Annals of the University of Craiova, Mathematics and Computer Science Series
Volume 52(1), 2025, Pages 150-169, DOI: 10.52846/ami.v52i1.1937
ISSN: 1223-6934

Ground State Solutions for a Kirchhoff Type Equation
Involving p-Biharmonic Operator with Exponential Growth
non-linearity

RACHED JAIDANE

ABSTRACT. In this article, we study the following non local weighted problem

g(/ (w(x)|Au\%)dx)A(w(x)\Au|%*2Au) = [u|? 2u+ f(z,u) inB, u= g—z =0on 0B,
B

where B is the unit ball in RY and w(z) is a singular weight of logarithm type. The non-
linearity is a combination of a reaction source f(z,u) which is critical in view of exponential
inequality of Adams’ type and a polynomial function. The Kirchhoff function g is positive
and continuous. The energy function loses compactness in the critical case. To remedy this,
we introduce a new asymptotic condition for non-linearity and go through an intermediate
problem. Using the Nehari manifold method, the quantitative deformation lemma and results
from degree theory, we establish the existence of a ground-state solution.
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1. Introduction and Main results

In this paper, we consider the non local fourth order weighted elliptic equation:

9( [p(vs(@)|Au| 3 )dz) A(vp(2)| Au[F72Aw) = [u|?"2u+ f(z,u) in B
(P)
u = % =0 on 0B,

(1.1)
where B = B(0,1) is the unit open ball in RY, ¢ > N, f(z,t) is continuous in B x R
and behaves like exp{atw—?l)v(l—ﬁ)} as [t| — +oo, for some a > 0 uniformly with
respect to « € B. The weight vg(z) is given by

e \AE-1)
vg(x) = <log |$|) , B€(0,1) (1.2)

The Kirchhoff function g is positive, continuous and verifies some mild conditions.
The study of Kirchhoff problems was initiated in 1883, when Kirchhoff [22] studied
the following equation

0%u Py E (% 0u,, \0%u
Pﬁ—(f‘i‘ﬁ ; |%| dx)@—f(x,u), (1.3)
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where p, Py, h, E, L represent physical quantities. This model extends the classical
D’Alembert wave equation by considering the effects of the changes in the length of
the strings during the vibrations. We call (1.3) a nonlocal problem since the equation
contains an integral over [0, L] which makes the study of it interesting. After Lions in
his pioneering work [25] presented an abstract functional analysis framework to (1.3).
We mention that non-local problems also arise in other areas, for instance, biological
systems where the function u describes a process that depends on the average of itself
( for example, population density), see for instance [4, 5] and its references.

Recently, Trudinger-Moser inequalities [29, 31] have been extended to the Sobolev
space with logarithmic weight

Wol”rj\;d(B,p) = closure{u € Cg.,q4(B)| / \Vu|N o(z)dz < oo}
B

The result was established by Calanchi and Ruff, that is

Theorem 1.1. [7]
(1) Let B €0,1) and let o given by o(x) = (log 1 )ﬁ(N_l), then

T2l

I do < +o00,Yu € W (B, o), if and only if vy < = =
/Bff T 00, VU O,rad( 79)? Zfa/ﬂ Onylf’}/_’}/Nﬁ (N—].)(].—ﬁ) 1_5

and

1 1

sup / ™y < 400 & a < ang=Nwy_1(1—pB)]T=7
weWy N (B,e) /B

/s |VulNw(z)de<1

where wn_1 is the area of the unit sphere SV=1 in RY and N’ is the Holder
conjugate of N.
(ii) Let o given by o(z) = (log ﬁ)N_l, then

N
/ exp{e‘“l A tdx < +o00, Y u € W&”N (B, o)
B

rad

and
1 N
wN-1 |u| N=1
sup exp{pe“n-1 tdr < 400 < <N,
uGWOI,’T]\;d(B,g) B
llul o<1

where wy_1 is the area of the unit sphere SN=1 in RN and N’ is the Holder
conjugate of N and B is the unit ball in RY.

This result has allowed the study of elliptic problems with logarithmic weights
involving exponential growth nonlinearities in the sense of Theorem 1.1 ( see[l, 6, 8,
9, 11, 13, 15, 19, 21, 35]).

To give some motivation for our study, we give a brief overview of Adam’s inequal-
ities in a bounded domain of RY. We then proceed to discuss the extension of these
inequalities to second-order Sobolev spaces with logarithmic weights.

The notion of critical exponential growth was extended to higher order Sobolev
spaces by Adams’ [2]. More precisely, Adams’ proved the following result, for m € N
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and © an open bounded set of RV such that m < N, there exists a positive constant
Cp, N such that

N
sup ePolul ™ gy < Cnm.N |9,

m, I Q
ueW, "™ (Q),|Vmu| n <1

N
where Wgn "™ () denotes the mt"-order Sobolev space, V™u denotes the m!"-order
gradient of u, namely

m

A2, if m is even
V™ =
m—1
VA 7T u, if m odd
and
N m N
22" ()1 v e
[ N } , if m is even
N r(=")
Bo = Bo(m, N) = .
| ey
[W} 5 1Irm o .

Lately, there has been an extension of work concerning Adams’ inequalities into
Sobolev spaces incorporating logarithmic weights. Specifically, Wang and Zhu [34]
established the following result.

Theorem 1.2. [34] Let 8 € (0,1) and let ws(x) = (1 —log |z|)? , then

2
sup / e()f|’U,‘ e dr< oo & a< apg = 4[87‘(‘2(1 — ﬂ)]ﬁ7
u€Wg' % o(Br,we),[lul| <1/ B

>
,rad

where By is the unit ball of R*, Woz’fad(Bl,wﬁ) denotes the weighted Sobolev space of
radial functions given by

Wgﬁ’fad(Bhwﬂ) = closure{u € C3oaa(B1) | / wp(z)|Aul? dz < oo},
B

endowed with the norm |[ul|y;2.2

1
2
oraa(Brws) — (/ wp ()| Aul? dx) .
, B,

As an application of Theorem 1.2, Dridi and Jaidane [16] considered the following
problem

Alwg(z)Au) — Au+V(x)u = f(z,u)in By
u = g—g = 0Oon 0By,

where B; = B(0,1) is the unit open ball in R*, f(z,t) is continuous in B; x R and
2

behaves like e®*' ™" as t — +o0, for some o > 0, and the potential V is positive and
continuous on B; and bounded away from zero in B;. The authors demonstrated
the existence of a nontrivial weak solution to the mentioned problem by employing
the Mountain Pass Theorem in conjunction with the logarithmic Adams inequality.
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Similarly, Jaidane [20] applied these techniques to investigate the following Kirchhoff-
type biharmonic problem

Luw) = f(z,u) in B
u= % = 0 on 0B,
where
L(u) = m(/B (w5|Au|2 + | Vul* + V(x)|u\2)dx) [A(w5(x)\Au|2 — Au + V(gc)u],

m is a Kirchhoff function satisfying some mild conditions and the nonlinearity has
exponential critical growth in the sense of Theorem 1.2.

For g(t) = 1 and N = 4, Dridi et al. treated a similar problem [13]. The authors
proved the existence of a solution using the Nehari method.

Now we’ll introduce our workspace. We denotes by VV0 md(B,v,g) the weighted
Sobolev space of radial functions given by

W= WOQ;T%d( w) = closure{u € C5raa(B) | / |Au| dx < oo}7

with respect to the norm

= (/ vﬁ(x)|Au|%dx+/ \Vu|%+/ |u|%dx)%
B B B

The space W is endowed with the norm

full = ( va(w)lAUIgdx)é

According to Drabek et al. and Kufner in [12, 24], W is a Banach and reflexive space.
Motivated by previous studies, we are investigating the existence of ground-state

solutions. This exploration focuses in particular on scenarios where the non-linear

terms exhibit critical exponential growth, as defined in the Adams inequalities [36].

Theorem 1.3. [36] Let 8 € (0,1) and w be given by (1.2), then

i wr ¥
2 (B,w)

ﬁ
ea\u|< —2)(1-8)

sup dr < 400
wewg Lo 7
[ ve(@)|Aul 5 dx<1
& a<ag=N[(N—2)NVy]| 2w (1 - g)Tw, (1.4)
where Vi is the volume of the unit ball B in RY.
N
Let v := —————————. According to inequality (1.7), we will say that f has
(V-2 5) .
critical growth at infinity if there exists some oy > 0,
lim M =0, V a such that ag < o and lim M =400, Va < ag.
s—+oo e%s s—+oo  eas

(1.5)
Now we define the Kirchhoff function g and give the conditions on it . The function
g is continuous in Rt and verifies :
(G1): g is increasing with ¢g(0) = go > 0;
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g(t)

(Ga): e is nonincreasing for ¢ > 0.

g(t)

The assmption (G2) implies that — <g(1) for all t > 1.
From (G;) and (G2), we can get

G(t+s) > G(t)+ G(s) V s,t > 0 where G(t) = /tg(s)ds (1.6)
and ’
g(t) <g(1)+g(1)t, Vt>0- (1.7)
As a consequence, we get
G(t) < g()t + @t{ Yt >0 (1.8)
Moreover, we have that
%G(t) - %g(t)t is nondecreasing and positive for ¢ > 0. (1.9)
Consequently, one has for all ¢ > N,
t— %G(t) - ég(t)t, is nondecreasing and positive for ¢ > 0. (1.10)

A typical example of a function ¢ fulfilling the conditions (G;) and (G2) is given by
g9(t) = go +at, go,a > 0.

Another example is given by g(¢t) =1+ In(1 + t).
Furthermore, we suppose that f(x,t) has critical growth and satisfies the following
hypothesis:
(A1) f: B xR — R is continuous and radial in z.
(A2) There exist # > ¢ > N such that we have
0<0F(z,t) <tf(x,t),¥(z,t) € BxR\ {0}
where

F(:U,t):/o f(z, s)ds.
f(z, 1)

et

(A3) For each © € B, t —

(40) tig gfﬁ' =0
(As) There exist p such that p > ¢ > N and C, > 1 such that
sgn(t) f(z,t) > Cplt|P~t, for all (z,t) € B x R,
where sgn(t) = 1if t > 0, sgn(t) = 0if t =0, and sgn(t) = —1if t <O0.
fz,t)

tN-1

is increasing for t € R\ {0}.

Remark 1.1. The conditions (A3) and (As) imply that ¢ —
t>0.

is increasing for

We give an example of such nonlinearity. The nonlinearity f(z,t) = C’p|t|p’%t +
|t|P~ 2 t exp(ap|t]?) satisfies the assumptions (A1), (Az), (As) ,(A4) and (As).

We will consider the following definition of solutions.
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Definition 1.1. We say that a function u € W is a weak solution to problem (1.1) if
a1l $)( [ (vp(a) 180¥ 2 dudgdn) = [ Juptugdot [ flou)pds, Vo e W.
B B B
Let J : W — R be the energy functional given by
2 1
) = 5 Gl ) =+ [ juft de = [ P do (L11)
N 4B B
where

F(z,t):/o Sz, s)ds.

Note that, by the hypothesis (Ay4), for any € > 0, there exists dp > 0 such that

|f(z,t) <elt|>~", V0 < |t| <8, uniformly in x € B. (1.12)
Moreover, since f is critical at infinity, for every € > 0, there exists C. > 0 such that
Vit > Ce |f(x,t)] < eexp( alt|”) with a > ap uniformly in z € B. (1.13)
In particular, we obtain for r > 2,
|f(x,t)t] < 05_1 [t|" exp(a [t|7) with o > o uniformly in = € B. (1.14)
€

Hence, using (1.12), (1.13), (1.14) and the continuity of f, for every e > 0, for every
r > 2, there exist positive constants C' and c¢ such that

|f(z, ) <elt|z P+ Ot e M7, ¥ (2,t) € BX R, a> ay. (1.15)
It follows from (1.15) and (Az), that for all € > 0, there exists C' > 0 such that

1
F(z,t) < Ne|t|% +CIt"e™ 7, for all t € R, o > axg. (1.16)

So, by (1.11) and (1.16) the functional J given by (1.11), is well defined. Moreover,
by standard arguments, J € C*(W,R). It is standard to check that critical points
of J are precisely weak solutions of (1.1). Moreover, we have

(T (), ) = T (w)p =g([lu] *)( /B (vs() [Au|* "2 Au Apdz)

f/ lu|9 % ugp da:f/ flz,u) pde , Ve W
B B

where (.,.) denotes the duality between W and its dual space W*.

Our objective is to find solutions that minimise the bound energy J among all
possible solutions to the problem (P). To achieve this goal, we define the Nehari set
as follows

N :={ueW:(J'(u),u) =0,u# 0}
and we are looking for a minimization of the energy function J through the following
minimization problem:
™= T

To our best knowledge, there are no results for solutions to the non local weighted
p-biharmonic equation with critical exponential nonlinearity combined with a poly-
nomial term on the weighted Sobolev space W.

Now, we give our main result as follows:
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Theorem 1.4. Let f(x,t) be a function that has a critical growth at +o0o. Suppose
that (A1), (Aa), (4s), (A4) , (A5), (G1) and (G2) are satisfied. There exists 6 > 0
such that problem (P) has a radial solution with minimal energy provided

Nt N pN 2(040 + (5) N N
- - p 2y
Cp > max { 1, 5 <(7‘ 5 )|wp\p ol N)( 5 ) ) } (1.17)

291) , 9(1) pq myp with my, = inf J,(u) > 0,

where T =
Ngo  Ngip—q ueN,

and
Ny = {ue W,u#0 and (J,(u),u) = 0}.
lwy|, denote the norm of w, in the Lebesgue space LP(B).

Generally, exploring fourth-order partial differential equations is regarded as an in-
triguing subject. The interest in examining these equations has been sparked by their
applications in various fields such as micro-electro-mechanical systems, phase field
models of multi-phase systems, thin film theory, surface diffusion on solids, interface
dynamics, and flow in Hele-Shaw cells, as referenced in [10, 18, 27].

This work is structured as follows: Section 2 covers essential preliminary knowledge
about functional space and preliminary results. In Section 3, we present some key
technical lemmas. Section 4 delves into studying an auxiliary problem crucial for
proving our main result. Section 5 is dedicated to proving Theorem 1.4.

Additionally, it’s important to note that the constant C' might vary from one line
to another, and occasionally, we index the constants to demonstrate their variations.
Furthermore, we’ll use the notation |u|, to denote the norm in the Lebesgue space
L?(B).

2. Weighted Sobolev Space setting and embedding results
The space W is a Banach and reflexive space with the norm

full = ([ w)mm?dxf .

We also have the continuous embedding

W — L'(B) for all t >

o=

Moreover, W is compactly embedded in L!(B) for all ¢ > 1 . In fact, we have

Lemma 2.1.
(i) Let u be a radially symmetric function in CgS,,4(B). Then, we have

(4) [36]

(@) < (55<|10g<|;| 1) ([ wslault o)

N e %
< (aﬁ“k’gw - 1)) -
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N
' 2

(i) /Be‘“(xwdm < 400, Y u€ WOQ,md(B).

(iii) The following embedding is continuous

W < LY(B) for all t >

N\Z

(vi) W is compactly embedded in L*(B) for all t > 1-
Proof. (i) see [36].
(iz) From (i) and using the identity log(Z7) — [log(|z|)] = 1 Va € B, we get

N e
T< —||log(— —1
@) < o lox( 5 1)

N
HW”SaﬁLHbdMWHW“

L)Y (14| log r))
N-1 ey

Hence, using the fact that the function r +— r e is increasing, we get

Nllu|Y(1+]logr]) Nlju|Y

1
/ el dg < NVN/ rN-le B dr < NVye “8 < 4o00.
|z|<1 0

Then (iz) follows by density.
(#41) and (iv). Since vg(z) > 1, then following embedding are continuous

N
W s W32 (Bow) = WE2, ,(B) = LU(B) ¥t = .
We also have, by Rellich-Kondrachov, the following compact injection

N
2,5

Wi, 24(B) << L'(B) Vt > 1.
This concludes the lemma. O

Remark 2.1. According to (i), it will be said that f has subcritical growth at
infinity if
|s]| =400 €X

=0, Va>0. (2.18)

3. Some technical lemmas

In the following we assume, unless otherwise stated, that the function f satisfies the
conditions (A1) to (A4) and the function g satisfies (G1) and (G2) . Let w € W with
u # 0 a.e. in the ball B, and we define the function Y, : [0,00) — R as

Tu(t) = J(tu). (3.19)

It’s clear that Y/ (t) = 0 is equivalent to tu € N.
In the next results, we show that A is not empty and that J, restricted to N, is
bounded from below.

Lemma 3.1. (i) For each w € W with u # 0 , there exists an unique t,, > 0, such
that t,u € N. In particular, the set N is nonempty and J(u) > 0, for every
ueN.

(ii) For allt >0 with t # t,, we have

J(tu) < J (tyu)-
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Proof. (i) Note that since ¢ > N, we have

et
lim —— =
|t|]—0 ‘t|7*1

)

[t}

=0, for all r € (g, 00),

[t|—oo [t]7L

Then for any € > 0, there exists a positive constant C; = C(g) such that
L9 < elt|2 1+ Cyt|" ! for all £ € R, (3.20)

From (1.15) and (1.16), for all € > 0, there exist positive constants C] = C;(€) and
Cy = C5(e€) such that

Fla, )t < €lt]> + CLt|" exp(alt|?) for all a > ag,r > q. (3.21)

and 1 .
F(x,t) < N€|t|7 + Colt|" exp(aft]|?) for all & > ag,r > q. (3.22)
Now, given v € W fixed with u # 0 . From (3.22), (3.20) and (1.9), for all € > 0,

we have

To(t) = J(tu) = 30(|t|%|\u||%) - 1/ |tu|? da:f/ F(z,tu) dx

_fg(ltl lull = )|f|2\|UI|2—*|t| /|UI dr —C /Iu\ / (v, tu) dx

_%wﬂwﬁ——ﬂwa/Mﬁw—fm?/Wﬁdx

—cll/| " 01/ il exp(at|ul?).do (3.23)

\/

\%

1 1
Using the Holder inequality, with a,a’ > 1 such that — + — = 1, and Sobolev
a a

embedding Lemma 2.1, we get
[t

go,, N N €, N N t 1 N N
Tu(t) 257 6= [|ull = —%W [[wl]l = —057Hullr—Csﬁelt|2 [[ul|2

- </ |tu|‘”dm> ’ (/ exp(ata|u|7)dx> ’
B B

g 1 N t|I" r
> (%-dy @+%>)mwaJn

— (/Bexp (aa|tu||’y(”| |) )dx) Cs [[tul|".

By (1.5), the last integral is finte provided ¢ > 0 is chosen small enough such that
aaltul|” < ag. Then,

1 1
1. (t) > (i? - G(NCE; + C‘/lq)> ||tu||% — Csl|tu]|” with aal|tu]]” < ag and o > ag

1 1
holds. Choosing ¢ > 0 such that gﬁo — G(NC;), +C% =) > 0 and since 7 > N, we obtain,
q

Y. (t) > 0 for small ¢ > 0. (3.24)
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Now, from (As), we can derive that there exist Cs, Cg > 0 such that
F(x,t) > Cslt|? — Cs. (3.25)

Then, by using (1.7) and (3.25), we get

29(1) g(1)
Tu(t) = J(tu) < 1% [ull = + =52 ¢ [l Y = G5t ulf — ColBI.
N N
Since § > N, we obtain
T,(t) = —oc0 as t — +o0. (3.26)

Hence, from (3.24) and (3.25), there exists at least one ¢, > 0 such that Y/ (¢,) =0,
ie. tyueN.

Now we will show the uniqueness of t,,. Let s > 0 such that su € N and suppose
that s # t,. Without loss of generality, we can assume that s > ¢,. So we have

(T (tyu), tyu) = 0 and (J'(su), su) = 0, then
sllsul¥) _ 1 g [ S@s)
</B|su| lu|™d —|—/ u|™d >, (3.27)

s lulF Y B (su)N—1

9(||tuu||%)_ Wl N1ulN da flatyu) |y
i ||u|N(/|t | \|d+/7(u) ||d> (3.28)

el [l
Combining (3.27), (3.28), we get

N N
g(llsull=)  g([tuul=)

N N N ¥ =
Is|= ([ull = [tul= |lull=

1 g—N _ uq_N UN f(ﬂf,S’U,) _ f(x,tuu) UN |-
(/B«sm TNl + Jl )d)

" ¥ (s5u)N=T ~ (t,u)N-1

Clearly, according to (As), Remark 1.1 and (G>), the left-hand side of the last equality
is negative for ¢, > s while the right-hand side is positive, which is a contradiction.
This contradict the fact that s > t,. The case t, > s > 0 is similar and we omit it.
Then, s = t,.

(1) Follows from (i) , since J (t,u) = max 1. (¢). O

Lemma 3.2. Assume that (A1) — (A4) hold. Then for any u € W with u # 0 such
that (J'(u),u) < 0, the unique mazimum point of T, on Ry satisfies 0 < t,, < 1.

Proof. Since t,u € N, we have

N
toul| 1 (z, t u
ghfngn ||”):||u||N(/ fuuf” '“'”’”/ oL "Nd) (329
u ||U]] 2

Furthermore, since (J'(u),u) < 0, we have

g(n”;uuf < (e [ <f (ﬂu)l ¥z ).
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Then by (3.29), we have

gltwul ) (el ®) -

N N
It]:2 |lul| > [l 2

1 / ( _N _N f(x7tuu) f(LL',’LL) A
> tyu|?T 2 —|u|? 7 + — )u?dx. 3.30
e, (=% = 4 S - S ) (3.30)
Obviously, from (Gz) the left hand side of (3.30) is negative for ¢, > 1 whereas the
right hand side is positive, which is a contradiction. Therefore 0 < t,, < 1. O

In the sequel, we prove that sequences in A/ cannot converge to 0.

Lemma 3.3. For allu € N,
(1) there exists k > 0 such that ||u|| > &;

(i) T(w) = (7 = Dol .

Proof. (i) We argue by contradiction. Suppose that there exists a sequence {u,} C N
such that u,, — 0 in W. Since {u,} C N, then (J'(u,),u,) = 0. Hence, it follows
from (3.21), (3.22) and the radial Lemma 2.1 that

N N N
gollunll® < g([lunll®)[unll =/B|u\ng;+/3f(a:,un)undx
§26/ |un|%dx+01/ |un\rda;+C{/ |tn |" exp(a|un|Y)dz
B B B
< Cellun|¥ +07||W+01/ " exp(aun|)dz. (3.31)
B
1

Let a > 1 with % + = = 1. Since u, — 0in W, for n large enough, we get

a

|un] < (%)% From Holder inequality, (1.11) and again the radial Lemma 2.1, we
aa

1 1
[l explalun )i < ( / |un|m'dx)“ ( / exp<aa||u||7("l”)”)dar)
B B B |“||

1
ol

e ( / um’dx)“ < Cxllunl"
B

Combining (3.31) with the last inequality, for n large enough, we obtain

have

N N
gollunl> < eCollun = + Csllua]". (3.32)

Choose suitable € > 0 such that gy — eCg > 0. Since N < r, then (3.32) contradicts
the fact that u,, — 0 in W.
(#4) Given u € N, by the definition of A/, (1.9) and (A3), we obtain

1

J(u) =T (u) - aU’(U%U)

= 3G ) = ol ) jul ¥ + ([ 2 upu = Fa.ds) + Ll

1

1 N
> (N - 5)90”“” z.
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Lemma 3.3 implies that J(u) > 0 for all u € N. O
As a consequence, J is bounded by below in A/, and therefore m := injf\[ J(u) is
ue

well-defined.
In the following lemma we prove that if the minimum of J on N is realized at
some u € N, then u is a critical point of 7.

Lemma 3.4. If ug € N satisfies J (ug) = m, then J'(ug) = 0.

Proof. We argue by contradiction. We assume that J'(ug) # 0. By the continuity of
J', there exist ¢, > 0 such that

| T’ (v)|[w+ > ¢ for all v such that ||[v — ug|| < 6. (3.33)

Let D=(1—-7,147) C Rwith 7 € (0, ——) and define h : D — W, by

]
" Aol
h(p) = puo, p € D-
By virtue of ug € N, J(ug) = m and Lemma 3.1, it is clear that
m = r%axjo h <m and J(h(p)) <m, V p#1. (3.34)

Let € := min{ 5™, 16} S, := B(ug,r),r > 0 and J* := J (] — 00, a]). According
to the quantitative deformatlon Lemma [[33], Lemma 2.3], there exists a deformation
n € C (W, W) such that:

(1) nw) =v,if v & T H[m —e,m+€)) N Ss

2) n (g7 nsy) < T,

(3) TJ(n(v)) < J(v), for all v € W.

By lemma 3.1 (ii), we have J(h(p)) < m. In addition, we have,

)
1h(p) = uoll = ll(p = Duoll < 7, Vo € D-
Then h(p) € S s forpe D. Therefore, it follows from (2) that

max 7 (n(h(p)) <m —e. (3.35)
peED

In the sequel, we will prove that n(h(D)) N A is nonempty. In such case, due to the
definition of m, this contradicts (3.35). To do this, we first define

h(p) :=n(h(p)),

Yo(p) = (T'(h(p)), uo),

and

We have that for p € D,
J(h(p)) <m <m—e.

Indeed, for all p € D, J(h(p)) < m +e. In addition, ||h(p) — uol = ||[(p — Duol| <
5, ¥ p€D.Soh(D)CS; and then by (2), we get

T (n(h(p)) = T (h(p)) <m —eV¥ peD.
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Therefore, h(p) = n(h(p)) = pug. Hence,
To(p) = T1(p),¥p € D. (3.36)

On one hand, we have that p = 1 is the unique critical point of Tg. So by degree
theory, we get that d°(Yo, D,0) = 1. On the other hand, from (3.36), we deduce that
d°(Yy1, D,0) = 1. Consequently, there exists p € D such that h(p) € N'. This implies
that

m < J(h(p)) = T (n(h(p))-
This contradicts (3.35) and finish the proof of the Lemma. O

4. The auxiliary problem (P,)

In this section, in order to prove our existence result , we consider the auxiliary
problem

9 J (05 ()| A ¥ o) Alvs ()| Au $200) = [ufu i B
(Pa)
u = %:O on OB,
on
(4.37)

where p is the constant that appear in the hypothesis (A5). The energy J, associated
to problem (4.37) is given by

2 N 1
Jpy(u) = =G(||u|| = —f/ ul|Pdzx.
p(u) = G (|luf®) pB\l
We introduce the Nehari manifold associeted to J, that is
Np = {u € W,u+# 0and (J(u),u) = 0}.
Let m, = ij\r}f Jp(u) > 0, we have the following results for J,,.

By following the proof in [13], we can easily see that we have the following results.

Lemma 4.1. Given u € W, u # 0, there exists a unique t > 0 such that tu € N,. In
addition, t satisfies

Jp(tu) = max Jp(su). (4.38)

s>0
As a consequence, we have

Corollary 4.2. Let w € W,u # 0. Then u € N, if and only if J,(tu) = max JIp(su).

Furthermore, proving the subsequent lemmas is quite straightforward.

Lemma 4.3. For all u € N,
(1) there exists kg > 0 such that ||ul| > Ko;

(id) Tp(u) = go(Z — L)[ul2.

Lemma 4.4. There exists w, € N, such that J,(w,) = my,.
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Proof. Let sequence (wy,) C N, satisfy hrf Jp(wy) = myp. It is clearly that (wy,) is
n—-+oo

bounded by Lemma 4.3. Then, up to a subsequence, there exists w, € W such that
wy — wp inW,
w, > w, in LYB), Vt> &, (4.39)
wy, — wp  a.e. in B.

We claim that w, # 0. Suppose, by contradiction, w, = 0. From the definition of N,

and (4.39) , we have that lirJIrl |wn|> = 0, which contradicts Lemma 4.3. Hence,
n—-+0oo

wp #0 .
From the continuity of g, the lower semi continuity of norm and (4.39), it follows

that
N N .. N N
9Ullwpll =) l[wp = < liminf g(flwn]|=)||wnll= - (4.40)

On the other hand, by using (J'(wy,),w,) = 0 and (4.39), we have
o N N P »
fimnf gl | )| = timint [ fu, o= [ o rde. - @an

From (4.40) and (4.41) we deduce that (J),(wp),wp) < 0. Then, as in Lemma 3.2 this
implies that there exists s, € (0,1] such that s,w, € N,. Thus, by the lower semi
continuity of norm, (1.9) and (4.39), we get that

1
my < Jp(suwp) = J(suwp) — N<J;/a(5uwp)v SuWp)
2 1 1 1
= Cllsuwpll®) = Follsuwpl s * + (7 =)ok /B [ de

1
< Jp(wp) — N<J;;(wp)va>
2 Ny 1 .1 v on 1 )
= Gllwpl 2)*}; Blwpl dz — < g(llwpl|=)llwpll = + % Blwp\ dx
2 1
< liminf [fc(nwnn%)ff/ |wp |Pdz
n—-+oo N p B
1
~timint [ ol )lwy|* + | lwal?da]

< liminf [Jp(wn) - %<J;(wn)7wn>] = Mp.

n——+oo

Therefore, this leads us to the result: J,(w,) = m,, fulfilling the intended conclu-
sion. o

5. Proof of Theorem 1.2

Next, we’ll establish a fundamental estimate for level m. This will serve as a valuable
tool in obtaining an appropriate bound on the norm of a minimizing sequence for m
within N.

Lemma 5.1. If (u,) C N is a minimizing sequence for m, then

N
limsup [[un [ * < m q

n—+oo go(q - N) . (5'42)
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Proof. Let (u,) C N is a minimizing sequence for m. Using (A43) and (1.10), we
obtain that

.+ 0n(1) = T (n) = (T (tn) — éu'(un),un»

2 N 1 N 1
= (5 Glluall¥) = Zglunl ) * + /B (F (& tunYtm — qF (1)) )

/ |t |Tda:

> (ﬁ - 5) gl % )l *

q— N
> gollunll % .

qN

Therefore (5.42) holds. O
Let ap be the real number that appears in the equation (1.5). Then there exists
0 > 0 such that a = ag + 0. We arrive at the estimate for level m.

Lemma 5.2. Assume that (A1) — (As) and (1.17) are satisfied. It holds that
q—N os 5
< . A4
e =) o4

Proof. From Lemma 4.4, there exists w, € N, such that J,,(w,) = m, and J; (w,) = 0.
Consequently, using (1.9) we get

N 1
Gllwnl ) = [ Juyl? do=m, (5.44)
PJB
and
N N N
aollwsll ¥ < gyl )yl ¥ = [ Jayl? da (5.45)
Note that by using (5.44), (5.45), (1.10) and the fact that p > ¢ > N, we have
1 1 1 N N 2 N
(5 — |wylp = 59(”%\\ lwpll® = GUlwpll =) +my < my.
So,
Y4
w,|? < ——m,,- 5.46
lwplp g™ (5.46)

According to (As) and (5.45), we have (J'(wp), wp) < 0 which, with lemma 3.2, gives
that there exists a unique s € (0,1) such that sw, € N. Using (45), (5.44), (5.45),
(1.8) and (5.46), we obtain

29()s® o g(1)sY N Cps”
mo< Toup) < 2 ¥+ L0 ¥ - S
29(1)s% x  g(1)sT CpsP?
< TprHz +THU’pHN v ——|wply
< 29(1)8% |p g(l) N ‘2;0 Cpsp ‘p
< T%|wpp Ngd [wp 7|wpp

(B0 a0 G
= (B St - S Y
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2g(1) | g(1) n  CpeP

29(1) | 9(1) pg x G »
0 <(Ngo +N93p—qm”)£2 p fwpl

By some simple algebraic calculations, we get

A

IN

N
Nt —x N
m < (ﬁ) 2 <T - 2p> [wp 5. (5.47)
Thus, by using (5.47), we obtain
N
Nt —2% N pq
ST (- ) (2, 4
m < (ch) 2 <T 2p> (p_q)mp (5.48)
Therefore, by (1.17) and (5.48), we get that (5.43) is valid. O

The result below gives us some compactness properties of minimising sequences.

Lemma 5.3. If (u,) C N is a minimizing sequence for m, then there exists u € W
such that

/f(m,un)undx%/f(x,u)udx
B B
and

/BF(x,un)dxﬁ/BF(%u)da:.

Proof. We must prove the first limit, since the second one is analogous. For this, we
use (1.15) and introduce the following function k(u,(x)) given by

k(tn (2) 1= elun| ™ da + Clu, | exp(alu,|?).

It’s clear that is sufficient to prove that k(u,(x)) is convergent in L!(B). We have

/f(m,un) undxgs/ \un|% da:—i—C’/ |t |? exp(auy,|?)dx
B B B

= / E(un(x)) dx, for all @« > apandq > N. (5.49)
B
First note that
lun|® = |u| in L*(B). (5.50)
Considering s, s’ > 1 such that % + 5 =1 and s close to 1, we get
tn|? = |u|? in L¥ (B). (5.51)
On the other hand, by (5.42), we have
- N
m> 4 go limsup |Ju,|| * (5.52)
N n—-4o0o

which, together with Lemma 5.2 leads to the following estimation lim sup |ju,|” <
n—-+o0o

__%s .
2(ap +9)
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Now choosing oo = ag + 6, § > 0, we have that

|y

/Bexp(as\un\v)de/Bexp (S(ao+5)||Un|\7(Hun”)7)dx
o (S (Ll 1 gy
g/Be p(2 B(HunH) )dz. (5.53)

Since s > 1 and is sufficiently close to 1, we get Sag < ag. Then it follows by (1.4)
that there is M > 0 such that

/ exp(as|u,|?)de < M. (5.54)
B

Since
exp(a|un|?) — exp(alul”) a.e in B, (5.55)
from (5.53) and [[32], Lemma 4.8], we get that
exp(alu,|?) — exp(alu|?) in L°(B). (5.56)
Then, using (5.50), (5.51), (5.54), (5.56) and the Holder inequality, we get
/B(k(un(a:)) ~ k(w(x)))de = E/B (Junl ¥ — [u]¥)dz

e / (tnl? — [ul?) exp(afun|")dz + C / fult (exp(aun]”) — exp(aful))dz
B B

ga/B (Junl % — |u|%)dm+c(/3(\un\t |u|Q)S'dx)sl’(/Bexp(saumdx)

+ C/B ul?(exp(alu,|”) — exp(alul))dz

1
s

< s/ (Junl* = |ul¥)da + CM(/ (Junl® - |u|q)sldx>$
B B
+ C/ [ul?(exp(alu,|”) — exp(aul))da
—0 afn — 00.
We conclude that
/Bf(x,un) updx —>/Bf(x,u) udzx. (5.57)

O
In the following, we give an additional important result that will be used to prove
our main result.

Lemma 5.4. Assume that the conditions (A1), (Az) and (As) are satisfied. Then,
for each x € B, we have

tf(z,t) — qF(x,t) is increasing for t > 0 and decreasing for t < 0.

In particular, tf(z,t) — ¢F (z,t) > 0 for all (z,t) € B x R\ {0}.
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Proof. Assume that 0 < t < s. For each z € B, we have

o) —aren) = LM or @ va [ o
< 7f(:c_,t) t? — qF (z,s) + f(@,s) (s? —19)

s9—1
= Sf(a:75) - qF(l‘,S)'

The proof in the case t < s < 0 is similar.
The assertion tf(z,t) — ¢F(x,t) > 0 for all (x,t) € B x R\ {0} comes from (A43). O

By the following lemma, we prove that the minimum of J on A is achieved in
some wy € N.

Lemma 5.5. There exists wg € N such that J(wo) =m .

Proof. Let sequence (w,,) C N satisfying lirf J(wy,) = m. Tt is clearly that (w,,) is
n—-+00
bounded by Lemma 4.3. Then, up to a subsequence, there exists wyg € W such that

w, — wy in W,
w, = wo in LY(B), vt > &, (5.58)
w, — Wy a.e. in B.

We claim that wg # 0. Suppose, by contradiction, wg = 0. From the definition of N
and (5.58) , we have that lirf ||wn||% = 0, which contradicts Lemma 3.3. Hence,
n—-+0o0o

wWo 75 0.
From the lower semi continuity of norm, the continuity of g and (5.58), it follows

that

ool ¥) o] = Fima | ol do < Biminf (o(lw | )l ¥ = [ o da)

(5.59)
On the other hand, by using (J'(w,),w,) = 0 and (5.58), we have
N N
- N N 4
tim nf 10l | ¥ = T inf [ (£ + o)
= / (f({I?,’LU())’wO + |w0|q)dx. (560)
B

From (5.59) and (5.60) we deduce that (J'(wp),wg) < 0. Then, as in Lemma 3.2
this implies that there exists s € (0,1] such that swy € M. Thus, by the lower semi
continuity of norm, (1.8), Lemma 5.4 and Lemma 5.3, we get that

m< J(swo) = J(swo)— é(J’(Swo% swo)

2 1
= Clllswoll®) = 2 glllswoll ¥)lswoll *

—1—5/8 (f(x,swo)swo — qF(:r,swo))dx
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2 N 1 N ~n 1
< NG(H@UOH 2) — =g(llwo | #)|[woll Z + */ (f (2, wo)wo — qF (2, wo) ) da:
q q9JB

IN

. 2 N
timnf [5G (w1 ¥) = [ Fa.w)da)

L. 1 N N 1
—gggbﬂWNﬂMMP—géﬂnwmwﬂ

n—-+o0o

< liminf [T (wy) — é(j'(wn),wnﬂ =m.

Therefore, we get that J(swg) = m, which is the desired conclusion. a

Proof of Theorem 1.4. From Lemma 5.5 there exists wg such that J(wg) = m.
Now, by Lemma 3.4, we deduce that J'(wg) = 0. So, wp is a solution to problem
(P). |

Remark 5.1. In the sub-critical case, our energy does not lose its compactness. In
this case, we can have an analogous result only with the conditions (G1), (G2), (H1),
(H2), (H3) and (Hy4) and without going through the auxiliary problem.

So, we can announce the following theorem

Theorem 5.6. Let f(xz,t) be a function that verifies (2.18), (Hy), (Hz), (Hs) and
(Hy). Assume that the condition (G1) and (G1) hold. Then problem (P) has a radial
solution with minimal energy.
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