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ABSTRACT. In this paper, we introduce a new notion of stability, namely generalized practical
h—stability. Both generalized practical h—stability and generalized input-to-state practical
h—stability are considered. Under Lyapunov techniques, some sufficient conditions are given
which guarantee generalized practical h—stability of fuzzy differential equations. The gener-
alized practical h—stability analysis is also accomplished with the help of the scalar h—stable
functions.

2020 Mathematics Subject Classification. Primary 34A07; 34D99 Secondary 34D20.
Key words and phrases. Fuzzy systems, h—stability, Practical h—stability, stable function,
input-to-state practical h—stability.

1. Introduction

In the mathematical modeling theory of real world phenomena, we essentially en-
counter two inconveniences. The first is due to the excessive complexity of the model.
As for the second is du to the indeterminacy caused by our inability to differentiate
events in a real situation exactly, and therefore to define instrumental notions in pre-
cise form. The development of new fields such as robotics, general systems theory,
language theory and artificial intelligence, force us to engage in the specification of
imprecise notions. One of the tools which makes it possible to describe vague notions
and manipulations with them is the modified set theory known as fuzzy set theory,
which is initiated in 1965 by L. A. Zadeh. In this context, we recall that the theory
of fuzzy sets is simple and natural. A fuzzy set is simply a function of a set in a
lattice or as a special case, into the interval [0, 1]. Using this theory, mathematicians
are able to model the meaning of vague notions and also certain types of human rea-
soning. Since the 1970s, fuzzy set theory and its applications have been developed
very intensively and there are several papers and books that deal with these aspects.
In this context, we recall that fuzzy differential equations are very powerful tools for
modeling uncertainties and for processing vague or subjective information in many
mathematical models. In addition they have been applied to a huge variety of real-
world problems, for example, the engineering applications [3], quantum optics and
gravity [7] , medicine [1] and golden mean [3].

In the recent years, the theory of practical stability has been developed very inten-
sively and attracts much attention. The first who proposed the concept of practical
stability are LaSalle and Lefschetz in 1961 [16]. In this context, Lakshmikantham et al.
presented a systematic study of practical stability in 1990. Since 1987, many authors
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have initiated the study of fuzzy differential equations [3, 6, 11, 12, 14, 15, 23, 26, 27].
In [23], sufficient conditions, in terms of Lyapunov-Like functions are given to guaran-
tee the practical stability, the boundedness and Lagrange stability of fuzzy differential
systems which unifies the Lyapunov’s second method. Moreover, in [26] practical sta-
bility of fuzzy differential equations with the second type of Hukuhara derivative are
considered. The practical stability of a class of uncertain T-S fuzzy systems is also
investigated in [27]. Sufficient condition for practical stability of dynamic systems is
presented and a controller design method for uncertain T-S fuzzy systems is derived.

Recently, the problem of practical h—stability [9], which in turn, is a generalization
of the concept of h—stability [18], has been thoroughly investigated. This notion of
stability is introduced with the intention of obtaining results about practical stability
for a weakly practically stable system under some perturbations. In addition, it
generalizes several types of known stabilities, namely practical stability, practical
Lipschitz stability, practical exponential stability and practical asymptotic stability
(see [9]).

On the other hand, we recall that the problems of practical asymptotic stability
and input to state practical stability of nonlinear time varying systems attracted
the attention of several well-known and famous authors [4, 5, 10, 17, 19, 20, 21], in
particular Andrew R. Teel and Laurent Praly [22]. In the work [22] an interesting fact
about functions of type L is proved. More precisely, they proved a lemma involving
KL functions which does not seem to have been noticed in the literature, and which
is of independent interest.

Motivated by the existing literature on practical asymptotic stability, practical
h—stability and input-to-state practical stability, the main contribution of the paper
is to introduce and study a new notion of practical stability called generalized prac-
tical h—stability. That is, we will extend the study of practical asymptotic stability
and input-to-state practical stability to a variety of reasonable systems when sta-
bilities weaker than those given by practical asymptotic stability and input-to-state
practical stability. For this purpose, we use Lyapunov theory to obtain necessary con-
ditions to ensure the generalized practical h—stability and generalized input-to state
practical h—stability of nonlinear fuzzy systems with control. Another approach to
study generalized practical h—stability analysis is accomplished with the help of the
scalar h—stable functions which generalizes the notion of scalar stable functions in-
troduced by [25]. The remainder of this paper is organized as follows: In section 2,
basic definitions and some preliminary results about practical asymptotic stability
and input-to-state practical stability are presented. In subsection 3.1 of section 3,
some sufficient conditions are given, to prove the main theorem about the generalized
practical h—stability of nonlinear fuzzy system with v = 0. However, in subsection
3.2 of section 3 we establishes the problems of generalized input-to-state practical
h—stability analysis and generalized integral input-to-state practical h—stability for
nonlinear fuzzy system with control u € £ (Ry) not necessarily zero. Finally, in
section 4 the conclusion is given.
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2. Definitions, notations and hypotheses

Let 2 € R™ and A a nonempty subset of the space R™. The distance d(z, A) from x
to A is defined by the following formula

d(z, A) = inf{||lx — a||,a € A}

with [|.|| denotes a norm in R™. Now, for two nonempty subsets A and B of R", we
define the Hausdorff separation of B from A given the formula

dp[A, B] = sup{d(a, B),a € A}.

In general, dy[A, B] # dg|B, Al.
Throughout this paper K.(R™) denote the family of all nonempty, compact, convex
subsets of R™. Let D[A, B] be the Hausdorff distance between the sets A, B € K.(R™)

D[A, B] = max{dy[A, B, dg[B, A]}.

Let I = [to,to+a], to € R4 and a > 0 and E™ be the set of all functions @ : R™ — [0.1]
such that 4 satisfies the following properties

i): @ is normal, that is, there exists an xy € R"™ such that @(zg) = 1;

ii): @ is fuzzy convex, that is, for z,y € R" and 0 < A < 1;

a(Az + (1= Ay = min{a(z), a(y)};
iii): w is upper semicontinuous;
iv): [@]° = {z € R";a(z) > 0} is compact.
For 0 < a < 1, we denote [a]* = {z € R™";4(x) > a}. Taking into account the

conditions i)-iv), the a—sets [4]* € K.(R") for a € [0,1]. For addition and scalar
multiplication in fuzzy set space E™,we have

[a+ 0]% = [a]* + [0]* and [Aa]* = A[a]®, 4,0 € E", A€ R and « € [0,1].

According to the definition of the Hausdorff distance between the sets A, B €

K.(R"™), we define the metric function Dy : E™ x E™ — R, by
Dola, o] = sup DI[a]*, [5]°].
0<a<1

It follows that (E™, Dy) is a complete metric space. We recall that the metric Dy
satisfies the following properties

(P1): Dylu + w,v + w] = Dylu, 9] and Dyla, 0] = Do[v, a], for all 4,0, w € E™.

(P2): Do[A@, AD] = |\|Do[@, ], for all 4,0 € E™ and X € R.

(P3): Dylu,v] < Dyla, w] + Dolw, 0], for all 4,v,w € E™.
Let @, v,w € E™. If the relation @& = © + w is satisfies, then w is called the Hukuhara
difference of 4 and ¥ and is denoted by @ © v. Generally, we have 4 © 0 # @ + (—1)0

Definition 2.1. A mapping F : [ — E" is differentiable at ¢ € I, if there exists a
Dy F(t) € E™ such that the limits

i FEEMOFER) o
h—0+ h h—0+

F(t)© F(t — h)
— (1)

exist and are equal to Dy F(t). The above limits are taken in the metric space
(E™, Dg) and at the boundary points we consider only the one-sided derivatives.
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Consider the following non-linear time-varying fuzzy system
Dya(t) = f(t z(t),u) (2)
where f € C(Ry x E™ X EP,E™), x € E™ the state and u € EP is the control. Along
this paper, we define the function 0 € E™ as follows
A _ 1, lf s = ORn
0(s) = { 0, if s % Ogn
Notation. Throughout this paper, we use the following notation
(1) The solution of system (2) passing through the point (¢, z9) € R4 x E™, is de-
noted by (¢, tg, xo) or simply x(¢) which satisfies x(¢o, to, o) = xo. We suppose
that for all initial condition (tg,xg) there exists a unique solution x(t, ¢, z¢) of
(2) and defined for all ¢ > tg.
(2) If £: Ry — E™, we use
I€lljz0,0 = sup Dol€(7), 0]

TE[to,t]

to denote the truncation of the norm of £ at ¢.
(3) we denote

o) ={¢: Ry — B sup Dole(7),0] < .

)
)
6) HCBy = {h :Ry — R ;his a continuous, bounded and positive function}
) For § > 0, Bs denotes the closed ball of E™ centered at zero, i.e.,

Bs = {u € E™: Dy, 0] < 5}.
For readers convenience, some definitions are given in the following.

Definition 2.2. Consider a continuous function V' : Ry x E™ — R. The function
V' is said to be globally Lipschitzian with respect to variable z if there exists L > 0
such that

|V (t,z) — V(t,y)| < LDg[z,y] for all t € R4 and z,y € E™.

Definition 2.3. Let V € C(R4 x E™, R, ) be a Lyapunov-like function.
(1) The fuzzy Dini derivative DTV5)(t,z) of V is defined as follows

DTV (t, z) = limsup 1 [V(E+6z+6f(txu))—V(tz)], (t,z) € Ry x E".
5—0+ O

If u = 0, the fuzzy Dini derivative D¥V{5)(t,z) is denoted D* V(5 (t, x)‘ L

(2) If z(t) is a solution of (2), we define the upper right-hand derivative of V (¢, z(t))
we denote by DYV (¢, x(t)) , i.e.,
1
Dt Vo) (t,2(t)) =limsup = [V(t + 6,z(t +6)) — V (¢, z(1))]. (3)
6—0+ 4
If () is a solution of (2) with u = 0, the upper right-hand derivative of V (¢, z(t))
is denote by
D Vio)(t, (1))

u=0
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Note that if V(¢,z) is a Lipschitzian function with respect to z, then we have
DYV (t,x(t)) < D Vo (t, x). (4)

Definition 2.4. [13] A scalar continuous function « : [0,a) — R is said to be of
class K (a € K) if it is strictly increasing and a(0) = 0. It is said to belong to class
Koo (o € Ko) if it defined for all r > 0 and «a(r) — +oo as r — 4o0.

Definition 2.5. [13] A scalar continuous function g : [0,a) x Ry — Ry is said to
belong to class KL (8 € KL) if, for each s > 0 the mapping 3(r, s) belongs to class K
with respect to r and, for each fixed r, the mapping S(r, s) is decreasing with respect
to s and B(r,s) — 0 as s — +o0.

We begin by recalling the definition of the notion of practical asymptotic stability of
the fuzzy system (2).

Definition 2.6. [5] The non-linear time-varying fuzzy system (2) is said to be

(1) uniformly practically asymptotically stable (UPAS) if there exist 8 € K, a
positive constant ¢, independent of ¢y and § > 0, such that with the control
u=0,

Dolz(t),0] < B(Do[x(to), 0], ¢ — to) 6,5t > o, ¥ Dola(to),0] <c.  (5)

If § = 0, the system (2) is said uniformly asymptotically stable (UAS)(see [13]).

(2) globally uniformly practically asymptotically stable (GUPAS) if and only if in-
equality (5) is satisfied for any initial state x(tg) € E™. If § = 0, the system (2)
is said globally uniformly asymptotically stable (GUAS) (see [13]).

Now, let’s recall the notion of input-to-state practical stability of the fuzzy system
(2).
Definition 2.7. [17] The non-linear time-varying fuzzy system (2) is said to be
(1) input-to-state practically stable (ISPS) if there exist «, 0,7 € Ko such that, for
any bounded input u € L% (R)

Dofa(t), 0] < B(Dola(to), 01, — to ) + ([l o) + 6. (6)

If 6 = 0, the system (2) is said input-to-state stable (ISS) (see [20]).
(2) integral input-to-state practically stable (i[SPS) if there exist «, 0,7v1,72 € Koo
such that,

Dofe(t).0] < 8(Dola(to). 0t~ to) + ( [ a(Dofu(s). 0)ds) +5. (1)

to
If 6 = 0, the system (2) is said integral input-to-state stable (i[SS) (see [21]).

In this article, the main objective is to generalize the notions of practical asymptotic
stability and input to state practical stability. More precisely, we will introduce other
types of stabilities in order to obtain results on the stability of a weakly PAS system
and a weakly ISPS system. The origin of this generalization is due to the following
lemma.

Lemma 2.1. [22] For each class—ICL function § and each number A > 0, there exist
functions &1 € Koo and &g € Koo such that &y is locally Lipschitz and

a1(B(r,s)) < ag(r)e VY (r,s) € Ry x Ry. (8)
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The result given by Lemma 2.1 shows that any class—/KL function 8(r, s) can always
be upper bounded by a continuous class—/CL function of the form dfl <d2(r)e_)‘s)

even if we assume minimal continuity properties for the function 3.

Remark 2.1. By Lemma 2.1, it should be noted that for each class—KL function
and each number A > 0, there exist functions a1, as € K4 and a continuous, bounded
function hg : R4 — R such that

ﬁ(Do[x(to),O},t _ to) < dl_l(dg(DO[x(to),0])h0(t)h51(t0)>, t>to >0, 2(ty) € E"
9)

where ho(s) = e, s € R,.

On the basis of the last inequality (9), we introduce a new notion of stability which
generalizes those cited above of this paper. For this fact let consider a continuous,
bounded and positive function h € HCB,. We beginning by defining the notion of
generalized practical h—stability.

Definition 2.8. The non-linear time-varying fuzzy system (2) is said to be
(1) generalized practically h—stable (gPhS) if there exist a, 0,7 € Ko such that,
with the control u =0, for all t > t; > 0

Dola(t),0] < a( K (to)o(Dola(to), O)h(t)(to) ") +

where K (tg) > 1. If 6 = 0, the system (2) is said generalized h—stable (ghS). If
there exist a constant M > 0 such that «(r) < Mr and o(r) < Mr, the system
(2) is said practically h—stable (PhS)(see [9] ).

(2) generalized practically uniformly h—stable (gPUAS) if there exist «, 0,7 € K
such that, with the control u = 0,

Do[z(t),0] < a(a(Do[x(t0)7()])h(t)h(to)—l) s

If § = 0, the system (2) is said generalized uniformly h—stable. If there exist a
constant M > 0 such that a(r) < Mr and o(r) < Mr, the system (2) is said
uniformly practically h—stable (see [9] ).

Now, we define the notion of generalized input-to-state practical h—stability.

Definition 2.9. The non-linear time-varying fuzzy system (2) is said to be
(1) generalized input-to-state practically h—stable (gISPAS) if there exist a, 0,y €
Ko such that, for any u € £ (R4)

Dofa(t),0] < (K (to)o (Dol (to), 0DAER(t0) ™) + 8+ (ullus.0)

where K(tg) > 1. If § = 0, the system (2) is said generalized input-to-state
h—stable (gIShS). If there exist a constant M > 0 such that a(r) < Mr and
o(r) < Mr, the system (2) is said input-to-state practically h—stable (ISPhS).

(2) generalized input-to-state uniformly practically h—stable (gISUPAS) if there ex-
ist o, 0,7 € K& such that, for any u € L (Ry)

Dofa(t), 0] < a (o (Dola(to), 0)R(DA(t) ) +6 +7(|ullrp.)-
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If 6 = 0, the system (2) is said generalized input-to-state uniformly h—stable
(gISUAS). If there exist a constant M > 0 such that o(r) < Mr and o(r) < Mr,
the system (2) is said input-to-state uniformly practically h—stable (ISUPAS).

Definition 2.10. The non-linear time-varying fuzzy system (2) is said to be
(1) generalized integral input-to-state practically h—stable (giISPAS) if there exist
a,0,71,72 € Koo such that, for any u € L2 (R4)

t
Dofa(t). 0] < (K (ta)o(Dof(to), 0)h(0)h(to) ) +5-+ 2 ( [ ralDolu(s),0)ds)
to
where K (tg) > 1. If § = 0, the system (2) is said generalized integral input-to-
state h—stable (giIShS). If there exist a constant M > 0 such that a(r) < Mr
and o(r) < Mr, the system (2) is said integral input-to-state practically h—stable
(iISPhS).
(2) generalized integral input-to-state uniformly practically h—stable (gilSUPAS) if
there exist «, 0,71,72 € Koo such that, for any u € L2 (R4)

Dofa(t), 0] < a(o(Dow(to), 0])h(t)h(te) ") + 5+71(/t 72(Dolu(s), 0))ds ).

If & = 0, the system (2) is said generalized integral input-to-state uniformly
h—stable (giISUAS). If there exist a constant M > 0 such that a(r) < Mr and
o(r) < Mr, the system (2) is said integral input-to-state uniformly practically
h—stable (iISUPAS).

Remark 2.2. Note that, if the system (2) is PAS (resp; ISPS, i[SPS) then it is gPhS
(resp; gISPhS, ¢iISPhS). However, the converse is false and this leads us to extend
the notion of practical asymptotic stability (resp; input-to-state practical stability) to
a variety of reasonable systems with stabilities weaker than those given by practical
asymptotic stability. Hence, the notion of generalized practical h—stability (resp;
generalized input-to-state practical h—stability) is of significant practical importance
but never investigated.

Next, we introduce the concept of h—stable functions which generalizes the notion
of stable function introduced by [24].
Consider the following scalar linear time-varying (LTV) system:

w(t) = p(t)w(t) (10)
where w : Ry — R is the state variable and p € PC[Ry,R]. The general solution
of system (10) is of the form

w(t) = w(to)¥(t,to), t >to >0
with W(t, to) is state transition matrix for system (10) given by
U(t ty) = exp (/tu(s)ds), >ty > 0. (11)
to

Definition 2.11. The scalar function p is said to be
(1) h—stable if the scalar (LTV) system (10) is h—stable, namely, for all ¢y > 0 there
exist constant k(tp) > 1 such that

w(t)] < k(to)lw(to) | R(t)h (o), t > to > 0 (12)
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(2) uniformly h—stable if the scalar (LTV) system (10) is uniformly h—stable, namely,
the constant k(tg) > 1 in (12) is independent of t.

Remark 2.3. In Definition 2.11, for some special cases of h, the notion of h—stable
functions coincides with the notion of stable functions. More precisely,
i): if h(t) = e~ for positive constant )\, then the scalar function y is exponentially

stable (see [24]).
ii): if h(t) is a strictly decreasing function such that tgnﬁ h(t) = 0T, then the

scalar function p is asymptotically stable (see [24]).

The following proposition gives a characterization of the h—stability of a scalar
function p € PC[R4, R], whose the proof is obvious.

Proposition 2.2. The scalar function p € PC[R4, R] is
i): h—stable if and only if for all tg > 0, there exists ((to) € Ry such that

t

[ nleds <m(h(0) - nh(te)) + Clto), 12 1020 (13)

to

ii): wniformly h—stable if and only if (13) is satisfied, where ((tg) = ¢ is indepen-
dent of tg.

Remark 2.4. The h—stability characterization given by Proposition 2.2 is a gener-
alization of that given by Lemma 1, [25]
i): if h(t) = e~ for positive constant ), then (13) becomes

t
/ p(s)ds < =Mt —to) +¢(to), t>t >0

to

and we obtain the necessary and sufficient condition of exponential stability of

the scalar function p (see [24], [25]).
ii): if h(¢) is a strictly decreasing function such that . hqu h(t) = 0", then from
—+o00
(13) we get

t
i [ wtoyds = oo
which is equivalent to saying that the scalar function p is asymptotically stable

(see [24], [25]).

The following lemmas will also be required in the investigations of our results of
the paper.

Lemma 2.3. [13] Consider the scalar differential equation
z= @(t72)7 Z(tO) = 20 (14)

where ¢(t,z) is continuous in t and locally Lipschitz in z, for all t > 0 and all
z € JCR. Let[to,T) (T could be infinity) be the mazimal interval of existence of
the solution z(t), and suppose z(t) € J for all t € [to,T). Let v(t) be a continuous
function whose upper right-hand derivative DV (t) satisfies the differential inequality

DFo(t) < p(t, u(t)), v(to) < 20
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with v(t) € J for allt € [to,T). Then, v(t) < z(t) for all t € [to,T). In particular,
if p(t,z) = p(t)z + q(t) where p(t) and q(t) are two continuous functions, then the
function v satisfies the inequality

t t t
u(t) < 2(t) = v(tg)elo P +/ els P (5)ds, t > .
to
Lemma 2.4. Let a,b > 0. Then, we have the following inequalities:
a): Forallp > 1, (a—&—b)% <ar +bs.
b): Forallp > 1, (a+b)P < 2P~ 1(aP 4 bP) .
Lemma 2.5. If a € K, then for all a,b > 0, we have

ala+b) < a(2a) + a(2b).
3. Main results

In this section, we assume that h € HCB is a differentiable function on R.

3.1. Sufficient conditions for generalized practical h—stability. In this sec-
tion, we give some sufficient conditions to ensure the practical h—stability of fuzzy
system (2) by using Lyapunov’s second method. First, we start by investigating the
generalized practical h—stability of the system (2) with the input control u = 0.

Theorem 3.1. Suppose there are a Lyapunov-Like function V € C(Ry x E™, R,),
0 € Ry and two class Koo functions a1, satisfying the following properties:

i): a1(Do[z,0]) < V(t,z) < as(Dg[z,0]) + 6, (t,x) € Ry x E™,

ii): D+, (t,x(t))‘uzo < %(V(t,x@)) - 5), teR,.
Then, the fuzzy system (2) with the control u = 0, is generalized practically uniformly

h—stable. Moreover, if § = 0 the fuzzy system (2) with the control u = 0, is generalized
uniformly h—stable.

Proof. Let x(t) = x(t, t, o) be the solution of system (2) through (tg, z¢) € Ry x E™.
By condition ii), we have

DJF‘/(Q) (ta ‘T(t)) < w(tvx(t))’t € R+

u=0

where

olt,2) = f,f((f)) (= 8) = p(0 + ate) with ple) = &) ate) = 67 5.

Then, by Lemma 2.3, we obtain
V(t, 2(t)) <V (to, 2(to))el 779 _ sh(t)h~(t) +
=(V(to,x(to)) — )h(t)h ™" (to) + 0
<a(Dolz(to), 0)h(t)h ™ (te) + 6.
By condition i), we get, for all ¢ > ¢
a1(Dolz(t), 0]) < V(t,(t))
< ag(Dolx(to), 0)h(t)h ™" (to) + 6.
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Consequently, by using Lemma 2.5, the solution x(t) of system (2) satisfies
Dofa(t), 0] <a7 (az(Dofa(to), 0D} (to) + )
<ai! (202(Dofa(to), )RR (1)) + a7 (20).

Then, the fuzzy system (2) with the control v = 0 is generalized uniformly practically
h—stable. If 6 = 0, the solution x(¢) satisfies

Dolz(t),0] < a7’ <2a2(D0[:1:(t0),O])h(t)h’l(to))

Then, the fuzzy system (2) with the control u = 0, is generalized uniformly h—stable.
O

Remark 3.1. In Theorem 3.1, if

(1) ai(r) = c1r?, az(r) = cor? where c1,c,p € R, then the system (2) is practi-
cally h# —stable (see [9]).

(2) h(t) = ¢, for a positive constant ¢, then the system (2) is practically stable (see

9], [2]).
(3) h(t) = e, for positive constant A\ and a;(r) = c177, az(r) = cor? where
c1,¢2,p € R, then the system (2) is practically exponentially stable (see [9],

[2)-

(4) h(t) is a strictly decreasing function such that , linﬁ h(t) = 0, then the ball
—+o0
Ba;1(2 5) is uniformly asymptotically stable on B,. More precisely, the solutions
of system (2) converge to the ball B,-1(55) of radius ot (26)
(i.e., limsup Dol (t, to, x0), 0] < a; '(26), for zo € B,) (see [9]).

t—>+o00

With the help of the notion of h—stable functions, we obtain the stability result
given by the following corollary.

Corollary 3.2. Suppose there are a Lyapunov-Like function V € C(Ry x E™,R,),
d € Ry, two class Ko functions a1, as and a scalar function p € PC[R4, R] satisfy-
ing the followinAg properties: R
i): a1(Doz,0]) < V(t,z) < ag(Do[z,0]) + 0, (t,z) € Ry x E™,
ii)s DHVe(bo)| <) (Vita(t) - 6), t € Ry
(1) If the scalar function u is h—stable, then the fuzzy system (2) with the control
u = 0, is generalized practically h—stable.
(2) If the scalar function p is uniformly h—stable, then the fuzzy system (2) with the
control uw = 0, is generalized uniformly practically h—stable.

Proof. The proof is the same as that of Theorem 3.1. If we take, h(t) = elo p(s)ds
then condition éi) of Corollary 3.2 becomes

W (t)
u=0 h(t)

Equation (15) is similar to that i) of Theorem 3.1. Then, we deduce directly that we
have

DVt 2(0))| (Vo) - 3), t e Ry (15)

Dole(1),0] < a7 (20 (Dofi(t), 0o %) 4 a7 (26). (16)
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e If the scalar function p is h—stable, then by (13), we have
RO (to) = el "% < h()h (t9)e<
and by equation (16), we obtain
< o7t (2K (to)aa(Dofa(to), 0)A()h " (t0) ) + a7 (20)

where K (tg) = e§(*0). Consequently, the fuzzy system (2) with the control u = 0,
is generalized practically h—stable.

e In the same way, if the scalar function p is uniformly h—stable, then through
(13) and (16), we obtain

Dof(t), 0] < a7 (2¢fas(Dofa(to), O])h(H)h ™ (to) ) + a7 (20)

Dola(t),0]

which means that system (2) with the control u = 0, is generalized uniformly
practically h—stable.
(|

3.2. Input-to-state practical h—stability analysis. In this part, we consider
the system (2) with a control v € L7 (R4 ) not necessarily zero. We start by giv-
ing sufficient conditions to guarantee the generalized input-to-state uniform practical
h—stability of the system (2).

Theorem 3.3. Suppose there are a Lyapunov-Like function V (t,z) € C(RyxE™ R),
0 € Ry, a class-K function p and two class Ko, functions ay,as satisfying the fol-
lowing propertigs:
i): a1(Dolx,0]) < V(t, x? as(Dolz,
if): DV (t, (1) < 5 ( (t, (1)
teR;.
Then, the non-linear time-varying fuzzy system (2) is generalized input-to-state uni-
formly practically h—stable.

OD+5( z) € Ry x B,
) = 68) if V(t,x(t)) > h(t)p(D[u(t),0]) + 4,

Proof. Let consider the Lyapunov-Like function
- h(s) g 1
W(t,z) =V (t,x)e” /o " = h(0)h™ (H)V (¢, x).

The upper right-hand derivative of W (¢, ) along the trajectories of system (2) satisfies

DWWy (t,2(t)) <[ D Vo) (t, x(t)) — };L/((tt;V(t,x(t))}h(O)hl(t),

It follows that
W (t)

D+W(2) (t,x2(t)) < o(t, W(t,z(t))) with ¢(t,z) = —dh(0) (1) (17)
Now, let consider the following inequality
V(r,(r)) 2 h(7)p(Dlu(7),0]) + 6. (18)

Two cases arise :
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i): If the inequality (18) is true for all 7 € [tg, ], then it follows from (17) and
Lemma 2.3, that

W (t, 2(t)) < W(to, z(to)) — 5h(0)/t Z;((Z)) ds = Wto, a(fo)) + M(O)(% - h(io))'
Then,
OOV (1.2(1)) < O (10)V (10 20)) + 51(0) (575 = 7 )-

Consequently, we obtain

V(t, () < az(Dolz(to), 0)A(t)h ™" (to) + 0, t > to, x(to) € E".
ii): If (18) does not hold true for almost all T € [tg, t], then the set

I = {7 € lto, ], V(r,2(r)) < h(r)p(Dlu(r),0)) + 5}
is non-empty. Denote 7 = sup .
o If 7* =1, it follows that
V(t,z(t)) = V(r*, a(r7)),
< h(r*)p(Dlu(r*), 0]) + 4,
< sup {h(s)}p( sup {Dlu(s),0]}) + 9,

S€E[to,t] s€E[to,t]
< |Allsop(llwllty,e) + 6.

o If 7 < t, then V(7,2(1)) > h(r)p(D[u(7),0]) + & for all 7 € [r*,¢]. Tt
follows from condition %), that

D+V(2) (r,z(1)) < }}LL/((:_—)) (V(T,x(T)) — 5)7 Vre|rht,

from which it follows that for all 7 € [7*, ]
V(r,z(1)) < V(r*,2(7*)h(r)h ™ (") + 6 — Sh(T)h ™ (7).
In particular, if 7 = t we have
V(t,2(t) < V(r*,2(r)h(t)h " (7*) + 6 — Sh(t)h = (7)),
= (A)p(DIu(r*),0]) + 8) AR () + 8 — Sh()h~ (),
= h(r)p(Dlu(r*), 0Dh(t)h = (7*) + 6,
< [|Pllocp(llullito, ) + 0.
By combining the two cases thus discussed above, we obtain
V(t,2(t)) < as(Dolz(to), 0) (A" (to) + [Bllscpllullity,g) + 3, t = to, z(to) € B
By Lemma 2.5, we get, for all t > tg and z(tg) € E™
Dola(1), 0] <ay ' (V(t, (1))
<ai (202(Dofa(to), DRI (t0) ) + a7 (4p(llull,0)) + a7 (49)

which shows that the non-linear time-varying fuzzy system (2) is generalized input-
to-state uniformly practically h—stable. O
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Remark 3.2. In Theorem 3.3, if § = 0, we obtain sufficient conditions to ensure the
generalized input-to-state uniform h—stability of the non-linear time-varying fuzzy
system (2).

The generalized input-to-state practical h—stability can be obtained with the help
of h— stable function.

Corollary 3.4. Suppose there are a Lyapunov-Like function V(t,z) € C(Ry X
E™" R.), 6 € Ry, a class K function p, two class Koo functions aq,as and a scalar
function p € PC[R 4, R] satisfying the following properties:
i): a1(Dolz,0)) < V(t,x) < az(Dolz,0]) + 6, (t,z) € Ry x E",
if): D Vo) (t,(8) < () (V (8, 2() = 8) if V(E,2 () = 8 8 p(Dlu(t), 0]) + 9,
teR;.
(1) If the scalar function p is h—stable, then the non-linear time-varying fuzzy system
(2) is generalized input-to-state practically h—stable.
(2) If the scalar function p is uniformly h—stable then, the non-linear time-varying
fuzzy system (2) is generalized input-to-state uniformly practically h—stable.

Proof. Let us consider the function A(t) = efo #(4s ¢ > 0. Then, we get

D* Vi (t,2(1)) < f;{f} (Vi 2(0) = 6) i V(¢ 2()) > h(E)p(Dlu(t), 0)) + 6.t € R

It is clear that the function V (¢, ) satisfies conditions i) and ii) of Theorem 3.3. Then,
by adopting the same calculation techniques used in the proof of Theorem 3.3, we
end up showing the following inequality

V(t, (t)) < aa(Dola(te), 0])eti O L eJi sy, )+ 6, t > to, a(t) € E™
e If the scalar function p is h—stable, then by Proposition 2.2, we get
V(t,x(t)) <aa(Do[z(to), 0])h(t)h " (to)et ')
H[Bllooh ™ (0)e* @ p(|[ull1.) + 6, t > to, x(to) € E"
Therefore, we get
Dofa(t), 0] <a7 (2K (to)az(Dolw(to), )RR~ (1))
a7 (4l1Allach ™ O p(lull0) ) + a7 (46). ¢ = to, w(to) € B”

with K (tg) = e¢(*). Consequently, the system (2) is generalized input-to-state
practically h—stable.
e If the function u is uniformly h—stable, then by Proposition 2.2, we get

Dofa(t), 0] <a7” (2¢aa(Dolx(to), 0)R(HA (to) ) + a7 (4l1hlloch ™ (0) (1wl 1.1
+agl (45)7 t > to, z(ty) € E™.

Then, the system (2) is generalized input-to-state uniformly practically h—stable.
O

In what remains, sufficient conditions will be established to ensure the generalized
integral input-to-state practical h—stability of system (2).
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Theorem 3.5. Suppose there are a Lyapunov-Like function V (t,z) € C(RyxE™ Ry),
0 € Ry, two class K functions w1, 7o and two class Koo functions oy, as satisfying
the following properties:

i): a1(Dolz,0)) < V(t,x) < az(Dolz,0]) + 6, (t,z) € Ry x E",

if): DV (o) < (50 +m(Dolu(®), DﬁVﬁw@D—®+ﬁ@MﬂdeﬂﬁM

teR;.

Then, the non-linear time-varying fuzzy system (2) is generalized integral input-to-
state practically h—stable.

Proof. By condition ii), we have D¥V(5)(t,2(t)) < @(t, V(t,2(t))) where

(t:2) = (e + ma(Dalul),0)) (2 = )+ K(Oyma(Dalu(t), )

Consequently, by Lemma 2.3, we obtain

V(t,2(t)) <V (to, alto))ea ™ Polu) O+ s

t ~
n / oI T (Dolu(r),0)+
to

— Sh(t) /t oJ m(Dofu(r),0))ar 1 (8) + h(é’});z()Do [U(S)ao])d
to s

WO (s)ma(Dolus), 0])ds

S

SV(tO,x(to))h(t)hil(to)ef:o 1 (Dolu(s),0])
[t m(Dofu(r))dr [F () A
+ el MO / ——=h(s)m2(Do[u(s),0])ds
to 1(s)

— 5h(t) / " o JE mDolu(n) 0)yar P (8) + h(SZLZZS()DO[“(S)’@Dd

S(QQ(DO [m(to), 0]) + 5)h(t)h71(t0)€ftt0 TI'(DO[H(S)>O])

S
to

t A t A~
kuﬁ”wwmmw/wwmmmm@

to

o e 7 mDolu(r) 0))dr 1
+6h(t)/ [f e ]ds

<a (Dol (to), ) h(t)h =L (to)elro ™(Polu(=):0)

to

t
+ [[hllooeTe ™ “W”W/ﬂwm@mmﬁw

to

t
where T = 7 V. Letting ) = ao(Dg[z(to), 0])h(t)h = (to) and fy = / 7(Dolu(r),0])dr.
to
By using the inequality V 21,22 € Ry, 2z1€®2 = 21+21(e2—1) < 21+ %z%—i—%(e” —

1)2 we obtain V (¢, z(t)) < & (61) 4+ &2(02) + 6, Vit > to with & (r) =r + g € Koo and
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&(r) = 3(e" = 1)? + ||h]wore” € Kso. By condition i), we have
a1 (Do[x(t),0]) <V (¢, z(t),
<&u(61) +&2(62)) + 0,

<ay(Do[z(to), 0]) ()" (to) + %ag(DO[x(tO),0])h2(t)h_2(t0)

6 / w(Dolu(r), 0))dr)) + 5,

to
[172]]
2h(to)

<[aa(Dole(to) 0]) + o5 03 (Dole(ta), )| (1A (t0)

N / 7(Dolu(r), 8])dr)) + 6,

to
[172]] 0

<max{l, 17 5} aa(Dole(to),0)) + S 03(Duole(to), 0)| ()" ro)

+ 52(/ 7(Do[u(r),0])dr)) + 0,

where K (o) = 1= — max{1, ”h}z!g;’} > 1. By Lemma 2.5, we get

Dola(t),0] < (2K (to)&1 (Dola(to), ) h(t)h " (to)

+ o (160 [ 7(Dofutr), Bhar)) + a7 (19)

to

Then, the non-linear time-varying fuzzy system (2) is generalized integral input-to-
state practical h—stable. O

Remark 3.3. In Theorem 3.5, if § = 0, we obtain sufficient conditions to ensure the
generalized integral input-to-state h—stability of the non-linear time-varying fuzzy
system (2).

A similar result of generalized integral input-to-state practical h—stability is ob-
tained using the notion of h—stable functions.

Corollary 3.6. Suppose there exists a Lyapunov-Like function V(t,z) € C(R4+ X
E™" R,), § € Ry, two class Koo functions ay, as and a scalar function p € PC[R4, R]
satisfying the following properties :

i): oy (Dolz,0)) < V(t,z) < az(Dolx,0]) + 6, (t,z) € Ry x E”,

i): DV (1,2(0)) < (ju(0)+ma (Do), ) ) (V (6 2(6)) 8-+ V0 my (Do ), 0],

teRy.

If the scalar function p is h—stable, then the non-linear time-varying fuzzy system (2)
is generalized integral input-to-state practically h—stable.
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Proof. Let consider the function A(t) = efo #(=)4s_ Tt’s easy too see that condition i)
of Corollary 3.6 becomes

D*Viey(t2(0) < (g3 +m2 (Dolu(8,0)) (V (1 (6))~8) +hlt)ma Dofute). ), ¢ € R

Based on the proof of Theorem 3.5, we get

V(t,z(t)) <V (to,z(to))e ffo 71 (Dou(s),0])+ h((;)))ds

t t 0 T ~
+ [ efe mDolu(m) 0D+ ce )dTﬁ(S)m(Do [u(s),0])ds

to

— Sh(1) / b It mDolu(r) 0ar 7 (5) + h(sgéfows)’ﬁ])ds

<as (DO [:E(to), 0])h(t)h_1 (to)effto w(Do[u(s),0])

t
+ h(t)e fto 7(Do[u(7),0]) ’T'/ W(Do[u(s),f)])ds—i—é
to
where m = 71 V my. If the function p is h—stable, then

R (to) = elio "% < ()1 (to)eS 1) and h(t) = efo M9 < p(£)R~1(0)e©.
Consequently, we obtain
V(t,z(t)) <as(Dolz(to), 0))h(t)h~ (ty)est) i T(Polu(),0)
t A t ~
+ h(t)h=1(0)e8 @ eJig "(Polu(r).0)dr / 7(Do[u(s), 0])ds + &
to
<as(Dola(to), 0])h(t)h ™ (to)eS () ero ™(Polu()0D)
t A ¢ ~
+ HhHooh—l(O)eC(O)efto W(Do[u(7)70])d7—/ 7(Dolu(s),0])ds + &

to

t
If we take, 01 = a(Dolx(to), 0])h(t)h = (tg)et ) and 6, = / 7(Do[u(r),0])dr then,
t
as in the proof of Theorem 3.5, we get ’
V(t,z(t)) < ¥1(01) +2(02) +0, Vit > tg

with
2

vi(r) =71+ % € Koo and ¥o(r) = 5

Finally, the solution of system (2) satisfies
Dofa(t), 0] <o (261(61)) + a7 (402(62)) + a7 (49)
<7 (2K (o)1 (Dol (to), O ()" (t0))
a1—1(41/)2(/t ﬂ(DQ[U(T),ODdT))) + a7 t(40)

e 10
h(to

1 . )
—(e" = 1)+ }LJL)EC(O)M € Koo

where K (tp) = max{e¢(*0),
tem (2) is generalized integral mput to-state practically h—stable. O

}. Then the non-linear time-varying fuzzy sys-
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As for generalized integral input-to-state uniform practical h—stability, we have
this result given by the following Theorem.

Theorem 3.7. Suppose there are a Lyapunov-Like function V(t,x) € C(R4 xE™ R4),
0 € Ry, two class Koo functions ag,as and a class K function m satisfying the fol-
lowing properties :

i): o (Dolz,0]) < V(t,2) < az(Dolx,0]) + 0, (t,2) € Ry x E™,

ii): DV (1,2 (1)) < (h—(; 7(Dofu(), ]))( (t,2(8)) = 6) + h(®)m(Dolu(t), 0]),

teR;.

Then, the non-linear time-varying fuzzy system (2) is generalized integral input-to-
state uniformly practically h—stable.

Proof. Let z(t) = z(t,t0, x0) be the solution of system (2) through (o, z¢) € R4 x E™.
By condition ii), we have

DV (t,2(t)) < o(t,a(t)),t € Ry

where
¢(t:2) =gt~ m(Du(0,0) (= - ) + ) (Dolute). 0}
=p(t)z + q(t)
with

plt) = et = wDofu(0).0)a(6) = =3 (8 = 7(Dofu0),0) + H(Om(Dau(0), 0]

Using the same techniques of the proof of Theorem 3.5, we obtain

V(t, 2(t)) <as(Do[z(to), 0)h(t)h~ L (tg)e ™ Jro (Polu():0D)

t A ~
bl [ e 2Ty fu(s), 0)ds +
to

<an(Dolz(to), 0)h(ER ™ (t) + |1l / 7(Dolu(s), 0])ds + 6.

to

Then, by using condition i) and Lemma 2.5, we obtain, for all ¢ > t¢ and z(tg) € E™,

Dole(1), 0] <oy (202 (Dola(to). 0)h(H)h " (t0))
+ar (4l | e(Dofus). D)) + o5 (46)

Consequently, the system (2) is generalized integral input-to-state uniformly practi-
cally h—stable. O

Using the notion of h—stable functions, we have the following result.

Corollary 3.8. Suppose there exists a Lyapunov-Like function V(t,z) € C(R4 X
E™" R.), 6 € Ry, two class Koo functions aq, s, a class K function © and a scalar
function p € PC[R4, R] satisfying the following properties :
i): ai(Dofz,0)) < V(t,z) < as(Dylz,0]) + 6, (t,z) € Ry x E™,
i) D Vioy (1, 2(1)) < (ju(t)~m(Dolu(t), O) ) (V (1, 2(1))~0) e 4 Dofu(t), ),
teR,y.
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If the scalar function u is uniformly h—stable, then the non-linear time-varying fuzzy
system (2) is generalized integral input-to-state uniformly practically h—stable.

Proof. Let us consider the function A(t) = efo #(9s The proof is similar to that of
Theorem 3.7. More precisely, after having followed the same steps of calculating of
the proof of theorem 3.7, we obtain

V(t,a(t)) <as(Dola(to), 0])A(t)h " (tg)e™ Jio (Pol(r) DD

t A ~
T A(t) / e~ S T(Dolur) DT (D (), 0])ds + 6

to

—a(Dofa(to), 0]) o (I8 Jig m(Polu(r).Ohdr

t A
+ eJo ns)ds / e m(Dolulr).ONdT (Do [u(s), 0])ds + 0

to

t t t A~
<an(Dola(to), 0])elo M1 | o} ni)ds / w(Dofu(s),0))ds + 5.
to
If the function p is uniformly h—stable, then by Proposition 2.2, we get
t
V(t,z(t)) < az(Dolz(to), 0)h(t)h ™ (to)e® + h(t)h_l(O)ef/ 7(Do[u(s),0])ds + 6.
to

By condition ) and Lemma 2.5, we obtain

Dol(t), 0] gal—l(2efa2(DO[x(tO),0])h(t)h—1(to))

Al s t R
+a;1(4Mef/ W(Do[u(s),O])ds) +a1_1<4§).
h(0) ~ Ji,

Then, the non-linear time-varying fuzzy system (2) is generalized integral input-
to-state uniformly practically h—stable. O

4. Conclusion

A new concept of practical h—stability of fuzzy differential equations have been in-
vestigated in this work. Lyapunov stability of fuzzy differential equations have been
obtained by using lyapunov-like functions. This concept include generalized practical
h—stability, practical input-to-state practical h—stability and integral input-to-state
practical h—stability. The stability analysis is also achieved with the help of the
comparison principle and the concept of scalar h—stable functions.
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