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Large radial solutions of an overdetermined eigenvalue
problems for the polyharmonic operator

SAMI BARAKET, WAFA MTAOUAA, AND IBRAHIM ZOUHIR

ABSTRACT. We consider an eigenvalue problem for the polyharmonic operator, with overdeter-
mined boundary conditions. We give radial solutions on balls and those solutions are expressed
by the mean of Bessel functions.
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1. Introduction

In this paper, we are interested in the overdetermined eigenvalue problems for the
polyharmonic operator given by:

(—D)"A™u =M+ p in B(0, R),
(Pn) u=a, % =b on 0B(0,R),

Au=cy, ..., A" y=c,,_1 on OB(0,R) ifm > 2,
where m is a positive integer, A > 0, p,a,b € R, ¢, € R, Vp e {1,...,m —1}, B(0,R)

is an N-ball of raduis R in RY with N > 2 and % is the outward normal derivative.
When m =1, A=0, p =1 and a = 0, problem (P;) writes
Au= -1 in B(0, R),

5 (1)
u=0, 8—52() on 9B(0,R).

Serrin [7] showed that (1) admits a solution u on the ball of radius R = N|b| and
u is radially symmetric given by

R2 77,,2
v=oN
When m =2, A =0, p = —1 and a = b = 0, problem (P,) writes
Ay = —1 in B(0, R),
5 (2)
u
uzaz(), Au=¢cp on 9B(0,R).
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Bennett [1] showed that (2) admits a solution u on the ball of radius R = [|e1|(N? +
2N)]Y/? and w is radially symmetric given by

1 (N+2 , Nei 1,
= (25w .
U 2N< Wl 5 Ty
When m =2, A =0, p =1 and a = b =0, problem (P») writes
Ay =1 in B(0, R),
5 3)
U
uzaz(), Au=¢c on 0B(0,R).

Dalmaso [2] showed that (3) admits a solution u on the ball of radius R = [c; (N? +
2N)]Y/? and u is radially symmetric given by
. (R? — 12)2
~ 8N(N +2)°

In the case m=2, we have considered in [4] the following problem :

Lyu=A%u—T1Au= M u+p in B(0,1),
(P2,T) P
u

u=a, 521)’ Au = on 0B(0,1),

with 7 > 0. Under some conditions, we prove:

VT2 4N -1\ 2
Theorem 1.1. Let 8 := %, 0:= (L> * and consider the Bessel func-

tion of the first kind of order 3 denoted by Jg. Then, we have the following.

(i) Suppose 1 =0, a=1c1 =0, b#0 and 0 satisfies Jg(0) = 0. Then, there exists a
radial solution to problem (Ps ;), given by

u(z) = v(r) =8 J5(6r), Vr = |z| € (0,1].

2RO

(ii) Suppose i = 0, a # 0, b = 0, ¢; = —0%a and 0 satisfies GJ[;(H) — BJs(0) = 0.

Then, there exists a radial solution to problem (Pz ), given by

70 =P J5(0r), Vr = |z| € (0,1].

62 /
(#91) Suppose p #0,a=b=0, ¢; = _T,u and 0 satisfies 0.J5(0) — B.Jg(0) = 0. Then,
there exists a radial solution to problem (P .), given by

u(z) =ov(r) = % Jﬁl(ﬁ) r_ﬂJg(Qr) —1], Vr = |z| € (0,1].

Our result deals with radial solutions of problem (FP,,) when B(0, R) is an N-ball
of raduis R. Let 8 := % and consider the Bessel function of the first kind of order

3 denoted by Jg.
We have the following theorem.
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Theorem 1.2. Let B(0, R) the ball in RN with N > 2. Then, we have the following.

1- Suppose . = 0, a = ¢, = 0, b # 0 and R satisfies Jg(AﬁR) = 0. Then, the
problem (Py,) admits a radial solution, given by :
b
u(z) = ofr) (%

B 1
= Jzs(\77r), Vr = |z| € (0, R].
)\mJIB(/\mR) r) B( ) ‘ | ( ]

2- Suppose p=0,a#0,b=0, ¢, = (=1)PAma, Vpe{l,..,m—1} and R satisfies
Azm RJA (Azm R) — BJ5(Azm R) = 0. Then, the problem (Py,) admits a radial solution,
given by :

B 1
=L ()0, vr=lale O.R)
Js(A>mR) AT

3- Suppose p # 0, a € R, b=0, ¢, = (=1)PAm [a—i— %] , Vpe{l,...,m—1} and R
satisfies Az RJ;()\ﬁ R) — BJg(Az= R) = 0. Then, the problem (P,,) admits a radial
solution, given by :

A
(e +1) (R

B 1
—L (=) Jg(AEmr) — 1, Vr = |z| € (0, R].
R =) (A7) ] 2] € (0, ]

_ _H
u(z) =v(r) = 3

Remark 1.1. Let B(0, R) the ball in R3. Then, we have the following.

1- Suppose 4t =0, a =c¢c, =0, b# 0 and R = kw\~zm Yk € N*. Then, the problem
(Py,) admits a radial solution, given by :

u(z) =v(r) = - . , vr = |z| € (0, R].
(@) = ofr) = LI SO ol € 0. R
2- Suppose p=0,a#0,b=0, ¢, = (=1)PAwa, Vpe{l,..,m—1} and R satisfies
tan(Az= R) = Azw R. Then, the problem (P,,) admits a radial solution, given by :
R sin(Azw
u(z) =v(r) =a — M Vr = |z| € (0, R].

3- Suppose u # 0, a € R, b =0, ¢, = (=1)PAm [a—i— %] , Vpe{l,...m—1} and R
satisfies tan(A=w R) = Az R. Then, the problem (P,,) admits a radial solution, given

u(z) =v(r) = % K(A: +1) ? M) - 11 ;. Vr=|lz[ € (0,R]

2. Proof of Theorem 1.2

In this section we prove Theorem 1.2. We assume that the domain is a ball in RY
with N > 2 and for sake of simplicity, we consider the ball B(0, R). As mentioned in
the Introduction, radial solutions for problem (P,,) are constructed with the use of
Bessel functions.
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We recall that the Bessel functions , discovered by Bernoulli and used by Bessel as
part of his studies of the movement of the planets induced by gravitational interaction,
are canonical solutions y(r) of the differential Bessel equation:

2y (r) + 1y (r) + (r? = a®)y(r) = 0, (4)

for any real or complex number a. Most often, « is a natural integer (then called the
order of the function), or a half-integer.
There are two kinds of Bessel functions:
e The Bessel functions of the first kind, denoted by J,, solutions of the above
differential equation which are defined at 0.
e The Bessel functions of the second kind, denoted by Y,,, solutions which are not
defined in 0 (but which have an infinite limit in 0).
We also recall that for integer values a = n, the Bessel functions of the first kind can
be represented by integrals given by
T

In(z) = l/o cos(nt — xsint) dt

or else by

1 [ ;
I ($) / el (nt—zxsint) dt.

:% .

For a=n+ %, the Bessel functions of the first kind given by

Jyer(z) = (~1) 2%&(%)"{512%}, Ve € RT. (5)

This definition can extend to the non-integer case of « (for Re(z) > 0), by adding
another term

1 ™ 3 o0 .
Jo(z) = = / cos(at — xsint) dt — sin(ar) / e wsinh(t)—at qqy.
T Jo ™ 0

Here, we consider the Bessel functions of the first kind and we denote them by J3,
where § = % (N > 2) is an integer or half-integer.

Now, writing y(r) = Jg()\ﬁr) with r € (0, R] and taking o« = 8 in the equation
(4), we are led to the equation
1 32

Jy(A7ar) + —— Jy(Zzar) + (1 — ———)Js(A\zer) =0, Vre(0,R. (6
SO 4 T 4 (1= ) Ts(As) (O.R.  (6)

Proof of Theorem 1.2. 1- Let = 0, b # 0 and suppose that R satisfies Jg()\ﬁR) =0.
Consider the radial function

ww) = v(r) = —— > (E)BJ (A7), Vr=lg€(0,R.  (7)
AT (AR R) \r/ P ’ o
‘We have
B 1 /8 ’ 1
V() = —— PR st ) R0 (),
N T (AT R) (A R)
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Using (6), we have

" bR bRP /
v (r)=— 2 +1 7/.71 —_— TﬁBilJ >\27n7’ —’—71 riBJ )\27717"
() = ~(28 +1) [ T T N + S )
A b R\F ) .
- (— Azmr) = —(28 4+ 1)r W' (r) = Amo(r
ST () B = =8 D () = Al
= (N = 1)r W (r) = Amo(r).
Then
N-1, 1 a 1
—Au(z) = — v (r) + 0" (r)| = Amo(r) = Amu(x).
r
By induction, we obtain
(=1)PAPu(z) = A= u(z), Vpe {l,..,m}.
In particular for p = m, we have
(=)™ A"u(x) = Au(x), VYm > 1.
Then u(z) = v(r) given by (7) is a solution of the equation
(=1)™A™u =M on B(0,R).
Moreover, on 0B, we have
1
u(zx) = v(r = Jg(A2m R) =0,
( ) ( ) r=R )\szlé(AanR) B( )
ou Lo 1 L.
E(x) = Vu(z) - v(z) = ) (r) @ v(x) -
8 8 o
st 0| =
Az J5(A77 R) Js(Azm R) r=R

and
Au(z) = (=1)"A7 u(z) = 0.
By induction, for m > 2 we obtain
APu(z) = (—=1)PAm u(z), VYpe {1,..,m—1},
then
¢p = APu(z) = (=1)PAm u(z) =0, Vpe{1,..,m—1}.

2- Let 4 =0, a # 0 and suppose that R satisfies )\ﬁRJé()\ﬁR) — BJs(Azm R) = 0.
Consider the radial function

a RN\P 1
(@) = o) = 3 (%) 707, vr=lele (OB (8)
We have
)= —— P gy + A sy
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Using (6), we have

apR’ 5 . a RS o

“(r) = — -2 b L B 3w
v (r) 26+ 1)r Jg()\ﬁR) Jg(A7mr) + J,g(/\ﬁR) r P Jg(Azmr)
I (BY ey = /() — A
Y TR (T) Js(AT7r) = —(28 + 1)r~ "/ (r) — A o(r)
= —(N = 1)r W (r) = Awo(r).
Then
—Au(z) = — [Nr ! V'(r)+ 0" (r)| = )\%’U(’I‘) = /\%u(x)

By induction, we obtain

In particular for p = m, we have
(=)™ A"u(x) = du(x), VYm > 1.
Then u(z) = v(r) given by (8) is a solution of the equation
(=1)™A™u =M on B(0,R).

Moreover, on 0B, we have

u(z) = v(r) R ®
ou . v,
5(96) = Vu(z) - 7(x) = o (r) Z-v(x) .
= _W(AﬁRJﬁ(AmR) — 5]5()\mR)) -0

and
Au(z) = (=1)'Aw u(z) = (-1)' A7 a.
By induction, for m > 2 we obtain
APu(z) = (—=1)PAm u(z), VYpe {l,..,m—1},
then
¢p = APu(z) = (—1)PA% u(z) = (~1)PAma, VYpe {1,...,m—1}.

3 - Let p # 0, a € R and suppose that R satisfies )\ﬁRJ[;()\ﬁR) —BJs(A== R) = 0.
Consider the radial function

Aa
L (7*1) R\A 1
g = — -1 — J )\2"" —1 B v = E O’R. 9
ulw) = o(r) = & [JB(AMR) () 7s0r7r) r=lelc©OR. (9
We have
da da L
, ~(2 1 1)R? ; G DATRY
U(T)ZH —(” 1) r_ﬁ_ng()\Tmr)—i—%r_ﬂJﬁ()\Tmr)
Al Js(ATmR) Jg(Azm R)
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Using (6), we obtain
—(32 +1)BR? . (32 +1)A=z7 R?
Js(AmR) | Js(\= R)

1| p (32 +1) R\B Lo 1y 1 I
— A% [A TR () 00 mr>] = —(@8+ Drv () = a7 [o(r) + 5]
=~ (V=) = A% [o(r)+ 5]

"

o' (r) = -8+ 1 &

’I“_ﬁJé (A T T)]

Thus
N -1
r

) = |

By induction, we obtain

(=1)PAPu(z) = A [u(x) + %} , Vpe{l,..,m}.

In particular for p = m, we have
(=)™ A u(x) = u(z) + p, Ym > 1.
Then u(z) = v(r) given by (9) is a solution of the equation
(-1)™A™u=Au+p on B(0,R).

Moreover, on 0B, we have

—(z) = Vu(z) - ¥(z) = %v'(r) 7 v(x)

r=R
/’L(%_F]‘) 1 ’ 1 1

=—F _* (\=wRJ;(A\="R) — BJs(A\T"R)) =0
uﬁ(mm( 5 R) = BJ5(AR))

and
1

Au(z) = =Am [u(:z:) + ﬁ] =—Am [a + H] .
By induction, for m > 2 we obtain
APy(z) = (=1)PAm [u(:f:) + %} , Vpedl,..,m—1},

and so
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