
Annals of the University of Craiova, Mathematics and Computer Science Series
Volume 51(2), 2024, Pages 398–415, DOI: 10.52846/ami.v51i2.1870
ISSN: 1223-6934

Some Harmonic and Biharmonic Problems on the Tangent
Bundle with a Berger-Type Deformed Sasaki Metric
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Abstract. Let ψ : (M2k, φ, g) −→ (N2k′ , φ′, h) be a smooth map between almost anti-

paraHermitian manifolds. The map ψ induces the tangent map Ψ : (TM, gBS) −→ (TN, hBS).
In this paper, we deal with the harmonicity of a tangent map Ψ and the biharmonicity of the

identity map in the case where the tangent bundles TM, TN are endowed with the Berger
type deformed Sasaki metric gBS , hBS .
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1. Introduction

LetM be a 2k-dimensional Riemannian manifold with a Riemannian metric g. Through-
out the paper, manifolds, tensor fields and connections are always assumed to be
differentiable of class C∞.

An almost paracomplex manifold is an almost product manifold (M2k, φ), φ2 = id,
such that the two eigenbundles T+M and T−M associated to the two eigenvalues
+1 and −1 of φ, respectively, have the same rank. The integrability of an almost
paracomplex structure is equivalent to the vanishing of the Nijenhuis tensor:

Nφ(X,Y ) = [φX, φY ]− φ[φX, Y ]− φ[X,φY ] + [X,Y ]

A paracomplex structure is an integrable almost paracomplex structure.
Let (M2k, φ) be an almost paracomplex manifold. A Riemannian metric g is said

to be an anti-paraHermitian metric if

g(φX, φY ) = g(X,Y )

or equivalently
g(X,φY ) = g(φX, Y )

for any vector fields X , Y on M2k. If (M2k, φ) is an almost paracomplex manifold
with an anti-paraHermitian metric g, then the triple (M2k, φ, g) is said to be an almost
anti-paraHermitian manifold. Moreover,(M2k, φ, g) is said to be anti-paraKähler if φ
is parallel with respect to the Levi-Civita connection ∇g of g. As is well known,
the anti-paraKähler condition (∇gφ = 0) is equivalent to paraholomorphicity of the
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anti-paraHermitian metric g, that is,Φφg = 0, where Φφ is the Tachibana operator
[28].

In [1], the authors defined a new metric, which is called a Berger type deformed
Sasaki metric, on the tangent bundle over an anti-paraKähler manifold. They stud-
ied the geodesics and curvature properties of the tangent bundle with Berger type
deformed Sasaki metric and gave the conditions for some almost anti-paraHermitian
structures to be anti-paraKähler and quasi-anti-paraKähler on this setting.

Motivated by the results presented in [2], we think up the paper. Clearly, in the
present paper, we again consider the tangent bundle with the Berger type deformed

Sasaki metric gBS and the paracomplex structure φ̃. First, we study the map Ψ :

(TM, φ̃, gBS) → (TN, hS) and find conditions under which it is totally geodesic and

we also study the biharmonicity of the identity map I : (TM, gS) −→ (TM, φ̃, gBS).

In the second part we give the conditions for the map Ψ : (TN, hS) → (TM, φ̃, gBS)
to be totally geodesic and we also study the biharmonicity of the identity map I :

(TM, φ̃, gBS) −→ (TM, gS). And finally we take ψ : (M2k, φ, g) −→ (N2k′ , φ
′, h) to

be a smooth map between almost anti-paraHermitian manifolds. The map ψ induces
the tangent map Ψ : (TM, gBS) −→ (TN, hBS) between the tangent bundles of M
and N . The motivation of this final part of the paper is to study the harmonicity of
the tangent map Ψ : (TM, gBS) −→ (TN, hBS).

1.1. Harmonic maps. Consider a smooth map φ : (Mn, g) −→ (Nn, h) between
two Riemannian manifolds,then the energy functional is defined by

E(φ) =
1

2

∫
M

|dφ|2dvg (1)

(or over any compact subsetK ⊂M).
A map is called harmonic if it is a critical point of the energy functional E (or E(K)
for all compact subsets K ⊂ M). For any smooth variation {φ}t∈I of φ with φ0 = φ

and V =
dφt
dt
|t=0, we have

d

dt
E(φt)|t=0 = −

∫
M

h(τ(φ), V )dvg (2)

where

τ(φ) = trg∇dφ (3)

is the tension field of φ. Then we have

Theorem 1.1. A smooth map φ : (Mm, g) −→ (Nn, h) is harmonic if and only if

τ(φ) = 0 (4)

If (xi)1≤i≤m and (yα)1≤α≤n denote local coordinates on M and N respectively then
equation 4 takes the form

τ(φ)α = (∆φα + gij
N

Γαβγ
∂φβ

∂xi
∂φγ

∂xj
) = 0 (5)

where ∆φα =
1√
|g|

∂

∂xi
(
√
|g|gij ∂φ

α

∂xj
) is the Laplace operator on (Mm, g) and

N

Γαβγ are

the Christoffel symbols on N .
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1.2. Biharmonic maps.

Definition 1.1. A map φ : (M, g) −→ (N,h) between Riemannian manifolds is called
biharmonic if is a critical point of bienergy functional

E2(φ) =
1

2

∫
M

|τ(φ)|2dvg (6)

we have
d

dt
E2(φt)|t=0 = −

∫
M

h(τ2(φ), V )dvg (7)

The Euler-Lagrange equation attached to bienergy is given by the vanishing of the
bitension field

τ2(ϕ) = −Jφ(τ(φ)) = −(∆φτ(φ) + trgR
N (τ(φ), dφ)dφ) (8)

where Jφ is the jacobi operator defined by

Jφ : Γ(ϕ−1(TN)) −→ Γ(ϕ−1(TN)) (9)

V 7−→ ∆φV + trgR
N (V, dφ)dφ

The biharmonic map introduced by Eelles and Sampson in 1964, which is a gener-
alization of harmonic maps. One can refer to [19], [21] and [25] for background on
harmonic and biharmonic maps.

2. The Berger type deformed Sasaki metric on the tangent bundle

Let (M, g) be an n-dimensional Riemannian manifold and (TM, π,M) be its tangent
bundle. A local chart (U, xi)i=1...n onM induces a local chart (π−1(U), xi, yi)i=1...n on
TM . Denote by Γkij the Christoffel symbols of g and by ∇ the Levi-Civita connection
of g. We have two complementary distributions on TM , the vertical distribution V
and the horizontal distribution H, defined by

V(x,u) = ker(dπ(x,u))

= {ai ∂
∂yi |(x,u)

; ai ∈ R},

H(x,u) = { ∂

∂xi |(x,u)
− aiujΓkij

∂

∂yk |(x,u)

; ai ∈ R},

where (x, u) ∈ TM , such that T(x,u)TM = H(x,u) ⊕ V(x,u).

Let X = Xi ∂
∂xi be a local vector field on M . The vertical and the horizontal lifts of

X are defined by

XV = Xi ∂

∂yi
, (10)

XH = Xi δ

δxi
= Xi

{ ∂

∂xi
− yjΓkij

∂

∂yk

}
. (11)

For consequences, we have ( ∂
∂xi )

H = δ
δxi and ( ∂

∂xi )
V = ∂

∂yi , then ( δ
δxi ,

∂
∂yi )i=1..n is a

local adapted frame in TTM .

Definition 2.1. The Sasaki metric gS on the tangent bundle TM of M is given by
(1) gS(XH , Y H) = g(X,Y ) ◦ π.
(2) gS(XH , Y V ) = 0.
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(3) gS(XV , Y V ) = g(X,Y ) ◦ π.
for all vector fields X,Y ∈ Γ(TM).

Proposition 2.1. ([20]). Let (M, g) be a Riemannian manifold and ∇̂ be the levi-
Civita connection of the tangent bundle (TM, gs) equipped with the Sasaki metric.
Then

(∇̂XHY H)(x,u) = (∇XY )H(x,u) −
1

2
(Rx(X,Y )u)V ,

(∇̂XHY V )(x,u) = (∇XY )V(x,u) +
1

2
(Rx(u, Y )X)H ,

(∇̂XV Y H)(x,u) =
1

2
(Rx(u,X)Y )H ,

(∇̂XV Y V )(x,u) = 0,

for all vector fields X,Y ∈ Γ(TM) and (x, u) ∈ TM .

Definition 2.2. Let (M2k, φ, g) be an almost anti-paraHermitian manifold and TM
be its tangent bundle.The Berger type deformed Sasaki metric on TM is defined by
(1) gBS(XH , Y H) = g(X,Y ),
(2) gBS(XH , Y V ) = 0,
(3) gBS(XV , Y V ) = g(X,Y ) + δ2g(X,φu)g(Y, φu),

for all vector fields X,Y ∈ Γ(TM), where δ is some constant. If δ = 0 then gBS is
called the Sasaki metric.

A direct consequence of usual calculations using the Koszul formula gives the fol-
lowing result

Proposition 2.2. ([1]) Let (M2k, φ, g) be an anti-paraKähler manifold and TM be
its tangent bundle. The Levi-Civita connection of the Berger type deformed Sasaki
metric gBS on TM satisfies the following properties:

(∇̃XHY H)(x,u) = (∇XY )H(x,u) −
1

2
(Rx(X,Y )u)V ,

(∇̃XHY V )(x,u) = (∇XY )V(x,u) +
1

2
(Rx(u, Y )X)H ,

(∇̃XV Y H)(x,u) =
1

2
(Rx(u,X)Y )H ,

(∇̃XV Y V )(x,u) =
δ2

1 + δ2α
g(X,φY )(φu)V ,

where ∇ is the Levi-Civita connection, R is its Riemannian curvature tensor and
α = g(u, u).

Definition 2.1. Let (M, g) be a Riemannian manifold and F : TM → TTM be a
smooth bundle endomorphism of the tangent bundle TM . Then we define the vertical
and horizontal lifts FV : TM → TTM, FH : TM → TTM of F by

FV (η) =

m∑
i=1

ηiF (∂i)V

and

FH(η) =

m∑
i=1

ηiF (∂i)H
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where
∑m
i=1 ηi∂i ∈ π−1(V ) is a local representation of η ∈ C∞(TM)

From Definition 2.1 and Theorem 7.1, we have

Proposition 2.1. Let (M2k, φ, g) be an anti-paraKähler manifold and TM be its
tangent bundle equipped with the Berger type deformed Sasaki metric gBS and the

paracomplex structure φ̃. If F ∈ T1
1(M) is a tensor of type (1,1), then we have

(∇XHHF )(x,u) = (∇XF )H(x,u).

(∇XHV F )(x,u) = (∇XF )V(x,u).

(∇XVHF )(x,u) = (F (X))H(x,u) +
3

2
(Rx(u,Xx)F (u))H .

(∇XV V F )(x,u) = (F (X))V(x,u) +
δ2

1 + δ2α
g(X,φF (u))(φu)V .

where (x, u) ∈ TM and X ∈ Γ(TM).

Using Proposition 2.1 and formula of curvature, we have

Theorem 2.2. (M2k, φ, g) be an anti-paraKähler manifold and TM be its tangent
bundle equipped with the Berger type deformed Sasaki metric gBS and the paracomplex

structure φ̃. Then the corresponding Riemannian curvature tensor R is given by

R(XH , Y H)ZH =
[
R(X,Y )Z +

3

2
R(u,R(X,Y )u)Z

]H
R(XH , Y H)ZV =

[
R(X,Y ))Z +

δ2

1 + αδ2
g(R(X,Y )u, φZ)(φu

]V
R(XH , Y V )ZH =

[3

2
(∇XR)(u, Y )Z

]H
.

R(XH , Y V )ZV = 0.

R(XV , Y V )ZH =
3

4

[
4R(X,Y )Z + 3R(u,X)R(u, Y )Z − 3R(u, Y )R(u,X)Z

]V
.

R(XV , Y V )ZV =
( δ2

1 + δ2α

)2[
g(X,u)g(Y, φZ)− g(Y, u)g(X,φZ)

]
(φu)V .

3. Harmonicity of the map Ψ : (TM, φ̃, gBS)→ (TN, hS)

In the section, we denote (M2k, φ, g) be an anti-paraKähler manifold and (TM,φ, gBS)
its tangent bundle equipped with the Berger type deformed Sasaki metric gBS and

the paracomplex structure φ̃, (Nn, g) be an n-dimensional Riemannian manifold and
(TM, hS) its tangent bundle equipped with the Sasaki metric hS .

Lemma 3.1. ([15]). Let ψ : (M, g) −→ (N,h) be a smooth map between Riemannian
manifolds. The map ψ induces the tangent map Ψ = dψ : TM −→ TN . For all vector
field X ∈ Γ(TM), we have

dΨ
(

(X)V
)

=
(
dψ(X)

)V
,

dΨ
(

(X)H) =
(
dψ(X)

)H
+
(
∇dψ(u,X)

)V
,
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Theorem 3.1. Let Ψ : (TM, φ̃, gBS) −→ (TN, hS) be a the tangent map of the map
ψ : (M2k, φ, g) −→ (Nn, h), then the tension field τ(Ψ) of ψ is given by

τ(Ψ) =
[
τ(ψ) + trhR

N (dψ(u),∇dψ(u, ∗))dψ(∗)
]H

+
[
div(∇dψ)(u)

− δ2

1 + αδ2

(
trgg(∗, φ(∗))− δ2

1 + αδ2
g(u, φu)dψ(φ(u))

)]V
.

Proof. Let (ψ(x), dψ(u)) ∈ TN and let {ei}2ki=1, such that e1 =
u

‖u‖
is an orthonormal

basis of TM at x. Then
{
eHi ,

1√
1 + αδ2

(φ(e1))V , (φ(ej))
V , j = 2...n

}
is an orthonor-

mal basis of T(x,u)TM at (x, u) such that (∇eiei)x = 0. Then by summing over i, we
have:

τ(Ψ) =∇̃Ψ
eHi
dΨ(eHi )− dΨ(∇̃eHi e

H
i ) + ∇̃Ψ

1√
1+αδ2

φ(e1)V dΨ(
1√

1 + αδ2
φ(e1)V )

− dΨ(∇̃ 1√
1+αδ2

φ(e1)V
1√

1 + αδ2
φ(e1)V ) + ∇̃Ψ

φ(ej)V
dΨφ(ej)

V

− dΨ(∇̃φ(ej)V φ(ej)
V )

=∇̂dψ(ei)H+∇dψ(u,ei)V (dψ(ei)
H +∇dψ(u, ei)

V )− dψ(∇̃eHi e
H
i )

+ ∇̂ 1√
1+αδ2

dΨφ(e1)V
1√

1 + αδ2
dΨ(φ(e1)V ) + ∇̂dΨ(φ(ej)V )dΨφ(ej)

V

− dΨ(∇̃ 1√
1+αδ2

φ(e1)V
1√

1 + αδ2
φ(e1)V )− dΨ(∇̃φ(ej)V φ(ej)

V ),

from Proposition 2.2, we have

τ(Ψ) =(∇dψ(ei)dψ(ei))
H + (∇dψ(ei)∇dψ(u, ei))

V

+ (R(dψ(u),∇dψ(u, ei))dψ(ei))
H − dψ(∇eiei)H

−
( δ

1 + αδ2

)2
g(φ(e1), φφ(e1))dψ(φ(u))V − g(φ(ej), φφ(ej))dψ(φ(u))V .

�

Theorem 3.2. Let Ψ : (TM, φ̃, gBS) −→ (TN, hS) be a the tangent map of the map
ψ : (M2k, φ, g) −→ (Nn, h), then Ψ is harmonic if and only if the following conditions
are verified

τ(Ψ) = 0, trhR
N (dψ(u),∇dψ(u, ∗))dψ(∗) = 0, div(∇dψ)(u) = 0,

trgg(∗, φ(∗))− δ2

1 + αδ2
g(u, φu)dψ(φ(u)) = 0.

Corollary 3.1. Let Ψ : (TM, φ̃, gBS) −→ (TN, hS) be a the tangent map of the map
ψ : (M2k, φ, g) −→ (Nn, h), if ψ is totally geodesic then Ψ is harmonic if and only if

trgg(∗, φ(∗)) =
δ2

1 + αδ2
g(u, φu).

Lemma 3.2. Let Ψ : (TM, φ̃, gBS) −→ (TN, hS) be a the tangent map of the map
ψ : (M2k, φ, g) −→ (Nn, h), then the then the energy density associated to Ψ is given
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by

e(Ψ) = 2e(ψ) +
1

2
trh|(∇dψ(u, ∗))|2 − δ2

2(1 + αδ2)
|dψ(φ(u))|2. (12)

Proof. Let (x, u) ∈ TM and let {ei}2ki=1, such that e1 =
u

‖u‖
is an orthonormal basis

of TM at x. Then
{
eHi ,

1√
1 + αδ2

(φ(e1))V , (φ(ej))
V , j = 2...n

}
is an orthonormal

basis of T(x,u)TM at (x, u) such that (∇eiei)x = 0. Then by summing over i, we have:

e(Ψ)(ψ(x),dψ(x)) =
1

2

[(
hS(ψ(x),dψ(x))(dΨ(eHi ), dΨ(eHi ))

)
+

1

1 + αδ2
hS(ψ(x),dψ(x))(dΨ(φ(e1)V ), dΨ(φ(e1)V ))

+ hS(ψ(x),dψ(x))(dΨ(φ(ej)
V ), dΨ(φ(ej)

V ))
]

=
1

2

[(
hS(dψ(ei)

H , dψ(ei)
H) + hS(∇dψ(u, ei)

V ,∇dψ(u, ei)
V )
)

+
1

1 + αδ2
h(dψ(φ(e1))V , dψ(φ(e1))V )

+ hS(dψ(φ(ej))
V , dψ(φ(ej))

V )
]

=
1

2

[
2e(ψ) + trh|∇dψ(u, ∗)|2 +

1

1 + αδ2
h(dψ(φ(e1)), dψ(φ(e1)))

+ hS(dψφ(ei)), dψ(φ(ei)))− hS(dψ(φ(e1)), dψ(φ(e1)))
]

=
1

2

[
4e(ψ) + trh||∇dψ(u, ∗)||2 +

1

α(1 + αδ2)
h(dψ(φ(u)), dψ(φ(u)))

− 1

α
h(dψ(φ(u)), dψ(φ(u)))

]
.

�

Theorem 3.3. Let TM be a compact tangent bundle and Ψ : (TM, φ̃, gBS) −→
(TN, hS) be a the tangent map of the map ψ : (M2k, φ, g) −→ (Nn, h), then Ψ is
harmonic if and only if ψ is totally geodesic and

trgg(∗, φ(∗)) =
δ2

1 + αδ2
g(u, φu).

Proof. If ψ is totally geodesic and trgg(∗, φ(∗)) = δ2

1+αδ2 g(u, φu), from Corollary3.1,
we deduce that Ψ is harmonic. Inversely.
Let ω : I ×M −→ N be a smooth map satisfying for all t ∈ I = (−ε, ε), ε > 0 and all
x ∈M

ω(t, x) = ψt(x) = (1 + t)ψ(x),

and

ω(0, x) = ψ(x).

The variation vector field v ∈ Γ(ψ−1TN) associated to the variation {ψt}t∈I is given
for all x ∈M by

v(x) = d(0,x)ω(
d

dt
),
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From Lemma 3.2, we have

e(Ψt) = 2(1 + t)2e(ψt) +
(1 + t)2

2
trh|(∇dψt(u, ∗))|2 −

δ2(1 + t)2

2(1 + αδ2)
|dψt(φ(u))|2.

If Ψ is a critical point of the energy functional, from equation (2), we have

d

dt
E(φt)t=0 = 0

=

∫
TM

4e(ψ) + trh|(∇dψ(u, ∗))|2 − δ2

(1 + αδ2)
|dψ(φ(u))|2dvgBS = 0.

If Ψ is harmonic hence ∇dψ = 0. �

4. Biharmonic identity map I : (TM, φ̃, gBS) −→ (TM, gS)

Proposition 4.1. Let (M2k, φ, g) be an anti-paraKähler manifold and TM its tan-
gent bundle equipped with the Berger type deformed Sasaki metric gBS and the

paracomplex structure φ̃. Suppose that I : (TM, φ̃, gBS) −→ (TM, gS) is the identity
map. Then the tension field τ(I) of I is given by

τ(I) =
δ4

(1 + αδ2)2
g(u, φ(u))(φ(u))V − δ2

1 + αδ2
trg

(
g(∗, φ(∗))(φ(u))V

)
(13)

Proof. Let (x, u) ∈ TM and let {ei}2ki=1, such that e1 =
u

‖u‖
is an orthonormal basis

of TM at x. Then
{
eHi ,

1√
1 + αδ2

(φ(e1))V , (φ(ej))
V , j = 2...n

}
is an orthonormal

basis of T(x,u)TM at (x, u) such that (∇eiei)x = 0. Then by summing over i, we have:

τ(I) =∇IeHi dI(eHi ) +∇I(φ(e1))V dI((φ(e1))V ) +∇I(φ(ej))V
dI((φ(ej))

V )

− dI(∇eHi e
H
i +

1

1 + αδ2
∇(φ(e1))V (φ(e1))V +∇(φ(ej))V (φ(ej))

V )

From Theorem 7.1, we have

τ(I) =
−δ2

1 + αδ2

( 1

1 + αδ2
g(e1, φ(e1)) + g(ej , φ(ej))

)
(φ(u))V

=
−δ2

1 + αδ2

( −δ2

1 + αδ2
g(u, φ(u)) + g(ei, φ(ei))

)
(φ(u))V

�

Theorem 4.1. Let (M2k, φ, g) be an anti-paraKähler manifold and TM its tangent
bundle equipped with the Berger type deformed Sasaki metric gBS and the paracom-

plex structure φ̃. Suppose that I : (TM, φ̃, gBS) −→ (TM, gS) is the identity map.
Then the bitension field τ2(I) of I is given by

τ2(I)(x,u) =
{

∆(τ(I))
}V

(x,u)
+ trg

{
R(u,∇∗τ(I)) ∗

}H
(x,u)

where ∆(τ(I)) = trg(∇2
∗τ(I)).
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Proof. Let (x, u) ∈ TM and let {ei}2ki=1, such that e1 =
u

‖u‖
is an orthonormal basis

of TM at x. Then
{
eHi ,

1√
1 + αδ2

(φ(e1))V , (φ(ej))
V , j = 2...n

}
is an orthonormal

basis of T(x,u)TM at (x, u) such that (∇eiei)x = 0. Then by summing over i, we have:

trgS (∇2τ(I))(x,u) =
{
∇IeHi ∇

I
eHi
τ(I)

}
(x,u)

+
1

1 + αδ2

{
∇I(φ(e1))V∇

I
(φ(e1))V τ(I)

}
(x,u)

+
{
∇I(φ(ej))V

∇I(φ(ej))V
τ(I)

}
(x,u)

−
{
∇I∇

eH
i
eHi
τ(I)

}
(x,u)

− 1

1 + γδ2

{
∇I∇(φ(e1))V (φ(e1))V

τ(I)
}

(x,u)

−
{
∇I∇(φ(ej))

V (φ(ej))V
τ(I)

}
(x,u)

By using the Levi-Civita connection of Sasaki metric see [20] , we have

trgS (∇2τ(I))(x,u) =
{
∇ei∇eiτ(I)− 1

4
R(ei, R(u, τ(I))ei)u

}V
(x,u)

+
1

2

{
R(u,∇eiτ(I))ei +∇eiR(u, τ(I))ei

}H
(x,u)

By using the Riemannian curvature tensor of Sasaki metric see [20] , we have

trgS (R(τ(I), dI)dI)(x,u) =(R(τ(I), eHi )eHi )(x,u) = −(R(eHi , τ(I))eHi )(x,u)

=
{
− 1

4
R(R(u, τ(I))ei, ei)u−

1

2
R(ei, ei)τ(I)

}V
(x,u){

− 1

2
(∇eiR)(u, τ(I))ei

}H
(x,u)

Considering the formula 9, we deduce

τ2(I)(x,u) =
{
∇ei∇eiτ(I)

}V
(x,u)

+
{
R(u,∇eiτ(I))ei

}H
(x,u)

�

Theorem 4.2. Let (M2k, φ, g) be an anti-paraKähler manifold and TM its tangent
bundle equipped with the Berger type deformed Sasaki metric gBS and the paracom-

plex structure φ̃. Suppose that I : (TM, φ̃, gBS) −→ (TM, gS) is the identity map.
Then I is biharmonic if and only if

∆(τ(I)) = 0 and trg(R(u,∇∗τ(I))∗) = 0.

Corollary 4.1. Let (M2k, φ, g) be an anti-paraKähler manifold and TM its tangent
bundle equipped with the Berger type deformed Sasaki metric gBS and the paracom-

plex structure φ̃. If τ(I) is a parallel tension field then I is biharmonic.

5. Harmonicity of the map Ψ : (TN, hS)→ (TM, φ̃, gBS)

In the section, we denote (Nn, g) be an n-dimensional Riemannian manifold and
(TM, hS) its tangent bundle equipped with the Sasaki metric hS , (M2k, φ, g) be an
anti-paraKähler manifold and (TM,φ, gBS) its tangent bundle equipped with the

Berger type deformed Sasaki metric gBS and the paracomplex structure φ̃.
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Theorem 5.1. Let Ψ : (TN, hS)→ (TM, φ̃, gBS) be a the tangent map of the map
ψ : (Nn, h) −→ (M2k, φ, g), then the tension field τ(Ψ) of ψ is given by

τ(Ψ) =
[
τ(ψ) + trgR

N (dψ(u),∇dψ(u, ∗))dψ(∗)
]H

+
[
div(∇dψ)(u)

+
δ2

1 + αδ2
trg

(
g(∇dψ(u, ∗), φ∇dψ(u, ∗)) + g(dψ(∗), φdψ(∗)))

)
φdψ(u)

]V
.

Proof. Let (ψ(x), dψ(y)) ∈ TN , and {eHi , fVi }mi=1 be a local orthonormal frame on
TM such that (∇eiei)x = 0 then by summing over i, we have

τ(Ψ) =∇Ψ
eHi
dΨ(eHi )− dΨ(∇̂eHi e

H
i ) +∇Ψ

eVi
dΨ(eVi )− dΨ(∇̂eVi e

V
i )

=∇̃dΨ(eHi )dΨ(eHi )− dΨ(∇̂eHi e
H
i ) + ∇̃dΨ(eVi )dΨ(eVi )− dΨ(∇̂eVi e

V
i ).

From Proposition 2.1 and Proposition 2.2 , we have

τ(Ψ) =∇̃dψ(ei)H+(∇dψ(u,ei))V [dψ(ei)
H + (∇dψ(u, ei))

V ] + ∇̃dψ(ei)V dψ(ei)
V

=(∇dψ(ei)dψ(ei))
H + (R(dψ(u),∇dψ(u, ei))dψ(ei))

H − (dψ(∇eiei))H

+ (∇dψ(ei)∇dψ(u, ei))
V − (∇dψ(u,∇eiei))V

+
δ2

1 + δ2α

[
g(∇dψ(u, ei), φ∇dψ(u, ei))φdψ(u) + g(dψ(ei), φdψ(ei))φdψ(u)

]V
=
[
τ(ψ) + (R(dψ(u),∇dψ(u, ei))dψ(ei))

]H
−
[
div(∇dψ)

+
δ2

1 + δ2α

(
g(∇dψ(u, ei), φ∇dψ(u, ei)) + g(dψ(ei), φdψ(ei))

)
φdψ(u)

]V
.

�

Theorem 5.2. Let Ψ : (TN, hS)→ (TM, φ̃, gBS) be a the tangent map of the map
ψ : (Nn, h) −→ (M2k, φ, g), then Ψ is harmonic if and only if the following conditions
are verified

0 = τ(ψ) + trhR
N (dψ(u),∇dψ(u, ∗))dψ(∗),

0 = div(∇dψ)(u) + trg

(
g(∇dψ(u, ∗), φ∇dψ(u, ∗)) + g(dψ(∗), φdψ(∗)))

)
φdψ(u).

Corollary 5.1. Let Ψ : (TN, hS)→ (TM, φ̃, gBS) be a the tangent map of the map
ψ : (Nn, h) −→ (M2k, φ, g), if ψ is totally geodesic then Ψ is harmonic if and only if

trgg(dψ(∗), φdψ(∗)) = 0.

Lemma 5.1. Let Ψ : (TN, hS)→ (TM, φ̃, gBS) be a the tangent map of the map
ψ : (Nn, h) −→ (M2k, φ, g), then the then the energy density associated to Ψ is given
by

e(Ψ) = 2e(ψ) +
1

2
trg|∇dψ(u, ∗)|2 +

δ2

2
(g2(∇dψ(u, ∗), φdψ(u)) + g2(dψ(∗), φdψ(u))).

(14)

Proof. Let (x, u) ∈ TM and let {ei}2ki=1, such that e1 =
u

‖u‖
is an orthonormal basis

of TM at x. Then
{
eHi , e

V
i , i = 1...n

}
is an orthonormal basis of T(x,u)TN at (x, u)
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such that (∇eiei)x = 0. Then by summing over i, we have:

e(Ψ) =
1

2

[
gBS(dΨ(eHi ), dΨ(eHi )) + gBS(dΨ(eVi ), dΨ(eVi ))

]
=

1

2

[
gBS(dψ(ei)

H , dψ(ei)
H) + gBS(∇dψ(u, ei)

V ,∇dψ(u, ei)
V )

+ gBS(dψ(ei)
V , dψ(ei)

V )
]
.

From Definition 2.2, we have

e(Ψ) = 2e(ψ) +
1

2
trg|∇dψ(u, ∗)|2 +

δ2

2
(g2(∇dψ(u, ei), φdψ(u)) + g2(dψ(ei), φdψ(u))).

�

Theorem 5.3. Let TN be a compact tangent bundle and Ψ : (TN, hS)→ (TM, φ̃, gBS)
be a the tangent map of the map ψ : (Nn, h) −→: (M2k, φ, g), then Ψ is harmonic if
and only if ψ is totally geodesic and

trgg(dψ(∗), φdψ(∗)) = 0.

Proof. If ψ is totally geodesic and trgg(dψ(∗), φdψ(∗)) = 0 from Corollary5.1, we
deduce that Ψ is harmonic. Inversely.
Let ω : I ×N −→M be a smooth map satisfying for all t ∈ I = (−ε, ε), ε > 0 and all
x ∈ N

ω(t, x) = ψt(x) = (1 + t)ψ(x),

and

ω(0, x) = ψ(x).

The variation vector field v ∈ Γ(ψ−1TM) associated to the variation {ψt}t∈I is given
for all x ∈ N by

v(x) = d(0,x)ω(
d

dt
),

From Lemma 5.1, we have

e(Ψt) = 2e(ψ) +
(1 + t)2

2
trg|∇dψ(u, ∗)|2 +

δ2(1 + t)2

2
(g2(∇dψ(u, ei), φdψ(u))

+ (1 + t)2g2(dψ(ei), φdψ(u))).

If Ψ is a critical point of the energy functional, from equation 2, we have

d

dt
E(φt)t=0 =0

=

∫
TN

2e(ψ) + trg|∇dψ(u, ∗)|2 +
δ2

2
(g2(∇dψ(u, ei), φdψ(u))

+ g2(dψ(ei), φdψ(u))) = 0.

If Ψ is harmonic hence ∇dψ = 0. �
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6. Biharmonic identity map I : (TM, gS) −→ (TM, φ̃, gBS)

Now we investigate the harmonicity of the Berger type deformed Sasaki metric gBS

and the Sasaki metric gS with respect to each other. By using the Levi-Civita con-
nection of these metrics we state the following two propositions (for the Levi-Civita
connection of the Sasaki metric see [20]).

Proposition 6.1. Let (M2k, φ, g) be an anti-paraKähler manifold and TM its tan-
gent bundle equipped with the Berger type deformed Sasaki metric gBS and the

paracomplex structure φ̃. Suppose that I : (TM, gS) −→ (TM, φ̃, gBS) is the identity
map. Then the tension field τ(I) of I is given by

τ(I) = trg

( δ2

1 + αδ2
g(∗, φ(∗))(φ(u))V

)
(15)

Theorem 6.1. Let (M2k, φ, g) be an anti-paraKähler manifold and TM its tangent
bundle equipped with the Berger type deformed Sasaki metric gBS and the paracom-

plex structure φ̃. Suppose that TM is a compact tangent bundle, then the identity

map I : (TM, gS) −→ (TM, φ̃, gBS) is biharmonic if and only if is hrarmonic.

Proof. Let It be a compactly supported variation of τ(I) defined by τ(It) = (1+t)τ(I).

E2(τ(I)t) =
1

2

∫
|τ(It)|2gBSvg

=
1

2

∫
g(τ(It), τ(It))vg +

δ2

2

∫
g(τ(It), φ(u))vg

=
(1 + t)2

2

∫
g(τ(I), τ(I)))vg +

δ2(1 + t)2

2

∫
(g(τ(I), φ(u))2vg

then

0 =
d

dt
E2(τ(I)t)t=0 =

∫
g(τ(I), τ(I)))vg +

∫
(g(τ(I), φ(u))2vg

then, we have

τ(I) = 0.

�

Theorem 6.2. Let (M2k, φ, g) be an anti-paraKähler manifold and TM its tangent
bundle equipped with the Berger type deformed Sasaki metric gBS and the paracom-

plex structure φ̃. Then the bitension field τ2(I) of I is given by

τ2(I)(x,u) =
{
trg

(
− 3

2
(∇∗R)(u, τ(I)) ∗

)}H
(x,u)

+
{
trg

(
4(τ(I))

+
( δ2

1 + αδ2

)2

g(τ(I), u)g(∗, φ(∗))φ(u)
)}V

(x,u)

where ∆(τ(I)) = trg(∇2
∗τ(I)).



410 A. MEDJADJ, H. EL HENDI, AND L. BELARBI

Proof. Let (x, u) ∈ TM and {eHi , eHi }2ki=1 be a local orthonormal frame on TM such
that (∇eiei)x = 0. Then by summing over i, we have:

trgS (∇2τ(I))(x,u) =
{
∇IeHi ∇

I
eHi
τ(I)

}
(x,u)

+
{
∇IeVi ∇

I
eVi
τ(I)

}
(x,u)

−
{
∇I∇S

eH
i

eHi
τ(I)

}
(x,u)

−
{
∇I∇S

eV
i

eVi
τ(I)

}
(x,u)

From Theorem 7.1, we have

trgS (∇2τ(I))(x,u) =
{
∇ei∇eiτ(I)

}V
(x,u)

+
( δ2

1 + αδ2

)2{
g(ei, φ(τ(I))g(ei, u)φ(u)

}V
(x,u)

On the other hand, we have

trgS (R(τ(I), dI)dI)(x,u) =R(τ(I), eHi )eHi )(x,u) +R(τ(I), eVi )eVi )(x,u)

From Theorem 2.2, we have

trgS (R(τ(I), dI)dI)(x,u) =
{
− 3

2
(∇eiR)(u, τ(I))ei

}H
(x,u)

+
( δ2

1 + αδ2

)2{
(g(τ(I), u)g(ei, φ(ei))

− g(ei, u)g(τ(I), φ(ei)))φ(u)
}V

(x,u)

Considering the formula (9), we deduce

τ2(I)(x,u) =
{
− 3

2
(∇eiR)(u, τ(I))ei

}H
(x,u)

+
{
4(τ(I))

+
{( δ2

1 + αδ2

)2

g(τ(I), u)g(ei, φ(ei))φ(u)
}V

(x,u)

�

From Theorem 5.3, we have

Theorem 6.3. Let (TM, φ̃, gBS) be a anti-paraKähler manifold. Then the identity

map I : (TM, gS) −→ (TM, φ̃, gBS) is biharmonic if and only if

4(τ(I)) +
( δ2

1 + αδ2

)2

g(τ(I), u)g(∗, φ(∗))φ(u) = 0.

7. Harmonicity of the map Ψ : (TM, φ̃, gBS)→ (TN, φ̃′, hBS)

In the section, we denote (M2k, φ, g) be an anti-paraKähler manifold and (TM, φ̃, gBS)
its tangent bundle equipped with the Berger type deformed Sasaki metric gBS and the

paracomplex structure φ̃, (N2k′ , φ
′, h) be an anti-paraKähler manifold and (TN, φ̃′, hBS)

its tangent bundle equipped with the Berger type deformed Sasaki metric hBS and

the paracomplex structure φ̃′.
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Theorem 7.1. Let Ψ : (TM, φ̃, gBS) → (TN, φ̃′, hBS) be a the tangent map of the
map
ψ : (M2k, φ, g) −→: (N2k′ , φ

′, h), then the tension field τ(Ψ) of ψ is given by

τ(Ψ) =
[
τ(ψ) + trhR

N (dψ(u),∇dψ(u, ∗))dψ(∗)
]H

+
[
div(∇dψ)(u)− δ2

(1 + αδ2)2
trgg(∗, φ(∗))dψ(φ(u))

]V
− δ′2

1 + α′δ′2

[ αδ2

1 + βδ2
trhh(dψ(φ(∗)), φ′(dψ(∗))

− trhh(∇dψ(u, ∗), φ′(∇dψ(u, ∗)))φ′(dψ(u))V
]V
.

Proof. Let (ψ(x), dψ(u)) ∈ TN and let {ei}2ki=1, such that e1 =
u

‖u‖
is an orthonormal

basis of TM at x. Then
{
eHi ,

1√
1 + αδ2

(φ(e1))V , (φ(ej))
V , j = 2...n

}
is an orthonor-

mal basis of T(x,u)TM at (x, u) such that (∇eiei)x = 0. Then by summing over i, we
have:

τ(Ψ) =∇Ψ
eHi
dΨ(eHi )− dΨ(∇̃eHi e

H
i ) +∇Ψ

1√
1+αδ2

φ(e1)V dΨ(
1√

1 + αδ2
φ(e1)V )

− dΨ(∇̃ 1√
1+αδ2

φ(e1)V
1√

1 + αδ2
φ(e1)V ) +∇Ψ

φ(ej)V
dΨφ(ej)

V )

− dΨ(∇̃φ(ej)V φ(ej)
V ).

From Proposition 2.2 , we have

τ(Ψ) =
[
∇ψdψ(ei) +R(dψ(u),∇dψ(u, ei))dψ(ei)

]H
+
[
div(∇dψ)(u)− δ2

(1 + αδ2)2
g(ei, φ(ei))dψ(φ(u))

]V
− δ′2

1 + α′δ′2

[ αδ2

1 + βδ2
trhh(dψ(φ(ei)), φ

′(dψ(ei))

− trhh(∇dψ(u, ei), φ
′(∇dψ(u, ei)))φ

′(dψ(u))V
]V
.

�

Theorem 7.2. Let Ψ : (TM, φ̃, gBS) → (TN, φ̃′, hBS) be a the tangent map of the
map
ψ : (M2k, φ, g) −→: (N2k′ , φ

′, h), then Ψ is harmonic if and only if the following
conditions are verified

0 = τ(ψ) + trhR
N (dψ(u),∇dψ(u, ∗))dψ(∗),

0 = div(∇dψ)(u) + trgg(∗, φ(∗)),

0 =
αδ2

1 + βδ2
trhh(dψ(φ(∗)), φ′(dψ(∗))− trhh(∇dψ(u, ∗), φ′(∇dψ(u, ∗))).
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Corollary 7.1. Let Ψ : (TM, φ̃, gBS) → (TN, φ̃′, hBS) be a the tangent map of the
map ψ : (M2k, φ, g) −→: (N2k′ , φ

′, h), if ψ is totally geodesic then Ψ is harmonic if
and only if

trgg(∗, φ(∗)) = trhh(dψ(φ(∗)), φ′(dψ(∗)) = 0.

Lemma 7.1. Let (TM, φ̃, gBS) → (TN, φ̃′, hBS) be a the tangent map of the map
ψ : (N2k′ , φ

′, h) −→ (M2k, φ, g), then the energy density associated to Ψ is given by

e(Ψ) =
1

2

[
2e(ψ) + trg||∇dψ(u, ∗)||2 + (δtrgh(∇dψ(u, ∗), φ′dψ(u)))2

+ trg||dψ(φ(∗))||2 + δ2trhh
2(dψ(φ(∗)), φ′dψ(u))

− δ2

α(1 + αδ2)

(
||dψ(φ(u))||2 + h2(dψ(φ(u)), φ′dψ(u))

)
.

Proof. Let (x, u) ∈ TM and let {ei}2ki=1, such that e1 =
u

‖u‖
is an orthonormal basis

of TM at x. Then
{
eHi ,

1√
1 + αδ2

(φ(e1))V , (φ(ej))
V , j = 2...n

}
is an orthonormal

basis of T(x,u)TM at (x, u) such that (∇eiei)x = 0. Then by summing over i, we have:

e(Ψ)(ψ(x),dψ(x)) =
1

2

[(
h(dΨ(eHi ), dΨ(eHi ))

)
+

1

1 + αδ2
h(dΨ(φ(e1)V ), dΨ(φ(e1)V ))

+

n∑
j=2

h(dΨ(φ(ej)
V ), dΨ(φ(ej)

V ))
]

=
1

2

[(∑
h(dψ(ei)

H , dψ(ei)
H) + h(∇dψ(u, ei)

V ,∇dψ(u, ei)
V )
)

+
1

1 + αδ2
h(dψ(φ(e1))V , dψ(φ(e1))V )

+

n∑
j=2

h(dψ(φ(ej))
V , dψ(φ(ej))

V )
]

=
1

2

[(
h(dψ(ei), dψ(ei)) + h(∇dψ(u, ei),∇dψ(u, ei))

)
+ (δh(∇dψ(u, ei), φ

′dψ(u)))2 +
1

1 + αδ2
h(dψ(φ(e1)), dψ(φ(e1)))

+
δ2

1 + αδ2
h2(dψ(φ(e1)), φ′dψ(u)) +

n∑
j=2

h(dψ(φ(ej)), dψ(φ(ej)))

+ (δh(dψ(φ(ej)), φ
′dψ(u)))2

]
=

1

2

[
2e(ψ) + trh||∇dψ(u, ∗)||2 + (δh(∇dψ(u, ei), φ

′dψ(u)))2

+
1

1 + αδ2

(
h(dψ(φ(e1)), dψ(φ(e1))) + (δh(dψ(φ(e1)), φ′dψ(u)))2

)
+ h(dψ(φ(ei)), dψ(φ(ei)))− h(dψ(φ(e1)), dψ(φ(e1)))

+ δ2h2(dψ(φ(ei)), φ
′dψ(u))− δ2h2(dψ(φ(e1)), φ′dψ(u))

]
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=
1

2

[
2e(ψ) + trg||∇dψ(u, ∗)||2 + (δh(∇dψ(u, ei), φ

′dψ(u)))2

+ ||dψ(φ(ei))||2 + δ2h2(dψ(φ(ei)), φ
′dψ(u))

− δ2

α(1 + αδ2)

(
||dψ(φ(u))||2 + h2(dψ(φ(u)), φ′dψ(u))

)
.

�

Theorem 7.3. Let TN be a compact tangent bundle and Ψ : (TM, φ̃, gBS) →
(TN, φ̃′, hBS) be a the tangent map of the map ψ : (M2k, φ, g) −→ (N2n, φ

′, h), then
Ψ is harmonic if and only if ψ is totally geodesic and

trgg(dψ(∗), φdψ(∗)) = trhh(dψ(φ(∗)), φ′(dψ(∗))) = 0.

Proof. If ψ is totally geodesic and trgg(dψ(∗), φdψ(∗)) = 0 from Corollary 7.1, we
deduce that Ψ is harmonic. Inversely:
Let ω : I ×M −→ N be a smooth map satisfying for all t ∈ I = (−ε, ε), ε > 0 and all
x ∈M

ω(t, x) = ψt(x) = (1 + t)ψ(x),

and

ω(0, x) = ψ(x).

The variation vector field v ∈ Γ(ψ−1TN) associated to the variation {ψt}t∈I is given
for all x ∈ N by

v(x) = d(0,x)ω(
d

dt
),

From Lemma 7.1, we have

e(Ψ) =
1

2

[
2e(ψ) + (1 + t)2trg||∇dψ(u, ∗)||2 + (1 + t)2(δtrgh(∇dψ(u, ∗), φ′dψ(u)))2

+ (1 + t)2trg||dψ(φ(∗))||2 + δ2(1 + t)2trgh
2(dψ(φ(∗)), φ′dψ(u))

− δ2(1 + t)2

α(1 + αδ2)

(
||dψ(φ(u))||2 + h2(dψ(φ(u)), φ′dψ(u))

)
.

If Ψ is a critical point of the energy functional, from equation (2), we have

d

dt
E(φt)t=0 = 0

=

∫
TM

1

2

[
2e(ψ) + 2trg||∇dψ(u, ∗)||2 + 2trg(δh(∇dψ(u, ∗), φ′dψ(u)))2

+ 2trg||dψ(φ(∗))||2 + δ22trgh
2(dψ(φ(∗)), φ′dψ(u))

− δ22

α(1 + αδ2)

(
||dψ(φ(u))||2 + 2h2(dψ(φ(u)), φ′dψ(u))

)]
dvgBS = 0.

If Ψ is harmonic hence ∇dψ = 0. �
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8. Conclusion

In this research we studied the harmonicity of the map Ψ : (TM, φ̃, gBS)→ (TN, hS)
and find conditions under which it is totally geodesic and we get the following results.

Firstly the identity map I : (TM, gS) −→ (TM, φ̃, gBS) is biharmonic if and only if

is harmonic. Secondly the identity map I : (TM, φ̃, gBS) −→ (TM, gS) is biharmonic
if and only if

∆(τ(I)) = 0 and trg(R(u,∇∗τ(I))∗) = 0.
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