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Abstract. In this paper, as a part of uncertainty theory, we explore the concepts of lacunary

I and I∗-convergence almost surely in complex uncertain sequences and study some of their
properties and identify the relationships between them. Also, we introduced the notions of

lacunary I and lacunary I∗-Cauchy sequence almost surely of complex uncertain sequences

and analyze a few of their characteristics and try to determine how they relate to one another.
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1. Introduction

Since the most vital part of summability theory is the convergence of the related se-
quences and series, the new concepts relevant to the convergence were introduced such
as absolutely, uniformly, and statistical convergence, etc. The concept of statistical
convergence, which is an extension of the usual idea of convergence, was introduced
by Fast [9] and Steinhaus [27], individually in the year 1951. But the research on this
concept got flourish soon after the works of Šalát [24] and Fridy [11] came into litera-
ture. As an extension of statistical convergence, the idea of I and I∗-convergence was
introduced by Kostyrko et al. [16]. Then various generalizations, extensions, and ap-
plications of these idea have been studied in this field by different prominent authors
so far (see, for detail, [12, 18–20,23,25,26], etc.)

The initial work on lacunary sequence is found in Freedman et al. [10]. Further
lacunary sequences have been investigated by many famous researchers. In the year
2012, Tripathy et al. [29] introduced the concepts of lacunary I-convergence of a real
sequence. After that, this idea have been widely studied and made significant progress
in this field such as [2, 7, 8, 13]

We often encounter situations in our daily lives where there is scant or no evidence
of the events, not only for the technical and economic problem but also for the un-
expected events. Those inadequate data make it difficult to apply the probability
distribution of events. Consequently, some domain experts are consulted to give a
belief degree that each event will take place while making a decision. To address
some aspects of these uncertain events, Liu [17] introduced initially the uncertainty
theory in the year 2007. Also Liu defined different types of convergence of a sequence
of real uncertain variables and identify the relationships among them. Then it has
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been extended to the complex uncertain variable by Peng [21]. Chen et al. [1] sub-
sequently investigated the notion of convergence of the complex uncertain sequences
using complex uncertain variables. The notion of statistical convergence of complex
uncertain sequences in the field of uncertainty theory was introduced by Tripathy and
Nath [30]. Thereafter, lots of interesting developments have occurred in this field like
Das et al. [3], Debnath and Das [4, 5], Dowari and Tripathy [6], Kişi [14], Kişi and
Gürdal [15], Roy et al. [22], Tripathy and Dowari [28], etc.

In the context of complex uncertain sequence, the idea of lacunary I-convergence
has not before been investigated. Motivated by this fact and inspired by the above
works, in this paper, we introduce the notion of lacunary I and I∗-convergence almost
surely in complex uncertain sequences, examined several properties, and identify the
relationships between them. Moreover, we define lacunary I and lacunary I∗-Cauchy
sequence almost surely of complex uncertain sequence. It can be observe that if I
be an admissible ideal, then lacunary I∗-convergence almost surely coincide with
lacunary I-convergence almost surely but the converse is not true.

2. Definitions and preliminaries

In this section, we provide some basic definitions and results on generalized con-
vergence concepts and the theory of uncertainty which will be used throughout the
article.

Definition 2.1. [16] Let X be a non-empty set. A family of subsets I ⊂ P (X) is
called an ideal on X if and only if
(i) φ ∈ I;
(ii) for each A,B ∈ I =⇒ A ∪B ∈ I;
(iii) for each A ∈ I and B ⊂ A =⇒ B ∈ I.
An ideal I is called non-trivial if I 6= {φ} and X /∈ I.
A non-trivial ideal I is called an admissible ideal inX if and only if {{x} : x ∈ X} ⊂ I.

Example 2.1. (i) If := The set of all finite subsets of N forms a non-trivial admissible
ideal.
(ii) Id := The set of all subsets of N whose natural density is zero forms a non-trivial
admissible ideal.

Definition 2.2. [16] Let X be a non-empty set. A family of subsets F ⊂ P (X) is
called a filter on X if and only if
(i) φ /∈ F;
(ii) for each A,B ∈ F =⇒ A ∩B ∈ F;
(iii) for each A ∈ F and B ⊃ A =⇒ B ∈ F.
Let I is an admissible ideal. Then the filter F = F(I) = {X \A : A ∈ I} is called the
filter associated with the ideal I.

Definition 2.3. [11] A sequence x = (xn) is said to be statistically convergent to `
provided that for each ε > 0 such that lim

n→∞
1
n

∣∣{k ≤ n : |xk − `| ≥ ε}
∣∣ = 0, n ∈ N.

Definition 2.4. [16] A sequence x = (xn) is said to be I-convergent to `, if for
every ε > 0, the set {n ∈ N : |xn − `| ≥ ε} ∈ I. The usual convergence of sequences
is a special case of I-convergence (I=If -the ideal of all finite subsets of N). The
statistical convergence of sequences is also a special case of I-convergence. In this
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case, I=Id = {A ⊆ N : lim
n→∞

|A∩{1,2,...,n}|
n = 0}, where |A| is the cardinality of the set

A.

Definition 2.5. [16] Let I be an admissible ideal in N. A sequence x = (xn) is said to
be I∗-convergent to `, if there exists a set A = {m1 < m2 < · · · < mn < · · · } ∈ F(I)
such that

lim
n→∞

|xmn − `| = 0.

Definition 2.6. [16] A sequence x = (xn) is said to be I-Cauchy, if for every ε > 0,
there exists a ‘N’∈ N such that {n ∈ N : |xn − xN | ≥ ε} ∈ I.
Definition 2.7. [20] A sequence (xn) is said to be I∗-Cauchy, if there exists a set
A = {m1 < m2 < · · · < mn < · · · } ⊂ N, A ∈ F(I) such that the subsequence (xmn)
is a Cauchy sequence i.e., lim

i,j→∞

∣∣xmi − xmj ∣∣ = 0.

Definition 2.8. [16] An admissible ideal I of N is said to satisfy the condition AP,
if for every countable family of mutually disjoint sets {Cn}n∈N from I, there exists a
countable family of sets {Bn}n∈N such that the symmetric difference Cj4Bj is finite

for every j ∈ N and
∞⋃
j=1

Bj ∈ I.

Definition 2.9. [10] By a lacunary sequence we mean an increasing integer sequence
θ = {kr} such that k0 = 0 and hr = kr − kr−1 →∞ as r →∞.
Throughout this paper the intervals determined by θ will be denoted by

Ir = (kr−1, kr]

and the ratio kr
kr−1

will be abbreviated by qr.

Definition 2.10. [29] Let θ = (kr) be a lacunary sequence. Then a sequence (xk)
is said to be lacunary I-null if for every ε > 0 such that{

r ∈ N :
1

hr

∑
k∈Ir

|xk| ≥ ε
}
∈ I.

We write Iθ-limxk = 0.

Definition 2.11. [17] Let L be a σ-algebra on a nonempty set Γ. A set function M

on Γ is called an uncertain measure if it satisfies the following axioms:
Axiom 1 (Normality): M{Γ} = 1;
Axiom 2 (Duality): M{Λ}+ M{Λc} = 1 for any Λ ∈ L;
Axiom 3 (Subadditivity): For every countable sequence of {Λj} ∈ L,

M{
∞⋃
j=1

Λj} ≤
∞∑
j=1

M{Λj}.

The triplet (Γ,L,M) is called an uncertainty space, and each element Λ in L is called
an event. To obtain an uncertain measure of compound event, a product uncertain
measure is defined by Liu as

M{
∞∏
k=1

Λk} =
∞∧
k=1

M{Λk}.

Definition 2.12. [21] A variable ζ = ξ + iη from an uncertainty space (Γ,L,M) to
the set of complex numbers is a complex uncertain variable if and only if ξ and η are
uncertain variables, where ξ and η are the real and imaginary parts of ζ, respectively.
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Definition 2.13. [1] A complex uncertain sequence (ζk) is said to be convergent
almost surely (a.s) to ζ if there exists an event Λ with M{Λ} = 1 such that

lim
n→∞

|| ζk(γ)− ζ(γ) ||= 0, for every γ ∈ Λ.

Symbolically we write ζk
As−−→ ζ.

Definition 2.14. [28] A complex uncertain sequence (ζk) is said to be statistically
convergent almost surely to ζ if for every ε > 0 there exists an event Λ with M{Λ} = 1
such that

lim
n→∞

1
n

∣∣∣∣{k ≤ n : ‖ζk(γ)− ζ(γ)‖ ≥ ε
}∣∣∣∣ = 0, for every γ ∈ Λ.

Symbolically we write ζk
SAs−−−→ ζ.

Definition 2.15. A complex uncertain sequence (ζk) is said to be I-convergent al-
most surely to ζ if, for every ε > 0, there exists an event Λ with M{Λ} = 1 such
that {

n ∈ N : ‖ζk(γ)− ζ(γ)‖ ≥ ε
}
∈ I, for every γ ∈ Λ.

Symbolically we write ζk
As(I)−−−−→ ζ.

Throughout the paper, we consider I is a non-trivial admissible ideal of N.

3. Main results

Definition 3.1. Let θ = (kr) be a lacunary sequence. A complex uncertain sequence
(ζk) is said to be lacunary I-convergent almost surely to ζ if for every ε > 0, there
exists an event Λ with M{Λ} = 1 such that{

r ∈ N :
1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖ ≥ ε
}
∈ I, for every γ ∈ Λ.

Symbolically we write ζk
As(Iθ)−−−−→ ζ.

Example 3.1. Consider the uncertainty space (Γ,L,M) to be {γ1, γ2, · · · } with power
set and M{Γ} = 1, M{φ} = 0 and

M{Λ} =


sup
γk∈Λ

k
(2k+1) , if sup

γk∈Λ

k
(2k+1) <

1
2

1− sup
γk∈Λc

k
(2k+1) , if sup

γk∈Λc

k
(2k+1) <

1
2

1
2 , otherwise

for k = 1, 2, 3, · · · .

Let θ = (2r), r = 1, 2, 3, · · · be a lacunary sequence and take I=Id.
Also, the complex uncertain variables defined by

ζk(γ) =

{
iβk, if γ ∈ {γ1, γ4, γ9, · · · }
0, otherwise

for k = 1, 2, 3, · · · ,

where βk =

{
k, if k ∈ Jr2
0, otherwise

and ζ ≡ 0.
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For any ε > 0, we have{
r ∈ N : 1

hr

∑
k∈Jr
‖ζk(γ)− ζ(γ)‖ ≥ ε

}
=
{
r ∈ N : 1

hr

∑
k∈Jr
‖ζk(γ)‖ ≥ ε

}
∈ I for every γ ∈ Λ with M{Λ} = 1.

Thus the sequence (ζk) is lacunary I-convergent almost surely to ζ.

Theorem 3.1. Let ζ, ζ1, ζ2, · · · be complex uncertain variables defined on the uncer-

tainty space (Γ,L,M). If ζk
As(Iθ)−−−−→ ζ, then ζ is uniquely determined.

Proof. If possible let ζk
As(Iθ)−−−−→ ζ, and ζk

As(Iθ)−−−−→ ζ∗ for some ζ(γ) 6= ζ∗(γ). Let ε > 0
be arbitrary. Then for any ε > 0, we have

A =
{
r ∈ N : 1

hr

∑
k∈Jr
‖ζk(γ)− ζ(γ)‖ < ε

2

}
∈ F(I) and

B =
{
r ∈ N : 1

hr

∑
k∈Jr
‖ζk(γ)− ζ∗(γ)‖ < ε

2

}
∈ F(I).

Since A ∩B ∈ F(I) and φ /∈ F(I) this implies A ∩B 6= φ. Let r ∈ A ∩B.

Then 1
hr

∑
k∈Jr
‖ζk(γ)− ζ(γ)‖ < ε

2 and 1
hr

∑
k∈Jr
‖ζk(γ)− ζ∗(γ)‖ < ε

2

Therefore ‖ζ(γ)− ζ∗(γ)‖ = 1
hr

∑
k∈Jr
‖ζ(γ)− ζ∗(γ)‖

= 1
hr

∑
k∈Jr
‖ζk(γ)− ζ∗(γ) + ζ(γ)− ζk(γ)‖

≤ 1
hr

∑
k∈Jr
‖ζk(γ)− ζ∗(γ)‖+ 1

hr

∑
k∈Jr
‖ζ(γ)− ζk(γ)‖

< ε
2 + ε

2 = ε
Hence the theorem is proved. �

Theorem 3.2. If the complex uncertain sequence (ζk) and (ζ∗k) are lacunary I-
convergent almost surely to ζ and ζ∗, respectively, then
(i) (ζk + ζ∗k) is lacunary I-convergent almost surely to ζ + ζ∗.

(ii) (ζk − ζ∗k) is lacunary I-convergent almost surely to ζ − ζ∗.
(iii) (cζk) is lacunary I-convergent almost surely to cζ, where c ∈ C.

Proof. (i) Let ε > 0, then A =
{
r ∈ N : 1

hr

∑
k∈Jr
‖ζk(γ)− ζ(γ)‖ < ε

2

}
∈ F(I)

and B =
{
r ∈ N : 1

hr

∑
k∈Jr
‖ζ∗k(γ)− ζ∗(γ)‖ < ε

2

}
∈ F(I).

Since A∩B ∈ F(I) and φ /∈ F(I) this implies A∩B 6= φ. Therefore for all r ∈ A∩B
we have,

1

hr

∑
k∈Jr

‖(ζk(γ) + ζ∗k(γ))− (ζ(γ) + ζ∗(γ))‖

≤ 1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖+
1

hr

∑
k∈Jr

‖ζ∗k(γ)− ζ∗(γ)‖ < ε.

i.e,
{
r ∈ N : 1

hr

∑
k∈Jr
‖(ζk + ζ∗k)− (ζ + ζ∗)‖ < ε

}
∈ F(I).

Hence (ζk + ζ∗k) is lacunary I-convergent almost surely to ζ + ζ∗.
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(ii) It is similar to the proof of (i) above and therefore omitted.
(iii) The proof is easy so omitted. �

Theorem 3.3. If the complex uncertain sequences (ζk) and (ζ∗k) are lacunary I-
convergent almost surely to ζ and ζ∗ respectively, and there exist positive numbers
p1, p, q1, and q such that p1 ≤ ‖ζk‖ , ‖ζ‖ ≤ p and q1 ≤ ‖ζ∗k‖ , ‖ζ∗‖ ≤ q for any k, then
(i) (ζkζ

∗
k) is lacunary I-convergent almost surely to ζζ∗.

(ii) ( ζkζ∗k
) is lacunary I-convergent almost surely to ζ

ζ∗ .

Proof. (i) Let ε > 0, and p, q > 0 then

A =
{
r ∈ N :

1

hr

∑
k∈Jr

‖ζk − ζ‖ <
ε

2q

}
∈ F(I)

and B =
{
r ∈ N : 1

hr

∑
k∈Jr
‖ζ∗k − ζ∗‖ < ε

2p

}
∈ F(I).

Since A∩B ∈ F(I) and φ /∈ F(I) this implies A∩B 6= φ. Therefore for all r ∈ A∩B
we have,
1
hr

∑
k∈Jr
‖ζkζ∗k − ζζ∗‖ = 1

hr

∑
k∈Jr
‖ζkζ∗k − ζkζ∗ + ζkζ

∗ − ζζ∗‖

≤ 1
hr

∑
k∈Jr
‖ζkζ∗k − ζkζ∗‖+ 1

hr

∑
k∈Jr
‖ζkζ∗ − ζζ∗‖

≤ p
(

1
hr

∑
k∈Jr
‖ζ∗k − ζ∗‖

)
+ q
(

1
hr

∑
k∈Jr
‖ζk − ζ‖

)
.

< ε

i.e,
{
r ∈ N : 1

hr

∑
k∈Jr
‖ζkζ∗k − ζζ∗‖ < ε

}
∈ F(I).

Hence (ζkζ
∗
k) is lacunary I-convergent almost surely to ζζ∗.

(ii) It is similar to the proof of (i) above and therefore omitted. �

Theorem 3.4. If every subsequence of a complex uncertain sequence (ζk) is lacunary
I-convergent almost surely to ζ, then (ζk) is lacunary I-convergent almost surely to
ζ.

Proof. If possible let, every subsequence of a complex uncertain sequence (ζk) is la-
cunary I-convergent almost surely to ζ, but (ζk) is not lacunary I-convergent almost
surely to ζ. Then there exists some ε > 0 such that

A =
{
r ∈ N :

1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖ ≥ ε
}
/∈ I.

So A must be an infinite set. Let A = {r1 < r2 < · · · < rj < · · · }. Now we define a
sequence (ζ∗k) as ζ∗k = ζk for k ∈ Jr, r ∈ A. Then (ζ∗k) is a subsequence of (ζk) which
is not lacunary I-convergent almost surely to ζ, a contradiction. �

Remark 3.1. But the converse of Theorem 3.4 is not true in general. Example 3.2
illustrates this fact.

Example 3.2. From Example 3.1, we see that the complex uncertain sequence (ζk)
is lacunary I-convergent almost surely to ζ ≡ 0.
Now we define a subsequence (ζ∗m) of (ζk) by
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(ζ∗m) = (ζmk), where mk ∈ Jr2 , r ∈ N which is not lacunary I-convergent almost
surely to ζ ≡ 0.

Definition 3.2. Suppose that ζ, ζ1, ζ2, · · · are complex uncertain variables defined
on the uncertainty space (Γ,L,M) and θ = (kr) be a lacunary sequence. A complex
uncertain sequence (ζk) is said to be a lacunary I-Cauchy sequence almost surely if
for every ε > 0, there exists k0 ∈ N and an event Λ with M{Λ} = 1 such that{

r ∈ N :
1

hr

∑
k∈Jr

‖ζk(γ)− ζk0(γ)‖ ≥ ε
}
∈ I, for every γ ∈ Λ.

Theorem 3.5. If a complex uncertain sequence (ζk) is lacunary I-convergent almost
surely to ζ then it is a lacunary I-Cauchy sequence almost surely.

Proof. Let the complex uncertain sequence (ζk) be lacunary I-convergent almost
surely to ζ. Then for every ε > 0 and there exists an event Λ with M{Λ} = 1 , we
have

U(γ, ε) =
{
r ∈ N :

1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖ ≥ ε
}
∈ I for every γ ∈ Λ.

Clearly, NrU(γ, ε) ∈ F(I) and therefore it is non-empty. So, we can choose a positive
integer r such that r ∈ Nr U(γ, ε). Then there exists a k0 ∈ N, we have

1

hr

∑
k0∈Jr

‖ζk0(γ)− ζ(γ)‖ < ε for every γ ∈ Λ. (1)

=⇒ 1

hr
‖ζk0(γ)− ζ(γ)‖ < ε for every γ ∈ Λ.

=⇒ 1

hr

∑
k∈Jr

‖ζk0(γ)− ζ(γ)‖ < ε for every γ ∈ Λ. (2)

Case 1. When k,k0 belongs to same Jr.

We define the set V1(γ, ε) =
{
r ∈ N : 1

hr

∑
k,k0∈Jr

‖ζk(γ)− ζk0(γ)‖ ≥ 2ε
}
∈ I for every

γ ∈ Λ. Now we prove that the following inclusion V1(γ, ε) ⊆ U(γ, ε) is true.
For if r ∈ V1(γ, ε) we have

2ε ≤ 1

hr

∑
k,k0∈Jr

‖ζk(γ)− ζk0(γ)‖ ≤ 1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖+
1

hr

∑
k0∈Jr

‖ζk0(γ)− ζ(γ)‖

<
1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖+ ε [by(1)]

This imples that

1

hr

∑
k∈Jr

‖ζk(γ)− ζk0(γ)‖ > ε for every γ ∈ Λ

and therefore r ∈ U(γ, ε). Thus we conclude that V1(γ, ε) ∈ I,

Case 2. When k,k0 belongs to different Jr.

We define the set V2(γ, ε) =
{
r ∈ N : 1

hr

∑
k∈Jr
‖ζk(γ)− ζk0(γ)‖ ≥ 2ε

}
∈ I for every
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γ ∈ Λ. Now we prove that the following inclusion V2(γ, ε) ⊆ U(γ, ε) is true.
For if r ∈ V2(γ, ε) we have

2ε ≤ 1

hr

∑
k∈Jr

‖ζk(γ)− ζk0(γ)‖ ≤ 1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖+
1

hr

∑
k∈Jr

‖ζk0(γ)− ζ(γ)‖

<
1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖+ ε [by(2)]

This imples that

1

hr

∑
k∈Jr

‖ζk(γ)− ζk0(γ)‖ > ε for every γ ∈ Λ

and therefore r ∈ U(γ, ε). Thus we conclude that V2(γ, ε) ∈ I,

Hence from the above two cases, we see that for every ε > 0, there exists an event
Λ with M{Λ} = 1 satisfying{

r ∈ N :
1

hr

∑
k∈Jr

‖ζk(γ)− ζk0(γ)‖ ≥ ε
}
∈ I, for every γ ∈ Λ.

i.e., (ζk) is a lacunary I-Cauchy sequence almost surely. �

Definition 3.3. Let ζ, ζ1, ζ2, · · · be complex uncertain variables defined on uncer-
tainty space (Γ,L,M) and θ = (kr) be a lacunary sequence. A complex uncertain
sequence (ζk) is said to be lacunary I∗-convergent almost surely to ζ if there exists a
set X = {m1 < m2 < · · · < mk < · · · } ⊂ N such that X ′ = {r ∈ N : mk ∈ Jr} ∈ F(I)
and for every γ ∈ Λ with M{Λ} = 1,

lim
r→∞

1

hr

∑
k∈Jr

‖ζmk(γ)− ζ(γ)‖ = 0.

Symbolically we write ζk
As(I∗θ )−−−−→ ζ.

Example 3.3. Consider the uncertainty space (Γ,L,M) to be {γ1, γ2, · · · } with power
set and M{Γ} = 1, M{φ} = 0 and

M{Λ} =
∑
γk∈Λ

1

2k

Let θ = (2r), r = 1, 2, 3, · · · be a lacunary sequence and take I=Id.
Also, the complex uncertain variables defined by

ζk(γ) = iβk if γ ∈ {γ1, γ2, · · · },

where βk =

{
k, if k ∈ Jr2
0, otherwise

for k = 1, 2, 3, · · · and ζ ≡ 0.

Then there exists a set X = {m1 < m2 < · · · < mk < · · · } = N ∩
( ∞⋃
r=1

Jr \
∞⋃
r=1

Jr2
)

such that X ′ = (N \ Y ) ∈ F(I), where Y = {1, 4, 9, · · · } ∈ I for which

lim
r→∞

1

hr

∑
k∈Jr

‖ζmk(γ)− ζ(γ)‖ = 0
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for every γ ∈ Λ with M{Λ} = 1.
Thus the sequence (ζk) is lacunary I∗-convergent almost surely to ζ ≡ 0.

Theorem 3.6. If ζk
As(I∗θ )−−−−→ ζ, then ζk

As(Iθ)−−−−→ ζ.

Proof. Let us assume that ζk
As(I∗θ )−−−−→ ζ. Then there exists a set X = {m1 < m2 <

· · · < mk < · · · } ⊂ N such that X ′ = {r ∈ N : mk ∈ Jr} ∈ F(I) and for every γ ∈ Λ
with M{Λ} = 1,

1

hr

∑
k∈Jr

‖ζmk(γ)− ζ(γ)‖ < ε

for each ε > 0 and for all k ≥ k0.
Let Y = N \X ′. It is clear that Y ∈ I. Then for any ε > 0,

U(γ, ε) =
{
r ∈ N :

1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖ ≥ ε
}
⊆ Y ∪ {m1 < m2 < · · · < mk0} ∈ I.

Hence ζk
As(Iθ)−−−−→ ζ. �

Remark 3.2. But the converse of Theorem 3.6 is not true in general.

Example 3.4. Let N =
∞⋃
j=1

Dj , where Dj = {2j−1t : 2 does not divide t, t ∈ N} be

the decomposition of N such that each Dj is infinite and Dl ∩Dq = φ, for l 6= q. Let
I be the class of all subsets of N that can intersect only finite number of Dj

′s. Then
I is a non-trivial admissible ideal of N (Kostyrko et al. [16]).
Now we consider the uncertainty space (Γ,L,M) to be {γ1, γ2, · · · } with power set
and M{Γ} = 1, M{φ} = 0 and

M{Λ} =


sup
γk∈Λ

k
(2k+1) , if sup

γk∈Λ

k
(2k+1) <

1
2

1− sup
γk∈Λc

k
(2k+1) , if sup

γk∈Λc

k
(2k+1) <

1
2

1
2 , otherwise

for k = 1, 2, 3, · · · .

Let θ = (2r), r = 1, 2, 3, · · · be a lacunary sequence.
Also, the complex uncertain variables are defined by

ζk(γ) = iβr if γ ∈ {γ1, γ2, · · · } and k ∈ Jr,
where βr = 1

j , if r ∈ Dj for r = 1, 2, 3, · · · and ζ ≡ 0.

It is clear that the sequence (ζk) is lacunary I-convergent almost surely to ζ ≡ 0.
But this sequence is not lacunary I∗-convergent almost surely to ζ ≡ 0. Because

for any set H ∈ I there exists p ∈ N such that H ⊆
p⋃
j=1

Dj and as a consequence

Dp+1 ⊆ N \H. Let A = N \H, then A ∈ F(I) for which we can define a subsequence
(ζmk) which is not lacunary convergent almost surely to ζ ≡ 0.
Hence the sequence (ζk) is not lacunary I∗-convergent almost surely to ζ ≡ 0.

Theorem 3.7. Let (ζk) be a complex uncertain sequence in an uncertainty space

(Γ,L,M) such that ζk
As(Iθ)−−−−→ ζ, then ζk

As(I∗θ )−−−−→ ζ if I satisfies the condition (AP).
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Proof. Let us assume that ζk
As(Iθ)−−−−→ ζ. Then there exists an event Λ with M{Λ} = 1

and for any ε > 0, the set

U(γ, ε) =
{
r ∈ N :

1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖ ≥ ε
}
∈ I for every γ ∈ Λ.

Now we construct a countable family of mutually disjoint sets {Up(γ)}p∈N in I by
considering

U1(γ) =
{
r ∈ N :

1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖ ≥ 1
}

and

Up(γ) =
{
r ∈ N :

1

p
≤ 1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖ < 1

p− 1

}
= U(γ,

1

p
) \ U(γ,

1

p− 1
)

Since I satisfies the condition (AP), so for the above countable collection {Up(γ)}p∈N
there exists another countable family of subsets {Vp(γ)}p∈N of N satisfying Uj(γ)4Vj(γ)

is finite for all j ∈ N and V (γ) =
∞⋃
j=1

Vj(γ) ∈ I.

Let ε > 0 be arbitrary. By Archimedean property, we can choose p ∈ N such that
1
p+1 < ε. Then{
r ∈ N :

1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖ ≥ δ
}
⊆
{
r ∈ N :

1

hr

∑
k∈Jr

‖ζk(γ)− ζ(γ)‖ ≥ 1

p+ 1

}

=

p+1⋃
j=1

Uj(γ) ∈ I.

Since Uj(γ)4Vj(γ) is finite (j = 1, 2, · · · , p+ 1) there exists a r0 ∈ N, such that

p+1⋃
j=1

Vj(γ) ∩ (r0,∞) =

p+1⋃
j=1

Uj(γ) ∩ (r0,∞).

Thus for every r ∈ N \ V (γ) ∈ F(I) and there exists k0 ∈ N, we choose mk ∈ Jr such

that k > k0. Therefore we must have r /∈
p+1⋃
j=1

Vj(γ) and so r /∈
p+1⋃
j=1

Uj(γ). Then there

exists an event Λ with M{Λ} = 1 satisfying

1

hr

∑
k∈Jr

‖ζmk(γ)− ζ(γ)‖ < 1

p+ 1
< ε for every γ ∈ Λ.

Hence ζk
As(I∗θ )−−−−→ ζ. �

Definition 3.4. Let ζ, ζ1, ζ2, · · · be complex uncertain variables defined on uncer-
tainty space (Γ,L,M). A complex uncertain sequence (ζk) is said to be a lacunary
I∗-Cauchy sequence almost surely if there exists a set X = {m1 < m2 < · · · < mk <
· · · } ⊂ N such that X ′ = {r ∈ N : mk ∈ Jr} ∈ F(I) and for every j ∈ N satisfying

lim
r→∞

1

hr

∑
k∈Jr

∥∥ζmk(γ)− ζmj (γ)
∥∥ = 0.
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for every γ ∈ Λ with M{Λ} = 1.

Theorem 3.8. If a complex uncertain sequence (ζk) is a lacunary I∗-Cauchy sequence
almost surely then it is a lacunary I-Cauchy sequence almost surely.

Proof. Let the complex uncertain sequence (ζk) is a lacunary I∗-Cauchy sequence
almost surely. Then for every ε > 0 there exists a set X = {m1 < m2 < · · · < mk <
· · · } ⊂ N such that X ′ = {r ∈ N : mk ∈ Jr} ∈ F(I) and k0 ∈ N satisfying

1

hr

∑
k∈Jr

∥∥ζmk(γ)− ζmj (γ)
∥∥ < ε

for every γ ∈ Λ with M{Λ} = 1 and for all k, j ≥ k0.
Let Y = N \X ′. It is clear that Y ∈ I. Then for any ε > 0,

U(γ, ε) =
{
r ∈ N :

1

hr

∑
k∈Jr

‖ζk(γ)− ζk0(γ)‖ ≥ ε
}
⊆ Y ∪{m1 < m2 < · · · < mk0} ∈ I.

Hence the sequence (ζk) is a lacunary I-Cauchy sequence almost surely and the proof
is complete. �

Remark 3.3. But the converse of Theorem 3.8 is not true in general.

Example 3.5. Let N =
∞⋃
j=1

Dj , where Dj = {2j−1t : 2 does not divide t, t ∈ N} be

the decomposition of N such that each Dj is infinite and Dl ∩Dq = φ, for l 6= q. Let
I be the class of all subsets of N that can intersect only finite number of Dj

′s. Then
I is a non-trivial admissible ideal of N (Kostyrko et al. [16]).
Now we consider the uncertainty space (Γ,L,M) to be {γ1, γ2, · · · } with power set
and M{Γ} = 1, M{φ} = 0 and

M{Λ} =
∑
γk∈Λ

1

2k
for k = 1, 2, 3, · · · .

Let θ = (2r), r = 1, 2, 3, · · · be a lacunary sequence.
Also, the complex uncertain variables are defined by

ζk(γ) = iβr if γ ∈ {γ1, γ2, · · · } and k ∈ Jr,
where βr = 1

j+1 , if r ∈ Dj for r = 1, 2, 3, · · · and ζ ≡ 0.

It is clear that the sequence (ζk) is lacunary I-convergent almost surely to ζ ≡ 0.
By theorem 3.5 the sequence (ζk) is lacunary I-Cauchy sequence almost surely.

Next, we shall show that the complex uncertain sequence (ζk) is not a lacunary
I∗-Cauchy sequence almost surely. For this, if possible assume that the sequence (ζk)
is lacunary I∗-Cauchy sequence almost surely. Then for every ε > 0 there exists a set
X = {m1 < m2 < · · · < mk < · · · } ⊂ N such that X ′ = {r ∈ N : mk ∈ Jr} ∈ F(I)
and k0 ∈ N satisfying

1

hr

∑
k,j∈Jr

∥∥ζmk(γ)− ζmj (γ)
∥∥ < ε (3)

for every γ ∈ Λ with M{Λ} = 1 and for all k, j ≥ k0.
Since (N\X ′) ∈ I, so there exists a ‘p’∈ N such that (N\X ′) ⊂ D1∪D2∪· · ·∪Dp. But
Di ⊂ X ′ ∀i > p. In particular Dp+1, Dp+2 ⊂ X ′. We see that from the construction
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of D′js, for given any k0 ∈ N there are mk ∈ Jr, r ∈ Dp+1 and mj ∈ Jr, r ∈ Dp+2

such that mk,mj ≥ k0. But then the following equality

1

hr

∑
k∈Jr

∥∥ζmk(γ)− ζmj (γ)
∥∥ =

∥∥∥∥ i

p+ 2
− i

p+ 3

∥∥∥∥ =
1

(p+ 2)(p+ 3)

contradicts (3) for any particular choice of ε with ε = 1
3(p+2)(p+3) . This is a contradic-

tion so our assumption was wrong and hence (ζk) is not I∗-Cauchy sequence almost
surely.

4. Conclusion

In this paper, the idea of convergence of lacunary I and I∗-convergent almost surely
of complex uncertain sequence have been introduced and some results related to this
convergence have been studied. Also, we define lacunary I and I∗-Cauchy sequence
almost surely and study the relationship between them. These ideas and results are
expected to be enough scope for researchers in the area of convergence of complex
uncertain sequences. Also, these concepts can be generalized and applied for further
studies.
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