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Global Existence and Exponential Decay for a Swelling
Porous-Heat System Subject to a Distributed Delay

MabpANI DouiB, HOUsSEM EDDINE KHOCHEMANE, AND SALAH ZITOUNI

ABSTRACT. In this article, we consider a swelling porous-heat system with viscous damping
and distributed delay term. It’s well-known in the literature that the thermal effect only lacks
exponential stability. For that, we need to add another damping mechanism to stabilize expo-
nentially the system. However, we prove, based on the energy method, that the combination
of viscous damping and thermal effect provokes an exponential stability in the presence of
distributed delay irrespective of the wave speeds of the system.
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1. Introduction

Swelling porous media have attracted many researchers and this is due to its preva-
lence in a lot of disparate fields including soil science, hydrology, forestry, geotechnical,
chemical, mechanical engineering. Among the important researches that have been
realized in this area is the study of the asymptotic behavior of the swelling soils that
belongs to porous media theory in the case of fluid saturation. The swelling soils are
caused by the chemical attraction of water where water molecules are incorporated in
the clay structure in between the clay plates separating and destabilizing the mineral
structure. Furthermore, the clay’s particle has the properties is that it consists of
lattice hydrated aluminum and magnesium silicate minerals which form a unit (parti-
cle). Thus the clay’s particle is a mixture of clay platelets and absorbed water (vicinal
water). For a brief descriptions concerning the details historical development /review
related to the general theory of the mixtures, we refer the readers to Bedford and
Drumbheller [2] and Eringen [4].

The basic field equations for the theory of swelling of one-dimensional porous elastic
soils are given by

puutt:Tr+P1+Fla pzztt:Hm*P2+F27 (1)

where the constituents u and z represent the displacement of the fluid and elastic
solid material. The parameters p,, and p, are the densities of each constituent which
are assumed to be strictly positive constants. T, H are the partial tensions, Fi, Fy
are the external forces, P;, P, are internal body forces associated with the dependent
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variables u, z. Here we assume that the constitutive equations of partial tensions are

given as in [6] by
T [ a1 g Ugs
()=(% &)%),
—_——

M
where M is a positive definite symmetric array, i.e.,
aras > o3, (2)

Many investigations have been realized regarding the theory of swelling porous elastic
soils and among them, we cite the work of Quintanilla [10] when he considered the
following problem

P22t — 01220 — G2Uze — B11y + & (zt - ut) — pzZgzt = 0, in (0, L) X (07 OO) )

Pulite — [lgg — Q22ge — BTy — & (20 —w) = 0, in (0,L) x (0,00),

C/Tt - BlzztfﬁZU:vt - kTIl’ = 07 in (07 L) X (01 OO),

with the initial conditions
u(z,0) =ug (x), u (2,0) = uy (2), z(x,0) = 2 (x),
2t (2,0) = 21 (z), T (z,0) =Ty (z), z € (0, L),
and homogeneous Dirichlet boundary conditions
u(x,t) =z (x,t) =T (z,t) =0, x =0,L, t € (0,00),
under the following condition on the constants
Br=P2=0, a3 <ar€, az >0,

the author established an exponential stability result for the solution of (3) in the
isothermal case (AT = 0). Furthermore, in the nonisothermal case and S;, 82 # 0, he
showed that the combination of the thermal effects with the elastic effects provokes
exponential stability. In [13], Wang and Guo considered a problem of swelling of
one-dimensional porous elastic soils given by

Pulley = Uz + Q2Zge, in (0, L) x (0,
P22t = A3%zz + Q2lze + P2y (2) 2, In ) X
w(0,t) = uy (L,t) = 2(0,t) = 2z, (L, 1) te (0,00)7
(m,O)—uo(),ut(x,O)—ul(a:), , L),
z(x,0) = 20 (x), 2t (x,0) =21 (x), v € (0, L),

where v (x) is an internal viscous damping function satisfying the condition

L
/ v (z)dz >0,
0

and they proved an exponential stability of the system by using the spectral method.
We refer the reader to [3, 7] for some other interesting related results. In [12], the
authors considered the following system

00),
(0,
=0,
€ (

PzRtt — A1Rgx — Q2Ugy = O in (OvL) X (O OO) )

Pulitt — A3ULy — GQZxx+7()g(ut) 0, D(O,L)X(0,00),
u(0,t) = uy (L,t) = 2(0,t) = 2z, (L, ):O,tE(O,oo)7
u(z,0) = ug (z), ut (,0) =uy (), z € (0, L),

z(x,0) =20 (x), 2z (x,0) =2z (x), z€ (0, L),
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and under some properties of convex functions they showed that the dissipation given
only by the nonlinear damping term  (¢) g (u) is strong enough to provoke an expo-
nential decay rate. In [1], Apalara considered a swelling porous-elastic system with a
viscoelastic damping given by

Pz2tt — Q1 2gx — A2Ugy = 07 in (07 1) X (07 OO) ’

Pultt — A3Ugy — A22zg + fotg (t )U (S) ds = Oa in (0? 1) X (07 OO) )

0T e (10) s (0.0 2 (1t) = 0. £ e (000
u(xz,0) =up (), vy (2,0) =uy (x), z € (0,1),
2 (2,0) = 20 (z), 2 (x,0) = 21 (x) €(0,1),

where ¢ is the kernel (also known as the relaxation function) of the finite memory
term. The author established a general decay of the solution irrespective of the wave
speeds of the system under some assumptions on the function g. Recently, in [11],
the authors considered the following swelling problem in porous elastic soils with fluid
saturation, viscous damping and a time delay term

P22t — A1 Zgg — QUgy + &12¢ + Eo2¢ (2,6t —7) =0, in (0,L) x (0,00),

Pulltt — A3y — 2%z = 0, in (0, L) x (0,00),

2(0,t) = 2, (L,t) = u(0,t) = u, (L,t) =0, t € (0,00),

w(xz,0) =ug (), us (x,0) =uy (x), z € (0, L),

z(x,0) = 20 (z), 2t (x,0) =21 (x), 2 € (0, L).
Under the appropriate assumption on the weight of the delay term, they established
an exponential decay of the solution.

Motivated by the above mentioned work, in this paper we consider the following

swelling porous-heat system with Fourier’s type heat conduction and distributed delay.
The system is written as

P1ULHE — A1Uzg — G2Pgs = 0,
P2Ptt — A3Prxz — A2Ugy + 79 + HoPt + f §0t (J), t— S) dS = 07 (4)
p30t - 501}36 + TPtz = O

where (z,t) € (0,1) x (0,400), with the following initial and boundary conditions

0) =up (z), w (x,0) =uy (z), x€(0,1),
(.’[,(()))) ( ) Pt (:U,O) =1 (1’), T e (Ov 1)»

0 (z,0) =6 (a:) z € (0,1), (5)
w(0,t) = ¢ (0,t) =0, vt > 0,

Uy (1,1) = o (1,t) =6 (1,t) =0, vt >0,

ot (x,—1) = fg(o:,t), 0<t<ms.

The coeflicient 1 is positive constant, and p : [r1;72] — R is a bounded function,
where 71 and 7o are two real numbers satisfying 0 < 71 < 79. Here, we prove the
well-posedness and stability results for problem on the following parameter, under
the assumption

po> [t ds. (6)

1
It is well-known concerning swelling problem in porous elastic soils with fluid sat-
uration, that found no exponential stability result when the thermal effect is only
considered. For this reason, we added another mechanism damping correspond to the
viscous damping in the presence of distributed delay.
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Our aims in this paper are: First, by using the semigroup arguments, we show that
the system is well-posed. Second, based on the multipliers method, we construct a
suitable Lyapunov functional which allows us to estimate the energy of the system,
we show that despite of the destructive nature of delays in general, the combination
of thermal effect and the viscous damping stabilize exponentially the system under
an appropriate assumption on the weight of the delay term and regardless of the wave
speeds of the system.

The paper is organized as follows: In section 2, we introduce some assumptions,
transformations and well-posedness result. In section 3, we use the energy method to
prove our exponential stability result.

2. Well-posedness

In this section, we prove the existence and uniqueness of solutions for (4)-(5). As in
[8], we introduce the new variable

Z(I7p757t) = ¥t (xatfps)a T e (Ovl)a pE (071)7 s € (7-1’72)7 t>0. (7)
Therefore, problem (4) takes the form
P1Utt — A1Ugy — A2Pzz = 0; -
P2Put — 3Pz — Aoty +V0x + popr + [0 1 (s) 2(x, 1,5, t)ds = 0, ®)

p39t - 6911 + YPtx = 07
Szt(CI?,P»taS) + Zp($7;07ta3) = 07

with the following initial and boundary conditions

w(x,0) =wugp (x), u (z,0) =us(x), =z€(0,1),

¢ (2,0) =0 (x), ¢t (2,0) =1 (x), x€(0,1),
9( )_00( ) J)E(O,l), (9)
Z(.T,p ) fo (I ps ) (l’,p, ) € (O 1) (071) x (7_177—2)7
u(0,t) = ¢ (0,t) =0, vt > 0,
uy (1,t) = SD:I:( t)=0(1,t) =0, vt > 0.

Introducing the vector function U = (u,v,cp,w,e,z)T, where v = u; and ¥ = ¢y,
system (8)-(9) can be written as

{ U'(t) =AU (t), t>0, (10)
U (0) = UO = (UQ, U1, Lo, L1, 901 fO)T7
where the operator A is defined by

v
P1 P1
v 1
AU = %me + %umz _ lgm _ @w - = :2 w(s)z(z,1,s,t)ds
P2 P2 5 P2 p2 =
*oxzc - lq/}x
3 P3
—s‘lzp

We consider the following space
H; (0,1)={feH' (0,1); f(0)=0}, H'(0,1)={feH"(0,1); f(1)=0},
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and
H = H!(0,1)x L*(0,1) x H} (0,1) x L*(0,1) x L*(0,1)
x L ((0,1) x (0,1) x (11,72)),
be the Hilbert space equipped with the inner product

1 1 1 1
<U, U> = m / vodx + a1 / UpUgr dT + po ¢1/~)d;v + as / P Prdr
H 0 0 0 0

1 1

/// s|p(s)z (@, p,5,t) Z (x, p, 5,t) dsdpdz.

Then, the domain of A is given by
D(A) = UeH|upeH2(0,1), v,y € H (0,1), 6 € H>(0,1) N H' (0,1)
2,2z, € L2((0,1) x (0,1) x (11,72)) ’
where
HZ(0,1)={f € H?(0,1); f(0)=f,(1)=0}.
Clearly, D (A) is dense in H.
We have the following existence and uniqueness result.

Theorem 2.1. Let Uy € H. Assume that ajaz # a3 and (6) holds, then problem (10)
ezists a unique solution U € C (RT;H). Moreover, if Uy € D (A), then
UeC (R DA))NC (R H).

Proof. To obtain the above result, we need to prove that A : D (A) — H is a maximal
monotone operator. For this purpose, we need the following two steps: A is dissipative
and Id — A is surjective.

Step 1. A is dissipative.

For any U = (u,v,¢,v,0, z)T € D (A), by using the inner product and integrating
by parts, we obtain

(AU,U>H:—(,LL0—;/T (s |ds>/ wdx—/ w/ 2,1, 5, )dsdz
75/ 02dx—f// 2(x,1,s,t) dsdx.

Using Young’s inequality, we obtain

/¢/ z(x,1,s,t)dsdx
gé/ |ds/ W2y + // 2 (2.1, 5,1) dsda.

Consequently,

To 1 1
(AU, U),, < — (/1,0—/ |p(s)|ds> / dex—é/ 62dx < 0.
T1 0 0

Hence, A is a dissipative operator.
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Step 2. Id — A is surjective.
To prove that the operator Id — A is surjective, that is, for any F = (f1,..., f¢)' €
H, there exists U = (u, u¢, @, p¢, 0, z)T € D (A) satisfying

(Id— A)U =F, (11)
which is equivalent to
u—v=fi,
PIV — Q1 Ugy — A2Pzx = P1.f2,
o= =fs, (12)

(,02 + ,UO) Y — a3Pze — AUy + Y0z + .]:;2 1% (3) Z(JU, 1,s, t)ds = pafa,
P39 - 59rz + ’ﬂzjm = p3f57
sz + 2, =5f6.

We note that the fourth equation in (12) with z(x,0,s,t) = ¢ (z,t), has a unique
solution

z(z,p,s,t) = p(x)e " — f3(x) e P 4 se™* /P falz, 7, 8)e™ dr. (13)
0

Clearly, z,z, € L* ((0, L) x (0,1) x (71,72)) .
By (12) and (13), the functions (u, ¢, 0) satisfy the equations
P1U — A1Ugy — A2Pxx = g1,
NP — A3Pzz — A2Uzz + V02 = g2, (14)
P39 - 69:IZ:E + YPx = g3,

where
n=potpo+ [7p(s)e*ds,
g1 = p1f1+p1fa,
g2 = nf3+ pafa— f:f se ™S (s) fol fa(x, 7, 8)e™*drds,
93 =Vf3z + p3fs.
To solve (14), we consider the following variational formulation

B((w9.0) (5.6.0)") =6 (05,0, (15)
where
B:[H!(0,1) x H (0,1) x L* (0,1)]* — R,

is the bilinear form given by
B((we.0)" (1.5.0)")
1 1 1 1 1
= pl/ uﬂdw—l—al/ uzﬂmdx—i—ag/ gpxﬁzdx—l—n/ gogﬁdm—&—@,/ Pz Prdx
0 0 0 0 0

1 1 1 1 1
+a2/ ufgﬁxder'y/ 9I¢d$+p3/ 99_dx+5/ ngmderfy/ . 0dx,
0 0 0 0 0

and
G:[H!(0,1) x H! (0,1) x L* (0,1)] — R,
is the linear form defined by
1

1 1
g (ﬂa@g)T :/ 91ﬂd9€+/ 9295d$+/ g30dz.
0 0 0
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It is easy to verify that B is continuous and coercive, and G is continuous. Applying

the Lax-Milgram theorem, we deduce that problem (15) admits a unique solution

(u,,0) € HE(0,1) x H} (0,1) x L*(0,1) for all (@,p,0) € H}(0,1) x H}(0,1) x

L?(0,1). The application of the classical regularity theory, it follows from (14) that
u, € H2(0,1), 6 € H?(0,1) N H' (0,1).

Hence, the operator Id — A is surjective. Consequently, the result of Theorem 2.1
follows from Lumer-Phillips theorem (see [5, 9]). O

3. Exponential stability
In this section, we prove the exponential decay for problem (8)-(9). It will be achieved
by using the perturbed energy method. We define the energy functional E (t) as

1 1
E@®) = 7/ [pluf + pQ@f + alui + a;;cpi + 2a20, Uz + p392] dx
0

2
/// sl ()] 22 (z, p, 2,t) dsdpdz. (16)

We have the following exponentially stable result.

Theorem 3.1. Let (u,,0,2) be the solution of (8)-(9). Assume that ajas — a3 > 0
and (6) holds. Then there ezist two positive constants ko and k1, such that

B(t) < koe™ k1t vt > 0. (17)
To prove our this result, we will state and prove some useful lemmas in advance.

Lemma 3.2. Let (u,p, 0, 2) be the solution of (8)-(9) and (6) holds. Then, the energy
functional, defined by equation (16), satisfies

T2 1 1
) < — (MO—/ |M(s)|ds>/0 gofdx—é/o 02dz < 0, (18)

Proof. Multiplying (8); by u¢, (8)2 by ¢ and (8)3 by 6, integrating over (0,1) with
respect to x, multiplying equation (8)4 by | (s)| z and integrating over (0,1) x (0,1) x
(11, 72) with respect to z, p and s, summing them up, we obtain

E'(t) = —uo/o cptda:—(S/ 92dx—/ cpt/ 2(xz, 1,8, t)dsdz
—7/ / (z,1,s,t)dsdx + = / got/ )| dsdz. (19)

Using Young’s inequality, we obtain

/cpt/ z(x,1,s,t)dsdx
g;/ " ()\ds/o Pldr++ // 2(p.1,5,t)dsdz.  (20)

Substitution of (20) into (19), and using (6) give (18), which concludes the proof. [
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Next, in order to construct a Lyapunov functional equivalent to the energy, we will
prove several lemmas with the purpose of creating negative counterparts of the terms
that appear in the energy.

Lemma 3.3. Let (u,, 0, z) be the solution of (8)-(9). Then the functional

1
Li(t) = fpl/ uugdz,
0
satisfies

1 a2 [
Li(t) < pl/ utdx—|— — | uldx+ = 5 / 2dz. (21)
0 ai Jo

Proof. By differentiating L; (¢) with respect to ¢, using (8); and integrating by parts,
we obtain

1 1 1
Ly(t)= —pl/ uldr + al/ u?dx + 0,2/ opuzde,
0 0 0
then, by Young’s inequality, we obtain the result. O
Lemma 3.4. Let (u,,0,z) be the solution of (8)-(9). Then the functional

1 1
Ly (t) = alpg/ podr — aspr / pupdr,
0 0

satisfies, for any €1 > 0, the estimate

I a ', e '72‘1% oo
5(t) < ~1 padr+Cy(e1) | pide+— | 6°dx
0 0

0
+€1/ fdx + ”LO / %(2,1, s, t)dsdz, (22)

where
2 2
asP1
461

Hoal

a:alag—a%>0, 4 (61)—a1p2—|— +

Proof. By differentiating Lo (t) with respect to ¢, using the equations (8); and (8)a,
and integrating by parts, we obtain

1 1 1 1
Ly(t) = *a/o @idl’ﬂLalPQ/O @deCJF’Yal/ osﬁde*H001/O prpdr

—agpl/ gptutdq:—al/ / z(z, 1, s,t)dsdx, (23)
0

where a = aza; — a3 > 0. Using Young’s and Poincaré inequalities, and (6), we get

for g1 > 0,
1 2.2 rl 1
'yal/ Op dx < M/ 92dm—|—g/ idr, (24)
0 a Jo 4 Jo

1 ‘u2a2 1 a 1
—uocn/ prpdr < =2 1/ wfd@”r*/ prda, (25)
0 a Jo 4 Jo

1 2.2 rl 1
- agpl/ prugdr < %/ gpfdm + &1 / ufda:, (26)
0 de1 Jo 0
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—al/ / z(x,1,s,t)dsdx
< / Yidr + 1#0/ / 2 (x,1,s,t) dsdz. (27)

Estimate (22) follows by substituting (24)-(27) into (23). O
Lemma 3.5. Let (u, ¢, 0, z) be the solution of (8)-(9) and (6) holds. Then the func-

tional ) .
L3 (t) = a1p2 / prudr — %/ uppde,
a9 0 a9 0

satisfies, for any €5 > 0, the estimate

1 1
Li(t) < —%/ u dm+a3/ Yidr + —5— 17 / 92dm+62/ uidz
0 0 0

+Cy (Eg)ag/ 2dx +a1,uo/ / 2(x,1,s,t)dsdz, (28)

where

2 2
aipg 1 (aips —azp;
C = E— _
2 (e2) a3 + dey < as )

Proof. By differentiating Ls () with respect to ¢, using the equations (8); and (8)s,
and integrating by parts, we obtain

1 1
Ly(t) = —al/ u dw—i—ag/ 2dx + 1W/ Ouydx 1MO/ prudx
0 az Jo
fap2 =t / oz — % / / 2z, 1,5, t)dsdz. (29)
0

Using Young’s and Poincaré inequalities, and (6), we get for e5 > 0,

“17/ updr < ” / 02dx + 2 /uid% (30)
GILU/U/ tudx< 1MO/ 2d —|——/ Uy d.’l? (31>
az Jo a3 Jo
1
— 1 -
a1p2 — aspy / %utdxg(alpzawl> / P2+ e / wde,  (32)
as 0 4eo a2 0 0
/ / z(x, 1, s,t)dsdx
< %/ wldz + al,uo/ / (z,1,s,t)dsdx. (33)
0

Estimate (28) follows by substituting (30)-(33) into (29). O

Lemma 3.6. Let (u, ¢, 0, z) be the solution of (8)-(9) and (6) holds. Then the func-

tional
(t) = / / / e~ u(s)] 22 (. p, 5, D)dsdpda,
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satisfies, for some positive constant ny, the estimate

Lyt < —nl/ // s|u(s)| 2 (x, p, s, t)dsdpdx

1
—nl/ / (2,1, s, t)dsdsc—i—uo/ ida. (34)
0

Proof. By differentiating L, (t) with respect to ¢, and using the equation (8)4, we
obtain

1 1 T2
B = =2 [ [ o) s st)zy s ) dsdpds

d 1 1 T2
-/ / e~ u(8)] 22 (, p, 5, )dsdpda
/ / / 0 |u(s)| 2 (x, p, 5, t)dsdpde
. / / () [~ 2 (1, 5,1) — 22(2,0, 5, 8)]dsda

/ / / Sp|/’[/ (x,p,s,t)dsdpdx

Using the fact that z (2,0,s,t) = ¢ and 7 < e < 1, for all 0 < p < 1, we obtain

! 2 T2 1
_/ / e % |u(s)] 22 (z,1,s,t)dsdx —|—/ lp(s)] ds/ <pt2d:n
0 T1 " 0
/ / / e ‘,LL (%P,S,t)de,odx

Because —e™* is an increasing function, we have —e™® < —e™ " | for all s € [, 1].
Finally, setting ny = e~ ™and recalling (6), we obtain (34). O

S

Now, we prove our main result in this section.

Proof. (of Theorem 3.1) We define a Lyapunov functional £ as follows

L(t):=NE({t)+ Y NiLi(t)

where N, Ny, No, N3, N4 are positive real numbers to be chosen appropriately later.
By differentiating £(t), exploiting (18), (21), (22), (28) and (34), and using

1 1
/ 0%dz < / Ogdx,
0 0
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we arrive at

1 1
3
£t < —[pNi—eNo —52N3]/ wldx — [CZN?, - ;“Nl]/ w2dz
0 0

(o= [ o)) - €1 e N = ez s — oy / S

1
2 1
a1z N3]/ 02dx
a3 0

2 1 2.2
— %N, — 2Ny — a3 N / p2dx — SN — LY N, -
4 2(11 0 a
1 1 T2
—n1N4/ / / s|u(s)| 2% (x, p, s, t)dsdpdx
0 0 T1
Q1o Lo 2
5 N3]/ / |(s)] 2%(x, 1, s, t)dsdx.
a3 0 Jn

2
— |:TL1N4 — al:O N2 —

At this point, taking
1 1

1= ——F—, €2 = —.
Ny’ N3

2
We take N large enough so that N3 > —. After that, we choose N3 large enough, so

f1
2

N7 > 0. Then, we choose N5 large enough, so that %NQ — ;72]\71 _
ay

2
aluoN a1 o
27 7 2
a ay

3@1

a
that 2L Ny — 241
AT

azN3 > 0. Next, we choose N, large enough, so that ny Ny — N3 > 0.

Finally, we choose N so large such that

(uo - / e (s)] ds) N — Cy(e1) Ny — Co (g2) azN3 — poNy > 0,

1

2
a1y
a3

o — 20

Ny —

N3 > 0.

Consequently, from the above, we deduce that there exist a positive constant ¢y such
that

L'(t) < —coE (t). (35)

On the hand, it is not hard to see that L£(t) ~ E(t), i.e. there exist two positive
constants ¢; and ¢y such that

aB(t) <L) <cE(t), Vt>0. (36)
Combining (35) and (36), we obtain that
L'(t) < =k L(t), Vt>0, (37)

where k = QoA simple integration of (37) over (0,t) yields
C2
L(t) < L(0)e k1t vt >o0.

It gives the desired result Theorem 3.1 when combined with the equivalence of L(t)
and F (t). O
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