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Paired Hayman Conjecture of Some Delay-Differential
Polynomials That Share a Small Function
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ABSTRACT. In this paper, we investigate the uniqueness problems of P(f)L(g) and P(g)L(f)
when they share a nonzero small function a(z) with finite weights. Here L(h) may take the
derivatives h(¥)(z) or the shift h(z+c) or the difference h(z+c)—h(z) or the delay-differential
h(¥) (z+¢), k > 1 and c is a nonzero constant and P(z) is a polynomial of degree n. Also, f(z)
and g¢(z) are transcendental meromorphic (or entire) functions and a(z) is a small function
with respect to both f(z) and g(z). The results of the paper improve and supplement the
recent results of Sahoo and Pal [17].
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1. Introduction, Definitions and Results

Let C denote the complex plane. By a meromorphic function we mean a meromorphic
function in the complex plane C. We adopt the standard notations and fundamental
results of Nevanlinna theory as explained in [9, 12, 18]. In addition, S(r,f) =
o{T(r, f)} as r — oo outside a possible exceptional set of finite logarithmic measure.
We say that two meromorphic functions f(z) and g(z) share a small function a(z)
CM (counting multiplicities), if f(z) —a(z) and ¢g(z) —a(z) admit the same zeros with
same multiplicities. If we do not consider the multiplicities, then we say that f(z)
and g(z) share the small function a(z) IM (ignoring multiplicities). The order p(f)
and hyper-order ps(f) of a meromorphic function f are defined as follows:

log T log log T
o(f) = timsup LS i () = limsup 2818 T (/)
T—00 IOgT' oo IOgT
In 2001, Lahiri [10, 11] has introduced the concept of weighted sharing of values

as follows:

Definition 1.1. Let k& be a nonnegative integer or infinity. For a € C U {o0}, we
denote by E(a; f) the set of all a-points of f where an a-point of multiplicity m is
counted m times if m < k and k + 1 times if m > k. If Ey(a; f) = Ex(a;g), we say
that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight k, then z is an a-
point of f with multiplicity m(< k) if and only if it is an a-point of g with multiplicity
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m(< k) and 2g is an a-point of f with multiplicity m(> k) if and only if it is an a-point
of g with multiplicity n(> k), where m is not necessarily equal to n.

We write f, g share (a,k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a,k) then f, g share (a,p) for any integer p, 0 < p < k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a,0) or (a,o0)
respectively.

Definition 1.2. [10, 11] We denote by N(r,a; f| > k) the counting function of those
a-points of f whose multiplicities are not less than k, where each a-point of f is
counted according to its multiplicity. N(r,a; f| > k) is the counting function of those
a-points of f whose multiplicities are not less than k, where each a-point of f is
counted only once ignoring its multiplicity.

Definition 1.3. [10, 1 1] We denote by Na(r, a; f) the sum N(r,a; f)+N(r,a; f| > 2).

In 1959, Hayman [8] proved the following result relating to the zero distribution of
a special type of complex differential polynomial.

Theorem A. If f(z) is a transcendental entire function and n > 2 is a positive
integer, then f™(z)f’(z) — a has infinitely many zeros, a is a nonzero constant.

In 1967, Clunie [5] proved that Theorem A is also true if n = 1. Analogous result
for meromorphic function is known as Hayman Conjecture which is as follows:
Hayman Conjecture. [3] If f(z) is a transcendental meromorphic function and n is
a positive integer, then f™(z)f’(z) — a has infinitely many zeros, where a is a nonzero
constant.

It is to be noted that the above conjecture has been proved completely by many
researchers. Hayman himself proved the conjecture for n > 3. Mues [16] proved the
conjecture for n = 2. For n = 1 it was proved in [3, 4, 19]. In 2007, Laine and Yang
[14] proved a result for the zero distribution of a complex difference polynomial. Their
result is as follows:

Theorem B. If f(z) is a transcendental entire function of finite order and n > 2,
then f™(z)f(z + ¢) — a has infinitely many zeros, where a, ¢ are nonzero constants.

In 2020, Laine and Latreuch [I13] proved the following result related to delay-
differential form of Hayman Conjecture.

Theorem C. Let f(z) be a transcendental meromorphic (resp. entire) function with
p2(f) < 1 and a(z) be a nonzero small function with respect to f(z). If n > k+4
(resp. n > 3), then f™(2)f*) (2 + ¢) — a(z) has infinitely many zeros, ¢ is a nonzero
constant.

Henceforth we denote by M the class of transcendental meromorphic functions and
by M’ the class of transcendental meromorphic functions of hyper-order less than 1.
Similarly, we denote by £ the class of transcendental entire functions and by &’ the
class of entire functions of hyper-order less than 1.

Recently, Gao and Liu [6] have proved a result relating to paired Hayman Conjec-
ture for complex delay-differential polynomials. The result is as follows:

Theorem D. If one of the following conditions is satisfied:
(1) L(h) = h¥®(2), n>k+4andhe Morn>3and h € &;
(2) L(h) = h(z+c¢)y,n>4and h e M orn >3 and h € &;
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(3) L(h) = h(z+¢)—h(z),n>5and he M’ orn >3 and h € &,

(4) L(h) = M (z+¢), n>k+4andhe M orn>3and h€ &,
then atleast one of f™(2)L(g) — a(z) and ¢"(z)L(f) — a(z) has infinitely many zeros,
where a(z) is a nonzero small function with respect to both f(z) and g(z), £ > 1 and
¢ is a nonzero constant.

Let us define a polynomial P(z) of degree n by
P(2) = apz" +an_12""" + ...+ a1z + ao, (1.1)

where ag, a1, ..., an—1, a,(# 0) are complex constants. Also, let m; and mq be the
number of simple zeros and multiple zeros of P(z) respectively.

Now the following question arises.

Question 1.1. What will happen if f™ is replaced by a polynomial P(f) defined as
in (1.1) in Theorem D?

Recently, Sahoo and Pal [17] proved the following result which answer the above
question in a positive sense. Their result is as follows:

Theorem E. If one of the following conditions is satisfied:

(i) L(h) = h™(2) and n > my +my +k+3 and h € M or n > my + my + 2 and
heg&;

(#3) L(h) = h(z4+c) and n > my+me+3and h € M’ orn > my+ma+2and h € &';
(#31) L(h) = h(z +¢) —h(z) and n > m3 +mg +4 and h € M’ or n > my + mg + 2
and h € &';

(iv) L(h) = h®(z+¢) and n > my +my +k+3 and h € M’ or n > my + mg + 2
and h € &,

then at least one of P(f)L(g) — a(z) and P(g)L(f) — a(z) has infinitely many zeros,
where «(z) is a nonzero small function with respect to both f(z) and g(z), k > 1 and
¢ is a nonzero constant.

In the same paper, the authors proved the following theorems on uniqueness of
delay-differential polynomials.

Theorem F. Let f(z) and g(z) be two transcendental meromorphic functions. If
P(f)L(g) and P(g)L(f) share a nonzero small function «(z) CM and one of the
following conditions is satisfied:

(i) L(h) = h®)(2), n > 2my + 4my + 3k + 12 and f,g € M;

(13) L(h) = h(z+¢), n > 2mq + 4mg + 10 and f,g € M/;

(iii) L(h) = h(z +¢) — h(2), n > 2my + 4my + 15 and f,g € M/;

(iv) L(h) = k¥ (2 + ¢), n > 2my + 4my + 3k + 12 and f,g € M/,

then cither P(f)L(g) = P(g)L(f) or P(f)L(g)P(9)L(f) = a’ ().

Theorem G. Let f(z) and g(z) be two transcendental entire functions. If P(f)L(g)
and P(g)L(f) share a nonzero small function «(z) CM and one of the following
conditions is satisfied:

(i) L(h) = h¥)(2), n > 2my + 4my + 4 and f,g € &;

(i) L(h) =h(z+¢), n > 2my +4ms +4 and f,g € &

(i91) L(h) = h(z 4+ ¢) — h(z), n > 2my + 4mg + 4 and f,g € &';

(iv) L(h) = h™) (2 +¢), n > 2my +4my + 4 and f,g € £,

then either P(f)L(g) = P(a)L(f) or P(f)L(g)P(9)L(f) = 02 ().
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Now it is natural to ask the following question.

Question 1.2. What will happen if we relax the nature of sharing of small function
in Theorems F and G?

Regarding above question we prove the following results:

Theorem 1.1. Let f(z) and g(z) be two nonconstant transcendental meromorphic
functions, n, k be two positive integers, and «(z) be a nonzero small function with
respect to both f(z) and ¢g(z) and P be a polynomial of degree n defined as in (1.1).
If P(f)L(g) and P(g)L(f) share (,1) (I > 2, an integer) and one of

(1) L(h) = ™ (2), n > 3k +2my +4my + 12 and f, g € M;

(2) L(h) = h(z+c¢), n>2my +4ms+ 10 and f, g € M/;

(3) L(h) = h(z+c)—h(2), n>2my +4ms + 15 and f, g € M’;

(4) L(h) = M (z+¢), n >3k +2my +4mg +12 and f, g € M/,

holds, then either P(f)L(g) = P(g)L(f) or P(f)L(9)P(g9)L(f) = o?(2).

Remark 1.1. Theorem 1.1 improves Theorem F by relaxing the nature of sharing of
small function.

Theorem 1.2. Let f(z) and g(z) be two nonconstant transcendental meromorphic
functions, n, k be two positive integers, and «(z) be a nonzero small function with
respect to both f(z) and g(z) and P be a polynomial of degree n defined as in (1.1).
If P(f)L(g) and P(g)L(f) share (o, 1) and one of

(1) L(h) = ¥ (2), n > Tk+3mi+ Imo+ 22 and f, g € M;

(2) L(h) = h(z+¢), n>3mi + Imo+ % and f, g € M/;

(3) L(h) = h(z+c¢)—h(z), n>2my + Jma + 3} and f, g € M';

(4) L(h) = h®(z+¢), n> Tk + 3mi+ Jma+ 2 and f, g € M/,

holds, then either P(f)L(g) = P(g)L(f) or P(f)L(9)P(g9)L(f) = o?(2).

Theorem 1.3. Let f(z) and g(z) be two nonconstant transcendental meromorphic
functions, n, k be two positive integers, and «(z) be a nonzero small function with
respect to both f(z) and g(z) and P be a polynomial of degree n defined as in (1.1).
If P(f)L(g) and P(g)L(f) share (c,0) and one of

(1) L(h) = ™ (2), n > 6k + 5my + Tms + 21 and f, g € M;

(2) L(h) = h(z+¢c), n>5my+Tme+19 and f, g € M/;

(3) L(h) = h(z+c)—h(z), n>5my +7mz+ 30 and f, g € M’;

(4) L(h) = M¥(z+¢), n > 6k +5my + Tmg +21 and f, g € M/,

holds, then either P(f)L(g) = P(g)L(f) or P(f)L(g)P(g9)L(f) = o?(2).

For transcendental entire functions f and g we obtain the following corollaries.

Corollary 1.1. Under the same hypothesis as in Theorem 1.1, the same conclusions
hold in each of the following cases:
(1) L(h) = ¥ (2), n > 2m; +4my+4 and f, g € &;

(2) L(h) = h(z+c), n>2my +4ms + 4 and f, gGS’
(3) L(h) :h(z+c) h(z), n>2my +4mga+4 and f, g € &';
(4) L(h) = h¥(z4¢), n>2m; +4mg+4 and f, g € &'

Remark 1.2. Corollary 1.1 improves Theorem G by relaxing the nature of sharing
of small function.
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Corollary 1.2. Under the same hypothesis as in Theorem 1.2, the same conclusions
hold in each of the following cases:

(1) L(h) = ¥ (2), n > m1+ m2+f and fyg€é&;

(2) L(h) = h(z+c), n > m1+ mg—l— Tand f, g € &;

(3) L(h) = h(z+c)— (z), n > m1 +9mo+ L and f, g€ &

(4) L(h) = h®(z+¢), n> Smy+ Jma+ 1 andf7 geét.

Corollary 1.3. Under the same hypothesis as in Theorem 1.3, the same conclusions

hold in each of the following cases:
(1) L(h) = h¥(2), n>5my +Tmy +7and f, g € E;

(2) L(h) = h(z+¢), n>5my +Tmy+T7and f, g €&’
(3) L(h) = h(z+c¢c)—h(z), n>5m1+Tme+7and f, g € &;
(4) L(h) = M (z+¢), n>5my +Tma+7and f, g€ &'

We consider
F// 2F/ Gl/ 2Gl
H = B e —— — _—
(7-701) (& -a21):
where F' and G are nonconstant meromorphic functions defined in the complex plane

C.

Now we give the following lemmas which will be needed in the sequal.

Lemma 2.1. [18] Let f be a nonconstant meromorphic function and k be a positive
integer. Then
1 1 —
N r,———— || <N|(r,— | +EkN(r, f(2)+ S(r, f(2))- 2.1
(r 7)< (5 + 40 + 50500 2

Lemma 2.2. [17]
(1) If f, g € M, then

nT(r, f) = (k+1)T(r,g) < T(r, P(f)g™) + S(r,9) < nT(r, ) + (k+ )T (r, g).
(2) If f, g € &, then
nT(r, f) = T(r,9) < T(r, P(f)g™) + S(r,9) < nT(r, f) + T(r,g).
Lemma 2.3. [17]If f, g € M’ or &', then
nT'(r, f) =T(r,g) <T(r,P(f)g(z+c)) + S(r,g) <nT(r, f) +T(r,g).

Lemma 2.4. [17]
(1) If f, g € M’ and g(z + ¢) — g(z) # 0, then

nT(r, f) = 2T (r,g) <T(r, P(f)(9(z + ¢) — 9(2))) + S(r,g) < nT'(r, f) + 2T'(r,g).
(2) If f, g€ & and g(z + ¢) — g(z) #Z 0, then
nT(r, f) =T(r,g) <T(r, P(f)(9(z + ) —g(2))) + S(r,g) < nT(r, f) +T(r,9).

Lemma 2.5. [17]
(1) If f, g € M, then

nT(r, f) = (k+1)T(r,9) < T(r, P(f)g™ (z +¢)) + S(r,9) < nT(r, ) + (k+ 1)T(r,g).
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(2) If f, g € &', then
nT(r, f) = T(r,g) < T(r,P(f)g"(z + ) + S(r,g) < nT(r, f) + T(r,g).

Lemma 2.6. [15] Suppose that T : [0,00) — [0,00) is a non-decreasing continuous
function with po(7T") < 1 and ¢ is a nonzero real number. If § € (0,1 — p2(T)), then

T(r+¢) = T(r)+o (TT(:)> .

Lemma 2.7. Let f be a transcendental meromorphic function with pa(f) < 1 and ¢
be a nonzero constant. Then the following inequalities hold:

(1) N(r,0; f(z 4+ ¢)) < N(r,0; f) + S(r, f);

(2) N(r,00; f(z+¢)) < N(r,o00; f) + S(r, f);

(3) N(r,0; f(z +¢)) < N(r,0; f) + S(r, f);

(4) N(r,00; f(z +¢)) < N(r,00; f) + S(r, f)-

Proof. The lemma can be proved easily by using Lemma 2.6 above. O

N
v

Lemma 2.8.
1T <7°, W) < 2T (r,h(2)) + S(r, h(2)), h € M

and T (r, m) <T(r,h(z))+ S(r,h(z)), h €&
@) T (7 gty ) < (b DT h(z) + 5, h(2)), he M

and T (r, W) < T(r,h(2)) + S(r h(2)), h €&

z+c)

Proof. The results can easily be obtained by Lemma 8.3 of [7] and the first funda-
mental theorem of Nevanlinna. d

Lemma 2.9. Let f, g be two nonconstant meromorphic functions, and let a be a
nonzero small function with respect to both f and g. If f and g share («,2), then
one of the following holds:

(1) T(r, f)+T(r,g) < 2{Na(r,0; f)+Na(r,0; g)+ Na(r,00; f)+Na(r, 00; g) } +5(r, f)+
S(r,9);

(2) f =g
(3) fg = o
Proof. The proof is exactly similar to the proof of Lemma 2 [1]. O

Lemma 2.10. Let f, g be two nonconstant meromorphic functions, and let a be
a nonzero small function with respect to both f and g. If f and g share («, 1) and
H # 0, then

T(T,f)+T(T,g) < 2{N2(T,O,f)+N2(T,O,g)+N2(7‘,OO,f)+N2(T,OO,g)}
5N 0; )+ (1, 0:9) + N(r, 00 ) + N(r, 005 9)}
+S(r, f)+ S(r, g)- (2.2)

Proof. Let F = g and G = £. If f and g do not share any zero or pole with a,
then F and G share (1,1). Now

NQ(TaOO;F) = NQ(TaOO;f) + NQ(T‘,OO;OZ).
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Also
T(r,f) =T(r,F.a) <T(r,F) + S(r, f),
T(r,g)=T(r,G.a) <T(r,G) + S(r,g).
Then using Lemma 2.15 of [2] we get the desired result. O

Lemma 2.11. Let f, g be two nonconstant meromorphic functions, and let a be
a nonzero small function with respect to both f and g. If f and g share («,0) and
H #£ 0, then
T(Taf)+T(Tag) < 2{N2(r,0;f)+N2(r,0;g)+N2(T,oo;f)+N2(7“,oo;g)}
+3{N(r,0; f) + N(r,0;9) + N(r, 00; ) + N(r,00; )}
+5(r, f) +5(r,9). (2.3)
Proof. Let ' = £ and G = Then F and G share (1,0). Also T'(r, f) =

T(r,F.a) <T(r,F)+S(r, f) and T(r,g) = T(r,G.c) < T(r,G) + S(r, g). Then using
Lemma 2.14 of [2] we get the result. O

Qe

—~

3. Proof of the Theorems

Proof of Theorem 1.1. Let F(z) = P(f)L(g), G(z) = P(g)L(f). Then F' and G
share (a,2). Suppose that (1) of Lemma 2.9 holds. Then
T(r,F)+T(r,G) < 2{Na(r,0;F)+ Na(r,0;G) + Na(r,c0; F') + No(r,00; G)}
+S(r, F) + S(r,G). (3.1)

Part I. Let L(h) = h®)(2). Then F(z) = P(f)g®(2), G(z) = P(g)f*(z).
Therefore

No(r,00; F) < 2N(r,00; F) < 2{N(r,00; f) + N(r,00;9)}; (3.2)

Ny(r,00;G) < 2N(r,00;G) < 2{N(r,00; g) + N(r,00; f)}. (3.3)
Again
Na(r,0; P(f)) < (m1 + 2ma2)T(r, f) + S(r, f).
Then using Lemma 2.1 we have
No(r,0;F) < Na(r,0; P(f)) + N(r,0;g*)

(my + 2m2)T(r, f) + N(r,0;g) + kN (r,00; g)
+8(r, f) +5(r,9) (3.4)

IN

and

Na(r,0;G) Na(r,0; P(g)) + N(r, 0; f)
(mq + 2ma)T(r,g) + N(r,0; f) + kN (r, 00; f)

+S(r, f)+ S(r,g)- (3.5)

IN A
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Using (1) of Lemma 2.2 and (3.2)-(3.5) in (3.1) we get
(n— k= V(T )+ T(rg)} < (2k+8){N(r,00; 1) + N(r, 003 9)} +2(m1 +2m)
{T(r,f)+T(r,g)} +2{N(r,0; f) + N(r,0; 9)}
+S(r, f) + S(r,9)
< (2k+2mg 4+ 4dmo + 10){T(r, f) + T(r,9)}
+S(r, f)+ S(r,g).
Thus we obtain

{’ﬂ - (Bk +2my + 4mg + 11)}{T(T7 f) + T(T7g)} < S(Ta f) + S(Ta 9)7

a contradiction to the fact that n > 3k 4+ 2my + 4my + 12 for L(h) = h(¥)(2).

Part II. Let L(h) = h(z 4+ ¢). Then F(z) = P(f)g(z +¢), G(z) = P(9)f(z + ¢).
Using Lemma 2.7 we get

No(r,00; F) < 2N(r,00; f) + N(r,00; (2 +¢))
< 2N(r,00; f) + N(r,00;9) 4+ S(r, 9); (3.6)
Na(r,00;G) < 2N(r,00;9) + N(r,00; f(z +¢))
< 2N(r,00;9) + N(r,00; f) + S(r, f); (3.7)
No(r,0; F) < Na(r,0; P(f)) + N(r,0;9(z +c))
< (ma+2m)T(r, f) + N(r,0;9) + S(r,g) + S(r, f);  (3.8)

Na(r,0;G) Na(r,0; P(g)) + N(r,0; f(z + ¢))

(m1 4 2mo)T(r,g) + N(r,0; f) + S(r, f) + S(r,g9).  (3.9)

Using Lemma 2.3 and (3.6)-(3.9) in (3.1) we get

(n—=I{T(r, f)+T(r,9)} < 6{N(r,00;f)+ N(r,o09)} +2{N(r,0; f) + N(r,0; 9)}
+2(my + 2m){T(r, )+ T(r,9)} + S(r, f) + S(r, 9)

(2mqy + 4mg + ){T(r, f) + T(r,9)}

+S(r, f)+ S(r,g).

<
<

IN

Hence we have
{TL - (le +4ms + 9)}{T(Ta f) + T(Ta g)} < S(T’, f) + S(Ta g)a
a contradiction to the assumption that n > 2my + 4mz + 10 for L(h) = h(z + ¢).

Part III. Let L(h) = h(z+c¢) — h(z). Then F(z) = P(f)(9(z+¢) —g(2)), G(z) =
P(g9)(f(z+c¢) — f(2)). Using Lemma 2.7 we get

Na(r,00; F) < 2N(r,00; f) + N(r,00; g(z + ¢)) + N(r,00; 9)

< 2{N(T7 003 f) + N(rv oo;g)} + S(’I‘, g); (310)
Na(r,00;G) < 2N(r,00;9) + N(r,00; f(z +¢)) + N(r,00; f)

< 2{N(r,00;9) + N(r,00; f)} + S(r, f). (3.11)
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Using (1) of Lemma 2.8 we get

No(r,0; F) < Nao(r,0; P(f)) + N(r,0;9(z + ¢) — g(2)) + S(r,9)
(m1 + 2ma)T(r, f) + 2T(r, g) + S(r, ) + S(r,g);  (3.12)

IA

Na(r, 0; G) Na(r,0; P(g)) + N(r,0; f (2 + ¢) = f(2)) + 5(r, f)

(m1 4 2mo)T(r,g) +20(r, f) + S(r, f) + S(r,9).  (3.13)
Using (1) of Lemma 2.4 and (3.10)-(3.13) in (3.1) we get
(n=2{T(r,/)+T(r,9)} < 8{N(r,o0;f)+ N(r,00;9)} + (2m1 + 4ms + 4)

{T(r, f)+T(r,9)} + S(r, f) + S(r,9)
< Cmy+4dmo + 12){T(r, f)+T(r,g)} + S(r, f) + S(r, g).

<
<

Therefore
{n - (2m1 + 4m2 + 14)}{T(T7 f) + T(T, g)} S S(Tv f) + S(Tv g),

a contradiction to the assumption that n > 2mj +4mg +15 for L(h) = h(z+4c¢) —h(z).

Part IV. Let L(h) = h®) (z+4c). Then F(2) = P(f)g"® (z+c), G(z) = P(g)f® (z+
¢). Using Lemma 2.7 we obtain

No(r,00; F) < 2N(r,00; F)

NZ(Ta S oh G) S 2N(T7 o oh G)

Using (2) of Lemma 2.8 we obtain

Ny(r,0;F) < Na(r,0; P(f)) + N(r,0; g% (2 + ¢))
< (my+2m)T(r, f) + (k+1)T(r,g9) + S(r, f) + S(r,9); (3.16)
N (r,0;G) Na(r,0; P(g)) + N(r,0; f*) (2 + ¢))

IN A

(ma +2mo)T(r, g) + (k+ 1)T(r, f) + S(r, f) + 5(r, 9). (3.17)
Using (1) of Lemma 2.5 and (3.14)-(3.17) in (3.1) we get

(n— k— D{T(r, f) + T(r. )} SSIN(r,00: £) + N(r,00: )} + (2 + dms + 2k +2)
{T(r, )+ T(r,g)} + 50, )+ 5(r,9)
<(2ma +4my + 2k + 10){T(r, f) + T(r, 9)}
+5(r f) +5(r,9),
ie. {n—Bk+2my+4dmo + 1) H{T(r, f)+T(r,9)} < S(r, f)+ S(r,9),
a contradiction to the assumption that n > 3k +2my 4+4mso+12 for L(h) = k¥ (z+¢).

Thus we have either F' = G or FG = o?. This however means that either P(f)L(g) =
P(g)L(f) or P(f)L(g)P(g)L(f) = 2. This proves Theorem 1.1. O
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Proof of Theorem 1.2. Let F', G be defined as in Theorem 1.1. Then F' and G share
(a,1). Let H be defined as in the beginning of section 2 and H # 0. Then using
Lemma 2.10 we have

T(er)+T(TaG) S Q{NQ(TaO;F)+N2(r70;G)+N2(r7OO;F)+N2(T300;G)}
—lé{ﬁ(r, 0; F) + N(r,0;G) + N(r,00; F) + N(r,00; G)}

+8(r, F) + S(r, G). (3.18)

Part I. Let L(h) = h(®)(2). Then
N{(r,00; F) = N(r,00; P(f)g™) = N(r,00; f) + N(r, 00; 9); (3.19)
N(r,00;G) = N(r,00; P(9) f*) = N(r, 00; g) + N(r, 00; f). (3:20)

Now

N(r,0; P(f)) < (m1+m2)T(r, f) + S(r, f).

Using Lemma 2.1 we get

N(r,0; F) N(r,0; P(f)) + N(r,0;g™)
(my +m2)T(r, f) + N(r,0;9) + kN (r, 00; g)

+S(r, f) + S(r. ). (3.21)

VANRVAN

Similarly,

N(r,0; P(9)) + N(r,0; f*))

(my +m2)T(r, g) + N(r,0; f) + kN(r, 00; f)

+S(r, f) + S(r,9). (3.22)
Therefore using (1) of Lemma 2.2, (3.2)-(3.5) and (3.19)-(3.22) in (3.18) we obtain

N(r,0;G)

INIA

(1= k= DT )+ T 0)) < (55+9) (o0 ) + Nl ooi))
+ BV R0+ N0 0ig)} + (Ja+ Sma) (10 1)+ T )} +50.) + (10
9 23

< (354 3t Jmat 2 )20 0) + .00} + 50.1) + 50.9),

ie. {n— (3k+3ma+gma+ Z)HT(r, /) + T(r,9)} < S(r, [) + S(r, 9).
Since n > Tk + 3my + Jmo + 22, for L(h) = h¥)(2), we arrive at a contradiction.

Part II. Let L(h) = h(z + ¢). Using Lemma 2.7 we obtain

N(r,00;F) < N(r,o00; f) + N(r,00;g(z + c))
< N(r,00; f) + N(r,00;9) + S(r, 9); (3.23)
N(r,00;G) < N(r,00;9) + N(r,00; f(z + ¢))
< N(r,00;9) + N(r,00; f) + S(r, f); (3.24)
N(r,0; F) N(r,0; P(f)) + N(r,0;g(z + ¢))

IN A

(ml + m2)T(T7 f) + N(T’,O,g) + S(Ta f) + S(T’, g)a (325)
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N(r,0;G) < N(r,0;P(g)) + N(r,0; f(z +¢))

< (mu+mo)T(r,g) + N(r,0; f) + S(r, f) + S(r,9).  (3.26)
Therefore using Lemma 2.3, (3.6)-(3.9) and (3.23)-(3.26) in (3.18) we obtain

(n = I{T(r, f) + T(r,g)} < T{N(r,00; f) + N(r,00:9)} + %(N(T, 05 f) + N(r,059))

+ (G §me ) (TR) + T(0)) 4 2N 0 1) 4 N 0ig)} + 5(1.) + (10

< (;ml + g+ 2 ) {T(r, f) + T(r,g)} + 5(r. f) + S(r,g),

ie. {n— (3m1+ §mz + Z)HT(r, f) + T(r,9)} < S(r, ) + S(r,g),
contradicts with the fact that n > 2my + Jmsy + 2L, for L(h) = h(z + ¢).

Part III. Let L(h) = h(z 4 ¢) — h(z). Then using Lemma 2.7 we get
N(r,00iF) < N(r,00; f) + N(r,0019(z + ¢)) + N(r.00;9)

< N(r,00: f) +2N(r,0019) + S(r,9); (3.27)
N(r,00;G) < N(r,00;9) + N(r,00; f(z +¢)) + N(r.00; f)

< N(r,001g) +2N(r,00; f) + S(r, f). (3.28)

From Lemma 2.8 we have
N(r,0;F) < N(r,0; P(f)) + N(r,0;9(z + ¢) — g(2))
(m1+m2)T(r, f) +2T(r,g) + S(r, f) + S(r,9);  (3.29)

IN |

N(r,0;G) < N(r,0;P(g)) + N(r,0; f(z + c) = f(2))
(m1+m2)T(r,g) + 2T (r, f) + S(r, f) + S(r, ). (3.30)
Therefore using (1) of Lemma 2.4, (3.10)-(3.13) and (3.27)-(3.30) in (3.18) we obtain

IN

(=T 4TO) < G004 N0} + (G + Gma +5)

{T(r, f)+T(r,g)} + 50, f) + 5(r,9)

< (Gt gmat 5) 0N+ T00))

+5(r, f) + 5(r,9),
Le. {n B (gml + %mQ + 3723)} {rT(n f) + T(Tvg)} < S(Tv f) + S(T‘, 9)7
contradicts with the fact that n > 2mq + 3mo + 22, for L(h) = h(z + ¢) — h(z).

Part IV. Let L(h) = h{®)(z 4 ¢). Then using Lemma 2.7 we get

N(r,00; F) < N(r,o0;f)+ N(r,00;g(z + c))

< N(r,00; f) + N(r,00;9) + S(r, 9); (3.31)
N(r,00;G) < N(r,00;9) + N(r,00; f(2 +¢))

< N(r,0019) + N(r,00; f) + S(r, f). (3.32)
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Using Lemma 2.8, we get
N(r,0; F) N(r,0; P()) + N(r,0; g (2 + ¢))
(m1 +mo2)T(r, f)+ (k+1)T(r,g) +S(r, f) + S(r,g); (3.33)

VANVAN

N(r,0;G)

IAIA

(my + ma)T(r, (k+1)T(r, f)+ S(r, f)+ S(r,g). (3.34)
Therefore using (1) of Lemma 2.5, (3.14)-(3.17) and (3.31)-(3.34) in (3.18) we obtain

(n—k=D{T(r, )+ T(r,g)} < 9H{N(r,00;f)+ N(r,00:9)}

(55 ot gt 3) 0.+ Ta)) + 50 + 5010

N(r,0; P(g)) + N(r,0; f®) (2 4 ¢))
g9) +
4)-

< <5k+ Dyt o+ 2 ) {T(r, 1) + T(r,9)} + S(r, f) + S(r.g),

ie. {n— (3k+2mi+ Jmo+ )} {T(r, /)+T(r,9)} < S(r, f)+S(r,g), contradicts
with the fact that n > Tk + Smy + §my + 2, for L(h) = h®) (2 + ¢).

Thus we have H = 0. Then (l;',/ — g}: /1) = (g,/ — é%) Integrating twice, we
et
¢ (B-1)G-(A+B-1) (A+ B)JF —(A+B-1)

BG — (A+ B) and G = BF_(B—-1)

where A(# 0), B are constants. Now we consider the following two cases.
Case 1. Let B=0. Then F = w and G = A(F — 4314).
If A # 1, then N(r,1 - A;G) = N(r,0; F) and N(r,%;F) = N(r,0;G). Using
Nevanlinna’s second fundamental theorem we have

F =

T(r,F) < N(r,O;F)+N(r,;F> + N(r,00; F) + S(r, F)

= N(r,0;F)+ N(r,0;G) + N(r,00; F) + S(r, F)

and
T(r,G) < N(r,0;G)+N(r,1—A;G)+ N(r,00;G) + S(r,G)
= N(r,0;G) + N(r,0; F) + N(r,00; G) + S(r, G).
Hence
T(r,F)+T(r,G) < 2{N(r,0;F)+ N(r,0;G)} + N(r,00; F) + N(r,00; G)
+ S(rF)+S(r,Q). (3.35)

We now consider the followmg

Part I. Let L(h) = h(¥)(2). Using (1) of Lemma 2.2 and (3.19)-(3.22) in (3.35) we
get

(n—k—D{T(r, ) +T(r,9)} < (2k+2){N(r,00;f)+ N(r,00;9)}
+2{N(r,0; f) + N(r,0: 9)} + (2m1 + 2mo)
{T(r, f)+T(r,g)} + 50, f) + 5(r,9)
(2k +2mq + 2mo + D){T(r, )+ T(r,g9)}
+5(r, f) + 5(r,9),

IN
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Le. {n— Bk +2m1 +2ma + 5)H{T(r, f) + T(r,9)} < S(r, f) + 5(r. 9),
a contradiction to the assumption that n > 3k + 2my + 2mg + 6 for L(h) = h(¥)(2).

Part II. Let L(h) = h(z + ¢). Using Lemma 2.3 and (3.23)-(3.26) in (3.35) we get
(n = D{T(r, f) + T(r,9)} < 2{N(r,00; f) + N(r,00:9)} + 2{N(r,0; f) + N(r,0: 9)}
+ (2my 4+ 2m){T(r, f) +T(r,9)} + S(r, f) + S(r, 9)
<(2my + 2my + 4{T(r, f) + T(r,9)}
+5(r, f) +5(r.9),

ie. {n—(2mi+2mo +5)H{T(r, f)+T(r,g)} < S(r, f) + S(r,9),
a contradiction to the assumption that n > 2mq + 2mg + 6 for L(h) = h(z + ¢).

Part III. Let L(h) = h(z+¢) — h(z). Using (1) of Lemma 2.4 and (3.27)-(3.30) in
(3.35) we get

(n=2{T(r, f) +T(r.g)} < 3{N(r,00;f)+N(r,00;9)} + (2m1 + 2mz +4)
{T(r, f)+T(r,9)} +S(r, )+ 5(r, 9)
(2my + 2mo + T){T(r, f)+ T(r,g9)}
+S(r, f) + S(r,9).

IN

From this we obtain
{Tl - (le +2mg + 9)}{T(Ta f) + T(Tv g)} < S(T’, f) + S(Ta g)a
a contradiction to the assumption that n > 2mq +2mg+10 for L(h) = h(z+c) —h(z).
Part IV. Let L(h) = h®(z 4 ¢). Using (1) of Lemma 2.5 and (3.31)-(3.34) in
(3.35) we get
(n—k—=1D{T(r, f) + T(r,g)} < 2{N(r,00; f) + N(r,00;9)} + (2k + 2m1 + 2my + 2)
XAT(r f)+T(r,9)} + S(r, ) + 5(r 9)
+5(r, f) +5(r,9).
Hence we obtain
{n — Bk +2my + 2my + 5){T'(r, /) + T(r, 9)} < S(r, f) + S(r, 9),
a contradiction with the assumption that n > 3k+2m; +2my+6 for L(h) = h*) (z+c).
If A=1, then F = G, that is P(f)L(g9) = P(g)L(f).
Case 2. Let B # 0. Now we consider the following three subcases.
Subcase 2.1 Assume that B # 1. Then N(r, 251, F) = N(r,00;G) and N(r, 2£2:G) =

Y
N(r,00; F'). Using Nevanlinna’s second fundamental theorem we obtain

T(r, F)

IN

_ 7/ B-1 _
N(r,O;F)—i—N(r,B;F) + N(r,o0; F) + S(r, F)

= N(r,0;F)+ N(r,00; G) + N(r,00; F) + S(r, F)
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and
T0G) < Nr0.G)+ N (n A : B G> + N(r,00:G) + S(r, G)
= N(r,0;G) + N(r,00; F) + N(r,00; G) + S(r, G).
Therefore

T(r,F)+T(r,G) < N(r0;F)+N(r,0;G) + 2{N(r,00; F) + N(r,00; G)}
+S(r, F)+ S(r, Q). (3.36)
We now discuss the following:

Part I. Let L(h) = h(®)(z). Using (1) of Lemma 2.2 and (3.19)-(3.22) in (3.36) we
get

(n— k= DT )+ T )} < (k+ (N (r, 001 f) + N(r,0059))
+{N(r,0; f) + N(r,0;9)} + (m1 + m2)
{T(r, f)+T(r,9)} +S(r, f) + S(r,9)
< (k+mi+me+5){T(r,f)+T(r,g9)}
+S(r, f) + S(r. 9),

Le. {n— 2k +my +ma+ 6)H{T(r, /) + T(r,9)} < S(r, f) + 5(r, 9),
a contradiction to the assumption that n > 2k +my +mq + 7 for L(h) = A% (2).

Part II. Let L(h) = h(z + ¢). Using Lemma 2.3 and (3.23)-(3.26) in (3.36) we
obtain

(n=D{T(r, f) +T(r,9)} < 4H{N(r,00;f)+ N(r,00;9)} + N(r,0; f) + N(r,0; g)
+(my +m){T(r, f) +T(r,9)} +S(r, )+ S(r,9)
(m1+ma+ 5{T(r, f) +T(r,9)}

+S(r, f) + S(r. 9),

IN

Le. {n—(my +my+6){T(r, f) + T(r,9)} < S(r, f) + S(r,9),
a contradiction to the assumption that n > my +mq + 7 for L(h) = h(z + ¢).

Part III. Let L(h) = h(z+¢) — h(z). Using (1) of Lemma 2.4 and (3.27)-(3.30) in
(3.36) we obtain

(n=2{T(r, f) + T(r,9)} < 6{N(r,00;f)+ N(r,00;9)} + (m1 +mso +2)
{T(r, f)+T(r,g)} + S(r, f) + S(r,9)
(m1+me+8){T(r,f)+T(r,9)}

+S(r, f) + S(r,9),

IN

Le. {n—(my +my +10){T(r, f) + T(r,9)} < S(r, f) + S(r,9),
a contradiction to the assumption that n > mq +mg + 11 for L(h) = h(z +¢) — h(z).
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Part IV. Let L(h) = h®(z 4 ¢). Using (1) of Lemma 2.5 and (3.31)-(3.34) in
(3.36) we get
(n—k— DT )+ T(rg)} < AN (r, 00 ) + (1,00, )} + (b +ma +mz + 1)
{T(r, /) +T(r,g)} +5(r, f) + 5(r,9)
(k +ma +ma + 5T (r, f) + T(r,9)}
+5(r, f) + 5(r,9),

ie. {n—2k+mi+mo+6)H{T(r,f)+T(r,g)} < S(r, )+ S(r,9),
a contradiction to the assumption that n > 2k +my +mg + 7 for L(h) = A% (2 + ¢).

IN

Subcase 2.2 Assume that B = 1, A # —1. Then F = —m and G =

AHDF=4 Hence N(r,0;F) = N(r, A+ 1;G) and N(r,0;G) = N(r, 74; F). Using
Nevanlinna’s second fundamental theorem we have

T(r,F) < N(T,O;F)+N(r,/ﬁ1;F>JrN(T,oo;F)JrS(r,F)
= N(r,0;F)+ N(r,0;G) + N(r,00; F) + S(r, F)
and

T(r,G)

IN
EE

(r,0;G) + N(r,A+1;G) + N(r,00; G) + S(r,G)
7,0;G) + N(r,0; F) + N(r,00; G) + S(r,G).
Thus

T(r,F)+T(r,G) < 2{N(r,0;F)+ N(r,0;G)} + N(r,00; F) + N(r,00; G)
+S(r, F)+ S(r,G).

Now proceeding similarly as in Subcase 2.1, we reach at a contradiction.

Subcase 2.3 Let B=1, A= —1. Then FG = 1, and hence P(f)L(g)P(g9)L(f) =
a?(z). This proves the theorem.

Proof of Theorem 1.3. Let F, G be defined as in Theorem 1.1. Then F and G
share («,0). Assume that H # 0. Therefore by Lemma 2.11 we have
T(TvF)+T(T5G) < 2{N2(Ta07F)+N2(T7O7G)+N2(T7OOaF)+N2(TaOO7G)}
+3{N(r,0; F) + N(r,0;G) + N(r,00; F) + N(r,00; G)}
+S(r, F)+ S(r,G). (3.37)
Part I. Let L(h) = h(®)(2). Using (1) of Lemma 2.2, (3.2)-(3.5) and (3.19)-(3.22)
in (3.37) we obtain
(n—k—{T(r, f) + T(r,g)} < (5k+ 14){N(r,00; f) + N(r, 00: 9)}
AT (r, f) +T(r,g9)} + S(r, f) + S(r,9)
(5k +5my + Tma + 19){T(r, f) + T(r,9)}
+5(r, f) + 5(r,9),

IN
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ie. {n — (6k+5m1 +Tmo + 20)H{T'(r, f) + T(r,g)} < S(r, f) + S(r
a contradiction to the assumption that n > 6k + 5mq + Tmq + 21 for L(

.9),
) = hF)(2).

Part II. Let L(h) = h(z + ¢). Using Lemma 2.3, (3.6)-(3.9) and (3.23)-(3.26) in
(3.37) we get
(n—=I{T(r, f) + T(r,g)} < 12{N(r,00; f) + N(r,00;9)} + 3{N(r,0; f) + N(r,0; 9)}
+2{N(r, 0, /) + N(r,0;9)} + (51 + Tma{T(r, f) + T(r, 9)}
+S(r, f)+ S(r,9)
< (5my +Tme + 10){T(r, f) +T(r,g)} + S(r, f) + S(r, 9),

ie. {n—(5mi+ Tme + 18)H{T(r, f)+T(r,g9)} < S(r, f)+S(r,9),
a contradiction to the assumption that n > 5mq + Tmg + 19 for L(h) = h(z + ¢).

Part III. Let L(h) = h(z + ¢) — h(z). Using (1) of Lemma 2.4, (3.10)-(3.13) and
(3.27)-(3.30) in (3.37) we obtain
(n=2{T(r,f)+T(r,g)} < 17{N(r,00;f) + N(r,00;9)} + (5m1 + Tmq + 10)
{T(r, /) +T(r,9)} +5(r, ) + 5(r, 9)
< (5my+Tmg +20){T(r, f)+T(r,9)}
+5(r, f) + 5(r,9),

ie. {n— (5my + Tmy + 29)H{T'(r, ) + T(r,9)} < S(r, f) + S(r, 9),
a contradiction to the assumption that n > 5my +7mg +30 for L(h) = h(z+c¢) —h(z).

Part IV. Let L(h) = h®) (2 +¢). Using (1) of Lemma 2.5, (3.14)-(3.17) and (3.31)-
(3.34) in (3.37) we get
(n—k—1{T(r,f)+T(r,9)} <14{N(r,00; f) + N(r,00;9)} + (5k + 5my + Tma + 5)
{T(r ) +T(r,g)} + 50, f) + 5(r,9)
<(5k 4+ 5mq + Tme + 19){T(r, f) + T(r,g)}
+5(r, f) +5(r,9),

Le. {TL - (Gk +5my + Tmg + 20)}{T(Ta f) + T(Ta g)} < S(T, f) + S(T‘, g)a
a contradiction to the assumption that n > 6k +5my 4 7meo +21 for L(h) = h¥) (z+c).
Therefore H = 0. Rest of the proof is similar to that of the case H = 0 in Theorem
1.2. This proves the theorem. O

Proof of Corollary 1.1. Since f and g are entire functions, L(h) is also an entire func-
tion. Therefore F' and G are also entire functions. Hence

N(r,o00;f) =0, N(r,00;9) =0, N(r,o0o; F) =0 and N(r,00;G)=0. (3.38)
Then the proof follows from the proof of Theorem 1.1. O

Proof of Corollary 1.2. Assume that H Z 0. As f and g are entire, using (3.38), we
obtain from Lemma 2.10 that

T(r,F)+T(r,G) < 2{Na(r,0; F)+ No(r,0;G)} + %{N(T,O; F)+ N(r,0;G)}
+S(r, F)+ S(r,G).
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Now

the proof follows from the proof of Theorem 1.2. O

Proof of Corollary 1.3. Assume that H # 0. As f and g are entire functions, using
(3.38), we obtain from Lemma 2.11 that

T(r,F)+T(r,G) < 2{Ns(r,0;F)+ Na(r,0;G)} + 3{N(r,0; F) + N(r,0; G)}

+S(r, F) + S(r,G).

Now the proof follows from the proof of Theorem 1.3. (|
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