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ABSTRACT. In this work, we find an interval for a parameter X\ for which a functional J — AT
possesses a sequence of critical points. It should be noted that members of this sequence will
be weak solutions to an elliptic problem with Hardy potential.
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1. Introduction

Considering the applications of p—Laplacian and biharmonic equations in physics,
Medicine and engineering, many authors have studied such equations under suitable
conditions in past years. Among them, we cite the readers to Afrouzi et al [1],

Bonanno et al [1], Cammaroto [10], Li [11], Shokooh [I1], Xu et al [15] and the
references therein.
Recently, in [10], Cammaroto proved the existence results for following boundary

value problem:
Adu— Dpu+ V(@) |ulP?u = Af (@, u) + pg(e,u), w9
u=Au=0, x € 09,
where € is a smooth bounded domain in RN (N > 1), p > max{1, ¥}, A€ R, p >0,
f, g are Carathéodory functions with suitable behaviors, Agu = A(JAu[P~2Au) and
Apu = V(|Vul[P~2Vu) are p-biharmonic and p-Laplacian operators, respectively, and
V € C(Q) such that inf{V(z) : z € Q} > 0.
Also, in [15], some existence results are obtained for the following fourth order
equation involving Hardy potential:

M (fo |AuPde) A2u — g [ulP 7 u = Af(z,u) + pg(z,u),  z€Q,
u=Au=0, x € 09,

where ) is a smooth bounded domain in RY (N > 3), 1 < p < %, A, i, d* are
constants, f,g € C(Q x R).
Afrouzi with his coauthor [1] have investigated the following p(z)—biharmonic

problem

A2 u+ V(@) uP® 20 = Mf(z,u) + pg(au),  x e,
u=Au=0, x € 08,
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where ) is a smooth bounded domain in RY (N >2), p~ := inf_ g p(z) > %, A >0,
w >0, f,g: QxR — R are Carathéodory functions and V' € L>*°(Q) satisfying
infgV > 0.

Inspired by the above papers, we are interested in studying the following p-biharmonic
elliptic equation with Hardy potential:

|z[?P

AZu— Apu+ a(z)|ulP~?u = o ulP~2u 4+ A f (, u), x €, (1)
u=Au =0, x € 09,

where ) is a smooth bounded domain in RY (N > 3),1 < p < %, A is a positive
parameter, d is a constant, f € C(Q x R) with suitable conditions and a € C(Q)
satisfying infga > 0.

The equation (1) is singular and has two operators, Af,u and Apu, as distinctive
features. The singularity arises due to the presence of the Hardy potential term ﬁ,
which can make the analysis of solutions more challenging. Singular equations like (1)
are encountered in many areas of science and engineering, and their study is important
for the development of new technologies and innovations, see [9].

Also, the control parameter A in the equation (1) allows for the study of the be-
havior of solutions under different values of A. This can lead to interesting insights
into the properties of the system, and can provide a more accurate and realistic rep-
resentation of the problem. Control parameters are commonly used in mathematical
models to capture the effect of external factors that influence the behavior of the
system, and their presence can help to better understand the system’s behavior.

We organize the structure of this article as follows. In the second section, the
required concepts of the variational structure and also the main tool (Lemma 2.1) are
stated. In Section 3, we give the main results and their proof along with an example.

2. Variational framework

In this section, we introduce the function space in which the problem (1) will be
studied. Also, for the convenience of the reader, we state the main tool to proof the
results.

From now on, let @ C RY (N > 3) be an open bounded set, 1 < p < %, and
a € C(Q) with inf{a(z) : € Q} > 0. The function space E = W22(Q) N Wy?(Q)
with the following standard norm

lull= ([, Auwdx)‘l’ 2)

is a reflexive Banach space. According to the assumptions on the function a, the norm
(2) is equivalent to the following norm

fulle = ([ Q80P+ 19uP + ato)lup) dx>’l’ 3)

for all w € F.
To prove the main results, we need a sequence of functions as test functions. For
optimal selection, we introduce a class of these functions as follows: let {¢,} is a
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positive real sequence and {n,}, {0,} are two real sequences such that 0 < 7, < 6,
for all n € N. Put

T ({mn}, {00}, {9n}) = {{&n} € WP (05, 0n]); Vn € N}

where ¢,, satisfies in following conditions

(t1) 0 < ¢p(x) <, for a.e. & €Ny, Oy;

(t2) lim,_,, + On(w) =0y, lim,_ 4 on(x) = 0;
(t3) lim, ,, + @ (x) = lim, ,,- @ (x) = 0;

(ta)

t4) there exist z1, zo > 0, such that
¥ 209,
()| < “1n , = 4
@) < G @] < G (4)

For example, the sequences
oL (z) = 49, (42> — 922 + 62 — 1)
and
2 Uy
¢r(x) = 5 cos(2mx — w4+ 1),
where = € | 3,1[, are in the space T ({3,1,{¢,}). Additionally,
01" (@)] < 30, |0} (@)] < 249, (62 (2)] < 7

and |¢2" (2)| < 2720, for all z € ]3,1]. So, in view of (4),

2

3 s ™
a{en}) =5 2({n}) =6, ({2} = 3, 2({e}) =5
Here, we state two inequalities 5) and (6) that will be used to prove theorems in
the next section. If g € [1,p* := pN ) by Sobolev embedding
Feq > 0; [JullLa) < cqllull < cqllulla ()

for all u € E. Hence, the embedding E — L4() is compact, see [15].
Hardy inequality in the space E is as follows:

|u(z)|?

[P

p
where H = (W) , see [12].

A function u € F is a weak solution of problem (1) if

1 1
d < 7/ Au(z)|Pde < —/(\Au\p+|Vu|p+a(x)|u\p)dx, (6)
H Jq H Jq

/|Au\p_2AuAvdx+/ |Vu|p_2Vqudx+/ JulP~?uvdz
Q Q

JulP~?
— 5 ———uvdx — f x, u( (z)dx =0
o |z
for all v € E.
Ricceri in [13] proved a critical point theorem that it is our main tool for proving

the results. Later, another version of this theorem was stated in [5] which we recall
here for the convenience of the reader.
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Lemma 2.1. Let X be a reflexive real Banach space, let ®, ¥ : X — R be two Gateaux
differentiable functionals such that ® is sequentially weakly lower semicontinuous,
strongly continuous and coercive, and ¥ is sequentially weakly upper semicontinuous.
For every r > infx @, let

. (5UPuco1 (o) T(0)) = W(w)
(,0(7‘) o uefbfllI%—oo,r) r— <I>(u) ’
:= liminf d 6 := liminf .
v:=liminfe(r),  an i inf o(r)
Then the following properties hold:
(®1) For every r > infx ® and every A € (0,1/p(r)), the restriction of the functional

I :=®— \U

to @1 (—o0,7) admits a global minimum, which is a critical point (local mini-
mum) of I in X.

(®2) If v < +00, then for each A € (0,1/7), the following alternative holds: either the
functional Iy possesses a global minimum, or there is a sequence {u,} of critical
points (local minima) of I such that

nEIqILloo D (uy) = +00.

(®3) If 6 < 400, then for each A € (0,1/0), the following alternative holds: either
there is a global minimum of ® which is a local minimum of I, or there is
a sequence {un,} of pairwise distinct critical points (local minima) of I, that
converges weakly to a global minimum of ®.

Lemma 2.1 and its different versions are useful tools to obtain exitance results
for various equations. Whenever researchers want to find a sequence {u,} of weak
solutions of an equation in a reflexive real Banach space X such that

e {u,} is unbounded in X, or

e u, — 0 strongly in X,
they can benefit from the above lemma. In the last two decades, various problems
have been investigated with this method and the existence of infinitely many weak
solutions for them has been proved (see, for example, [1, 2, 3, 6, 7, 8, 15] and references
therein).

3. Main results

This section is devoted to our main results.

Theorem 3.1. Suppose that a € C(Q) satisfy infoa > 0,1 < p < %, 0<d< H
(where H comes from (6)) and let f € C(Q x R) such that

(A1) F(z,t) is non-negative for all (x,t) € Q x [0, 400[;

(Ag) there exist zop € Q and p > 0, po > p such that B(xg,p) C Q and

SupHEHLQ(Q)St/ F(x,&)dx
« = lim inf Q

t—+o0 tp

< +o00,
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F(x,t)dx
B(zo,p)
tPo

> 0.

B := lim sup
t—+4oo
Then, following facts hold:
(i1) if p < po, for all X € ]0, g pd [ the problem (1) has an unbounded sequence of
nonzero weak solutions;
(i2) if p = po, for all A 6]%,%{ where R = m, 0>1and a < Rp,
the problem (1) has an unbounded sequence of nonzero weak solutions.

Proof. We want to apply part (®2) of Lemma 2.1 to prove (iy) with X = E furnished
with the norm introduced in (3). For fix A € }O, Pt [ define the functionals J, I :
E — R, for all u € E, by

s = Sz =5 [ e 0= [ P

where F(x,t) fo (z,&)dE for every (z,t) € Q x R.
The functlonals J and I are Gateaux differentiable and whose derivative are

J'(u)(v) :/ |Au|p_2AuAvdm+/ |Vu|P~2VuVude

p—2
/|u|p 2uvdx—/ ful Suvde

0= [ fa @) de
for any u,v € F.

Obviously, the functional J is sequentially weakly lower semi-continuous and strongly

continuous. In view of (6) one has J(u) > % (1—4) ||lul|z, it follows J is coercive.

Also, since I’ is compact, one has it is sequentially weakly upper semi-continuous.
Taking (5) and (6) into account, we observe that

{fueE:Ju)<r}C{ucE: (1-L4)|ulz<pr}

1
< {ueE s il <o (§2)" ). ™

N—

By J(0) = I(0) =0 and (7), for > 0 one has

. (SupveJ—l(foo,r) I(U)) — I(u)
R s
SUPyeJ—1(—o0,r) I(v)
r
SUP|i¢|| a(oy <l fQ F(z,§)dz
r
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1
that | = ¢, (I?II{Z) " . Assume that {¢,} C]0,4o0[ be a sequence and (, — +o0. Set

rp = L=4¢P for all n € N. From (A;), (Az) and (8), we have

pHcg
i < Timi
v = Bminf () < i)
HcP SUD|¢|[ ,q F(x, &) dx
< bhcy lim inf 131F2 (Q)SCnpr ( §)
—d n—+oo Cn
pHcha
< <
S H_4 +00,
and consequently A < % Now, we prove J — AI for A €]0, pflzpda[ is unbounded from

q

below. By (Asg), fixed 0 < 8 < 8 we get 7, €]0, +00o[ with 7,, > n such that

/ F(z,7,)dx > BrPo
B(zo,p)
for all n € N. By choosing ¢ > 1 such that B(zg, po) C Q and a sequence {¢,} €

T(pa PO, {O‘n})7 we define

0 if e Q\ B(zo,po),
wp(z) = ¢ T if =€ B(xo,p), (9)
On(|lz —xol) if  x € B(zo, pe) \ B(xo, p),

for each n € N. With simple computations, for n € N and for 1 <4 < N, one has

9 0 if z€Q\ B(xo,po),
%L(x): 0 if x € B(xo,p),
v (o =z =ty if @ € B(xo, pe) \ B(wo, p)
and
2 0 if z € Q\ B(zo, po),
8257”2(33)2 0 if x € B(xo, p),
i T(z) ifx e B(xo,po)\ B(zo,p),

(zi—x)? lz—z0|?—(zi—29)*

where T'(z) = ¢! (|x — x¢|) e T &L (|Jz — o)) =
So, by (4), one has

-
Vuw, ()| <o) (|Jx — x0|)| < 2 n
[Vw,, ()] < [¢,(] ol)l v
and
n—1
|Awy ()] < |¢h(J2 = 2ol) + ¢, (|12 — o) —
|z — o]

29T, zi(n — D1,
T pe—12 0 pPle-1)
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These inequalities allow us to estimate the norm of the functions w,, as follows:

l[wnlle = /Q(IAwn\”+Ian|p+a($)|wn\”)dm

|Awn(:c)\pdx—|—/ |V, (z)[Pdx

/B(Io,p@)\B(Io,ﬂ) B(zo,p0)\B(z0,p)

+ / a(2)|wn ()P dz
B(zo,p0)

=1(p" — 1 9p=1(p — 1)P no1
o [ 27D @ e )
p*~m(o—1)% p*~" (o — 1)
+wrPp"o™ max a(x).
" e Blroe) (=)

If we put

2"~ 1), (227 (n— 1P+ ) ("~ 1)

25+ 24+ p"0"  max  a(x)

e p2p—n(g - 1)217 pQP n(g 1) xz€B(x0,p0)
we have
U
J(wa) = M(w,) = fu walt — & / |' |'2p dz - A /Q (e, w,)da

Ca,

< uﬂz / F(z,7,)dz
p B(x0.p)

< Lca LLTP _ \BTho.

By the assumption p < pg in (i1) and lim,, o 7, = 400, we get

nll)rfoo((](wn) — M(wy)) = —o0.
So, the functional J(u) — AI(u) has no global minimum. According part (®3) of
Lemma 2.1, the problem (1) has a sequence of weak solutions in E that it is not
bounded. This concludes the proof of (r1). Now, we check (r2). Since + < pz[cj?ﬂ

there exist a sequence {7,,} C]0, 400 and 3 > 0 such that 7, — 400,

/ F(x,7,)dx > prko
B(zo,p) B

and
L <L JB29,p) F'(@, ) de
A5 T wCap, ™ '
As (9), we define the sequence {w,, }, so we obtain
J(wn) — M (w,) = *H wy|F — / |u|2 / F(x,w,)dr
|z |p Q
< LC"’”’QT,I; = )\/ F(w,7)da
p B(zo,p)
< “Cors(y g
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Hence,
lim (J(wy) — M(wy)) = —o0.

n——+oo
consequently, the functional J — Al is unbounded from below, and it follows that
J — AI has no global minimum. So, by part (®2) of Lemma 2.1, there exists an
unbounded sequence {u,} in E such that J'(u,) — AI'(uy,) = 0 for all n € N, and the
proof of the theorem is achieved. (]

In Theorem 3.1, taking A = 1, we have following result.
Theorem 3.2. Let (A1) in the Theorem 3.1 and following assumptions hold:
- H-—d 8> H-d
“SpHE pHER
Then, the problem
A2u— Apu+ alz)|ulP~?u = |$“12p |ulP~2u + f(z,u), r €N,
u=Au=0, x € 0N,

has an unbounded sequence of weak solutions in E.

Now, we present another consequence of Theorem 3.1.

Corollary 3.3. Assume that f1 € C(R) be non-negative. Set

13
R = [ i
for every € € R and let

su F 5
(A3) liminf M < +00;

t—+o0 e
(A4) limsup F;Et) = +o0.
t——+oo

Suppose further that for all 1 <i < n, a; € L*(Q) with mingeq a;(x) > 0 and ag # 0.
Additionally, let for 2 <i<n, f; € C(R), f; >0,

max{sup F;(§):2<i<n, <0
§eR

and

t——+o0 tpP

SUD)(¢|[, 4 Fi(¢
min{liminf el <t (0 :2<1 < n} > —00,

3
where F;(£) 1= / fi@t) dt for all £ € R. Then, for each
0

H-d

sup Fi(§) ’
pHcgliminft%er%/ ai(z) dz
Q

A e |0,

the problem
AZu— Apu + a(z)|ulP~?u = ‘zfzp [ulP2u + A0 au(z) fi(u), x € Q,
u=Au=0, x € 08,

has infinitely many weak solutions in the space E.
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Proof. Put f(z,t) = >, a;()f;(t) for all z € Q and t € R. Take (A4) and the

condition
sup < Fi(§)
min {liminf lelzo@<t 70 :2<i<n,>—o0,

t— 400 tp

into account, we conclude

Sup“f”LrJ(Q)St‘/QF(xag)dx

limsu
t~>+oop tP
n
SUP|(¢]| pa (o) <t Z (Fl(g) /Q 0%(1‘) d.f(:)
= limsup i=1 — +oo.
t——+oo tP

In addition, In view of (A3) and the assumption

max {supFi(f) :2<3 < n} <0,

£eR
one has
Sup\l&\lm(a)ét/ F(z,&)dx
lim inf Q
t——4o00 tP
SUD|¢ || o ey <t F1(E)
< </ o () dx) lim inf — eIz @ <t < +o0.
Q t——+o00 tp

In light of the Theorem 3.1, the conclusion is achieved. o

Theorem 3.4. Let b € C(Q) satisfy infqb > 0,1 < p < %, 0 <d< H (where H
comes from ( 3)) and let g € C(Q2 x R) such that

(As) fo x,£)dE > 0 for every (x,t) € Q x [0, +o0[;

(Ag) there emst xo € Q and p' >0, po > p such that B(xg,p') C Q and

SuPHf”L'J(sz)St /Q G(Q?, 5) dx

o = liminf < 400,
t—0+ tP
G(z,t) dx
B’ = limsup B(zo,p’) > 0.
t—0+t tpo

Then, following facts hold:

(i3) if p < po, for all X € ]O, pgc ‘i, {, the problem (1) possesses a sequence of weak
solutions that strongly converges to 0 in E;

(i4) if p = po, for all X € ]%,pﬁcf;&[ where Ry = m, o > 1 and
o/ < Ry, the problem (1) possesses a sequence of weak solutions that strongly
converges to 0 in E.

Proof. Using part (®3) of Lemma 2.1 and by similar argument mentioned in the proof
of Theorem 3.1, the result is achieved. O
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Remark 3.1. In Theorem 3.4, if &’ = 0 and 8/ = +o0o, we can deduce for every
A > 0, problem (1) possesses a sequence of weak solutions that strongly converges to
0in E.

We end this article with an example which shows an evidence of our abstract
results.

Example 3.1. Suppose Q2 = {z € R; |z|gs < 3}. Consider the problem

A%u—Agu—i—u\/M = g lulP P+ A f (2, 0), T €Q,

(10)
u=Au=0, x € 09,

where

()t (7 — 7cos(In(|t])) + sin(ln(|t))) if (z,t) € Qx (R—{0}),
it (z,t) € Q x {0},

where f* € C(Q) and f*(x) > 0 for all z € 2. By a direct calculation, one has

F(z,t) = [ (a)t7 <1 - cos(ln(t|))> if (x,t) € Qx (R-{0}),
0 it (2,t) € 2 x{0}.

f(mat) =

Hence,

SUPHEHM(Q)Q/QF(%&) dx

lim inf =0,
t——+o0 t

/ F(z,t)dx
limsup 22—

t——+oo t

o

and

= +o0.

o

Hence, using Theorem 3.1, for every A > 0 the problem (10) admits infinitely many
weak solutions in F.
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