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ABSTRACT. The aim of present article is to introduce the Szdsz-Beta-Schurer operators in
terms of Hermite Polynomial. We calculate some estimates and then discuss convergence
theorems and order of approximation in terms of Korovkin theorem and first order modu-
lus of smoothness respectively. Next, we study pointwise approximation results in terms of
Peetre’s K-functional, second order modulus of smoothness, Lipschitz type space and rt? or-
der Lipschitz type maximal function. Lastly, weighted approximation results and statistical
approximation theorems are proved.
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1. Introduction and Preliminaries

The approximation in operator theory is a significant area of mathematical analysis,
emerged in the 19" century and continues to be studied by mathematicians world-
wide. Its relevance extends beyond mathematics to various fields, including the basic
sciences and engineering. The primary objective of approximation theory is to rep-
resent a complex function using simpler functions with more elementary properties,
such as differentiability and integrability. It has applications in computational aspects
like describing the shapes of geometric objects as well as in applied and pure mathe-
matics, including fixed point theory and numerical analysis. Control nets and control
points are used to study parametric surfaces and curves, respectively. The theory has
widespread applications in other scientific branches, such as data structures, com-
puter graphics, computer algebra and numerical analysis. In 1885, Weierstrass [27]
gave an elegant result in approximation theory named as Weierstrass approximation
theorem. Several renowned mathematicians have worked on providing simpler and
more understandable proofs for this theorem.

In order to provide a succinct proof of the Weierstrass approximation theorem
using binomial distribution, Bernstein [1] invented a sequence of polynomials known
as Bernstein polynomials in 1912 as follows:

Bs(g:y) = gg (i) ( ls )yl(l —y)*, yelo1], (1)
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where g is a bounded function defined on [0, 1]. The approximation with the sequences
of operators given in (1) are restricted for bounded function on [0, 1]. To approximate
on [0,00), Szész [23] gave modification of the sequences given in (1) which play an
important role in the development of operator theory as below:

Ss(g;y)ze’syz(ﬁ) g<i>, s€EN, (2)
=0

where the real valued function g € C[0,00). The linear positive operators introduced
in (2) are restricted for the space of continuous functions only. To approximate in
longer class of functions, i.e., space of functions which are measurable in Lebesgue
sense, several integral versions of these sequences of operators are introduced, e.g.,
Szész-Kantorovich type and Szdsz-Durremeyer type operators etc. (see [20], [21]).
Many mathematicians, e.g., Acu et al. ([1], [2]), Mohiuddine et al. ([12], [13]) Mur-
saleen et al. ([14], [15]), Raiz et al.[1&, 19], Khan et al. [10], Nasiruzzaman [10]
and Wafi et al. ([24], [25]) gave various generalizations for such type of sequences.
Grazyna [9] presented a class of sequence of operators G%(.;.), s € N, a > 0, given
by the formula

_ 2) o= 3! !
G2(giy) = e vt )Z%HZ(S»OZM(s)v y € RY, (3)
=0

where H; is the two variable Hermite polynomial (see [3]) given by

l
[5] l—2mam

Hi(n,a) =1! Z m (4)

m=0

The operators (3) are linear and positive. Basic facts on positive linear operators,
their generalizations and applications can be found in [5].

The sequences of operators presented in (3) are restricted for continuous function
only. Motivated with the above development, we introduce a sequences of positive
linear operators to give approximations in bigger class of function, i.e., the space of
Lebesgue measurable functions which is named as Szasz-Beta-Schurer operators in
view of Hermite Polynomial as:

HE W (gy) = D Pou) / Quip@)g)do, for yeRI,  (5)
= 0

where

l
Cepaly) = e CF T (s 4 ), ) and

1 vt

BU+1,(s+p) [(1 +o)iHrC) |7

Q(s+p) (U) =

o0 L

with 8 (Beta) function, (I +1,(s+p)) = [ T v
0
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Lemma 1.1. Let H(Ofs+p)( .) be the sequence of operators given by (5) and e;(t) = t*,
1 €{0,1,2}. Then, one get
Hgs+p)(17 y) = 1)
a . 2 .
H{ ) (e13y) 7(S+p)_l((8+p)y+2ay +1); (s+p)>1

1 {(
((s+p)=2)((s+p) = 1)

+  daPy* 4+ 10ay® + 2} i(s+p)>2.

s+p)2y* +4(s+p)(ay® +y)

H&ﬂ;) (e2;y)

for each y € Ry .
Proof. From the Eq. (5), we have

HE(esn) = S Py (w) / Qo) (V)1 v,
1=0 o

Now, for i =0,

Hipp(eory) = = ZPMW z+1 G+p) /1+vl+1+(5+1’)d
0
= ZP<5+” ;B(HL(HP))
P Bl +1,(s+p))
= 1.
Fori=1,
H(Og-&-p)(@l;y) = Zp(s+p>l l+1 G+p) /1+/Ul+1+(s+p)d
0
= ZP(3+)Z ;ﬁ(l—i_Qa(s_‘_p)_l)
P B+1,(s+p))
o (1+1)
= P _vro)
Z (JrP)vl(y)((s_‘_p)_l)
(s+p) {a 1 ]
= T8 g : =
Grp) —1| T
1 2
= —— ((s+py+2ay°+1).
(S+p)_1(( Py Yy +1)
For ¢ =2
Hé);+p) (62§ y) = ZP(5+P) l l+ 1 S +p / 1+ ’U l+l+(5+p) dv
0
= ZP(er)z ;B(ZJF&(SJFP)*?)
P B(l+1,(s+p))

_ o (1+2) (1+1)
= 3 ) G -2 (G 1p) -1
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= Gip- 2)1((3 e — {(s +0)°Glorp) (€259) + 3(s + )Gy (e13)

+2G (s 1p) (€0; y)]

1 2 2 3
S (s g e g ((8+p) Y- +4(s+p)(ay” +y)

+40’y* + 10ay® + 2).

O

Lemma 1.2. Let H{, (;;.) be the operators given by (5) and central moments
ni(t;y) = (t —y)t, i € {0,1,2}. Then, one get
Hipy(oiy) = 1,

[e4 . 1 2
Hi y(msy) = —m(%ﬁy +y+1), (s+p) >1

1
((s+p)=2)((s+p) -1

+mﬂ@+®+%HUﬂ7@+M>z

H{o 4 (025 y) ) {(s +p)(y? + 2y) + 4a’y*

o 1
e R

for each y € R{.
Proof. Using the definition of H (s Jrp)( .), we get for ¢ = 0, it is obvious that
H oy (nosy) = 1.

Now, we consider for 7 = 1, that is H(“ngp) (m;y) as follows:

[ee]

Hiorpy(myy) = Z oot (Y +1 STp) / 1+vl+1+é+p(y*1})dv
0
(oo}
= yz stpt (Y l+1s+p / 1+,Ul+1+9+pd
0
Z l+15+p/ 1—1—1)”1+S
=0 0
= yHZ,(e0;y) — Hypler;y)
1 2
= ——— (2 1).
S+p71( ay” +y+1)
Further, for ¢ = 2, that is Hg,(n2;y) as follows:
o . _ o 2
Hs+p(7727y) - Z:Ps+p,l(y) l+1 8+p / 1+’U l+1+s+p(y_v) dv

0
= Yy’ HS (e0sy) — 2yHS p(ex5y) + HEp(e2;9)
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1
(s+p—2)(s+p—1)

= y272

1 2
— 2 1
ys+p_1((8+p)y+ ay” +1) +

x| (s +p)*y° + 4(s + p)(ay® + y) + 4°y* + 10ay” + 2]

1
= G DG D (s+p—2)(s+p—1Dy* —2y(s+p—2)(s+py+ 209" +1)

+(s+p)*y* +4(s + p)(ay” +y) + 40’y + 10ay® + 2}

1
R T Parme— (s +p){—4ay’® + v (4o + 1) + 2y} + 4a’y"

+8ay® + y*(10a + 2) + 4y + 2|.
Similarly, we can prove the rest part of this Lemma. O

In subsequent sections, we deal with convergence rate of operators and order of
approximation. Fuhrer, direct results are discussed as locally and globally in different
spaces. In the last section, A-Statistical approximation results are investigated in
several functional spaces.

2. Convergence Rate and Approximation Order

Definition 2.1. Let g be a continuous function defined on positive semi-axes. Then
the modulus of smoothness is given by

w(g;6) = sup  |g(y1) — g(y2)l, Y1, 92 € [0, 00).
[y1—y=2]<8
Theorem 2.1. Let HS (.;.) be a sequence of operator introduced in Eq. (5). Then,

for all g € Cp[0,00), HZ, (g;y) = g on each closed and bounded subset of [0, oc)
where = represents uniform convergent.

Proof. In view of Korovkin type theorem which regard the uniform convergence of
the sequence of linear positive operators, it is enough to see that

lim HE(thy) =y' i=0,1,2,

uniformly on every closed and bounded subset of [0,00). In the light of Lemma 1.1,
this result can easily be proved. O

In view of result given by Shisha et al. [22], we can prove the order of convergence
in terms of Ditzian-Totik the modulus of continuity.

Theorem 2.2. For g € Cp[0,00) and the operators HY

&p(2) dntroduced in Eq. (5),
we have

|HE, (95 9) — 9(y)] < 2w(g; 0),

where § = \/Hg+p((t —-19)%y).
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3. Locally Approximation Results

In this section, we think back to some functional spaces and functional relation as:
Cp[0,00): Represent a space of bounded and continuous real valued functions. Now,
Peetre’s K-functional is given by

K2(ga6) = hECiél[f(‘),oo) {”g - h”CB[O,oo) + 6|h”C%[O,oo)}7

where C%[0,00) = {h € Cp[0,00) : W,h" € Cp[0,00)} provided with the norm
llgll = sup |g(y)| and Ditzian-Totik modulus of smoothness of second order is given
0<y<oo

by

wa(g; Vo) = sup  sup |[f(y+2k)—2f(y+k)+ f(y)|.
0<k<+3 Y€[0,00)

We recall a relation from DeVore and Lorentz ([5] page no. 177, Theorem 2.4), as:
Ks(g;0) < Cun(g; V4), (6)

where C' is a constant absolute. Now in view to prove the further result, we take the
auxiliary operator as:

~

HE (g5y) = He L, (g:y) +9(y) — g (

(s +p)y + 20y + 1) o

s+p—1

where g € Cp[0,00), y > 0 and n > 2. From Eq. (7), one can yield

HE,(Ly) =1, HY (m;x) =0 and [HS, (g;9)] < 3] (8)

Lemma 3.1. For s+p>2 and y > 0, one yeld

~

|He (g:9) — 9(w)| < 0(w)llg” |,
where g € C3[0,00) and 0(y) = HE, ,(n2;y) + (HE, (m: )2

Proof. For g € C%[0,00) and in view of relation Taylor expansion , we get

t

o(t) = g(y) + (t — 9)g'(v) + / (t - )" (v)dv. (9)

Y

Now, applying the auxiliary operators H® (.;.) given in Eq.(7) on both the sides in

S+p
above Eq. (9), we get

t

(69 = 90) = 8y min) + By ([ (€= 0" 0)y).
Yy
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Using the Eqgs. (8) and (9), we get
t
H(Ojs+p) (g:9) —g(y) = H&+p)(/(t —)g" (v)dv; y)
y

(s+p)y+20y?+1

t (s+p)—1
_ o . " . _ (3 +p)y + 2ay2 +1 B ”
= H(s+p)</(t v)g (U)d%y) / ( Gip) -1 v ) g"(v)dv,
Yy Yy

t

i ([ (6= 0 0)0:9)

Y

|H () (959) — g(y)] <

(s+p)y+2ay?+1

(s+p)—1 9
+ /1 <®*§2125f%%1v>jXMdv. (10)
Yy
Since,
t
[t =g o] < ¢ - 14", (1)
Yy
then

(s+p)y+20y?+1

(s+p)—1
20% + 1
/ ((s +p)y + 20y” + . U> " (v)dv

2
s+p)y+2ay® +1
<(( ) —y) 1e" 1.

(s+p)—1 - (s+p)—1
y
(12)
In view of (10), (11) and (12), we find
2
o o (s +p)y+2ay® +1
[ H{y i) (939) — 9(y)| < {H<s'+p>(nz;y) + ( Gip-1 VY 19"l
=0)lg" |l
Which proves the required result. O

Theorem 3.2. Let g € C%4[0,00). Then, there corresponds a non-negative constant
C > 0 such that

| Hf oy (959) — 9(y) |< Cwa(g; VO(y)) +wlgs HEypy (M3 0),

where 0(y) is given by in Lemma 3.1.

Proof. For g € C3[0,00) and g € Cp[0,00) and with the definition of ﬁ(’;+p)(.; ), we
get

(HE )y (9:9) — 9)| < 1HE ) (9= hi)l + (g — )W) + | HE ) (hsy) — h(y))]

(s+p)y+2ay% +1
ern-1 ) o)

+19
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In the light of Lemma 3.1 and inequalities in Eq. (8), one get

g ((8+p)y+2ay2 + 1>_g(y)|

\H s 1p)(9:9) =9 < 4llg—hl[+[H{ ) (R y) —h(y) |+ Gip) 1

< 4llg = Al + 0@ | +w (g By (£ = 1)) ).

Using Eq. (6), we yield the desired result. U
Now, we discuss the next result in Lipschitz type space [17], which is given as:
Lips ()= {g € Col0.o0) : o)) <M — Uy te (0,00},
(t+Cy+Cy?)?

where M > 0,0 <y <1 and ¢, > 0.

Theorem 3.3. For the sequence of positive linear operators (5) and g € Lip?vlj’cz (),
one has

- A 3
HE ) (9:) — 90) szw(mjf@y) , (13)

where 0 <y <1, ¢1,¢2 € (0,00) and My) = HE, ) (n2;y)-

Proof. For v =1 and y > 0, we get
|Ho ) (0:9) — 9()| < Hpp) (l9() = 9(y) |5 )

y |t —y|
< MH} =y |-
- ) <(t+ Gy + Gy?)z !

Since for all y € (0,00), we yield

< )
t4 Gy + Gy? Gy + Gy

M
(Cy + Coy?)2

)
SM(ClyJFCQyz) ’

which implies that Theorem 3.3 works for v = 1. Next, we consider for v € (0,1) and
in view of Holder’s inequality using p = % and q = we have

[N

|Hio i) (0:9) —g(y)| < (H{sip)(m2:9))

_2
2—7y?

HE o (9:9) — 9)] < (HE 4 (l9() — 9(0)|739)) F

<im0, N
< SR\ (t+ Gy + Cy?)’

1 1
for all y € (0,00), one get

< )
t4 Gy +Gy? Gy + Gy

He (- %)\ * Ay) \?
(s+p) Yy
Gy + Coy? ) = M(C1y+C2?J2) .

Hence, we yield the required result. O

Since

|H (1) (959) — 9(y)] < M(
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Next, we deal the approximation locally in view of 7" order modulus of smoothness
then, Lipschitz-type maximal function which is introduced by Lenze [11] as:

Gogy) = sup l9(t) — g(v)l

=, y €[0,00) and r € (0, 1]. (14)
t#£y,t€(0,00) It —yl

Theorem 3.4. Let g € Cgl0,00) and r € (0,1]. Then, for all y € [0,00), we have

[Hes i (99) = 90)| < 8r(9i9) (M)
Proof. Tt is noted that
| Hsip) (959) — 9(W)| < H{yyp)(l9() — ()]s 9)-
Using Eq. (14), one get
[ HE ) (959) = 9()| < @s +p) (g3 9) Hisyp (It —yl"59).

Using Holder’s inequality using p = % and ¢ = QQTT, we have

IHE oy (939) — 9] < (g5 ) (HE ) (1t — 9135 9) 2.

Hence, we completes the proof. O

4. Approximation Properties Globally

Suppose that v(y) = 1+ y*, 0 < y < oo be the weight function. Then, B,[0,00) =
{9(y) : |g(y)| < M,(1 + y*), here Mg is a constant based on g and C,[0,00) de-
notes space of continuous function in B,[0,00) equipped with the norm | g(y)|., =

sup % and Ck[0,00) = {g € C,[0,00) : lim ggy% = k, where k is a constant
yelo,o<) y=roo MY
depending on g}.

Ditzian-Totik modulus of continuity for the function g defined on the closed interval
[0,b] with b > 0 is defined by

wp(g9,0) = sup sup |g(t) — g(y)|. (15)
|t—y|<8 y,te[0,0]

One can easily note that for any g € C,[0,00), the modulus of smoothness given by
in the Eq. (15) approaches to zero.

Theorem 4.1. (7], [8]) Suppose that the sequence of positive linear operators (Ls)s>1
acting from C,[0,00) to B,[0,00) satisfies the conditions

lim ||Ls(ei;.) — €|y =0, where i =0,1,2,
§— 00

then, for g € Cl’:“ [0,00), we have

lim ||Lsg — g[|, = 0.
§—»00

Theorem 4.2. Let g € C”; [0,00). Then, we have

hm ||Hs+p)(g7') - g”z/ =0.
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Proof. In order to prove Theorem 4.2, it is sufficient to check that
hm ||H(§+p (es;.) —€ill, =0, for i =0,1,2.

In the light of Lemma 1.1, it is obvious HH (stp) (eo; ) —1], =0, and

1 [(s+py+2ay*+1
[ H{spy(€15.) —€tlluy) = sup -
(e42) W e v | 5+ -1
1 202 1 2

= sup + sup ——.
(S+p)*1y€[0,oo) 1+y4 (5+p) -1 y€[0,00) 1+y4

For a large value of (s + p), we get [[H{;, (e1;.) — €1, — 0.
Also,

40(2 y4
HE. e2;.) —eally, < sup
1 (e2r) —eal Q@+m mm+m—n>%m@1+w

4(s + p)a ) y?

sup ———
((s+p)=2)((s+p) = 1) ] yefo,o0) L +¥*

100+ 3(s +p) — 2 y?
sup
(s+p)—=2)((s+p) = 1) ] yejo,oo) 1L +4*

[

(s

+< 4(s+py > Yy
[

sup
((s+p)=2)((s+p) = 1) ) yejo,o0) L +¥*

1
sup —.
((s+p) —2)( (8+p)—1) yel,o0) 1+ 4

Which implies that [[H{  (e2;.) — €2/, — 0 as s — co. Hence, we completes the
proof of Theorem 4.2 O

Theorem 4.3. Let g € Cl’:“ [0,00) and { > 0. Then, we have

He . (g:y) —gly
lm  sup H{ 4 (9:9) — 9(y)]

=0.
M=—00 1, c[0,00) (14 y*)tte

Proof. Since |g(y)| < ||lg|l. (1 + y*), for any real fixed number yo > 0, we get

s |H( ) (9:9)—9(y)] . [HE ) (9:9)—9(y)] sp (H{ ) (939)—9(y)]
y€[0,00) (14 y*)tte " y<yo (1 +y*)t+e y>yo (1+yt)t+e
< ||H(O§+p)(9§ D)= 9|||C[o,y0]
[HE ) (L +1%59)] l9(y)|
+ llgll SUP s + sup
Y>yo (1+y4)1+< Y>Yo (1+y )1+<
= Tl + T2 + Tg, say. (16)

Now,

l9(y)] lgllo (L +y*) g1l
Ty = sup ———— < sup < .
yzvo (LH YD) T ymy, Ty = (14 y5)¢
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In view of Lemma 1.1, it gives

He, (1+t%y
lim sup ) 70 +p)( 1 ) =
(5+P) =0 ye[yg,00) L+y

Therefore, for any arbitrary € > 0, there corresponds (s + p); € N with

H (1 +t%y) (14 44)¢

(s+p) ’ (L+yp) €
sup < —+1, forall (s+p) > (s+p)i.
y€[yo,00) 1 +y4 HgHV 3

Therefore

. He (14 1t%5y) I
(s+p) ; 9llv €
Ty = ||gll, sup < + 5, for all (s +p) > (s +p)1. (17)
yelyooo) (L yh)HHe (T+y5) 3

Hence, we get

AT loll, €
Ty +T5 <220 + -
A (I
lgll
(+y*)<

If we take yo to be so large that < §, tnen, we have

~ ~ 2
Ty +Ts < 56 for all (s +p) > (s +p)1. (18)
Now, from Theorem 2.1, there corresponds (s + p)2 > (s + p) with
. €
Th = [H{op)(95) = gllciowe < 3 forall (s +p)2 = (s +p). (19)

Let (s + p)s = max((s + p)1, (s + p)2). Then, using the Eqgs. (16), (18) and (19), we
get

[HE (959) — 9(y)]

sup <€,
y€[0,00) (1 + y4)1+<
which, completes the proof. O
5. A-Statistical Approximation
In this section, we recall some notations from [6]. Suppose that A = (as,) represents
non-negative infinite suitability matrix. Then, a sequence y := (y,) is called to be

A-statistically convergent to L, that is (s + p)t4 — lim y = L, if for every ¢ > 0

(Ein) D et =0
P iy —Ll>e

Let ¢ = (q¢s +p)) be a sequence with following assertions holds

sta — lim gqs +p) =1 and sty — lim qs +p)(s +p)=a, 0<a<l. (20)
(s+p) (s+p)

Theorem 5.1. Consider A = (a(s4p)u) be a non-negative regular suitability matriz
and the sequence q = (q(s +p)) with condition (20) with qs+p) € (0,1), (s+p) € N.

Then, for each g € C2[0,00), sta — (lim) 1H (54 (959) — gllv = 0.
s+p
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Proof. By using Lemma 1.1, we have

sty — (hm [ H o) (€05 9) — €ol[, =0

, and
1 |(s+py+2ay*+1
1) =il = sup ol
yel,00) L T4 (s +p)
2ay2 1 2
=—— sup sup .
L+ y yepooo) (s+P) =1 1+y* yejp0) (s+p) — 1
Now
fl { 5+p |H(5+p)(ela ) y” 2 6}’
. 2a €
Iy :=q(s+ > =0,
2 { P Ty oi 2}
. €
I3: = — 5.
3 {s—i—p s+p)1_2}
Which implies that I; C I, U I3, this shows that Y. a Astp)n < D Qlstpu +
uel uels
>~ G(s+p)u- Therefore, we get
pEl;
sta — hm ||Hs+p (e1;y) —yll, =0. (21)
Now by using Lemma 1.1, we have
B e ) — ealhys < sup - : e
(ea;.) — e . sup s+p)y
(+r) Y oo () | (s +9) = 2) (s +p) — 1)

+4(s +p)(ay® +y) + 4a’y* + 10ay® + 2} -

> €
v

For a given € > 0, we have the following sets

Gy:= {(s—i—p) : HH&+p)(62;y) —y?

402

Gai= {8“’ s+p>—2><<s+p>—1>>§}
G :{3“’ s+p>4—(82>+<2+p>—1>>§}
G { sf§>+—32(>8<2ﬁp_>2—1> Zg}
Gs : ‘{ PP Gy Zg}
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B R R EE(CEO R Iy |
One can note that G; € Gy |JGsJ G4 G5 JGs. Thus, we have

Z Amp < Z Amp + Z As+p)u T Z As+p)p T Z A(s+p)u T Z A(s+p)p

REGH REGs nEGs HEG, REGs HEGs

As (s 4 p) — oo, we have
stA—lirILIl||Hg+p)(62;.) — ez, = 0. (22)
Hence, we completes the proof of Theorem 5.1. O

Now, we discuss the rate of A-Statistical approximation convergence in view of the
Peetre’s K-functional for operators H{,, 1 (.;.).

Theorem 5.2. Let g € C3[0,00). Then,

sta — hm HH (s+p) (ga ) - f”CB[O,oo) =0.
Proof. In view of Taylor’s result, we get

9(6) = 9(0) + 4 )t~ v) + 59" ()t — 9)",

where ¢ <7 <y. Operating Hf, +p)( .), both the sides in the above equation, we get

« « 1 «
Hisip)(9:9) = 9(y) = 9" W) H{orpy (m5y) + 59" (M HE 1) (023 9),

which yields that

[H o) (957) = glleno.o0) N9 les0.00) [H s tp) (€175 llop0,00)
+ 119" | esi0,00) HH G4 5y (e1=5 ) o5 10,00)
=W + WQ, say. (23)

From the Eqs. (21) and (22), one has

lim Z a(s_H,)u = 0,

(s+p) =
HEN:W1 > 5§
lim A(stpyy = O.
(s+p) Z (s+p)s
pEN:W > £
From Eq. (23), we have
lim Z A(sqpyp < lim Z A(s4p)p + lim Z Q(stp)p-
(s+p) (s+p) = (s+p) ~
HeN:HE | (g;)=gllcgio,00)2€ REN:W; > £ HEN:W2> £

Thus sty4 — hm |1H H_p)(g, ) — g||CB[07OO) — 0. as (s+p) — 0.

Hence, we armve the proof. O
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Theorem 5.3. Let g € C%[0,00). Then,
IHE (95 ) = 9llesio.e) < Mwa(g; V),
where & = |Hf (1 — 5)lopoe) + 1HE (e = %) lop0,00), and
l9llcz 10,000 = lgllczio,oe) + 19"l cz10,00) + 19" lc510,00)-
Proof. Let h € C%4]0,00). Using Eq. (23), one get
[H o1y (h) = hllczio.00) SHA loso.00) [ H s py (€1 = )5 )llenio.0)

+ 51 s 0,00 Hisip (1 = 2 )sf0,00)
<6|7[l 2, f0,00)- (24)
For every g € Cp[0,00) and h € C%, from Eq. (24), we obtain
1H (1) (95) = 9llesio,00) < 1Hap) (95 ) — H (B )|l p10,00)
+ 1H{o 1) (hi ) = hllesio.co) + 1P = glles o,
< 2|h = glleso,00) + 1H () (hs+) = Rllcgo,00)
< 2|[h = gllegio,00) + 0l ey,
In view of Peetre’s K-functional, one get

[ Ho4p)(9:7) — glloso,00) < 2K2(g;0)
and
1H ) (95) = 9llonio,ee) < M{wz(g; V) +min(1,8)gllos 0,00 }-
Using Eq. (22), we obtain that
sta— lim § =0, thus sta — lim w(g;V3) =0,

(s+p) (s+p)

which completes the proof of required result. O

6. Conclusion

In this paper, we introduce a sequence of linear positive operators in integral form
via Hermite Polynomial to approximate the functions which belongs to Lebesgue
measurable space named as Szdsz-Beta type operators defined by (5). Further, we
calculate the some estimates which are used to prove convergence rate and approxi-
mation order. Moreover, the various approximation results, e.g., locally and globally
approximation results and A-Statistical approximation are investigated using these
sequences of operators to achieve better approximations in several functional spaces.
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