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Descriptive Analysis of New Model of Unbounded 3 x 3
Operator Matrix with Application
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ABSTRACT. In the present paper, we are interested to develop some spectral properties of
new model of unbounded block 3 X 3 of operator matrix with non diagonal domain, named
one sided block 3 x 3 of operator matrix. Some new hypotheses are invested assuring a new
approach to find a fine description of the spectrum, the resolvent expression as well as some
essential spectra of such new matrix model independently of the knowledge of the union of
some essential spectra of its diagonal operators entries. Our developed results extending some
known results from I. Marzouk et al. (from Georgian Math. J., https://doi.org/10.1515/gmj-
2023-2071 (2023)) to the case of one sided block 3 x 3 of operator matrix form. Physical model
of neutron transport equation with one partly elastic diagonal collision operator is stated to
exam the validity of our theoretical framework.
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1. Introduction

During the past decades the spectral analysis of the problem of operator matrices
with mixed forms is one of the most famous topics in the studies of the spectral
analysis problem of unbounded block operator matrix. A strong renewal of interest
in the study of n x n block of operator matrix form was emerged in the literature in
more than one occasion [2, 3, 4, 10, 12, 13, 19, 20, 22, 23, 30, 32], where (n > 2).
Unfortunately, one of the critical topics in the studies of such kind of problem is the
case where n over strictly 2. In this prospect, many mathematicians tackled such
fields by decomposing n x n block of operator matrix with the partitioned of 2 x 2
block operator matrix with entries blocks of the partition. Mainly, such concept of
study fail not be interesting. So, it is interesting to prove the generality of such study.

Even in approach physics, many evolution equations may be modeled by the form
of 3 x 3 block of unbounded operator matrix with mixed domains as mentioned by: J.
A. Burns et al. in [3, 4] for wave equation with Viscoelastic Damping, G. Leugering
in [19], T. Nishida et al. in [23] and G. Strohmer in [31] for equations describing the
flow of viscous, compressible and heat conducting fluids in R?, D.L.Russel in [27, 28]
for Euler Bernoulli Beam, and among others. Nevertheless, the above examples seem
to indicate that one of the most complicated problems arises in the situation where
the domain fail not be maximal or diagonal.
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Based upon, the literature of mathematics built a generalized study for the model
of unbounded operator matrix with non maximal domain coined by the name of the
one sided coupled operator matrix. Such model of operator was originate informed
and invested in the serials of work by Klauss J. Engel in [5, 9, 11, 12], to offer to the
reader the impact of the use of such model in the spectral analysis properties of 2 x 2
block of operator matrix case. So, attracted by the specificity of this nice notion of
operator matrix form our current research prompts us to lead who this model can be
tackled for the case of 3 x 3 operator matrix without using any partitioned form of
2 x 2 block of operator matrix with block operators entries. Mainly, we start with a
general setting which could be useful to draw an interesting results intervening in the
theory of operators matrices.

Therefore, our interest in this paper is to find some new criteria on the operators
entries of our matrix form allowing to show their compatibility in the formulation of a
new factorization form different then the most known in the theory of operator matri-
ces by Frobenuis-Schur factorization form. The most relevance of such new obtained
factorization form seems to be remarked to derive new argumentations and criterions
which could be useful in spectral description of the spectrum, the resolvent form of
our studied matrix form as well as in proving the interaction of the Fredholmness
properties between our matrix and in terms of their diagonal entries. The illustration
of the validity of our development sketched to an example of an integral differential
equation. Precisely, trough some arguments of Abdul-Majeed Al-Izeri et al. devel-
oped in [1], which works straightforwardly in neutron transport equation with partly
elastic collision operator, we iterate our approach in order to adopt our main inves-
tigations of our matrix framework to the neutron transport equation with one partly
elastic diagonal collision operator and with specific boundary condition. Specifically,
our idea in this paper aims not only to enlarge the spectral analysis developed by
Klauss J. Engel in [5] but also to introduce a new model of unbounded block 3 x 3
of operator matrix allowing to develop with a new concept an appropriate criteria to
ameliorate and extend some works done by I. Walha et al. in [2, 20].

The outline of our paper is organized as follows: Section 2 is devoted to recall
some basic notations and definitions from the theory of operators and presents their
fundamental properties. In Section 3, we introduce a new model of unbounded block
3 x 3 operator matrix M. Sufficient criteria are introduced to guarantee our interest
and to prove an improvement in the theory of operators matrices and an amelioration
to many earlier works. In the last section, generic example of neutron transport
equation with one partly elastic diagonal collision operator is introduced to exam the
validity and the accuracy ideas developed in the theoretical part of this paper.

2. Framework and basic definitions

In this section, we introduce the framework and we prove some preliminary results
such as the analysis of perturbed Fredholm operators via Fredholm perturbation and
relations between those operators and their corresponding essential spectra.

Let X and Y be two Banach spaces. We denote by:

- L(X,Y) : the set of bounded linear operators from X to Y.

- C(X,Y) : the set of densely defined closed linear operators from X to Y.

- K(X,Y) : the set of compact operators from X to Y.
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- PK(X): the set of polynomially compact operators which defined as:
PK(X):={ A€ L(X): there exists a nonzero complex polynomial

= Zakzk satisfying P(A) € K(X)}.
k=0

- ¢Q : the complement of a subset  C C. Before moving to define sets of Fredholm
operators, we need to clarify to the readers the meaning of the following notations for
T € C(X,Y) as: D(T) for the domain, N(T') C X for the null space and R(T) C Y
for the range of T. The nullity, a(T'), of T' is defined as the dimension of N(7T') and
the deficiency, S(T), of T is defined as the codimension of R(T).

Sets of Fredholm operators of unbounded linear operator were defined as follows:

Definition 2.1. (i) Set of upper semi-Fredholm operators from X into Y is defined
w O (X,)Y)={TeC(X,Y) : a(T) < oo and R(T) is closed in Y}.
(ii) Set of lower semi-Fredholm operators from X into Y is defined by:
P_(X,Y):={T €C(X,Y) : B(T) < oo and R(T)is closed in Y}.
(iii) Set of Fredholm operator from X into Y is defined as:
P(X,)Y)=2_(X,)Y)Nnd,L(X,Y).
For T € ®(X,Y), the index of T is defined by the number (T") := «(T) — B(T).
The set of upper (resp. lower) Weyl operators from X into Y is defined by:
Wi(X,Y)={TeC(X,)Y): Ted, (X,Y) with i(T) <0}
(resp. W_(X,Y) :={T €C(X,Y): T € ®_(X,Y) with i(T) > 0}).
More general them the sets of upper (resp. lower) semi-Fredholm and upper (resp.

lower) Weyl operators, we introduce the following definition.

Definition 2.2. Let T € C(X,Y).
(1) Sets of left and right Fredholm operators from X into Y are defined respectively
as:
(X,Y):={T € ®,(X,Y): R(T) is complemented subspace of Y}
and
0. (X):={T €®_(X,Y): N(T) is complemented subspace of X}.
(ii) The sets of left and right Weyl operators from X into Y are defined respectively
by:
WUX,Y) = {T € &(X,Y): i(T) <0}
and
W (X,Y):={T € 2.(X,Y): i«(T) >0}

Consequently from Definitions 2.1 and 2.2, we introduce the set of Weyl operators
which is defined as:
WX,Y) =W (X,)Y)NW_(X,Y)
=W(X,Y)NW.(X,Y)={T € &(X,Y): i(T) =0}.
If X =Y, the sets L(X,X), C(X,X), £K(X,X), ?,(X,X), ?_(X,X), ®(X,X),
Wi(X, X), W_(X,X), &(X, X), ¢.(X, X), W/(X, X), W.(X, )andW(X,X) will
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be replaced by L£(X), C(X), K(X), ®,(X), P_(X), ®(X), Wi (X), W_(X), &,(X),
D, (X), Wi(X), W,(X) and W(X), respectively.

For He {®,,D_, 9, P,, 2, W, , W_ W, W,., W}, the following notations will be
required to clarified the analysis results developed along this paper:

e P(H(X,Y)): defines the set of Fredholm perturbation from X into Y as:

PePH(X,Y)) ifandonlyif T+ PeH(X,Y), forall T € HX,Y).
e oa(T): defines the essential spectrum of T' € C(X) as:
ou(T) ={peC: pn-T¢H(X)}.

In the following, we list some basic notations about some classes of Fredholm
perturbations those are used in our formulation:

Definition 2.3. Let T € L(X,Y).
(1) T is said a weakly compact operator from X into Y, if T'(M) is relatively weakly
compact on Y, for every bounded subset M C X.

The set of weakly compact operators from X into Y will be denoted by WC(X,Y).
(ii) T is called a strictly singular operator if, for every infinite-dimensional subspace
M, the restriction of T to M is not a homeomorphism, that is m(TJys) = 0, where
Jas 1s the natural inclusion of M into Y.

The set of strictly singular operators from X into Y will be denoted by SS(X,Y).

If X =Y, the family of weakly compact (resp. strictly singular) operators on
X, WC(X) := WC(X,X) (resp. S§(X) :=SS(X,X)) is a closed two-sided ideal of
L(X).

Remark 2.1. Let (2, X, p1) stands for a positive measure space. X, denotes the space
L,(,du) (1 <p<o0), where (2, %, 1) stands for a positive measure space.

Following Theorem 1 in [24, 25], in a special case for L (€2, du)-space (respectively
C(92)-spaces, with € is a compact Hausdorff space), we obtain:

WC(L1 (2, dn)) = SS(X1) Li(, d).
However, when dealing with reflexive space L,(Q,du), 1 < p < oo, we have

L(Ly(Q,dp)) = WC(L,y(Q,dp)). On the other hand, it follows from Theorem 5.2
in [14] that:

K(Lp(2,dp)) Cx SS(Lp(2,dp)) C WC(Lp(82,dp))
with p # 2. In particular case for p = 2 we get:
K(Ly(©, dp)) = SS(Ly(2, dir) = WC(Ly (9, dp)).
In the theory of operators matrices, the analysis of the invertibility problem of

operator matrix block 3 x3 become an attractive ways to keep some spectral properties
of bounded operator matrix.

Proposition 2.1. Let the Banach spaces U;, for 1 < i < 3, (A,E,K) € L(U;) x
E(Ug) X E(Ug), B e E(UQ, Ul), C e ﬁ(Ug, Ul), D e £(U1, UQ), F e E(Ug,, UQ),
3

G € L(Us, Uy), H € L(Us, Usy), and consider a bounded operator matriz on H U;
as: =t
A B C
M:=|D E F
G H K
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Assume that A and Ay := E — DA™'B are two invertible operators, then the
following items are equivalent:

(1) M is invertible in L(Uy x Uz x Us).
(ii) Ay := K —GA™'C — [H — GA"'B]A['[F — DA~'C] is invertible in Us.

Proof. We begin to proof (ii) = (i).
Based on the Frobenius-Schur factorization of the operator M, for invertible oper-
ators A and A1, we may rewritten then as:

M := Prdlag(A, Al, AQ)]P)Z

where:
I 0 O P, ;= DA™
P, .= P, I 0 P,y = GA™!
Py P I P,3:=[H — GA~'B]A]?
and
I P Py P = A"lB
P, .= 0 I P Py = A-lC
0 0 I P53 := AT [F — DA™'C]

Therefore, it is seen to observe that the following matrix form }P’l_ldiag(Afl, AL AT Hp:t
is the inverse of M, for:

I P =P +PyPs I 0 0
Pt 0 I ~Pys and Pt = —Pn I 0
0 0 1 _Pr2 + IP)T?)]P)Tl _Pr?) 1

We proof (i) = (ii).
Indeed, assume that M, A and A are invertible.
A short computation leads the following expression:

P 'MP; ! = diag(A, A1, Ay).
Which amounts that the operator A, is invertible. O

3. Principal and main results

We state the Banach spaces Uj, for 1 < i <4, and we consider:

e the maximal operator A (resp. E and K) defined with maximal domain D(A)
(resp. D(E) and D(K)) in Uy (resp. in Uy and Us) as:

ZZD(Z)CU1—>U1 (respE D( )CU2—>U2 and K : D( )CU3—)U3),

e the linear operators:

A:DA)CcU; - U, E:D(E)CU;— U,
B:D(B)cUy; = U, C:D(C)cCc Uz —U;
D:D(D)cCcU; — U,y F:D(F)CUz— U,
G:D(G)CcU; —» U; H:D(H)CU; - Ug;g

e the space of boundaries condition Uy for the graph norm on D(A), D(E), D(K),
defines the boundary operators ¥y,,1 < ¢ < 3, as in the following diagram which is
needed to define our abstract framework of operator matrix with non maximal domain
as described in the next definition.
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U, D D(A)
\I/U1
_ Uy,
\I/US
U; D D(K)
3
Definition 3.1. In the product of the Banach spaces U := H Uy, we define the
k=1
operator matrix M on its non diagonal domain
f feD(4)
D(M) = gl: gc D(E) and \IIU1 (f) = \I/U2 (g) = lIjUs (h’)
h h € D(K)
as:
f A B C f Af + Bg+Ch f
M| g | =D E F g | = Df+Eg+Fh |.V| g | €eDM).
h G H K h Gf+Hg+ Kh h

The idea of this work consists in introducing an abstract setting allowing to analysis
some spectral properties of the above kind matrix form.

Especially, we provide a new arguments which ensure the computation of some
essential spectra of the matrix form introducing in Definition 3.1 independently of
their two Schur complements but in relation with their diagonal operators entries.

Such treatment are not artificial but these are meaningful as an easier manner in
the expression of the eigenvalues of some physical problems.

To explain such interest, we define some other operators

A\ =A ‘ker\I/U1 and E\ =F |ker\IlU27

due to fact that we deal with unbounded model of 3 x 3 block operator matrix defined
with non diagonal domain. The specificity of such operators is offered to provide
some spectral interactions between the matrix M and another matrix form My :=
diag(A|, E), K) defined with diagonal domain D(My) := D(A|) x D(E|) x D(K).
We assume the following hypothesis on the entries of the operator matrix M.
(H1) The operators Z, E and K are densely defined and closed linear operators.
(H2) The operators Py, are surjective, for i = {1, 2}.
(13) { D(A) > D(D) N D(G), .
D and G are bounded from D(A) into U and Ug, respectively.
) { D(E) > D(B) N D(H), .
B and H are bounded from D(F) into U; and Ujg, respectively.
(15) D(K) > D(C)ND(F),
C and F are bounded from D(K) into U; and Uy, respectively.
We list some results whose will be essential to formulate our goal.
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Remark 3.1. Assume that the assumptions (H1) — (H2) are satisfied. Then, we have:
(i) Yu,(D(A)) = {0}, resp. Yy, (D(E)) = {0}, the operator A := Ajye Wy, s Tesp.
E" = E‘ker vy, is closed and therefore, D(Z‘), resp. D(E‘), is a closed subset of Uy,
resp. Uy. Moreover, for i € o(A|) N o(E)), one has

D(A) = D(A) @ ker(u — A) and D(E) = D(E|) @ ker(u — E).
(ii) Following Lemma 1.2 in [15] in view of the last item, we deduce the following
continuous bijections:

\Illﬂ = \IIU1|ker(/L—A) and ‘1/2N = qu?\ker(u—E)’

from ker(y — A) and ker(u — E) into Uy and Us, respectively, for pu € g(g‘) N Q(E“).
(iii) According assumption (H2) with the item (ii), one has two isomorphisms Wy,
and V3, which having continuous inverses.

It follows from the last remark that for p € g(&) N Q(E|) N o(K), the inverse of
¥y, and Wy, will be essential to define the bounded operators Lq,, Ls, and Ls, as
stated in the following Lemma;:

Lemma 3.1. Let p € g(g‘) N Q(E|) N o(K), then we define the bounded operators:

0 { Li,: D(E) — DA)

g — Laiu(g) = ¥y, 0 ¥, (g),
v [ Ly : D(K) — D(A)
@ { e T Lou(h) = Wit o Wy (h),
.on [ Lz, : D(K) — D(E)
(i) { h —  Lau(h) = Wy o Wy (h).

Furthermore, the linear operators Uy, , Wy, and Yy, obey to the following rela-
tions:

\I]Ul (L1Mg> = \IIUz (g)’ \IIUI (L2uh> = \IIUS (h)> \I]Uz (L3#h) = \IJUS (h) (1)

for all g € D(E) and h € D(K).
Proof. The results follows immediately from Lemma 3.1. O

Remark 3.2. We should be observe from Lemma 3.1, that, for p € Q(Z‘) N Q(E|) N
o(K), the unique operator L, (resp. Lo, and L3, ) obey to Eq. (1) with Im(Lq,) C
Ker(u— A) (resp. Im(La,) C Ker(u— A) and Im(Ls,) C Ker(u— E)).

For p € p(g‘) N p(E|) N p(K), we state the following bounded operator, in view of
the hypotheses (H1) — (H5), as:

Ui(p) == —Lau + (n—A)~'B Vi(u) = (n—E)'D
Uz () i= LipLap — Loy + (n— A)7'C - Va(p) := (n— K)7'G
Us() := —Lau + (n— E) ' F Vs(p) = (n— K)""H.
I Ui(p) Uap) _ _
W= (Vi(w) I Us(p) | € L(D(A) x D(E) x D(K)), (2)

Vo(u) Va(p) I

which are powerful tools to reach a formulation of a fine decomposition of our model
of operator matrix.
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Lemma 3.2. Let p € g(g‘) N Q(E|) No(K).
Suppose that the hypotheses (H1) — (H5) hold true.
Then, the operator matriz p — M obey to the following decomposition on D(M):

=M= (u—Mo)W,. (3)

Proof. Let p € Q(Z|) N Q(E|) N o(K).
Firstly, we shall show that:

f f
g | €eDM) <= W,| g | € D(My).
h h

~

To get this equivalent, let consider | g | € D(A) x D(E) x D(K).

>

A short computation, reveals that:

f - Ll/Lg + Ll/LL3/Lh - L2/Lh +(:u - Aﬁl)ilBg + (,LL - Ail)ilch
—_——

f =0
Wy, Z = (n—E)™'Df + g — La,h + (u— E))"'Fh
(W=K)'Gf+(n—K)"'Hg+h
Hence,
f _ -
W, 9] €DMo) = D(A)xD(E) x D(K)
h
= (D(A) Nker Uy,) x (D(E) Nker Uy,) x D(K).
That is,

f—=Lig+(p— g\)_lBg + (p— ﬁ\)_lCh € ker ¥y,

f
Wy, (g € D(My) <+ (u—E)'Df +g— Lsuh+ (u— E|)"'Fh € ker Uy,
h

(n—K)"\Gf + (u— K)"'Hg + h € D(K).

Using the linearity of the operators Wy, with the definition of L;,,1 <14 < 3, one
has:

Uy, (f = Lipg+ (p — g|)_1Bg +(p— E‘)‘lCh) =
=Wy, (f) = Yu,(L1.9) + Vu, (1 — A) 7' Bg) + Wy, ((u — A)"'Ch)
=Yy, (f) = Yu,(9).
and
Vu,((n—E)'Df +g— Layh + (u— E)) "' Fh) =
= Vu,((n— E) 7' Df) + Vo, (9) — Yu, (Laah) + Y, ((n— E)) ' Fh)
= W, (g) — Yy, (h).
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Therefore,

(f) { Yy, (f) = Vu,(g) = 0, f € D(A) and g € D(E)
W, g ]| € D(Mp) if and only if and
h Wy, (g9) — Yy, (h) = 0,9 € D(E) and h € D(K)

{ feD(A),g € D(E),h e DK)
if and only if and
\IJU1 (f) = ‘I’Uz (g) = \IIU3 (h’)

f
if and only if (g € D(M).
h

Secondly, we will proof that:

f f f
(1 —M) (g) = (n—Mp)W, (9) , for all (g) € D(M).
h h h

f
In fact, for (g € D(M), we obtain formally
h

f
(:u - MO)W;L (9)
h

(1= A) (f ~ Lipg + (u— &) B+ (u— A)7Ch)

(n—E) ((# ~E)7'Df +g— Lyuh + (n~ E\)leh)

(n—K)(n—K)'Gf + (u— K)"'Hg + h)
(u—A)f+Bg+Ch

!
= Df+(u—E)g+Fh = (u—M) (Z)a

Gf+Hg+ (p—K)h

while Ly, € ker(p — A) and L, € ker(p — E) (sec Remark 3.2 and Lemma 3.1 for
more details). O

As a first towards a new chap of some essential spectra of one sided coupled block
3 x 3 operator matrix M will be invested as below.

So, the following proposition will be essential to present the key tool for our inves-
tigations.

Proposition 3.3. Assume, for p € (C\a(zzﬁ) U O’(E|) Uo(K), that:
(i) the hypotheses (H1)-(H5) are fulfilled.
(ii) 0 ¢ o(A1(p)), for Ar(p) :== 1 — Vi (p)Us(p).
Then, the following assertions are equivalents:
(i) 0 € o(W,,).
(ii) 0 € o(Aa(p)), where Ao(p) is given by:

Ag(p) =TI — Vo (u)Us(p) — [Va(p) — Vo () U ()] A1 (1)~ [Us () — Vi () Us(p)].
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Moreover, in this case, the resolvent formula of W, is given by the following matriz:
Wt = diag(I, Ay () ™", Aa(p) 1) + (Wij)i<inj<ss (4)
where:

Wit = Un (1)1 () ™ V() + U321 () ™ [Us () = Vi (1)U ()] — Ua(1)| A ()~
x [[Va() = Va(u)Us ()] A1 (1) Va () = Va ()],

Wiz i= = Us ()1 ()™ = [Un () A (0) ™ [Us () = V2 (1)Us ()] — Uz ()| Aa () ™!

X [Va(p) — Va(u)Us ()] A (1),

Wig o= [U1 ()8 ()™ [Us () = Vi (1) U2 ()] — U ()| Ao () ",

Wor i= — Ar(p) " 'Va(p) = Ar(p) ™" [Us(p) = Vi()Us(p)]
x Ag ()™ [[Va () = Va(u)Us ()] 1 (1) "V () = V().

Wag i= Aq(p) ™ [Us () — Vi () Uz ()] A1)~ [V () — V() Us ()] A ()~

Wag = — Aq(p) ™" [Us(p) — Vi(p)Ua(p)] Do (p) "

War i= Dalp) ™| [Va(ie) = Va()Us ()] A ()~ < ~ Va(u)]

]

Waz := Da(p) ™ [Va(n) — Va(u)Ur ()] Do (p) ™!
W33 = 0.

Proof. The results may be checked directly from the use of Proposition 2.1 and Eq.
(2). d

The main advantage of Proposition 3.3 with the factorization 3 makes the computa-
tion of some essential spectra of Ml easy and in a fast manner as well as to characterize
its invertibility. Thus, we summarize such arguments in the following theorem.

Theorem 3.4. For the considered operator M defined as in Definition 3.1 under the
hypotheses (H1)-(H5). The following assertions hold true for u € o(A)) No(E)) N o(K)
such that 0 ¢ o(Aq1(u)):

(i) w€o(M) implies that 0 € o(Az(u)).

(i) If I — A1(p) € PK(D(E)) and I — Ay(p) € PK(D(K)), then we get:

peoM) <= 0€a(Ax(n)).
Moreover, in this case the resolvent expression of M is formally given by:
(n=M)7" = (= Mo) ™! + (Wi < (i — Mo) ™"
+ diag (0, (Ar(w) ' = 1) (n=E) 7Y (D)™ = 1) (u— K)7H). (5)

Proof. Let p € Q(KO N Q(E|) N o(K) such that 0 € o(Ay(p)).
(i) While p € o(A))No(E|)No(K), one has yu— My is invertible with bounded inverse
on D(A)) x D(E)) x D(K).

This yields the required result by using Lemma 3.2 and Proposition 3.3 in view of

the criterions posed on this item.
(ii) We will proof only the reverse implication, while the direct seems from item (i).
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Indeed, in view of the polynomially compactness arguments of the operators that
I—Ay(p) and I — Ag(p) with the fact that g — My is invertible with bound inverse,
we deduce from Proposition 3.3 that As(u) is invertible, therefore it is injective.
Hence, the desired result holds.
Therefore, in what follows, the expression of the resolvent of M may be obvious
from the use of Eqgs. (3) and (4). O

Remark 3.3. (i) Let (2,\) be a o-finite measure space. Thus, consider X =
L1(Q,d)) (respectively X = C(Q2)-spaces with € is a compact Hausdorff space) for
which I — Aj(p) € WC(X) (resp. I — Aqg(pn) € WC(X)) satisfies for P(z) = 22.
Therefore, in such spaces, we obtain P(I — Ay(u)) = (I — A1(p))? € K(X) (resp.
P(I—A1(pn)) = (I —A1(n)? € K(X)) (as the product of two weakly compact linear
operators in L1 (€2, d)) (respectively C(Q), where Q is a compact Hausdorff space) is
compact from [20] (resp. [L0])). So, we conclude that P(I — Ai(u)) € K(X) (resp.
P(I-As(p)) € K(X) ) and therefore, T—Aq(u) € PK(X) (resp. I—Aq(u) € PK(X)).
Consequently, we may the required results of Theorem 3.4 under weakly compact as-
sumptions in L;(€2, d)\) (respectively C(£2), where 2 is a compact Hausdorff space).

(ii) Obviously, for compact operators (or strictly singular operators) I — Aj(u)
and I — Ag(p) in L2(Q,dX) and for particular polynomial P(z) = z, we deduce
that P(I — Ay()) = I — A(s) € K(La(Q,dN) and P(I - Aa(u) = I — Aa(p) €
K(L2(£2,dN)). In this fact, we conclude the validity of the results of Theorem 3.4 in
such particular spaces and for such particular polynomial case.

New we are in the position to formulate our interest.

Theorem 3.5. For p € p(g‘) N p(E|) N p(K), suppose that the following items hold
true:
(i) the hypotheses (H1)-(H5) associated to the operators M are satisfied.

(i) 0 ¢ o(As(p)) Uo(Aa(p))-

(i;li) I —Ai(p) € PK(D(E)) and I — Ay(p) € PK(D(K)).
Then,
(n=M)~" = (p—Mo)~" € P(H(D))

implies that

ou(M) = ou(A) Uou(E) Uou(K), for on() € {0a,(.),00,(.),00(.)}
and

ou(M) C ou(A) Uon(E) Uou(K),  for on(.) € {ow, (.),om, (), ow()}-
Assume further that CU¢*(Z‘), CJ¢*(E|) and g, (K) are connected, then we get:

yEow, (M) <= y€aw. (4)Uow. (E)Uow, (K),

for (a0.().om. () € { (o0 (). om()): (70, () ow, (1) }-

Proof. The required estimations follow immediately from Theorem 3.4, Theorem 2.3
in [6] and Lemma 4.1 in [7]. O

Remark 3.4. (i) The results of Theorem 3.5 remain true for some criterions of
weakly compactness in Lq(£2,d\).
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Precisely, if we assume, for p € Q(g‘) N Q(E‘) N o(K), that Ug(p) and Vi(u),
1 < k < 3, are weakly compact operators in L; (£, d)), where (£2,d)) is a positive
measure space, we deduce that:

(p—M)™' — (= M)~ € WC(L1(Q,d\) x L1 (Q,dN) x L1(R,d\)) € P(H(U)).

(ii) For compact operators Ug(p) and Vi(p),1 < k < 3, in L, — spaces,
for 1 <p < +oo and p € o(4)) No(E)) N o(K), we infer that:

(5= M)~ = (= Mg) ™1 € K(Ly(@,d0) x L (2, dN) X Ly($,dN)) © P(H(U)).

Therefore, we illustrate the validity of the obtained results of Theorem 3.5 in such
particular case.

Now, we deal in the last section with a generic physical example of integro dif-
ferential equation named neutron transport equation with one partly elastic diagonal
collision operator. This subsequent physical model is intended to illustrate the validity
of our general framework.

4. Example of neutron transport equation with one partly elastic diagonal
collision operator

In this section, we state an example of integro-differential equation to fit the impor-

tance of our theoretical results modeled as the following form for (x,£,t) € QxV xR™*:

auz(xvgat) aui(-r7€7t)
ot ox

3
= > /nc”(m,f,g’) uj(w, €, t) d€' + K;, 1<i<3,
j=Li#i 7V

(TE) - Ui(f)”i(xagvt) =

+¢

with initial condition

(I.C) ui(r,€,0) = ud(z,§)
where: l
~ . 1 ; "8 do’ K(m) ; ¢ i—3
o] [ el ) e 0 4 3 K0,
0, 1 # 3.

. Q CRY (N > 3):is an open and bounded set of RY (N > 3) endowed with the
Lebesgue measure dx,
. the space of admissible velocities is defined by:

V= {f = pw, wE SN_170 < Pmin < 1% < Pmaz < OO} =1 x SN_l

and endowed with Lebesgue measure d¢ = p"~ldpdw, (dw denotes the Lebesgue
measure on the unit sphere SV=1),

. u() : is a positive Radon measurement on RY with p(0) = 0,

«oi(.) € L®(V,du(§)) : denotes the collision frequency,

< u;(z,€,t) : represents the number density of particle having the position = and the
velocity &.
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Our interest consists at showing what are this kind of (T.E) fit into framework of
3 x 3 groups of transport equations with one partly elastic diagonal collision operator
modeled as follows:

T K012 Kclg
My g := K021 T Kc23
KCgl K(:32 TH+K(;33 +Ke +Kd

with specific boundary condition given by:

(B.C) u” = Hu"

. I'_ : denotes the incoming part of the boundary of the phase space 2 x V and
defined as:

r_ .= {(w,f) €N XV, £q(z) < o},

where 7(x) stands for the outward normal unit at « € 9€.
. 'y : denotes the outgoing part of the boundary of the phase space 2 x V and
defined as:

Iy o= {8 €00 xV, en) >0},
. X7~ and XP'F : denotes the boundary spaces which defined as:
P~ = LP(T_,| vvvy | dyzdp(€)) and XPF = LP(Ty | v.vv, | dyedu(§)).
«H e L(XPT,XP7) : is an abstract bounded linear operator defined on suitable
boundary spaces relating the traces of u, for u € W, := {u € AP : 5‘;—; € XP}, ie.,
u~ on I'_ with the range of u™ on I'; by H, as follows:

0 0 H
H=| 0 0 H
0 0 H

While:
. each operator T;, j = {1, 2}, is defined by:

T; : D(T;) C XP — XP, for XP := LP(Q x V,dzdp(€)), with 1 <p<oo
a .
{WH%E%(EWW%%€1gjaw@w@aﬁwemﬂ)vw

. the streaming operator T is defined by:
{ Ty : D(Ty) C X — XP, D(Tm) ={h €W, : h~ =Hhr"}

hes T by (Th)(,€) = €208 oene, ),

. the classical collision operator
K, € L(X?): &P > u +— K. ,u,

<m>%+mwmo:ﬁ%w@&wmm%x

corresponds physically to fission, high energy elastic slowing down and thermal in-
elastic scattering.

. the elastic operator K, is described by an integral operator of the form:

Kou(z,€) = / Ke(x, p,w,w’) u(z, pw') dw',
SN—I
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for low energy neutrons describing microscopic events in which the kinetic energy is
conserved and velocities are changed only in their direction.

. the high energy inelastic scattering K, is described by a downshift operator of
the form:

l l
Kau(w,€) = 37 K" u(@,€) = 3 /S R (@ em(p) w,w) ul@, e (p)e ) du

m=1 m=1

where K ém), (1 <m <) describes an event in which a discrete energy E,, is lost by
a neutron at position z with initial speed e,,(p) and final speed p.

Keeping with the theoretical part, we point that our above described physical
model of neutron transport equation may be translated in our matrix terminology
described in section 3, by taking Uy = AP, 1 < k < 3, the closed operator A :=T;
(resp. E =T and K := T+ K. , + K. + K4) with D(A) := W, (resp. D(E) :=W,
and D(K) := D(Ty), while the off-diagonal operators entries B,C, D, F,G and H
correspond to the collision operators K. ;, i # j, that is, B = K.,,,C = K,,,,D =
K, ,F=K., G=K., and H = K,,.

According to the boundaries condition (B.C) of this kind of physical model, we
express the domain D(Mt ¢) in the same notation of Definition 3.1 as follows:

f
DMr¢) := g EWp x W, xD(Th): Yu,(f) =Yu,(g) = Yu,(h) ;.
h

where the functions ¥y, for 1 < ¢ < 3, are identified as well:

Py, @ W, — AP, forl<i<2 [ Wy, 2 W, — AP
w—s Uy, (u) = u~ an h— Uy, (h) = HA™.

Therefore, the associated operators ﬁ| and E‘ appears in this physical example as
the model of an streaming operators with vacuum boundaries condition modeled as
follows:

A = T =Tilevy,, DA)={feW,: [~ =0}
and
E = Ty =Tlkerwy,, D(E):={geW,: g~ =0}.

Remark 4.1. (i) Following Definition 2.2 in [1], one has t*(z,¢) = 0,t F (x,£) > 0,
for (z,&) e T'y.

Therefore, we deduce that in all cases x — ¢t~ (x,£)é € T'_.

(ii) In view of the above description and keeping into account from the arguments
that the operators Ty, k = 1,2 and Ty are closed and densely defined, we conclude
the validity of the hypothesis (H1), introduced in Section 3, in this physical example.

(iii) Due to Theorem 1 p. 252 in [8], the hypothesis (H2) is fulfilled, while the
traces mappings Vy,, for 1 < ¢ < 3, are continuous and subjective.

(iv) The physical problem studied in this section presents a perturbation of the
operator

T:= diag(Th T27 TH)
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by the bounded collision operator

0 Kcm KC13
K:= K., 0 K.,
KCSl KCsz K033 +Ke +Kd

So, the assumptions (H3) — (H5) are satisfied with our present situation.

Consider the real number
fij :=ess —inf{o;(§), €V}, 1<j<3.

Now, we are in position to express the bounded operators Ly,, Lg, and L3, cor-
responding to the theoretical part of this paper.
For this interest, we will use the following terminology.

Lemma 4.1. Let p € Q(Tll) N Q(Tgl) n Q(TH + K.+ Kqg+ KC33).
Ly, Lo, and L3, are bounded operators which are expressed as the mapping:

Liy : W, — W,
g+— L9
(,8) > (Liug) (@, &) == gz — t~ (2,€)&,&)e” T OTWTEE - for Rep > —fiy
=H h(z — 7(x,£)¢,§)e” (OO -y &) e T,
Ly, : D(Ty) — Wy
h— Lo,h
(,€) — (Loph)(x,€) = hx — t~(,€)¢,§)e” 2 OTWTEL) - for Rep > — iy
=H h(z — 7(x,€)§, §e” (72O (5 6) e T,
Lj, : D(Ty) — Wop
h +— Lo,h
(2,€) — (Lsph)(x,€) = h(z — t~ (x,€)¢,&)e OO - for Rep > —jig
=H h(z — 7(2,£)§, e (OTWT@O (5 6) e Ty,

where T(x, &) =t (x,&) +t~(x,€), for any (x,£) € A x V.

Proof. Let p € o(T1)) No(Tz)) N o(Th + Ke + Ka + Ke33).

Before moving to find an expression of the operator L,, we will proceed with two
steps:
* Stepl: we will express ker(p — T4) as well:

ker(p—T) = {feDT): (p—T1)f =0}
= {f e D(T) : (x,8) — f(z,€) := f(x —t(z,6)&,€)e” @ OFIET @O for Rep > —/11}.

* Step2: we will solve the equation

\IIUl (Ll,ug) = \IJUQ (g)a for (fa g) € D(Tl) X D(TQ)
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Since Ly,9 € ker(u — T1), for g € D(T»), then the following statement holds:

\I]Ul (Llltg) = \IIU2(9) — \IJU1 (f) = \I,U2 (g)v f € D(Tl)
— [T = f|1’\7 =g =H At =H h|1’*+,h € D(TH)

— f({L‘ - t_($,€)§7f) = g(x - t_(m,f)f,é)
- Hh((ﬂ - T(xaf)gvg)a (:C,E) ely.

Therefore, the required statement holds.

We can adopt the same reasoning to check the explicit expressions of Lj, and
L3u- O

The perturbed arguments used on the theoretical part will be verified for such
physical model via some criterions involving the regularity definition of the collision
operator invested by M. Mokhtar-Kharroubi in [21] as follows:

Definition 4.1. A classical collision operator K.;;,1 <i,j < 3, is said to be regular

if the following assertions are fulfilled.

(a1) {Keij(x) : x € Q} is a set of collectively compact operators on LP(V, du(€)), that
is, {Keij(x)u: 2z € Q[Jull Lo (v,aue)) < 1} is relatively compact in LP(V, du(§)).

(az) For each v’ € LU(V,du(§)), {Keij(x)u' : © € Q, ||v|| pa(v,aue)) < 1} is relatively
compact in LI(V,du(€)), where LY(V,du(§)) is the dual space of LP(V,du(§))

and g = p%'

We assume that the measure p(-) satisfies the hypothesis:

The hyper planes have zero v — measure,i.e.
(a3) for each e € SV =1 v{¢ € RN, (e =0} =0
where S¥~1 denotes the unit sphere of RY.

Lemma 4.2. Assume that the class of elastic collision operators K. satisfies the

following assertions:
(a4) For every u € LY(SN~1 dw), the subset

{/ e, p,w,w") u(w') dw': (x,p) € QXTI |lullLrey-1 40y < 1}
SN—-1

is relatively compact in LP(SVN~1, dw).
(as5) For every v’ € LY(SN~! dw), the subset

{/SW1 Ke(z, pyw,.) u'(w) dw : (z,p) € A x I}

is relatively compact in LI(SN 1 dw).
Thus, Kci; may be regard as a bounded elastic collision operator, namely,

[Kell :==ess  sup  |[[Ke(®,p)llc(rrsn—1,dw))-

(z,p)eQxT

Finally, following [29], we suppose for m € {1,---,v}, that: (ag) kernels " are
assumed to be bounded.
Before further proceed, we introduce

S::{MEC: Rep > —fis+ || Ks H}
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Lemma 4.3. We fiz € o(T1)) No(T2)) NS for which ro((p — T — K3)1K,33) < 1
and we assume that:

(i) the assumptions (a1) — (ag) are fulfilled.

(ii) Q is a convexr and bounded subset of RY.

(iii) H is a compact operator on XP, for p > 1.

Then, we obtain the compactness criterion of the operators Uy(u) and Vi(p) in
XP forp>1and1 <k <3.

Proof. The required statements may be obvious from the use of the compactness
arguments of the boundaries operator H, of the operators (u — T1|)*1Kc12, (b —
T1|)_1K013a (/,[, — TQI)_chgg, (/,L — T2|)_1Kc217 derived by K. Latrach in [ ], and of
the operators (i — T — Ks) ' Kess, (4 — T — Ks — Koss)  Kest, (1 — Th — K —
K33) "1 K_3 established in Proposition 3.5 in [1], for u € o(T1))No(Tz)) NS such that
ro((u—Tu — 1?3)_1,[(633) < 1 and from the property of the set K(XP), p > 1. O

The effectiveness and the applicability of the items (ii) and (iii) of Theorem 3.5
will be verified for such physical model in the required lemma.

Lemma 4.4. Let pp € o(Ty)) N o(T2)) NS, for which ro((1 — T — K3)1K.33) < 1
and we assume that:

(i) the assumptions (a1) — (ag) are fulfilled.

(ii) Q is a convexr and bounded subset of RY.

(iii) H is a compact operator on XP, for p > 1.

Then, T — Ay(p) and I — Ay(p) are two polynomially compact operators on XP,
p > 1, moreover, in such case, the following statements hold:

0€o(A1(p)N o(A2(p)) <= Ai(p) and Aq(u) are two invertible operators
< Ai(p) and Ax(p) are two injective operators.

Proof. Let pu € o(T1)) N o(Ty) NS, for which r, (4 — T — K3) ' Kess) < 1.

The criterions of polynomially compactness properties of the operators I — Aq(u)
and I — Ag(p) required directly from the use of Lemma 4.3.

Now, to rich the equivalence statement, we will proceed by steps only for the reverse
implication while the direct implication seems to be trivial from the definition.

* Step 1: We proof that 0 ¢ 0,(A1(p)), where o, (.) denotes the punctual spectrum.

We will find the unknown function « solution of the equation (Aj(p))u = 0.

Taking into account from Remark 3.2, we conclude that:

Al(u)uzo (:LL*EI)ilKCm[*Ll#‘F(Nig\)ilKCm}u:u

KC21 (M - gl)_l[_(lu‘ - gl)Llu + Kcm}u = (:u‘ - E|)u
(:u - E\ - KC21(/‘L - ‘Z\)ilKCm)u =0

u=20

ker(A1(p)) = {0}

* Step2: We will proof that Ag(p) is invertible.

111y
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In fact, we rewrite the operator I — Aq(u) as well:
I—=Do(p) = (p—K) "Kea(p—Ty)™" [(N = Tv)[L1pLsy — Lay] + de]
- {(N - K)™! (Kc:sz — Kes1(p—Tu) " [=(p = Th)Lay + Kclﬂﬂ
XAy (p)~! {(M —Ty) " (‘(M —Tyy) L3y + K023)
—(p—To)) ' Kooy (p — Ty)) ((,U —Ty)[L1uLsy — L] + KclB):| :
According to Remark 3.2, the last equality is written as:
I—=Do(p) = (p—K) 'Kea(p—T1) ' Kes
—(p— K) " Koo Ay () — To)) ! |:K023 — Keon(p — T1|)_1Kc13}
+(p— K) 'Kz (p— Th)) ' Keo
X A1 ()" (= To)) 7 | Keas — Kea1 (p — T1|)_1K013] (6)

This shows in view of Lemma 4.3 and Eq. (2.9) in [1], that (6) obeys to the
following inequality for € o(T1|) N o(T2)) NS C o(T1)) N o(T2)) N o(T + K), such

that TU((/.L — Ty — K)_1K033) < 1:

K...
1= Ag(p)]) < — Kewa L
Re p+ fis— || K |

where By, is a bounded operator for k € {1,2}.

(” KCBl || B+ H KC32 || BQ)a

Moreover,  lim || I — Ag(u) ||= 0, and therefore, we get:
€ pu—+oo
lim  r,(I — Ag(p)) =0, since r, (I — Ag(p)) <|| T — Aq(p) || -
Re p——+00

Consequently, we deduce that there exists pg € S large enough for which the
operator I — (I — Aa(po)) := Ao(up) is invertible.

Based on the theorem of Gohberg-Smulyan’s in [17, Theorem 11.4], in view the
compactness-valued assumption of the function I — Ag(u) on the connected set S, we
claim the invertibility of Ay(p) for all u € S except for a countable subset contained
in S. Thus, 0 € o(Az(p)). O

The eigenvalues associated to the physical model of transport equation with one
partly elastic diagonal collision operator modeled by (T.E) with specific boundary
condition (B.C) are localized in the the half plane as follows.

Theorem 4.5. Let pu € o(T1)) N o(T2) NS, for which rq((n— T — K) ' Kess) < 1,
H € K(XP), forp> 1, and Q is a convex and bounded subset of RY.

Assume that the assumptions (a1) — (ag) are fulfilled.

Then, we get:

2 ~
oa(Mre) C ig1aH(Ti|)UO—H(TH+K)
- {MGC Reﬂﬁ—mm<ﬂ1, [1’27 [1/3_”‘[? H)}a

for UH() € {O—@l ()v 0<I>r(')7 J‘P('% ow, ()’ UWT(')a UW()}
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Proof. Taking into account from Remark 4.1, Lemmas 4.1, 4.3 and 4.4, one has the
validity of the claim of Theorem 3.5 for this physical model. More generally, we
obtain:

oa(Mr.¢e) = ou(Mor.¢),

where M7 ¢ := diag (Tl‘,TQ‘,TH + I? + chg).
Following [1], in view of the assumptions, we have:

U(TH+I?+KC33) N {u €C: Rep> —jis+ || K ||}

consisting of at most isolated eigenvalues with finite algebraic multiplicity on X?.
Thus, the essential spectrum of Ty + K + K., is given as follows:

ow(Ta + K + Ke,,) = ow(Ta + K) C {ue(c: Rep < —jis+ || K |\}.

As Ty, k € {1,2}, is the streaming operator with vacuum boundaries condition, we
infer from that proceed that:

ow(Tk)) ={n € C: Repu < —fix}.

Therefore, the following statement hold from what proceed:
2 ~
ou(Mr.e) € Uow(Ti)) Uow(Tu + K)
C {,u € C: Re pu < —min(fin, Jia, Jis+ || K ||)},

where o (.) € {09,(.),00,(.),00(.),ow,(.),ow, (.),ow(.)}. O
5. Conclusion

We have introduced a new model of unbounded block 3 x 3 of operator matrix, named
one sided block 3 x 3 of operator matrix. Some new hypotheses are invested to provide
a fine decomposition of such model of operator matrix form. The relevance of such new
obtained decomposition form of such kind of operator matrix seems to be remarked
to derive sufficient criteria assuring the invertibility of such matrix form as well as a
new technique to present a fine expression of its resolvent. Our analysis is not just a
simple adaptation of the already handled unbounded block 3 x 3 operator matrix with
non diagonal domain case. But, there is a new structure and argumentation of the
analytical study of the accurate description of the eigenvalues of this operator matrix
shape model. As well, a new generic example of neutron transport equation with one
partly elastic diagonal collision operators is presented to clarify better contribution
of the well-posed theoretical results. Our contribution provide an amelioration and
an extension of the work done by I. Marzouk et al. in [20] to the case of unbounded
model of full 3 x 3 block operator matrix defined with non diagonal domain.
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