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Bifurcation Analysis of a Class of Polyharmonic Semilinear
Equations with Perturbed Potential
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ABSTRACT. This paper focuses on the investigation of bifurcation phenomena in a polyhar-
monic semilinear problem, considering both the Dirichlet and Navier boundary conditions. We
explore the existence and uniqueness of positive solutions, as well as the presence of critical
values and the uniqueness of extremal solutions. Additionally, we address various bifurcation
scenarios that arise in a class of elliptic problems, and we establish the asymptotic behavior
of the solution in the vicinity of the bifurcation point.
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1. Introduction and main results

Many problems of mechanics were described by polyharmonic equations [10]. More-
over, the areas of physics and geometry where such operators occur, include the
study of the Kirchhoff plate equation in the theory of elasticity, and the study of the
Paneitz-Branson operator in conformal geometry, see [10]. Inverse spectral problems
for a potential perturbation of the polyharmonic operator were studied in [13].

The polyharmonic operator (—A)™ is the prototype of an elliptic operator of order
2m. A general theory for boundary value problems for linear elliptic operators of
order 2m was developed by Agmon-Douglis-Nirenberg in [3, 4] and Berchio-Gazzola
in [6].

Although the material is quite technical, it turns out that the LP-theory can be de-
veloped to a large extent analogously to second order equations. As long as existence,
regularity and stability results are concerned, the theory of semi-linear higher order
problems is already quite well developed. This is no longer true as soon as qualitative
properties of the solution related to the bifurcation problems are investigated.

Shang and Wang have studied in [17] the following polyharmonic problem

(=A)"u = Aa(z)|[u|92u + B(z)|u|™ "2u, z€Q, ()
u € Hi" (),

where Q is a bounded domain in R™ with n > 2m + 1, 1 < ¢ < 2, A > 0 and

*

m* = —am is the critical Sobolev exponent. The functions «, 3 are continuous
n —2m

on 2 which are somewhere positive but which may change sign on 2. By extracting

the Palais-Smale sequence in the Nehari manifold, the authors showed the existence

of multiple nontrivial solutions to problem (1). In the case a,f = 1 and ¢ = 2,
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some authors have showed the existence and nonexistence of nontrivial solutions for
the polyharmonic problem (1). In particular, when m = 1 and n > 4, Brezis and
Nirenberg have discovered [8] a remarkable phenomenon: There exists a positive

solution to (1) if and only if A € (0, )\(11)) and there is no positive solution if A > )\gl),

where /\gm) denote the first eigenvalue of (—A)™ in HJ*(2). In [9, 10, 16], the authors
showed, for m = 2 and n > 8, that the biharmonic problem (1) possesses at least
one nontrivial solution if A € (0, )\§2)). For existence and nonexistence of nontrivial
solutions for the general polyharmonic problems with critical growth and linear or
superlinear perturbation, peoples can refer the papers [9, 10, 11, 16].

Various authors have studied the existence of weak solutions for the bifurcation
problem

—Au =Af(u) inQ,

v >0 in Q, (2)
u =0 on 052,
where  is a bounded open subset of R, n > 2. Mironescu and Radulescu in [15],
Martel in [14] have proved that there exists 0 < A* < oo, a critical value of the

parameter A, such that (2) has a minimal, positive, classical solution uy for 0 < A < A*
and does not have a weak solution for A > A*. Abid et al. generalized in [2] the same
result for the bi-Laplace operator, and Abid in [1] discussed the existence, uniqueness,
and stability of a positive solution. He also proved the existence of a critical value and
the uniqueness of extremal solutions for a class of parametric fractional Schrodinger
equations.

In this paper, we are interested in the following perturbed polyharmonic equation
for m > 2

(Py): (=A)™u— V™ 1 O(z)V™ ) = Af(u), u>0 in ©Q,
with the Dirichlet boundary conditions

ou oMty
= — =t = — = Q
U= Sy 0 on 09, (3)
or with the Navier boundary conditions
u=Au=---=A""1y = 0 on 09, (4)

where Q is a smooth bounded gomain in R™, n >2and A > 0 is a parameter.
Let f € C%(Q) and 0 € C*¥(Q), 0 < v < 1 fulfill the hypotheses
(A1) f is positive, nondecreasing and convex on (0, +00).
- f)

(AQ) tl}gloo T =ac (O, OO)

(A3) There exist two positive constant ¢, co > 0 such that ¢; < 0(x) < ca.

The objective of this study is to explore the critical polyharmonic equation’s be-
havior under either Dirichlet or Navier boundary conditions. To accomplish this,
we employ the Maximum Principle, which guarantees the desired outcome under the
condition: There exists € = €(n, 2) such that

1Bllo0 <€,

for more detail, see [10, Theorem 5.19].
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The function spaces 3,,(Q2) are defined for polyharmonic problems, which involve
higher-order elliptic equations. These spaces are used to specify the boundary con-
ditions for the problems. There are two types of boundary conditions considered:
Dirichlet and Navier. In the Dirichlet boundary condition, the function space is de-
fined as:

Sn(Q) = H™(Q) N HE(©Q)
and in the Navier boundary condition, the function space is defined as:
S ={pc H"(Q)/p=Ap=---=A""1p = 0 on 00}

These spaces are used to define the problem and ensure that the solutions satisfy the
required boundary conditions.

Given the involvement of multiple orders of differentiation, various equivalent
norms are applicable within these function spaces. The selection of the norm re-
lies heavily on || - [|2, which represents the L?(Q)-norm. Additionally, we denote || - ||
as the ¥,,-norm, which is defined by

12\ 2
Jull = ([ 1),
Q

pm_  { VATT ifmisodd,
AZ  if m is even.

where

Let us begin by defining weak solutions for problem (P}).
Definition 1.1. A function u € 3,,(€), is a weak solution of problem (Py) if

m, . m T mflu m—1 — U
[ oo [ o@vn v to < [ fe (5)
for all ¢ € C™(2) N X, ().

These solutions are commonly referred to as weak energy solutions. For brevity,
we will simply refer to them as solutions, assured by the following lemma.

Lemma 1.1. Since f(t) < at + f(0), if u € ,,(Q) is a weak solution of (Py), it is
easily seen by a standard bootstrap argument that u is always a classical solution.

For more details, see [10, Proposition 7.15]. In the rest of this article, we denote
by a solution of (Py) any weak or classical solution.

A weak super-solution (resp. sub-solution) is a function that verifies (5) with
equality replaced by > (resp. <) for every nonnegative test function.

Let 1 be a positive eigenfunction (see [10, section 3.1.3]) associated with the first
eigenvalue A; of the operator (—A)™ — V™~1(9(z)V™ 1), namely

(=A)™pr = V™ HO(x)V" o) =M1 in Q,

w1 >0 in Q, (6)
el =1,
with the Dirichlet boundary conditions
) "l
%ZgZ'”:W:OonBQ,

or with the Navier boundary conditions
o1 =A0Ap; =---=A""1p; = 0 on 00N
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A solution u of problem (Py) is stable if and only if the first eigenvalue (A, u) of
the linearized operator
v Ly(v) = (=A)™0 — V™ H0(2) V™ tu)v — Af/ (u)v,
given by

[1Dme s [ o@Ivmtop < [ Fuy?
inf Q Q Q 7

PES, () —{0} loll3

is nonnegative. In other words,
A [ raet< [1DmeR s [ @IVTIGR foranyp e Ta@).  (7)
Q Q Q

If 1 (A, u) <0, the solution w is said to be unstable.
Next, we define:
e A:={A>0: (P,) admits a solution }.
e V' :=supA < +oo.
e 7 as the infimum of the function f(¢)/t for t > 0, denoted as
ft)

r = inf ——=.
t>0 t

() =

The values of a and r defined earlier play a crucial role in understanding the
bifurcation phenomena. Specifically, there exists a finite positive number \*; (A1 /a <
A* < A1/r), referred to as the extremal value. For 0 < A < A*, problem A > \*
possesses at least one positive solution. However, for A > A*, no solution exists, even
in the weak sense.

Our first main result establishes the existence of the critical value \*.

Theorem 1.2. Under the assumptions (A1), (As) and (As) there exists a critical

value A* € (0,00) such that the following properties hold:

(i) For any X\ € (0, X*), problem (Py) has a minimal solution uy, which is the unique
stable solution of (Py).

(i) A1/a < X* and for any XA € (0, A1/a), ux is the unique solution of problem (Py).

(iil) For evry x € Q, the function A — ux(x) is a increasing.

(iv) If A = X*, the problem (Py) has a solution, then u* := limy_,\- uy is a stable
solution. In particular, py(s, A\*,u*) = 0.

The next natural focus of our study provides us with more detailed information
regarding \*.
An essential role in our arguments will be played by

[:= lim (f(t)—at).

t——+o0

We classify two distinct situations that heavily depend on the sign of the parameter
l.

Theorem 1.3. Under the assumptions (A1), (Az) and (As), let us consider the case
where [ > 0. Then
(i) X* = X1/a.
(ii) The problem (Py) has no solution.
(iii) /\151}} uy = oo uniformly on compact subsets of ).
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Theorem 1.4. Under the hypotheses (A1), (Asz), and (As), consider the case where
1l <0. Then

(i) The critical value \* belongs to the interval (A1/a, A\ /7).

(ii) For A = X\*, the problem (Py) has a unique solution u*.
(iii) The problem (Py) has an unstable solution vy for any A € (A\1/a, \*) and the

sequence (vy)y satisfies:
(a) lim wy = oo uniformly on compact subsets of €2,
A=A /a

(b) lim wy = u* uniformly in Q.
A= A*

This paper is organized as follows: In the next section, we present the proof of
Theorem 1.2 which focuses on the existence of ”minimal” solutions. We demonstrate
there exists a limiting parameter \* such that one has the existence of stable and
regular minimal solutions to (Py) for A in the interval (0,\*). Furthermore, we
establish that for A > A*, not even singular solutions exist. In Sections 3 and 4,
we delve into the proofs of Theorems 1.3 and 1.4, respectively. In these sections,
we address bifurcation problems for a class of elliptic problems and examine the
asymptotic behavior of the solution around the bifurcation point.

2. Proof of Theorem 1.2

We begin by establishing the following preliminary lemma.

Lemma 2.1. Problem (Py) has no solution for any X\ > A1/r, but has at least one
solution provided X is positive and small enough.

Proof. We begin by proving that (Py) has a solution for small A using the barrier
method. Since f(0) > 0, w = 0 is a strict sub-solution of (Py) for every A > 0. Let
W € ¥, () be the solution of

(—A)"T — V" L(O(2)V"1m) =1 in Q,

is a bounded super-solution of (Py) for small A, precisely when A < 1/ f(]|w0]|oc)-
Next, we define a sequence wy, € ¥,,(£2) by

(=A)™w, 1 — V™ HO(@) V" rwpy1) = Af(wy,)  in Q. (8)
By the maximum principle (see [10]) we have
w < wy, <wpey <w foralln € N,

implying that the sequence (w,)n>o is increasing and bounded. Therefore, it con-
verges, and we conclude that problem (PA) has a solution for small A.

Next, we prove that there is no weak solution for large A > 0.

Assume that u is a solution of (Py) for some A > 0. Using ¢ given in (6) as a test
function and integrating by parts, we obtain

M [ o= [ ayen = [ 9@
Q Q Q

:/S)(_A)mugal—/vafl(f?(x)vm’lu)sol

:,\/Qf(u)gpl ZAT/QUWM
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From this, we can deduce the inequality

(A — /\r)/ p1u > 0.
Q

Since ¢1 > 0 and u > 0, it follows that the parameter A must belong to the interval
(0, A1/7). This completes our proof. O

It follows from the previous analysis that A* is a real number. We now state another
useful result as follows

Lemma 2.2. Assume that (Py) has a solution for some X € (0, \*). then there exists
a minimal solution denoted by uy. Moreover, for any X' € (0,\) the problem (Py/) is
resolvable.

Proof. Let A € (0, \*) and consider u be a solution of (Py). Using the barrier method,
we can construct a sequence (wy,)n>o defined in (8),which is increasing and bounded
by u. Thus, the sequence converges to a solution wA, which is independent of the
choice of v and therefore represents a minimal solution.

Furthermore, if u is a solution of (Py), it also serves as a super-solution for the
problem (Py/) for any A € (0, ). Similarly, 0 can be used as a sub-solution. This
completes the proof. O

Remark 2.1. Thanks to Lemmas 2.1 and 2.2, the set A is a non-empty bounded
interval.

By combining Lemmas 2.1 and 2.2, we are able to establish the Theorem 1.2, which
provides important insights into the minimal solution u) and its stability.

2.1. Proof of (i). First, we claim that u) is stable. Let’s assume the contrary, i.e.,
suppose that the first eigenvalue (A, uy) is negative. This implies the existence of
a positive eigenfunction 1 € %,,(2) such that

(=A)™ = V" O() V) = A (un)y = iy in Q.
Now consider the function u® := uy — €. By linearity, we have
(=)™ = V™ HO(2) V" ) — Af(uf)
= (=A)"uy —e(—A)™p — V" HO(z) V" uy) + eV O(z) V) — A f(uf)
= M (urn) = e (un) + pep) — M (ux — ev)
= A( = flun =) + Flwn) = ef (un)) — ety
= Ao:(e)) — ey
= ep(Aoc(1) — ).
Since p1 (A, uy) < 0, for € > 0 sufficiently small, we have
(=A™ — V™ O(z)V™ ) = Af(uf) >0 in Q.

Applying the strong maximum principle, we conclude that u¢ > 0 is a super-solution
of (Py). However, since u® < uy, this contradicts the minimality of wy. Therefore, uy
must be stable.

We now aim to show that (P)) has at most one stable solution. Let’s assume the
existence of another stable solution v # uy of problem (Py). Consider the fonction
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w := v —u). By maximum principle, we have w > 0 in 2. Taking w as a test function
in (7), we obtain

s st < [ e+ [ ot
/meDm /9 Wl VT
< [Earwe = [ o o@vn o
< /Q [CS R T\
_ /Q [(-2)™ur + 971 (0() T )
<o [ 7= ]

Therefore
/Q [f(”) — fluy) = f'(v)(v — u,\)]w > 0.
Since f is convex, the term in the brackets is nonpositive, yielding
f) = fur) = f'(v)(v—ux) =0 inQ.

This implies that f is affine over [uy(z),v(z)] for any x € 2, and consequently, f is
affine in the interval [0, max v]. Thus, there exists two real numbers o and 8 > 0 such

that
fx)=ax+p in [O,mng].

Finally, since uy and v are two solutions to (—A)™w — V™= 1(0(z)V™ tw) = Xaw +
A3, we obtain

0= /Q (u)\(—A)m V=0 (—A)muA)
- / (u)\ VL O(x) VT ) = VTTHO(2) VT ) v)
Q

:AB/Q(u,\—v).

This is impossible since A > 0, 8 = f(0) > 0 and w = v — ), is positive in 2. Hence,
we conclude that (Py) has at most one stable solution. a

2.2. Proof of (ii). Recall that \; is defined in (6). Using the convexity of f, we
deduce that a = supg, f'(t). Let u be a solution to (Py) for A € (0, A\1/a). Suppose
that u is unstable. Then, we can find ¢ = ;1 € 3,,(2) satisfying

)\a/v1>)\ f(u)v? > /|Dmgp|2 /9 VT |2
Q

- / NP / VI (0(2) V™ ) o1 = A / 2
Q Q Q
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which implies that
(Aa — Al)/ 03 > 0.
Q

However, this is impossible for A € (0, A\1/a). Thus, we conclude that w1 (A, u) > 0.
By part (i), this implies the uniqueness of u.

To establish the existence of solutions, we observe that problem (Py) can be for-
mulated as the Euler-Lagrange equation of the functional Jy : £,,(2) — R defined
by

=g [ 10"l + 5 [ o@em = [ P,

for all u € ¥,,(2) with
F(u) ::/ f(sT)ds and s :=max(s,0),
0

The functional 7y is well-defined and Fréchet differentiable at u € %,,(Q2), and its
derivative Jy (u)(y) for ¢ € 3,,() is given by

Tw(e) = [ Dmu-D"e+ [ 0@V tu- v e a [ pae,
Q Q Q
Therefore, critical points of Jy correspond to weak solutions of (Py). In order to
find these critical points, we need to show that [J is well-defined, sequentially weakly
lower semicontinuous, coercive, and belongs to C*(%,,(Q)).
If A € (0,\1/a), there exist € > 0 and A > 0 depending on A such that

ANF(t) < (M —e)t? + A, VteR.

Using standard arguments, we can conclude that J(u) is coercive, bounded from
below and weakly lower semicontinuous in %,,(2). Hence, the minimum of 7 is
attained by some function u € ¥,,(2). Therefore, the critical point u of Jy gives a
solution of (Py).

2.3. Proof of (iii). Using sub- and super-solution method, as described in Lemma
2.2 we can conclude that the mapping A — wu) is increasing. This establishes the
result stated in (7). m|

2.4. Proof of (iv). Suppose that (Py«) has a solution u. Then, for every A € (0, \*)
we have uy < u in 2. Utilizing the monotonicity of uy, we can define the function
u* = lim uy
A=A
which is well-defined in Q and serves as a stable solution for problem (Py-). Conse-
quently,we have py(\*,u*) > 0.
Now, let us consider the nonlinear operator

G:(0,400) x C?m*(Q)NE — Coe(Q)
(A u) s (=A)"u — V™ HO(2) VT ) — A f(u),
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where « € (0,1) and FE is the function space defined as follows:

{uEWQm’z(Q)/u:g—}j:~~:g:,7;iﬁ‘:Oon o0} if we use (3)
E:
{fuew?™2(Q) Ju=Au=---=A""1y = 0 on 90} if we use (4)

(9)

Assuming that the first eigenvalue pq (A*, u*) is positive, we can apply the implicit
function theorem to the operator GG. For any A in a neighborhood of \* and u in a
neighborhood of u*, we have G(\,u) = 0, which proves that the problem (P)) has a
solution for A in a neighborhood of A\*. However, this contradicts the definition of \*.
Hence, we conclude that pq (A*,u*) = 0, completing the proof of Theorem 1.2. 0O

3. Proof of Theorem 1.3

Remark 3.1. Thanks to Lemma 2.1 and Theorem 1.2, the critical value A* satisfies
)\1/@ S A S )\1/7’.

In order to prove this theorem, we will demonstrate the equivalence of the three
assertions and establish the validity of one of them. To aid us in this proof, we
will utilize the following auxiliary result, which is a reformulation of a theorem by
Hoérmander [12].

Lemma 3.1. Let Q2 be an open bounded subset of R™, n > 2 with smooth boundary.
Let (uy,) be a sequence of super-harmonic nonnegative functions defined on Q. Then
the following alternatives hold:
(i) FEither lim, o u, = 0o uniformly on compact subsets of Q,
or

(ii) (uy) contains a subsequence which converges in Li

e () to some function w.

Remark 3.2. The result by Hérmander is also true if (u,,) is a sequence of a super-

biharmonic nonnegative functions.

3.1. Proof (i)=(ii). First, let us assume by contradiction that A\* = % If (Py~) has
a solution u*, then according to observation (iv) in Theorem 1.2 we have p (A*, u*) =
0. This implies the existence of 1 € H?™ () satisfying:

(=A)™p — V™ HO(z) V™) = XN f (u*)p =0 in Q
>0 in Q,

subject Dirichlet boundary conditions (3) or Navier bounday conditions (4). By using
1, given in (6), as a test function and integrating by parts, we obtain

[ (e -9 10@vm o) =3 [ Fuve =0
Q Q
which leads to

A (/\1 - )\*f/(u*))dxpl = 0.

Since 1 > 0, ¥ > 0, \* = ’\71 and a = sup,.q f'(t), we have Ay — X\* f/(u*) > 0. This
equation implies Ay — A* f/(u*) = 0. Consequently,

fw)y=a in Q
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This implies that f(t) = at+ b in [0, max u”] for some scalar b > 0. However, there is
no positive function in 2 satisfying
(—=A)™u — V™ HO(x) V™ u) = N au + A*b in Q.

To see this, suppose such a function exists. Using ¢ as a test function and inte-
grating by parts, we have

/(—A)mu 01— [ V™*THO@)V™ ) o = )\*a/ u @y + )\*b/ 1
Q Q Q Q

which simplifies to

(8o = vt 0@vn ) u = [

Q
OzA*b/ o1,
Q

which is impossible. Therefore, problem (Py-) has no solution and (z) implies (iz). O

u<p1+/\*b/<p1
Q

This implies

3.2. Proof. (ii)=-(iii). Let us assume that (ii) occurs and we aim to prove that

)\lin)} uy = oo uniformly on compact subsets of 2. By contradiction, suppose that (i)
o

does not hold. According to Lemma 3.1 and considering a subsequence if necessary,
we have (uy) converging locally in L'(Q) to u* as A — \*.
Now, we utilize the following result:

Lemma 3.2. The minimal solution uy of the problem (Py) is bounded in L*(Q).
Proof. Assume that uy is not bounded in L?(£2). We can define
Uy = l>\w>\,

where
lwallzo=1 and Iy — +co0 as A— A"
Since f(t) < at + £(0), we have

/|meA|2§/ |meA|2+/9(m)|vm*1wA|2
Q Q Q
A
:/<_A)mw)\ w) _/ vm—l(e(l,)vm—l,w)\) wy :/ f(u’\)u»\
Q Q o I
S)\*/ (awiJr@w)\) g)\*a+c>\/w>\
Q Ix Q

S A*a/ + CAV |Q|a

where c), is a positive constant independent of A.

Recalling that w), satisfies (—A)™wy — V™ 1(0(2) V™ lwy) = A (hwy) and f

Ix
is quasilinear, we can deduce that (w)) is bounded in H*™(Q). Hence, by taking a

subsequence, we have

wy — w weakly in H*™(Q) and wy — w instrongly in H*"71(Q) as A — \*.
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Moreover, by the trace Theorem, we obtain

_ Ow o lw

W= == ey = 0 on 09,
w=Aw=---=A""1tw = 0 on 90
Consequently,
(=A)"wy — V™ (O(2) V" wy) = M =0 in L, (Q) as X\ — \*.
A

This implies that (—A)™w — V™7 1(0(x)V™ 1w) = 0 in D'(Q). By applying the
boundary conditions, we deduce that w = 0 in . However, this contradicts the fact
that ||w||2 = limx_,x« [Jwyx]l2 = 1. Hence, the proof of the lemma is complete. O

Consequently, (uy) is bounded in L?(Q) and by employing similar arguments as
above, it is also bounded in H?™(2). Thus, we can conclude that, up to a subsequence,

uy — u weakly in H*™(Q) and wuy — u instrongly in H*™71(Q) as X\ — \*.
Moreover, we have
(—=A)™u — V™ HO(z) V™ ) = N f(u) in Q.

However, this is impossible based on the hypothesis (i7). Hence, we can conclude that

(#4) implies (¢i1). Moreover, this demonstrates that (i) and (i) are equivalent.
However, this is impossible based on the hypothesis (i7). Hence, we can conclude

that (i7) implies (i77). Moreover, this demonstrates that (i7) and (¢i¢) are equivalent.

3.3. Proof. (iii)=-(i). Assume that (Py~) has a solution u*, and consider the se-
quence (uy) converges to u* as A. If limy_,y- uyx = oo, then the sequence cannot
converge to u*. Hence, we can conclude that (ii¢) implies ().

Suppose both (iz) and (ii7) occur. We have limy_ x« ||uy||2 = co. Let us write

uy = Lhwy with ||w>\||2 =1,
and consider a subsequence such that
wy — w weakly in H*™(Q) and wy — w strongly in H*™ 1(Q) as A — \*.

We also have,

A
l—f(lAw,\)—>)\*aw in L?(Q) as A — A"
A

(=A)™wy — V™ HO(2) V™ wy) = (=A)™w — V™ O(2) V™ w)  in D'(Q)
as A — A*, and then

(=A)"w — V™ O0(z) V" w) = Naw  in 9,

ow omlw
'LU—%——W—O on 89,
or

w=Aw=---=A""lw=0 on 9.
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By multiplying by 1, as defined in (6), we obtain
/ Nawpy = /(fA)mwgol - / vV O(2) V™ w) oy
Q Q Q
— [Carpw= [ v ie@vr e
Q Q

= / )\1()0111).
Q
A1

Since 1 > 0 and w > 0 in Q, we have \* = =L which proves (i).

To complete the proof of Theorem 1.3, it remains to show that (Pj,/,) has no
solution.

Assume that v is a solution of (P, /4). Since

l:= tlgglo (f(t) —at) >0,
we have f(t) —at > 0. Therefore,
m m—1 m—1 )‘1 .
(=A)"u =V 0(x)V™ u) = — f(u) > Mu  in Q.
a

Multiplying the previous equation by ¢ and integrating by parts, we obtain f(u) = au
in Q, which contradicts f(0) > 0. This establishes that (P, ,) has no solution.
The proof of Theorem 1.3 is now complete. O

Remark 3.3. Note that the equivalence of the statements in Theorem 1.3 holds
regardless of the sign of [.

4. Proof of Theorem 1.4

4.1. Proof (i). For the first part of Theorem 1.4, we already established in Remark
3.1 that A\y/a < A* < Ay/r. Therefore, it suffices to show that \* # A;/a and
A* 75 /\1/7“.

First, assume that A* = Ay /a. By Remark 3.3, we know that

)\lin}} u) = oo uniformly on compact subsets of 2.
Y

Let uy be the minimal solution to (Py). Multiplying (Py) by ¢1 and integrating, we
obtain:

0= /Q ()\1 Uy — )\f(uA)><p1dx = /Q ((/\1 —aX)uy — A(f(uy) — au;))goldx.
This leads to:
)\/anl (f(ux) — auA)d:v > 0.

Taking the limit as A\ approaches A*, in the last inequality, we find:
0< l)\*/ prdx < 0,
Q

which is a contradiction. Therefore, \* # %1
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Next, assume that \* = A1 /r and let u be a solution of problem (Py~). Multiplying
(Px+) by 1 and integrating by parts, we have

A
)\1/ug01d:c: —1/ fw)prda.
Q T Ja
This implies:

/ (f(u) —ru)pidr = 0.
Q

Hence, we obtain f(u) = 7w in €, which implies f(¢) = rt for ¢ € [0, maxq u].
However, this contradicts the fact that £(0) > 0. Therefore, A* # 2L
This completes the proof of (i) in Theorem 1.4. |

4.2. Proof (ii). Since A* > A;/a, the existence of a solution to (Py«) with A* is

assured by Remark 3.3. It remains to prove the uniqueness. Assume that v is another

solution to (Py+) and let w := u—u*. Since u) < u and /\lin; uy = u*, we have w > 0.
Y

By convexity of f, we have :
(—A)™w — T L O(@) V™ w) = X (f(u) — F(u*)) = A f () in ©

Recall that pq (A*,u*) = 0, so let ¥ be the corresponding eigenfunction. Multiplying
the last inequality by ¥ and integrating by parts, we find:

O=inﬂw—fwﬂ—fwm0wzo

Therefore, we must have equality f(u) — f(u*) = f/(v*)w in Q, which implies that
f is linear in [O,mgzzix u]. However, this leads to a contradiction as in the proof of

Theorem 1.2.
Hence, the solution u* of (Py+) is unique, and this completes the proof of (i¢) in
Theorem 1.4. O

4.3. Proof (iii). To establish the existence of a non-stable solution vy for (Py), we
will make use of the mountain pass theorem introduced by Ambrosetti and Rabinowitz
[5]. The theorem is stated as follows:

Theorem 4.1. Let E be a real Banach space and J € C'(E,R). Assume that J
satisfies the Palais-Smale condition and the following geometric assumptions:
(*) there exist positive constants R and p such that

J(u) > J(ug) + p, for allu € E with ||u — ug| = R.

(**) there exists vg € E such that ||vg — uo|| > R and J(vg) < J(up).
Then the functional J possesses at least a critical point. The critical value is charac-
terized by

c:=inf max J(u),
g€l ueg([0,1])

where
I:= {g € C([0,1], E) : g(0) = ug, g(1) = 110}
and satisfies ¢ > J(ug) + p.
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In our case, we define the functional 7y as follows:

I EFE — R
1

1
w f/urmﬁ+f/eumm4m2—/FmL
2 Q 2 Q Q

t
F(t)= )\/ f(s)ds, forallt >0,
0

where

and F is the function space defined in (9). In this context, we choose g to be the
stable solution uy for each A € (A/q,A*). It is important to note that the operator
D™ is given by:

m—1

D= VA= for m odd
A% for m even,

Remark 4.1. The energy functional 7, is continuously differentiable and its deriv-
ative is given by:

(J/{(u),v)z/Dmu-DmU+/H(x)melu-melv—)\/f(u)v,
Q Q Q
for all u,v € E.

Since p1(A,uy) > 0, the function uy is a strict local minimum for Jy.Therefore,
we can apply the mountain pass theorem to 7.

Next, we will prove the compactness condition of 7y, which is known as the Palais-
Smale condition.

Lemma 4.2. Let (u,) C E be a Palais-Smale sequence, which means that it satisfies
the following conditions:

sup |JA(Un)| < +o00, (10)
neN
| Tx(un) |+ — 0 as n — oo. (11)

Then (uy,) is relatively compact in E.

Proof. Since any subsequence of (u,) satisfies (10) and (11) it is enough to prove that
(un) contains a convergent subsequence in E. Specifically, we aim to show that (uy,)
contains a bounded subsequence in F.

Suppose that ||u,| — co. Let u,, = kpw, with k, — co and ||w,||2 = 1. Then we
have

_ o Dalu) 1 m, |2 m—1, |2 1
O—nh_{glo K2 —nli)ngo [Q/QOD wWp|” + 0(z)|[ V™ wy| )— k%/QF(un)dx}

However, since |f(t)| < alt| + b, we have
A
[ (wn)| = |F (k)| < k202 + bAlkntn].

This shows that

a\ b
— | F < = 2 = )
i ), (up)dx < 5 /andx—l—kn/ﬂwndx<oo
We claim that

(—=A)™u — V™ 1 9(z)V™ ) = adw™  where wT := max{0,w}. (12)
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To prove this claim, we consider (11) divided by k,,, which gives

/ (men D™+ 0(z)V™ tw,, - Vm_lv) — )\/ 1 (un)
Q o kn

for each v € E. Now, we have

(13)

/Q(men-Dmv—&-ﬂ(x)vm*lwn-vm*lv) —>/Q(me-Dmv—|—0(x)vm*1w-vm*1v).

Hence (12) can be concluded from (13) if we show that 1/k,, f(u,) converges (up to a
subsequence) to aw® in L?().

Now, we have 1/ky, f(un) = 1/knf(knwy) and it is easy to see that the required
limit is equal to aw in the set {z € Q : w,(x) — w(z) # 0}.

If w(z) =0 and wy(x) — w(z), let € > 0 and ng be such that |w,(z)| < ¢ for
n > ng. Then

Tntn) < e 2 for suchm,

which implies that the required limit is 0. Thus, f(u,)/k, — aw™ almost everywhere.
Here b = f(0). Now w, — w in L?(Q) and, thus, up to a subsequence, w,, is
dominated in L?(Q) see ([7], Theorem IV.9).
Since 1/kp f(un) < alwp| + 1/kpb, it follows that 1/k, f(u,) is also dominated.
Hence (12) is obtained. Now, (12) and the maximum principle imply that w > 0 and
(12) becomes

(=A)"w — V™ 1 O(x)V"  'w) =adw in Q w>0inQ, |w|s=1 inQ.
Thus from (6), we have Aa = A\; and w = ¢, which contradicts the fact that A # A\ /a.

The second step is to show that (u,) admits a strongly convergent subsequence in
E. Then, up to a subsequence, u, — u weakly in E, strongly in L?(2). Now (11)
gives

(=A)™u, — V™ HO(2) V™ ) — Af(u,) — 0 in D'(Q).
Note that f(u,) — f(u) in L2(2) because |f(u,) — f(u)| < a|u, — u|. This shows
that
(=A™, — V™ HO(2) V™ u,) — Af(u)  in D'(Q).
That is
(=A)"u = V" 0(@) V") = M (u) =
The above equality multiplied by u gives

/Q|Dmu|2 +/99(x)|vm_1u\2 — )\/Qf(u)u =0. (14)

Now (11) multiplied by (u,) gives

|Dmun|2 + [ 0(x)|[ V™ > = X f(un)un =0.-0 (15)
Q

in view of the boundedness of (u,,) and the L?(2)-convergence of u,, and f(u,). We

have
/funun—>)\/f
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Hence, (14) and (15) give

/Q (1D 40 P0(@) V7 2) /Q D™ ? 4 0) [0 ),

which ensures us that w,, — u in E. Actually, it is enough to prove that (u,) is (up

to a subsequence) bounded in L?(Q). The L?()-boundedness of (u,) implies that
E-boundedness of (uy) as can be seen by examining (10).

Therefore, (u,) contains a convergent subsequence in E, and the proof is complete.

O

To establish the validity of the two geometric assumptions of Theorem 4.1, we
proceed as follows:

Firstly, consider uy which is a local minimum of 7. This implies the existence of
R > 0 such that for any u € F satisfying ||u — uy|| = R, we have Jx(u) > Jx(ux).
Consequently, we obtain the expression

In(u) = Ta(un) = TN (ur)(u — ux,u — uy) + p,

where p > 0. Thus, u) becomes a strict local minimum for 7, establishing the validity
of assumption (x).
Next, using the definition of gwen in (6), we have, V¢t € R

Ia(ter) = / F(tp1)
Considering that t_l}in (f(t) —at)is ﬁnlte, there exists 8 € R such that

f(t)>at+8, Yt>D0.

Hence, we deduce

F(t) > ‘12/\152 + BAt, Vt>0.

I (ter) A a BA
12 §(7_7) t /‘pl’

This yields

which implies

1 A1 —a)
lim sup —ZJA(tgol)g 11— <0, YA>X\/a.
t—too 2
Therefore,
Jim_ Filtn) = =

Thus, there exists vg € E such that Jx(vo) < Jx(uy), which establishes the validity
of assumption (k).
Finally, let ¢ (respectively ¢) denote the critical point (respectively critical value)
of J» Recall that the function ¥ belongs to E and satisfies
(=A)™5 — V™ O(2)V™ o) = Af(D) inQ and J(0) =é

The next Lemma states that the limit of a sequence of unstable solutions is also
unstable

Lemma 4.3. Let u, — u in E and n, — n such that p1(nn,un) < 0. Then,
H1 (7% u) <0.
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Proof. We begin by assuming that pq (9, u,) < 0, which implies the existence of a
sequence (p,) in X,,(2) satisfying

Lpment+ [ @IVt <u, [ Pt witn [ =1 ao)

Since f’ < a, inequality (16) implies that the sequence (p,,) is bounded in ¥,, ().
Therefore, there exists a subsequence, still denoted by (p,,) for simplicity, such that
©n — @ in T ().

Taking the weak lower semicontinuity property of norms into account, we have

/|Dmg0\2 gliminf/ |Dmg0n|2, /9(x)|Vm_1g0|2 §Hminf/9(x)|vm_1gan|2.
Q Q Q Q

Since ||¢|l2 = 1, we obtain

/Q|Dm<p|2 —|—/ 0(z)| V™ 1p* < liminf </ | D™, |? +/ 9(1:)|Vm1<pn|2> .
Q Q Q

Moreover, as 7, — 1, we have

nn/Qf’(un)wi —>77/Qf’(U)s02

Combining the above inequalities and limits, we conclude that

Dm 2 0 mel 2 i 2
/Q| ol +/Q @)V gl Sn/ﬂf(ﬂ)so

Thus, pi1(n,u) < 0, which completes the proof. O

It is evident that the function v belongs to C?>™(Q)NE due to a bootstrap argument.
In fact, the subsequent paragraph provides substantial additional information re-
garding the behavior of the unstable solution vy.

4.3.1. Proof (iii) (a). By contradiction, thanks to Lemma 3.1, we can assume
the existence of a sequence of positive scalars (7,) and a sequence (v,,) of unstable
solutions to P, such that v, — v in L{ () as 1, — A1/a for some function v.

Firstly, we claim that the sequence (v,) cannot be bounded in E. If it were
bounded, there would exist w € E such that, up to a subsequence,

v, — w weakly in £ and v, — w strongly in L?(Q)
Consequently, we would have
(=A™, — V™ HO(z) V" o,) = (=A)™w — V" HO(2) V™ w) in D'(Q),
f(vn) = f(w) in L*(Q),
which implies that
(=A)"w = V" H0(z) V" w) = %f(w) in Q.

Hence, w € E and solves Py, /.. However, this contradicts the uniqueness of the
solution to Py, /4-
Now, since

(=AY, — mel(ﬂ(x)vmflvn) =, f(vn),
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the unboundedness of (v,,) in E implies that this sequence is also unbounded in L?((2).
To see this, let us consider the decomposition v,, = k,w,, where k, > 0, ||w,]2 = 1,
and k,, — oo. It follows that

(=A)"wn = V" (B() V" wa) = T f(v) = 0 in Lo ().

Hence, the sequence (w,,) is bounded in E due to standard arguments. Consequently,
we obtain

(—=A)™w — V"™ O(2)V"  w) =0 and |jwl|z = 1.

which leads to the desired contradiction since w € E.

4.3.2. Proof (iii) (b). We end the proof by showing that vy tends to «* uniformly
in 2 when X tends to \*.

As before, it is sufficient to prove the L?(2) boundedness of vy near \* and utilize
the uniqueness property of u*. Suppose that ||v,|2 — oo as 1, — A*, where v, is a
solution to (P,, ). Once again, we express v, = l,w,. Then, we have

(—A)™w, — V™ H(0(z) V™ ) = %’Z (vn). (17)

The boundedness of the right-hand side of (17) in L?(£2) implies that the sequence
(wy,) is bounded in E. Let (w,) be such that (up to a subsequence)
w, — w weakly in £ and w, — w strongly in L*(Q).
A previously established computation shows that
(=A)™w — V™ L O(2) V"™ w) = Naw, w>0and |lw|s =1,

which implies that A* = A1 /a. This contradiction concludes the proof. a

In conclusion: The results obtained provide a comprehensive understanding of the

solution behavior in the quasilinear case with a € (0,4+00). An essential element in

our arguments is the quantity [ := tlim ( ft)— at), which plays a crucial role. Based
— 00

on the sign of [, we can distinguish two distinct situations that have a significant

impact on the solutions.

Ux
A | A I
|
h I
| |
I I
I I
I I
I I
| ’LL*V - - L - - - -
| I |
| I |
1 1 1 +
g A 0 ' A
* K1 * K1
A i A i

Fig 1 : Behavior of the minimal solution, [ > 0. Fig 2 : Bifurcation branches, [ < 0.



BIFURCATION ANALYSIS OF A CLASS OF POLYHARMONIC 467

References

[1]
2]

3]

(4]

[9]

(10]

(11]

(12]
(13]

(14]

(15]

(16]

(17]

I. Abid, Bifurcation Problem for a Class of Quasilinear Fractional Schrédinger Equations, J.
Korean Math. Soc. 57 (2020), no. 6, 1347-1372. https://doi.org/10.4134/JKMS.j190646

I. Abid, M. Jleli, N. Trabelsi, Weak solutions of quasilinear biharmonic problems with posi-
tive, increasing and convex nonlinearities, Analysis and applications 6 (2008), no. 3, 213-227.
https://doi.org/10.1142/50219530508001134

S. Agmon, Maximum theorems for solutions of higher order elliptic equations, Bull. Amer.
Math. Soc. 66 (1960), no. 2, 77-80.

S. Agmon, A. Douglis, L. Nirenberg, Estimates near the boundary for solutions of elliptic partial
differential equations satisfying general boundary conditions, Comm. Pure and Appl. Math. 12
(1959), no. 4, 623-727. https://doi.org/10.1002/cpa.3160120405

A. Ambrosetti, P. Rabinowitz, Dual variational methods in critical point theory and applica-
tions, J. Funct. Anal. 14 (1973), no. 4, 349-381. https://doi.org/10.1016/0022-1236(73)90051-7
E. Berchio, F. Gazzola, Some remarks on biharmonic elliptic problems with positive, increasing
and convex nonlinearities, Electron. J. Differential Equations 2005 (2005), no. 34, 1-20.

H. Brezis, Analyse Fonctionnelle. Théorie et Applications, Masson, Paris, 1992.

H. Brezis, L. Nirenberg, Positive solutions of nonlinear elliptic equations involv-
ing critical Sobolev exponents, Comm. Pure Appl Math. 36 (1983), no. 4, 437-477.
https://doi.org/10.1002/cpa.3160360405

D. Edmunds, D. Fortunato, D. Jannelli, Critical exponents, critical dimensions and the bihar-
monic operator, Arch Rational Mech. Anal. 112 (1990), 269-289.

F. Gazzola, H. Grunau, G. Sweers, Polyharmonic Boundary Value Problems. Positivity Pre-
serving and Nonlinear Higher Order Elliptic Equations in Bounded Domains, Springer-Verlag,
Berlin, 2010.

H. Grunau, Positive solutions to semilinear polyharmonic Dirichlet problems involving critical
Sobolev exponents, Calc Var Partial Differential Equations 3 (1995), 243-252.

L. Hérmander, The Analysis of Linear Differential Operators I, Springer-Verlag, Berlin, 1983.
K. Krupchyk, L. Paivarinta, A Borg-Levinson theorem for higher order elliptic operators, Int.
Math. Res. Not. 2012 (2012), no. 6, 1321-1351. DOI: 10.1093/imrn/rnr062

Y. Martel, Uniqueness of weak solution for nonlinear elliptic problems, Houston Journal Math.
23 (1997), 161-168.

P. Mironescu, V. Radulescu, The study of a bifurcation problem associated to an asymtotically
linear function, Nonlinear Analysis 26 (1996), no. 4, 857-875. https://doi.org/10.1016/0362-
546X(94)00327-E

P. Pucci, J. Serrin, Critical exponents and critical dimensions for polyharmonic operators, J.
Math. Pures Appl. 112 (1990), 269-289.

Y. Shang, L. Wang, Multiple nontrivial solutions for a class of semilinear polyharmonic equa-
tions, Acta Mathematica Scientia 34 (2014), no. 5, 1495-1509.

(Imed Abid) UNIVERSITY OF TUNIS EL MANAR, HIGHER INSTITUT OF MEDICALS TECHNOLOGIES OF
Tunis, TUNISIA
E-mail address: imed.abid@istmt.utm.tn

(Sami Baraket) DEPARTMENT OF MATHEMATICS AND STATISTICS, COLLEGE OF SCIENCE, IMAM
MOoOHAMMAD IBN SAUD IsLaMmic UNIVERSITY (IMSIU), RivADH, 11623, SAUDI ARABIA
E-mail address: SMBaraket@imamu.edu.sa



	1. Introduction and main results 
	2. Proof of Theorem 1.2
	2.1. Proof of (i)
	2.2. Proof of (ii)
	2.3. Proof of (iii)
	2.4. Proof of (iv)

	3. Proof of Theorem 1.3
	3.1. Proof (i)(ii)
	3.2. Proof. (ii)(iii)
	3.3. Proof. (iii)(i)

	4. Proof of Theorem 1.4
	4.1. Proof (i)
	4.2. Proof (ii)
	4.3. Proof (iii)

	References

