) B g3, by Definition 3.2, we have ¢ <z gj. Thus, the
mapping x is isotone.

Now, suppose that (z,a),(y,) € H x S. Then, ¢5 <z qj. So, o*((z,a)) =,
c*((y,B)). Consequently, we have

4 <gay = Q(af)Hq ﬁQ(
= (Q'(a) T Q'(B)
= Q'() I(Q'(B
= Q'(8)B(Q(«
= Q(B) DY (x) <j
= w’(f(ﬂ,g)v
f(f, z) <

g

a) - Q'(8)) Bz
<i (a) (Q'(8) Hgp)
i @'(a) D(Q'(8) D gp)

()D "(y)

|/\
mn
@ mu
S

=
=
This completes the proof. O

Now we complete the proof of Theorem 3.5. We put H = (H x S)/o*. By
Theorem 3.12, we have (H,S,H#). By Corollary 3.13, H is embedded in P*(H) under
the mapping 1, (where « is an arbitrary element of S). By Proposition 3.14, the
mapping @ : S — S is a homomorphism, by Propositions 3.15 and 3.16 conditions
(i) and (ii) of the first part of Theorem are satisfied. By Proposition 3.17, if H is
a semihypergroup, then so is H; if H is a commutative hypergroupoid, then so is
H, if H is an s-cancellative ordered hypergroupoid, then H is also so. As far as the
converse statement is concerned, under the hypotheses of Theorem 3.18, P*(H) is
embedded in P*(H). This completes the proof of theorem.

In continue, assuming that the commutative semihypergroup S considered in Def-
inition 3.1 is an ordered semihypergroup under the order “ <g ”, we add a new
condition in Definition 3.1, and we consider actions (H, S, f) for which the following
condition also holds: -

(4) Forall z € Hoa <g 8 = f(a,2)<uf(B,x).
Such an action is called a complete action and it is denoted by (H, S, f). We prove

that if (H, S, f), then the semihypergroup (§, ) is an ordered semihypergroup.

—_~—

Proposition 3.19. Let (H, S, f). Then,

a<g B,z <mgy= fla,z)<uf(B,y).
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Proof. Since a <g 8 and x € H, by Definition 3.1 (4), we have f(a,x) <g f(8,x).
Since x <y y and S € S, by Definition 3.1 (3), we have f(8,2)<pyf(8,y) Thus, we
get f(a7x)§Hf(ﬂ7y) U

Lemma 3.20. Let (A, <) be an ordered set and F a set of isotone mappings of A

“ 2

into P*(A), closed under the composition “e” of mappings. Let be the order on F
defined by f = g if and only if for all x € A, f(x) < g(x). Then, (F,e, =) is an
ordered semihypergroup.

—_~—

Proposition 3.21. Let (H,S, f). Then, the semihypergroup (S, *) endowed with the
relation

$a = dp & for all o*((2,7)) € (H x 5)/0", ¢a(0™((2,7))) <005 (0" ((,7)))

s an ordered semihypergroup.

Proof. By Proposition 3.8, ((H xS)/c*, <) is an ordered set, by Proposition 3.9, the
set S is a nonempty family of isotone mappings of (H x S)/o* into P*((H x S)/o*).
Moreover, ¢, ® ¢g C S for all ¢,,¢s € S. According to Lemma 3.20, (S, x, <) is an
ordered semihypergroup. O
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