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On Schur inequality and Schur functions

MARIUS RADULESCU, SORIN RADULESCU, AND PETRUS ALEXANDRESCU

ABSTRACT. The statement of the Schur’s inequality is the following:

Theorem. Let z,y,z be nonnegative real numbers. Then for every r > 0 the following
inequality holds:

2" (@ —y) (@ —2) +y" (y— ) (y —a) + 27 (=) (= = y) > 0.

In case the exponent r is an even number the above inequality holds for every z,y, z real
numbers.

The goal of the paper is to introduce the notion of Schur function and to prove some
properties of Schur functions. Our results represent generalizations of the Schur’s inequality.
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1. Introduction

The following inequality is known as the Schur inequality.
Theorem. Let z,y,z be nonnegative real numbers. Then for every r > 0 the
following inequality holds:

-y (@-2)+y (y—2)(y—2)+2" (z-2) (2 —y) 20 (1.1)

Equality holds if and only if x = y = z or if two of x,y, z are equal and the third
is zero.

In case the exponent r is an even number then inequality (1.1) holds for every
x,y, z real numbers.

One of the reasons for which Schur’s inequality is studied is its applications

to geometric programming.

Geometric programming is a part of nonlinear programming where both the objec-
tive function and constraints are polynomials with positive coefficients (posinomials),
that is

P(xy,2a,...,2,) = Z aoxitry? . aor
la|<m
where @ = (aq,as, ..., ) is a n-dimensional vector with components natural num-
bers, |a] = a; + @z + .... + a,, and all coefficients a,, are nonnegative numbers.
Expanding terms in (1) we get

Z$r+2 + zyz (Z xr—l) > Zxr-i-ly n Zxr-uz

Therefore Schur’s inequality is equivalent to an inequality between two posinomials.
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In the next paragraph we define the notion of Schur function and we study various
properties of Schur functions.

2. Properties of Schur functions

In the present paragraph we shall denote by D a subset of R containing at
least two elements. For every map f : D — R we shall denote by S(f,z,y, z) the sum

S f(@) (z—y)(x — 2) that is

S(fay,z)=f(@) -y (@-2)+ W)y -2 y—2)+f(2)(E-2)(z-y)

Definition 2.1. Let D be a subset of R containing at least two elements and
f:D — R be amap. We say that f is a Schur function on D if

Z f@)(x—y)(x—2)>0 for every x,y,z€ D (2.1)

We denote by S(D) the set of all Schur functions defined on D.

Proposition 2.2. The following assertions hold:

19.If f € S(D) then f >0 .

20 If f € S(D) and for some a,b € D,a < b, we have f(a) = f(b) = 0 then
f(x) =0 for every x € [a,b] N D.

39. If there exists a,b € D, a < b, such that “TH’ € D and

(*50) > 2@ (22)

then f ¢ S(D).

Proof. Note that the map S(f,x,y,2) is a symmetric map. In order to prove
19 consider f € S(D) and take two distinct elements of D, x,y € D . Then 0 <
S (f,3,,9) = f (2) (z — y)°, hence .f >0

To prove 2°. let f € S(D),a,b € D, a <b, f(a) = f(b) = 0. Then

0 < S(f,z,a,b) = f(x)(x—a)(x—>) for every x € [a,b] N D. Suppose that
there exists z¢ € [a,b] N D such that f (z¢) > 0. This implies (xg — a) (xg —b) < 0,
hence S (f,zg,a,b) < 0. We have obtained a contradiction. It follows that f =0 on
[a,b] N D.

If f satisfies (2.2) then

S(f,a;—b,a,b) - (a;b)Q (2f(a)+2f(b)—f(a;_b)> <0 (2.3)

hence f ¢ S(D). Thus we proved assertion 3° .

Theorem 2.3. Let f : D — R be a map. Then the following assertions are
equivalent:

19, f is a Schur map on D.

20, f(az + By) < % + %, for every z,y € D,and «, 8 € (0,1), o + § = 1,such
that ax + By € D.

Proof. Let S be the map defined in the beginning of the section, z,y,z € D,
r<z<y,a,fB€(0,1), a+ =1, z=ax+ By. Then one can easily see that the
following equality holds:
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Then the equivalence of the assertions from the statement of the above theorem
follows at once from identity (2.4).

Corollary 2.4. Let f : D — R be a map. Suppose that there exist two positive
constants m, M such that:

2 [f(x) )

0<m< f(z) <M <4m forevery x € D

Then f is a Schur map on D.
Proof. Let x,y € D,a, 3 € (0,1), a+ 8 =1 such that ax + Sy € D Then

m_m m_f@ [
af o B o’ B

By the preceding theorem it follows that f is a Schur map on D.

Corollary 2.5. Let f: D — R, be a map. Suppose that there exist two positive

constants m, M such that:

flax+ PBy) < M < 4m <

0<m< f(x)<M foreveryxeD

For every a > 0 consider the map f, : D = R, f, () = f () +a, x € D.
Then for every a > max (M’g‘lm,O) the map f, is a Schur map on D.

Proof. Note that a > max (5% 0) implies that

O<m+a<f,(x)<M+a<4(m-+a) foreveryxze D
By the preceding corollary f, is a Schur map on D.
In the following we shall give a definition of a quasiconvex map which is a slight
more general than the classical one.
Definition 2.6. A map f: D — R is quasiconvex if

flaz+PBy) < max(f(z),f(y)) for every z,y € D,
a,8 € (0,1),a+ B =1 such that ax + Sy € D

Recall that in the classical definition of a quasiconvex map one supposes that the
set D is convex.

Corollary 2.7. The following assertions hold:

1°. Every nonnegative quasiconvex map is a Schur map.

20, Every nonnegative map which is a sum of two nonnegative monotone maps is
a Schur map.

Proof. Let z,y € D,a,8 € (0,1),ac+ 3 = 1 such that ax + fy € D. If f isa
nonnegative quasiconvex map then

f(ax + By) < max (f (2), f(y)) < f((f) * féy)

By theorem 2.3., it follows that f is a Schur map on D.
Suppose that f = uy + ug, u; > 0, u; monotone ¢ = 1,2. Then one can easily see
that

ui (ax + fy) < max (u; (z), ui (y)) < wi () +ui (y) <
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By theorem 2.3., f is a Schur map on D.
Theorem 2.8. Let f: D — Ry be a map with the property

2
flaz+8y) < (VI@+VF®) foreverya,y € D,
a,f € (0,1),a+ B =1 such that ax + Sy € D

Then f is a Schur map on D.
Proof. The assertion of the theorem follows at once from the inequalities:

[ oz + py) < (er\/m)Qg f((f)Jr%

for every z,y € D,a, 3 € (0,1),a + 8 = 1 such that ax + By € D.
Theorem 2.9. Let f: D — Ry be a map and M a positive constant. Suppose
that he following inequality holds:

f(x)fM < M foreveryxz,y€ D,
@

B
a,8 € (0,1),a+ 8 =1 such that ax + By € D

f(ax + By) —

For every a > 0 consider the map f, : D — R, f, (z) = f (z) + a, z € D.
Then for every a > 4 we have f, € S(D).

Proof. Let a > % Then for every z,y € D,«a,3 € (0,1),a 4+ 8 = 1 such that

azx + By € D, we have

e - 20

:f(ax+5y)—m—m+a<1—1> <M+a(l—4)=M-3a<0
a p of

By theorem 2.3., it follows that f, is a Schur map on D.

Theorem 2.10. Let f : D — R, be a map. For every a > 0 consider the map
fo: D =R, fo(x)=f(x)+a, ze€D. If f¢S(D), then there exists ag > 0 such
that for every a € (0,a0) we have f, ¢ S(D).

Proof. Suppose that f ¢ S(D). Then by theorem 2.3., there exist xg,yo €
D, ag, B0 € (0,1), a0 + Bo = 1, such that gz + Boyo € D and

A(f):f(aoxowoyo)—%@-% -0

Take ag = —2Z1—. Note that if a € [0, ap) then

aof !

A(fa) = fa (0405170 Jrﬂoyo) - faci:()) - faﬁ(ém) =

A(f)+a(1— Ol0150> > A(f) + a0 (1— aolﬁo) ~0

Consequently f, ¢ S(D).
‘s _ (.2 2 ) __(1-na+v)?
Proposition 2.11. Let f (z) = (2> —1)", 2 e Ry:[0,1] = R, ¢ (t) = et €
[0,1]. Denote
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Q {(Oéa/()))€R2:a7ﬁ€(071)3a+6:1}770 = (an/g)%é(Q[w(a)+¢(ﬂ)} For
every =,y € R, (o, ) € @ define
g(@,y,,8) = f (ax+ By) - L& — L)

a B
Then the following inequalities hold:

36

— < 2

3r =0
g(xvyvavﬂ) §70+1§3

Proof. Note that f is decreasing on (—oo, —1] and increasing on [—1, 0] . Hence the
restriction of f to (—oo, 0] is quasiconvex. Thus if 2,y < 0 and (¢, 3) € Q then

g(w7y’a76) = f(aaf“rﬁy)_ fgr) - f(y) <

AN
=
I
"
~—
~
~—
]
S~—"
~
~—
<
S~—"
\

Since f is decreasing on [0, 1] and increasing on (1, oo] it follows that the restriction
of f to [0,00) is quasiconvex. Thus if 2,y > 0 and (o, 8) € @ then g (z,y,a, 3) < 0.
Now we shall consider the case x > 0,y < 0. Let z = —y. We shall prove that

g(l’,—Z,Ol,ﬂ) S 1+’YO <3

5 3
Consider the maps: ¢y (t,z) = S-tat + M:ﬁ —1,t€(0,1),z €R,
¢o () = ax* + bx? + ¢, x € R. Note that a < 0 and b > 0 implies that

b dac — b?
< _— - —
@2 (z) < o (\/Z) i for every z € R

_ 43
If in the preceding inequality we take a = tST_l, b= 2<1tt ), t € (0,1), we obtain

b dac — b2 2 (2—-t2 13
¢1(t71')§¢2<\/—2a>= P (t5—1 ):¢(t)—1 (2.5)

Let 2,2 > 0. Then

N N RN R

+8a23%222% — 403 B3z — 4afPxz® — 202 5%02% 2% + dafrz + 1 =

=¢1 (o, x) + 91 (B, 2) — dafzrz (ax — 62)2 — 20232222 + 4aBrz +1 <
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< Gr(m)+ 91 (B,2) +3< () =1+ (8)—1+3=
= Y@ +yYB)+1<y+1

Thus we proved that > 0,y < 0 implies g (z,y, «, 5) < v + 1 < 3. Analogously
one can prove the same inequality for z < 0,y > 0.

Proposition 2.12.Let f(z) = (w2 — 1)2 , € R. For every a > 0 consider the
map f, : R —= R,

fa(z) = f(x) + a,z € R. Then the following assertions hold:

19, For every a € [0, %), fa ¢ S(R).

20 For every a € [1,0), f. € S(R)

3% For every a € R, f, is not quasiconvex and is not the sum of two positive
monotone functions.

Proof. To prove 1° take ag = fy = %,xo = —1,yo = 1.Then agxo + Boyo = 0,

A(f) = f(como + foyo) — L — L0) — f(0) —2f (=1) = 2f (1) = 1 > 0 and
AP 1

apg =

-1 3

By theorem 2.10. f, ¢ S(R) for every a € [0, ). The assertion from 2° follows at
once from theorem 2.9. and proposition 2.11.

Note that f, is not monotone and there does not exist ug € R such that f, is
decreasing on (—o0,ug] and increasing on [ug, 00). Therefore f, is not quasiconvex.

Proposition 2.13. Let ¢ : R — R be a map with the property that fo¢ € S(R)
for every f € S(R). Then ¢ is monotone.

Proof. Suppose contrary that ¢ is not a monotone map. Then there exist z < y < z
such that

max (6 (7),6 () < 6 (y)- Let A € (max(¢(x),6(2)), 6 (y)). For every a,b > 0
consider the map

| aift e (—oo0, Al
fao (8) = { bif t € (A, +00)
Note that all maps f, are monotone, hence they are Schur maps. Since y € (z, 2)

it follows that there exist o, 8 € (0,1),a+ 3 = 1 such that y = ax+ 3z. By hypothesis
fap 0 ¢ € S(R).Therefore

b= (fur08) (1) = fun (6 (az + 32)) < fap(0(2) | fap(¢(2) _a a _ a

a 3 a B apB

By the preceding inequality it follows that o8 < ¢ for every a,b > 0. The contra-
diction we have obtained proves that the map ¢ must be monotone.
Proposition 2.14. Let f : [0,2] — R, f(z) =z — 2%,z € [0,2]. Then f €

s([0.5)-

PI‘OOf. Let aaﬁe (071)3a+/6: 1,g(x,y,oz,5) :f(ax+ﬂy)7@f¥7xaye

[0,3].
Note that

—afg (z,y,0,8) = (®B—p)a>+ (B—a’B)z+
+(af® —a)y* + (a — aB?) y + 2By
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Note that the coefficients of 22 and y? from the right hand side of the above identity,
that is a®8 — 8 and a3% — « are strictly negative. Moreover, the matrix

a35 _ ﬁ 05262
< o232 a3 — o >
is negative definite. Consequently the map hq g (z,y) = —afg (z,y, a, ) is con-
cave. Hence

2 2 2 2
—aﬁg (x,y, Ck,ﬁ) Z min (hoé75 (0, 0) ,ha’ﬁ (0, 3) 7ha,,8 <3, 0) 7h/a”3 <3, 3>)

Since all the arguments of min are nonnegative it follows that g (x,y,«, ) < 0.
This implies that f € S ([0, %]) .

Proposition 2.15. Let D be a subset of R with more than three elements and
f: D — R be an increasing Schur map. Consider x,y, 2z € D distinct elements. Then
S(f,z,y,2z) =0 if and only if one of the following situations occurs:

1°. All z,y, z are equal, that is x = y = 2.

20, Two of z,y, z are equal and the third is a zero of f.

39. All three z,y, z are zeros of f.

Proof. Without any loss of generality we may suppose that x > y > z. Denote

A(fw,y,2) = (@ —y) [f () (¢ —y) + (f (2) = F (y)) (y — 2)]

B(f,x,y,z) = f(Z) (JJ—Z) (y—Z)

Note that S(f,z,y,2) = A(f,z,y,2) + B(f,2,y,2). and A(f,2,y,2) = 0 and
B(f,z,y,2z) > 0.

Consequently S (f,z,y,z) = 0 implies that A (f,z,y,2) = B(f,z,y,2) = 0.We
shall study two cases.

Case 1. = = y. in this case we have A (f,z,y,2) = 0.From B (f,z,y,2z) = 0 it
follows that y = z or f(z) = 0.

Thus case 1. reduces to situation 1° or 2Y.

Case 2. > y. From A (f,z,y, z) = 01it follows that f (x) =0and (f (z) — f (y)) (y — 2) =
0.

Hence f (y) =0 or y = z. From B (f,z,y,2z) = 0 it follows that f(2) =0 or y = 2.
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