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Infinity Weak Solutions for a Nonlocal Fractional Problem
with Different Boundary Conditions

HamzA EL-HOUARI, HICHAM MOUSSA, AND HAJAR SABIKI

ABSTRACT. In this paper, we investigate two nonlinear equations of fractional type under
different external conditions. The first part of this study aims to prove the existence of an
infinite number of solutions for nonlocal elliptic problems with non-homogeneous Neumann
boundary conditions. The proof is guaranteed by exploiting the correct oscillatory behavior
of non-smooth terms. The second section of the paper examines a class of nonlocal elliptic
problems in which non-smooth components exhibit a mixed effect of concave and convex
nonlinearity at Dirichlet boundary conditions. The nonlinearities do not satisfy Ambrosetti-
Rabinowitz and monotonicity conditions. Our framework is a Fractional Orlicz-Sobolev space.
To establish the main result, we apply variational approaches paired with Ekeland’s variational
principle.
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1. Introduction

This work deals with the analysis of problems

(=A);yutallu)u = falz,u) inQ,

B(u)=0 on RN\Q, (L)

where B(u) is a boundary conditions chosen later and € is a bounded open domain in
RN (N > 3) with smooth boundary 92, s € (0,1), X is a positive parameter, (—A)*

a(.)
is the nonlocal fractional a(.)-Laplacian operator introduced in [16] and defined as

dy
—A)S u(z) = p.v./ a(|D*ul)D3u——=——, for all z € R,
( ) ) ( ) - (| D |x—y|N

where D®u = w, is the s-Holder quotient and a: Rt — R is a non-
r—y
decreasing and right continuous function, with
a(0) =0, a(t)>0 fort>0 and lim a(t) = oo, (1.2)

t—o00

which partnered with the function ¢: R — R defined by

a([tht  fort#£0

p(t) = 0 fort=0 (1.3)
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is such that is an odd, increasing homeomorphism from R onto itself.
In this study, we employ appropriate variational methods in the fractional Orlicz-
Sobolev space W*L 4(2) to establish the existence and multiplicity of a weak solution
to the problem (1.1). The space W*L 4(Q) was introduced by Bonder et al. in [16].
Currently, the fractional Orlicz-Sobolev space serves as an extension of the traditional
fractional Sobolev space W*P(Q) (see [1, 7, 23, 28, 43]). Consequently, several authors
such as [3, 10, 11, 17, 26] have extended various properties of fractional Sobolev spaces
to fractional Orlicz-Sobolev spaces. The applicability of fractional Orlicz-Sobolev
spaces in various branches of mathematics has captured considerable interest and has
been the subject of research in multiple directions. While it is impossible to cover
every aspect of the subject in this study, we will present a few instances for those
interested. For example, we refer to [19, 27, 29, 30, 31, 32, , 35, 36, 37, 38, 39, 46].
The aim of this paper is to investigate problem (1.1) under various boundary
conditions. The first one is when B(u) = N, (u), referred to as the non-homogeneous
Neumann boundary condition, and (1.1) is rewritten as follows:

)

(=A);yutallu)u = falz,u) in, (1.4)
Ny(u) =0 on RN\Q,
where N is defined by
Nou(z) = / a(|DSu|)DSuLN7 r e RV\Q, (1.5)
Q lz =yl

which can be considered as the natural generalization of the non-local derivative
presented in [24]. Here, we choose the nonlinearity function fy(z,u) = Af(z,u),
where f : Q x R — R is a continuous function such that f(z,0) = 0 for almost every
x € Q. The second case is when B(u) represents Dirichlet-type boundary conditions,
and (1.1) is rewritten as follows:

{i_Aéz(')u +a(lul)u = fr(z,u) ZZ%N\Q- (1.6)

Here, we consider the nonlinearity function f) with a slowly growing principal part,
incorporating a critical Orlicz-Sobolev lower term related to the principal part. Specif-
ically, fa(x,u) = Ag(u) + f(x,u), where g is an odd, increasing homeomorphism from
R to R. In the past decades, problems associated with elliptic equations such as

—Au = fr(z,u) x€Q,

have been extensively investigated with various types of nonlinearities. For instance,
in [20], the authors examined the following problem:

—Au=X u?+uP inQ,
u>0 inQ, (1.7)
B(u)=0 on 09,

where B(u) represents a mixed Dirichlet-Neumann boundary condition. They estab-
lished results regarding the existence and multiplicity of solutions for problem (1.7).
Ambrosetti et al. in [6] demonstrated the existence and multiplicity of solutions to the
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semilinear elliptic boundary value problem with concave and convex nonlinearities,
specifically,

—Au=X u?+uP inQ,
u>0 inQ, (1.8)
u=0 on 0X),

< (N +2)/(N —2). Afterward, many authors extended the
.7) and (1.8) to the general class of functions known as Young

with 0 <g¢g<1<p
results presented in (1

functions, as seen in [40]. The authors investigated the following problem:
—div(¢(|Vu|)Vu) = g(u) + Af(z,u) inf,
u=0 on 09,

they used a variational approach to obtain a non-negative solution for the above
problem. Also in [41], the authors show the existence and multiplicity of solutions for
problems like

—div(¢(|Vu|)Vu) = Af(z,u) inQ,
u=0 on 09.

In [14] the authors established the multiplicity result for the following eigenvalue
nonhomogeneous Neumann problem

{div<¢<|w|>w> +o(lulu = AMf(z,u) inQ,

%ZO on 0f).

Non-local elliptic problems involving fractional a(-)-Laplacian operators with Dirichlet-
type boundary conditions have become more common in recent years, as seen in
[ y Dby EY, ]

However, elliptic problems involving fractional a(.)-Laplacian operators and Neuman
boundary conditions have lately been attacked by a few researchers, see [12].

Our first finding in this paper is to extended non-homogeneous Neumann problem
(1.4) admits a sequence of pairwise different weak solutions on appropriate fractional
space W for a specific interval of values of the parameter A. The space W is defined
by all mesurable functions w : RV — R such that

/ A(|D5w|)du+/ A(w(z))dr < co, with Q= RM\Q.

R2N\ (Qe)2 O

In the first part of this study, we utilize multiple critical point theorems established
in [15], which can be viewed as extensions of Ricceri’s variational principle [52].

Theorem 1.1. Let J, I : X — R be two Gateaux differentiable functionals in reflex-
ive real Banach space X, such that I is sequentially weakly upper semicontinuous,
J is strongly continuous, coercive and sequentially weakly lower semicontinuous. For
each r > infx J, let

SUD e/~ (—o0,r) I(v) — I(u)

¢(T) = wEJ*lll}ffoo,O) T — J(’lU) ’
and
0:= lim infep(r).

r—(infx J)+
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If § < oo then for each A € (0,1/9), one of the following alternative holds:

(a1) A global minimum of J exists, as well as a local minimum of hy := J — AI.
(a2) A sequence {w,} of pairwise distinct critical points (local minima) of hy exists,
that converges weakly to a global minimum of J with lim, . J(w,) = infx J.

We refer to [14, 48] and reference therein for more Neuman problems.

Next, we examine a class of non-local elliptic problems (1.6) with concave and
convex nonlinearities that do not satisfy the well-known Ambrosetti-Rabinowitz con-
dition. This type of problem has not been thoroughly investigated in the fractional
framework but has been studied in the classical framework, particularly in the Orlicz-
Sobolev space. For instance, da Silva et al. in [22] explored (1.6) with nonlinearities
of the form Aa(z)|u|92u + b(z)|ul"” ~2u, exhibiting critical behavior at infinity, where
I* = NI/N —1lwith1l <l < N, and a,b : Q@ — R are two indefinite functions in
sign. They obtained a ground-state solution using the well-known Nehari method.
For other convex-concave nonlinearities, we refer the reader to [5, 13, 22, 44, 51] and
references therein. In this study, we establish the existence of at least two nontriv-
ial solutions to (1.6) for A > 0 small enough. We employ functional techniques and
variational approaches, coupled with the Ekeland variational principle, on W*L4 ().

The following provides an overview of the organization of this work. We briefly
review certain features of Orlicz and fractional Orlicz-Sobolev spaces in Section 2.
Section 3 outlines the assumptions used in this study. In Section 4, we present the
main results of the problems (1.4), (1.6), along with their proofs.

2. Some preliminary results

The reader is referred to [2, 4, 12, 16, 49] for more details on Orlicz and fractional
Orlicz-Sobolev space.

We note by N the set of all N-functions and C; (i € N) a positive constant. Let a be
asin (1.2). We will use the following notation A(t) = fg @(r)dr, for every t € R, then,
A € N and its complementary A given by this relationship A(t) := sup,.~o{tr—A(r)},
is also in N. We point out that A € A, if for a certain constant k > 0,

A(2t) < k A(t), for every t > 0. (2.1)
We observe that A and A satisfies the following Young’s inequality:
rt < A(r) + A(t) for allt, r > 0. (2.2)
Recall that A* € N is defined by
(A7) = /t Ag)dT for t >0,
0

roN

where we mention that

(Hyp) /01 A (1) dt < oo and (Heo) /1+°° AT (1) dt = +o0, for s € (0,1).

ti+x ttw
Let (M, A) € N. The notation M <= A means that, for each ¢ > 0,
M (et)
A(t)

—0 ast— oo. (2.3)
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The Orlicz space L4(2) is defined as the mesurable functions u : € — R such that
/ A(d|u(x)|)) dz < 400 for some d > 0. The usual norm on L4 () is
Q

lull4 = inf d>0// |“ d <1}
Recall that, the Holder inequality holds
/ [u(x)v(x)|de < 2||ul|allv]|z for all u € L4(2) and v € L4 (Q).
One major inequality in L 4(Q) is:
/Q A(mﬁ) dz < 1 for all uw € La(Q)\ {0}. (2.4)

After this, we list a few inequalities that will be used for our proofs. The proof is
provided in [12].

Lemma 2.1. Let A € N, then these assertions are equivalent:

1)
ta(t) ta(t)
1 f < = . 2.
<l=lf ) SSW gy T m S e (25)
2)
min{t, 1"} A(p) < A(pt) < max{t', t™}A(p), Vt,p > 0. (2.6)
3) A€ As.
Lemma 2.2. If A € N satisfies (2.5) then we have
min{]Jully, [Jul}} < /QA(|U|)dI < max{|lully, [Jull X}, Yu € La(Q).  (2.7)
Lemma 2.3. Let A be the complement of A, [ = ﬁ and m = "4, If A € N and
(2.5) hold, then A satisfies:
1)
min{t, 1" }A(p) < A(pt) < max{t',t™"}A(p), Vt,p > 0. (2.8)
2)
min{|Jul[%g, [JulF} < /QZ(|u|)dx < max{|[ulllg, [[ullF}, Yu € Lz(Q).  (2.9)
A
Lemma 2.4. We have A << A*, i.e, hm Ailzt)) =0, Vk > 0.

Remark 2.5. By Lemma 2.1, Lemma 2.3 and (2.5), we show that (A4, A) € A,.

We now look at the definition of the fractional Orlicz-Sobolev spaces W*L 4(€2),
which defined as the mesurable functions u € L 4(£2) such that

/ A(d|D*wl)|z — y| N drdy < oo for some d > 0.
axQ

This space is equipped with the norm,
llulls,a = llulla + [u]s,a, (2.10)
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where []5 4 is the Gagliardo semi-norm, defined by

[us,a = inf{d >0: /Q QA<|de|>x —y| Ndady < 1}.
X

We put Y(w) ::/ A(|Dsw|)d,u+/ A(|w))dz, ¥ (w) := / F(z,w)dx and Uy (w) :=
QxQ Q Q
/ G(w)dz, for all z € Q, w € WL 4(Q).

D(w) := /Rzzv\(g y A(|D*w|)du —l—/ A(|lw))dz, ®(w) = /QF(ac,w)d:v. for all z € Q,

w € W, where F(z,t) fo x,r)dr, G(t fo r)dr and dp = 422

|[z—y|N -

Lemma 2.6. ([9] Lemma 3, [45] Lemma 3. 4) The functions T, ¥;—1 2 : WL4(Q) = R
are well defined and its the C*(W*L 4(Q2),R) and we have

(Y (w), w) :/QXQa(|DSw|)DSwDSEdu+/a(|w\)w@d$, (2.11)

/fxwwm

(W (w >*>—/Qg< Ymdz,
for all W € WL ().

Lemma 2.7. ([53] Proposition 4.1) The functions I, ® : W — R are well defined and
its the C1(W,R) and we have

(T (w),w) = /RZN\(Q‘)za(|D5w)DSwDSwd,u—&-/Qaﬂwawdw, (2.12)

w :/f(a:,w)ﬁdx,
Q

Proposition 2.8. [9] The following norms

for all w € W.

[w]s,Aa

[[w][mas = max{[|w]|4, [w]s,a},

HwH:mﬂA>O:T<%)§1L (2.13)
are equivalents on W°L4(Q). i.e,
llw|| < 2[[wlmaz < (2.14)
To deal with problem (1.6) under consideration, we choose
W5La(Q) == {u e W*A(RY) 1 u=0a.e RV \ Q}.
In these spaces the generalized Poincaré inequality reads as follows (see [10])
llulla < Ciluls,a, Yu € WHLa(2). (2.15)

We have (WEL4(Q),[u]s,4) is a Banach space whose norm is equivalent to ||ulls 4.
Also is a separable (resp. reflexive) space if and only if A € Ay (resp. (A, A) €
Ay x Ay). Furthermore if A € Ay and A(v/1) is convex, then the space WL (Q) is
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uniformly convex (see [10]).

The fractional a(-)-Laplacian operator specified in (1) is defined between WL 4(€2)
and its dual space (W3La(£2))*. This is confirmed by ([16], Theorem 6.12), where
the following expression is derived:

(G (w),v) :/Q Qa(|DSw\)DSstvdu:<(—A)Z(_)w,v>, (2.16)

for all w,v € W5LA(Q2), where G(w) := / A(|D*w|)dp.
QxQ

Lastly, the following proposition will be useful in the subsequent developments.

Lemma 2.9. ([12] Lemma 3.6, Lemma 4.1) The following properties are true:
1)
g( u ) <1, for allu € W§La(2) \ {0}.
[uls,a

2)

min{[ul} 4, [ul"a} < G(u) < max{[ul; 4, [u]'4}, for all ue WELa ().
3)

min{][ull", Jul["} < T (w) < max{[Jull", [Jul|™}, for all u€ WFLa(%).
Lemma 2.10. [18] Suppose that A(\/) is convex, ux — u in WL () and

lim sup(G’ (ug), ux, — u) < 0.
Then uy, — u € WELA(Q).
Now, recall that the natural space to look for (weak) solutions of (1.4) is given by

W= {u : RY — R mesurable : / A(|D?wl)du —‘r/QA(’LU(:L‘))dw < oo}.

REN\(0°)2
This is a reflexive Banach space with respect to the norm (see [24])
[lwlls, a0 = lfwlla + [w]s,a,« (2.17)
where

[w]s, A4, := inf {d >0: /Rw\(ﬂc)2 A(%)du < 1}.

Remark 2.11. Q x Q C R?M\(Q°)2, then ||w||s a4 < ||wl|s . for all w € W.
Lemma 2.12. Let w € W. Then

/ A(|D*wl)dp + / A(lwde > ol aer i (leofloas < 1.
R2N\ (0¢)2 Q

/ A(IDSwI)du+/ Ajw])dz = |Jwl[Jla, i [fw]ls 4. > 1.
R2N\ (Q¢)2 Q

Proof. by some argument in lemma 2.3 in [50], we proof this Lemma. (]

Proposition 2.13. Let w € W and assume that I'(w) < r, for some 0 < r < 1.
Then, one has ||w||s,a,« < 1.
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Proof. Let w € W. By (2.13), if I'(w) < r holds, then ||w||s 4+« < 1. Now, claim
that ||w||s,a,« # 1. Arguing by contradiction, assume that there exists w € W with
[lw|ls,a,« =1 and I'(w) < r holds. Let us take 5 € (0, 1), for all = € Q, we have

I'(w) :F(gw) :/R2N\(QC)2A(§|Dsw|)du+/QA(g|w(:L‘)|)dx

2.18)
- (
> gm / A(' w')du+/A(|w(”)|)dx .
R2N\ ()2 B Q B
Set v = u)/(Bz)' Then we have |[v|[s 4. = % > 1. By Lemma 2.12, we infer that
Lo QD) [ Aol de 2 ol 0> 1 (219)
R2N\ ()2 Q
Combining (2.18) and (2.19) we deduce that
/ A(ID*w])dy +/ Aljw(@)])dz > p™.
R2N\ (Q¢)2 Q
Letting 5 1 in the above inequality we obtain
/ A(|Dsw\)du+/ A(lw(z)])dz > 1.
R2N\ (Q2¢)?2 Q
that contradicts condition I'(w) < r. The proof is complete. (]

3. Hypotheses

Related to functions A, f and g, our hypotheses are the following:
(A1):

to(t) t(t)
inf <su
120 A(f) = 2 A(f)
(As): The function t — A(v/t) where t € [0, +00) is convex.
(A3): There exist 7(z) € L*(Q) such that, for all o € [0,1],

A(ot) < CoA(t) + 7(z), V(z,t) € QA xR,

where A(x,t) := mA(t) — to(t). For the function f:
(f1) |f(z,t)] < C5(1 + Rh([t])), for all x € Q and t € R, where h:R — Ris an
odd, increasing homeomorphism function from R to R, H(t) := fo r)dr satisfies
H << A* and hg := inf;~¢ 1—78 > m.
(f2) limsup,_,q J; ((I t|t)) < % uniformly for almost all z € €2 where A; is defined in
Lemma 2.3 [3].
(f3) limg 00 mmii?t = 400 uniformly for almost all x € Q.

(f1) There exist Cy > 1 and p(x) € L*(2) such that, for all o € [0, 1],
F(z,0t) < CoF (x,t) + p(z), V(z,t) € QA xR,

where F(x,t) :=tf(z,t) — mF(x,t).
For the function g:

1<; = =n; < +00.
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(91) G < A(00), limy_ 23 = 0.

We set
max F(z,t)dzx
’ P
B := lim inf 2% = and D := lim sup (O
=0+ ¢ (=0t ¢!
The embedding below (cf. [10, 12]) will be used in this paper:

WeLa(Q) B Lp(Q) and W LpQ) if B << A*

In particular, by Lemma 2.4, (g1) and (f;) we have, G < A << A* and H << A*.
Then
cpt cpt

W5La(£2) & La(Q), WFLa(2) = Lg(2) and WiLa(2) — Lg(Q). (3.1)

Moreover, if s’l > N. Then
WiLa(2) & 1(9),
i.e, there exists a constant ¢ > 0 such that
|wloo < cllw|] w € WLA(Q), (3.2)

where |w|o 1= sup [w(z)] and 0 < s’ <s < 1.

At this poing E\;/le set the definition of our weak solution, we say that w € W is a
weak solution for problem (1.4) if

/ a(|D*w|) D*wD*wdp —|—/ a(|w|)wwdz — )\/ f(z,w)wdz =0,
R2N\ (€2¢)2 Q Q
for all w € W and w € WL () is a weak solution for problem (1.6) if

/ a(|Dsw\)D5wD5@du+/a(|w|)wﬁdw—)\/g(fw)ﬁdm—/f(x,w)ﬁdw:(),
QxQ Q Q Q

for all w € WL 4 ().
4. Main results

Our main results are stated below

Theorem 4.1. Let f : @ x R — R, be a continuous function, A € N satisfies
(A1)-(A3) and let o > 0 such that
At
lim Alt) <o (4.1)

t—o+ tl

Further, assume

max F'(z,t)dx _m
lim inf £ t=c o (2¢)
0+ ¢m alQ] ¢>o+ ¢t

Then, for every A belonging to
}a|Q\D‘17(20)_mB_1 ,
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problem (1.4) admits a sequence of pairwise distinct weak solutions which strongly
converges to zero in W.

Theorem 4.2. Given A satisfies (A1)-(As), f satisfies (f1)-(f4) and g satisfies (g1).
Then there exists A, > 0 such that, for each A € (0, A.), problem (1.6) has two
nontrivial weak solutions.

For any A > 0, we defined the Euler functional £y : W — R associated to problem
(1.4) by
Ly(w) =T (w) — A®(w), for all weW.
We can observe that, according to Lemma 2.7 we have that £, € C1(W,R) with the
derivative given by

(s w).m) = |

a(|DSw|)DSwDS@d,u+/a(\w|)w@dfc—)\/ f(z,w)wdz.
R2N\ (£2¢)?2 Q Q

(4.3)
And the Euler functional Zy : W5L 4(©2) — R associated to problem (1.6) is as follows
Ih(w) == T(w) = AV (w) — Ua(w), for all w e WFL4(Q).
By Lemma 2.6 we have that Zy € CY(W5LA(2),R) with the derivative given by

(I} (w), W) :/Q Qa(|Dsw|)DSwDS@du+/Qa(|w\)w@dz

—)\/Qg(w)wd:r—/ﬂf(x,w)@dx.

(4.4)

Hence, finding weak solutions for problem (1.4) (resp. (1.6)) is equivalent to find
critical points for the functional Ly (resp. Zy).

Proof of Theorem 4.1. We can seek for weak solutions of problem (1.4) by applying
Theorem 1.1. For that let {¢,} be a real sequence such that lim, . ¢, = 0 and

{IéaxF(x,t)d:r
B:= lim Z2=="

m
n—00 ar

m
Put r, = (” ) for all n € N. Then, by Lemmas 2.12 and Proposition 2.13, we can

=n
2c

deduce that

{U eW:T'(v) < 7"”} C {v eEW :||v]s,ax < %}
Because of the Remark 2.11 and (3.2), we infer that
[Vloo < cl[v]]5,4,4- (4.5)
According to (2.14),
[v(2)] < |v]oo < c||v]ls,a < 2¢||v]|s,4,5 < Cn, vz € Q.

Hence
{11 e W : ||v]|s,ax < %} C {v eEW: |v| < cn}.
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Considering that T'(ug) = 0 and ®(ug) = 0, where ug(z) = 0 for all z € Q, for all
n € N one has

sup P(v) — D(u) sup P(v) sup / F(z,v)dx
. T'(v)<rn I'(v)<rn T'(v)<rn JQ
n = f < =
() I‘(il;gl<rn rn — '(w) - Tn T

max F(z,t)dz
Q |t‘<cn

Tn

max F(z,t)dz
< (20 x S

C'I’TL
Therefore, from the assumption (4.2) one has B < 400, we obtain
0 < lim infe(r,) < (2¢)"B < 400.
n—oo
Now, take
A€ |al0lD, (207 B 7,

At this point we will show that 0, that is the unique global minimum of T', is not a
local minimum of £. For this goal, let {(,} be a real sequence of positive numbers
such that lim,, ,o (, = 0 and

n—oo  (,

=D. (4.6)

From the Neuman boundary condition,

dy

— s s — N\ (O
Nowy, (z) = /Qa(|D wy|) D wnm =0, x € RV\Q,

and the continuous of the function a, implies that D%w,, = % = 0. Hence

wp(z) = wy(y) for all z,y € Q x Q. Now, For each n € N, put w,(2) := (,, for all
z € Q. Clearly w,, € W, for each n € N and w,, — 0 as n — co. Hence

D)= [ AUD [ Az = [ Az = AGI9)

Moreover, from hypothesis (4.1), taking into account that lim,,_, . w, = 0 one
A(wy,) < awl,

for every n > ng. If D < o0, let € € } %7 1 [ By (4.6) there exists n. such that

®((,) >eDC,  Yn>n..
Hence
La(wy) = T(wy)— AP(w,)
awl |Q| = AeDw!, = wl, (a|Q] — XeD) < 0,

A

for every n > max{ng,n.}. On the other hand, if D = +o0 let us consider 8 > @
By (4.6) there exists ng such that

®(¢n) > pet, Vn > ng.
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Moreover,
La(wy) = T(wy)—AP(wy,)
< awl Q] = Apw!, = w! (] — AB) <0,

for every n > {ng,vg}. As a consequence, £y < 0 for any n large enough. Since
L£x(0) = T'(0) — A®(0) = 0, i.e 0 isn’t a local minimum of £5. Further, because
T" has zero as a unique global minimum. By Theorem 1.1 we have the existence of
a sequence {v,} of critical points of the functional £y, pairwise distinct, such that
limy, 0 I'(v5,) = 0. By the Lemma 2.12 we have [|v,[|74 , < I'(v,) for every n large
enough. Thus lim,,_,c ||vn]||s,4,« = 0 and this completes the proof.

Proof of Theorem 4.2. First, consider X as a real Banach space and Z € C'(X,R).
We say 7 satisfies the C. condition if any sequence {w,} C X such that Z(w,) — ¢
and ||Z"(wp)||x= (1 + |[Jwn]]) = 0 as n — oo has a convergent subsequence. {w,} is
called a Cerami sequence at the level ¢ € R. Now, we can mentioned the following
Lemma

Lemma 4.3. ([21]) Let Z € C'(X,R) fulfilling the C.. conditions. If

(1) Z(0) = 0.

(73) There exist two constants 7 > 0, > 0, such that Z(w) > n for any w € X with
]l = 7.

(i74) There exists a function @ € X such that ||@|| > 7 and Z(w) < 0.

Then Z has a critical value ¢ > 7, i.e., there exists u € X such that Z(u) = ¢ and

I'(u) = 6.
Lemma 4.4. Given that (A1), (f1), (f2) and (g1) hold, then there exist positive
constants A, 7, 1, such that, for each A € (0, \,), Jx(w) >, for any w € WL 4(£),
with ||w|| = 7.
Proof. By (3.1), there exists Cy such that,

lwlle < Callwll,  [lw|lg < Cullwl],  vVw e WgLa(Q). (4.7)
Let 0 < 7 < min{1,1/C4} for any w € S, := {w € WL a(R) : ||w|| = 7}, using (4.7)
we infer that ||w||¢ < 1 and ||w||g < 1. Moreover, by (2.4) we deduced / G(w)dz <

Q

1. On other hand, by using condition (f2), there exist ¢g € (0,1) and ¢ > 0 such that

F(a,1)] < (A0

Since H(t)/t is increasing on [§,00). By condition (f;) which combined with (4.8),
we get

VA(t), Yz e, <o (4.8)

1—60

P ] < (
According to, (4.9),

I)\(’LU)Z/Q . A(|D*w)|)d / (Jw])da — A /G da:—/Fx w)
X
2/ A(|Dwl)d / (Jw|)dz — X /G dxf/ |F(z,w)|dx.
QxQ

1 —
2/ A(D*w))d / (Jwl)dz — A — ( 60)/ Aw)dz — Cs [ H(w)dz.
QxQ A1 Q Q

)A(t) +OsH(t), VoeQ teR. (4.9)
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Using Lemma 2.3 in [3], Lemma 2.9,

Ii(w) > /S2XQA(|DSw|)du+/S2A(|w\)dx—)\—(1—60)/QXQA(|DSw|)du

—C5 /Q H(w)dz

m/1 AﬂD%@@r%m/fﬂmmh—A—CHmM@
QxQ Q

eV (w) — A — Cgl|w]|ho

eol[w||™ = X = Cg||w]|"

[[w]|™ (e0 — Cé]|w]|"*~™) — .

VIV Vv

(4.10)

Denote ¥(7) = ey — Csm"™~™ by hg > m, we get, lim,_, o+ ¥(7) — ¢o > 0. Therefore,
choose 7 > 0 small enough such that ¥ (7) > €p/2. Set A\, := €97 /4 > 0, := o7 /4.
For all w € S; and A € (0, \,), applying (4.10), we obtain

In(w) > em™ /4> 0=n.

O

Lemma 4.5. Given that (A1), (f1), (f3), and (g1) hold. Then, for any A > 0, 7 > 0,
there exists a function wy,wy € WL a(£2) such that

(i) [lwall > 7 and  limg— 400 Zyx(wy) = —00.

(ii) ||7IJ)\|| <7 and limtﬁoz)\(ﬂ})\) < 0.

Proof. Let K > 0. It follows from (f3) that there exists a constant C'x > 0 such that
F(z,t) > K|t|" — Ck  V(z,t) € Q x R. (4.11)

Let us choose a compact set S,S C Q where |S|,|S| > 0, it is possible to define
wg, Wo € C°(Q) \ {0} such that wo(z) =1 for z € 5, 0 < wp(z) <1 for z € Q and
Wy = 1forz € 5,0 < wp(xr) < 1for z € Q. Thus by Theorem 7 in [10] we have
wp, Wy € WELA(Q). Let t > 1 be large enough to make |[twg|| > 1, by (4.11), the
Proposition 2.8 and the Lemma 2.9, we have

Ty (two) = A(t|Dswo|)du+/ A(t|w0|)dgc—>\/ G(two)dx—/F(ac,two)d:E
OxQ Q Q Q
< o2y + " fuol§ — K™ [ funldo + Cicl
Q
< 217 u g = K™ | Juwol"d + Cicl)
Q
<" (g~ K [ fuoldo) + Crcl
S

= 7 (2o frae — KIS1) + il

From Proposition 2.8,

Tn(twy) < t™ (2||w0||m - K|S|) +Cx|9.
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3|wol ™
S|
In(two) < —t"[|wol|™ + Ck|Q.

Since K > 0 is arbitrary we can choose K :=

Due to ||wg|] > 0, we infer that Zy(twg) — —oo as t — +oo. Taking ¢ large enough
such that ¢ > max{1, TtL1 set wy = twy, which completes the proof. For (ii). Take

> [lwol|
t € (0,6) where ¢ given in (4.8) such tha [[twg|| < 1 and ||tiol|¢ < 1, by (4.8) we
have
1-— €0

At

| (, tido)] < ( VA(tg), V€ Q.

From Lemma 2.3 in [3], we have

S/ A(t‘Dslz)oDd,u-F/A(t‘ﬁ]oDdl‘—)\/G(t’dlo)dZE
QxQ Q Q

+( ) /Q A(tiio)da
§(2+)\1 —60)/Q QA(t'Dg’J]oDd/L—/\/QG(tIZ]())dQT

According to Lemma 2.9, we infer that
Ta(tin) € (24 M — eo)A(t)/ max{|D*ol', | D 0| }dpt — A/ G(t)dz
QxQ ~ S
(24 M1 — e0) A @ol lfye. () — AG(#)]S]
G(t) [C% - A\S@,

IN

(4.12)

where C' = (2 + \; — eo)HlZ)OH%,VSJ(Q). According to (g1), we get the result for a small
t and for wy = twy < 7. O

Lemma 4.6. Given that (A1), (g1), and (f1)-(fs) hold. Then, for every A > 0, the
functional 7 satisfies C.-condition for any ¢ > 0.

Proof. Given A > 0, ¢ > 0. Let {u,,} C W5L4(Q2) be a Cerami sequence at the level
cof Iy, i.e.,

In(un) — ¢ and  ||Z (un) |l (wsLa(@)- (14 [Jun]) = 0 as n — oo. (4.13)

First, we shall show that {u,} is bounded. Otherwise, there is a subsequence, still
denoted by {u, }, such that lim, o ||us|| = 0o and ||u,|| > 1 for all n € N. We denote

wn(z) = 228 2 € Q. Then {w,} € WELA() and ||Jw, ()| = 1 for every n € N.

= uall?
On other hand, assume that there exists {w} C W§L 4 () such that w,, — w. From
(3.1), it follows that

[|lwp, —w||pr = 0, |Jw,—wl|lg =0, |lw,—wllg—0 asn— occ. (4.14)

wp(z) = w(z) aex €O, n— oco. (4.15)
Claim: w(z) =0 a.e x € Q.
Q] == {x € Q : w(x) # 0} > 0. Given = € o, (4.15) implies that |u,(z)| =
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|wn ()] X ||un]| — oo as n — oco. Furthermore, by (f3) we obtain that, for given
T € Qo,
Fz,un(z)) _ F(z,un(z))

lunll™ — Jun|™

|wn (2)]™ = 00, n — 0. (4.16)

From (f3) and the continuity of F' on £ x R, there exists a constant C' > 0 such that
F(xz,t) > C V(x,t) € A xR,

which implies that
F(z,up(v)) —C  F(z,u,(z)) —C

= wy(z)|™ >0, Vee. 4.17)
Tual ™ uapr () (
From (4.13), it follows that
cto(l) = Ty () = A(\Dsun|)d,u+/ A(|un|)dx—/\/ G(|un|)da:—/ P, uy)da
QxQ Q Q Q

Dividing the above equality by ||u,||™, by using Lemma 2.9 and the fact that ||u,|| >

lim inf/ F(x,up(z))dr
lim inf/ F(a:,un(m))dx: n— 00 O
n—oo  Jg /llun||m [[un]]™
A(|Du,|)d Al |)d .
= lim inf | 222 ([D7un )i+ Q (el _ )\/QG(|U e . c+o(1)
e [Tunll™ [un]™ [unll™ | (418)
A(|D?u,|)d A(luy|)d
o QxQ (1D%ua) M+/Q (fn ) c+o(1)
< lim inf — — —
n—00 [|n || [|n ||
<1.
By Fatou’s lemma and (4.15),(4.16),(4.17) and (4.18)
00 :/ lim —F(x’Un(I))_Cdx
T e c F c
< lim inf —(x,un(x)) — dx < lim inf/ —(x,un(x)) —dx
n—oo Jo [[wnl|™ n—oo  Jg [[wn||™
F(z,u,(z))dx Crdx (4.19)
< lim inf 2% — lim sup =%
n—o0 [[wn ]| n—o0 ||n ™
F(z,un(z))dz
= lim inf 2% <1.
n—00 [[wnl|™

Consequently, we get a contradiction, which implies that w(z) = 0 a.e. x € . Since
T (tuy,) is continuous on [0, 1] for each n € N, there exists ¢,, € [0, 1] such that

I(tpuy) = I(tuy).
(tntn) e (tun)

)

Due to ||Z} (un)l|(wsLa(@))- (1 + [|unl]) = 0, we deduce
(T3 (un) (tnun), thun) — 0, n — oo. (4.20)
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Take {s;}72, C (1,00) with sy — +00 as k — co. Then, for each n, k € N, one has
l|skun|| = sk > 1. From (4.14) and the claim, combining conditions (g;) and (f1), we
deduce
/F(m,skwn(m))dx < C/[|skwn\ + H(spwn)]dz
Q (4.21)

Q
< C(|IskwnllLr + ||skwnllg) = 0, n — oo,

and
/ G(spwp(x))dx < ||spwplle = 0, n — . (4.22)
Q
Due to lim,, o ||un|| = 00, given k € N, there exists ng > k. For all n > ni > k, one

has ||uy|| > sk, i€, 0 < Mok < 1. From the fact that [|skwy|| > 1, Lemma 2.9 and
(4.21), (4.22), for large n € N,

s
I (tnun) = max Iy (thu,) > In(

_°k
te[0,1] [|wn ]|

= A(sk|DSwnDdu—|—/A(sk\wn|)dx—)\/G(sk\wn\)dx—/F(x,skwn)dx
Q Q Q

Un) = I/\(Skwn)

QxQ
> HskwnHl—)\/ G(sk\wn\)dx—/F(x,skwn)dx
Q Q
1 1
> S llsewall’ = 55 (4.23)

Let s3 = [lug " > 1, where n € (%}, +00) is a constant. For all n > ny > k, one has

1
Ii(tnun) > §||uk||nl (4.24)

Applying (4.20), for large n € N
1
Ik(tnun) = I)x(tnun) - E<I&(tnun)vﬂn> + 0(1)

:/ A(tn|DSun|)du+/ A(tn|un\)da:—)\/G(tn\un\)dx
QxQ Q Q

1
—/F(a:,tnun)dx——/ a(tn|Dul)|t, D3y [*dp
Q m Jjoxq

A 1
—/ a(tn|un|)(tnun)2dz+—/g(tnun)tnund:ch—/tnunf(z,un)dx
Q m Jjo m Jjo
1

_ 1 [ _
== A(tn|Dup|)dx + — / F(z,tpuy,)dx
m Jaxa m.Ja

+ A/ [ g(tnun)tntin — mG(taun) |dz + o(1).
mJa

<0

Due to (f3)a

—~

fa), and (Az),

[CoA(| Dy |) + 7(2)] dp + % / [CoF (@, up) + p(z)]dz + o(1)

Q

3=

QxQ
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_G [ A(|D%uy|)dp + / F(x, un)da:] +C% +0o(1)
mLtjaoxa Q
C 1
Q

1
scw+«bx1—4g/kxmmmx+cg+mn
m- Jo

g@+@/Ammmg@+@mmw
Q

Combined with (4.24), we have 3 |lug|[" — Cy||un||™ < Cy. Letting k — oo, then
n > ng >k — oo. From nl > m, we get co < Cy. This contradiction shows that {u,}
is bounded, that is, sup,,cy ||un|| = Ko < 0.

Taking into account the reflexivity of WL 4(2) and the Eberlein-Smulian theorem,
we may assume that u, — u € W§L4(Q2). By using (3.1), we obtain

[lun —ullpr = 0, |Jup —ullg = 0, |jup —ullg =0, as n— oo. (4.25)

Using (f1) and Holder’s inequality, we have

A [ gt =)+ [ fGaua)n ~ w)da
Q Q
< )\fQ lg(un)(un — u)|dx +/ [C’|un —ul + Clh(z, uy) (u, — u)”dz
Q
< 2M[g(un)lgllun — ulle + Cllun — ullzr + 2C|[h(un) |7l [un — ull#.

(4.26)

Now, we will show that both ||g(uy)||z and || (uy)||7 are bounded. Applying Lemma
2.1
/ G(g(un))dz < / Ung(tn) < / G(2uy)dz
o ) Q (4.27)
g@+/A@mmg@+@+mmm«n
Q

The definition of ||.||5 yields that ||g(un)|lg < Cs + C4K§". On the other hand, due
to H << A*, then for all & > 0 there exists K, such that

H(t) < A*(at) + K, t>0. (4.28)
By Lemma 2.4 [12], we have m* := sup,- tjf‘((tt)) < < oo, Since WELa(Q) —

LA*(Q)7
/QH(h(un))dxg/QH(Qun)dxSKQ|Q|+/QA*(un)dx

< Cs + Cslun || < Cs + CsKJ¥ < 0.

Hence, ||h(u,)||l7 < Cs + CeK§* < co. Combining (4.25) and (4.26), we have
/ g(un)(uy, — u)dzr + / flz,un)(up —u)de — 0, asn— oco. (4.29)
Q Q

From (4.13), it follows that / a(|D*uy|) | D*wy || D*w,, — D¥ul?dp — 0 as n —
QxQ
0o. Lemma 2.10 implies that lim, o ||un, — u|| = 0. Therefore, Z, satisfies C.-

condition. O
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Conclusion of the proof of Theorem 4.2. Let \* > 0, n > 0 and 7 > 0 are
constants defined in Lemma 4.4. For all A € (0,\*), Lemma 4.5, Lemma 4.6 show
that the functional 7, satisfies all the assumptions of Lemma 4.3. Then Z, has
a critical value ¢ > 7 > 0. Thus problem (1.4) has a nontrivial weak solution w
with Zy(w) = ¢. We now prove that there is another weak solution @ # w. Let
B; = {w € WELA(Q) : ||w]| < 7}, Uy := {W5LA(Q) € W5LA(Q) : |Jw]| < T}
Applying Lemma 4.5, we deduce that

—00 < €= i]gfI,\(w) < 0.

For every o € (0,infg_Z)(w) —infy, Zx(w)) by the Ekeland variational principle [25],
there exists w, € B, such that
Ti(ws) < i}glfI/\(w) to
and
Ih(wy) < Ih(w) + o||lw, —w||, Yw # w,. (4.30)
Therefore,

Ih(wy) < iélfI,\(w) +o< iIELfI,\(w) + iélfI,\(w) - i[?fI)\(w) = iélfIA(w)y

which implies w, € U,. Now, Yv € By, take h € (0,7 — ||ws||), then w, + hv € B;.
By (4.30), we have
Ih(wy) — In(w, + hv) < ohllv]|.
Dividing the above inequality by h and letting h — 0%, one has
(Z7 (o), v) = —o]v]l.

Replacing v with —v in the above inequality, we deduce (Z} (w,),v) < o||v||. Therfore
(I} (wy),v) > 0. Summarizing, there exist {w, }52; C U, such that Z)(w,) — ¢ and
||Zx(wn)]] < + — 0 as n — oo. From the Eberlein-Smulian theorem, we may assume
Wy, converges to w € B;. 4.29 and Lemma 2.10 implies that lim,_, ||@, — @|| = 0.
Since I € CH(W§L4(2),R) and ||Z4 (w,,)|| — 0, one has Z} () = limy,—y00 Z4 (W0,,) =
6 and 7} (w) = ¢, so W # 6 and @ # w, which completes the proof.
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