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Processing

BoGDAN MAXIM

ABSTRACT. The aim of this paper is to present some applications of the Neumann Laplacian
in image processing, along with the necessary mathematical background. We prove weak and
strong versions of the maximum principle for weak solutions of elliptic and parabolic problems
and apply them to a Fisher K.P.P.-type equation. The original contribution lies in the applica-
tion of this equation in image processing, where various diffusion-like effects can be achieved.
Additionally, a review of the basics of linear and nonlinear PDEs with Neumann boundary
conditions is provided, along with updated bibliography and recent qualitative results. There
are also some new theoretical results developed in this work.
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1. Introduction and notations

The Fisher equation is primarily used in population dynamics models. However, due
to its rich properties, such as global boundedness, it is also well-suited for applications
in image processing.

In this research article, we will conduct a thorough study of the following semilinear
evolution problem:

% —dAu=au- (r(z) —p(z)u), (t,z)€ (0,T)xQ
% =0, (t,z) € (0,T) x OQ (1)
u(0, ) = ug(x), z e

The problem is set up in a domain Q C RN, N > 2. Of particular interest will be
the case when N = 2, especially considering its relevance to applications in image
processing.

Simulating PDEs on images can provide valuable insights into how differential
operators behave and their specific characteristics.

Engineers commonly refer to Neumann boundary conditions as natural conditions,
whereas in image processing, they are termed reflective conditions and are suitable for
applying PDEs to images. These conditions describe an isolated domain where there
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256 B. MAXIM

is no flux through the boundary. They are notable because, in formulating weak
versions of PDEs, the space of test functions is not constrained by the boundary
conditions, unlike in the case of Dirichlet conditions.

This section begins by proving weak versions of the maximum principle for elliptic
and parabolic PDEs, which will serve as the main results applied in this work. Com-
plete proofs are provided since they may not be readily available in basic monographs
on this subject.

In Section 2, we address linear heat equations with Neumann boundary conditions
and lay the groundwork necessary for Section 3, where we study a semilinear para-
bolic equation with a logistic term. We emphasize the importance of strong forms of
the maximum principle, enabling analysis of our solutions in terms of the problem’s
parameters. Here, we utilize an elegant functional method involving the notion of
almost interior points, introduced by J. Gliick and M. Weber in [13].

Sections 4 and 5 are devoted to studying the steady-states of the parabolic problem.
Subsequently, in Section 6, we present the main result of the paper: the uniform
asymptotic stability of the only nontrivial steady state of our main problem.

Finally, we discuss how the gathered results can be applied to modify images and
develop an algorithm implemented using Matlab R2023b, capable of transforming one
picture into another using diffusion. Additionally, we explore the application of diffu-
sion for two more purposes: causing an image to dissapear or gradually transforming
it into a mathematical solution of (1).

There are some new results like Theorem 2.1 (5) and Lemma 3.5 (2),(4),(5),(6),(7)
and many non-obvious details and tricks that fill the existent gaps in the proofs of
some well-known results. The hypotheses in which we work are very general: we use
Lipschitz domains and weak solutions for PDEs.

Concluding remarks are provided, along with suggestions for further research and
improvement.

In the Appendix, we compile some non-standard definitions and results, including
proofs for some of them.

Throughout the paper, we will use the notations: LP(Q)" = {f € L?(Q) | f(z) >
0, for a.a. z € Q} where p € [1,00] and H*(Q)* = {f € H'(Q) | f(x) >0, for a.a. x €

1.1. The weak minimum principle for elliptic and parabolic problems.

Theorem 1.1 (Weak Minimum Principle for elliptic problems). Fiz some open
p>1if N=2

and bounded set Q C RN and let c € LP(Q) for some p satisfying N ,
p > > if N >2

with ¢ > 0 a.e. on Q. If u € HY(Q) satisfies in the weak sense the following
inequalities:

—Au+c(z)u >0, =€

ou i.e. / Vu(z) - Vo(z) + c(z)u(z)p(z) de >0 (2)
5(:0) >0, x € 0N @
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for all test functions ¢ € H' () with ¢ > 0 a.e. on Q' then exactly one of the
following two situations takes place:

(1) u>0 ae. on€;

(2) u is a constant strict negative function and ¢ = 0.

Proof. First, let’s explain why the integral inequality from the statement is well-
defined. Since Vu, Vi € L2(Q;RYN), from Cauchy inequality we deduce that Vu-V €
LY (). If N = 2 from Sobolev embedding theorem? u,¢ € H'(Q) < L" () for each
r > 1. Setting r = 2p' = z% > 2 we obtain first from Cauchy inequality that
u¢p € LP (Q) and then from Hélder inequality that cug¢ € L*(Q). If N > 2 from Sobolev
embedding theorem we have that u,¢ € H(Q) < L%(Q) So u¢p € L%(Q) from

Cauchy inequality. Now, since p > % = p' < 5. Being in a bounded domain

we deduce from Hélder inequality that u¢ € L¥ (Q) € L¥'(Q) (see [17, page 240]).
Applying one more time Hélder inequality we will get that cu¢ € L'(Q).

Now we can start the proof. Write u = u™ — u~, where u™ = max{u,0} > 0
and v~ = —min{u,0} > 0 a.e. on Q. From [I8, Theorem 2.2] we know that
Vu, a.e. on {z € Q| u(z) > 0}
0, a.e. on {x € Q | u(z) <0}

ut,u™ € HY(Q)* and moreover Vu™ = , Vu™ =

{vu’ e on € @ ule) <0) .Soutu™ =0and Vut - Vu~ =0 a.e. on Q.

0, a.e. on {z € Q| u(xz) > 0}
Choose ¢ = u~ € HY(Q)* as test function. Then (2) becomes:

/(Vu+—Vu_)~Vu_ dx+/c(u+—u_)-u_ dx >0
Q Q

:>/ Vul - Vu~ —|Vu |2 dx—l—/ ()utu™ —c(u™)? dz >0
Q

c
Q
:>/ |Vu~|? dx—|—/ c(u™)?<0.
Q Q

Knowing that ¢ > 0 a.e. on @ we get that Vu™ = 0 a.e. on . Taking into account

that Q is a connected domain we deduce that there is a constant k£ € R with u=™ =k

ae. onQ Ifk<0then0<u =k<0 = v =0andu=ut>0. If £t >0 then

k=wv" = —min{u,0} = —u = u=—-k<0and [ c¢dzx=0. Therefore c =0 a.e.
Q

on  as claimed. i

Theorem 1.2 (Weak Minimum Principle for parabolic problems). Let any
d,T > 0 and c € L*>((0,T) x Q). If u € C([0,T); L*(Q)) N HL_((0,T); L*(2)) N
L2((0,T); HY(Q)) satisfies in the weak sense the inequalities:

% —dAu+c(t,x)u >0, (t,z)€ (0,T)xQ

5 i.e. (3)
u

=

5 2 0, (t,x) € (0,T) x 00

IThis definition is adapted from [33, pages 212-213].
2A proof can be found in [I, Theorem 4.51 and Theorem 6.3] or in [22, Theorem 12.17 and
Theorem 12.18].
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Q

for a.a. t € (0,T), for all $ € HY(Q) with ¢ > 0 a.e. on Q and: u(0,x) > 0 for a.a.
x € Q then u(t,x) >0 for a.a. (t,z) € (0,T) x .

Proof. First consider, if needed, some real constant M > 0 with essinfc+ M > 0

(0,T)xQ
and let v = e M!. 4. Then, since u(t,-) € HY(Q) and t — e M! is a smooth
mapping we deduce that v(t, ) € HY(Q) c L*(Q), V t € [0,7T], from [18, Lemma
1.12 (5), page 9]. Observe that for any ¢,t + h € [0,T] we have that |Jv(t + h,-) —
ot zz) < e M ult+h, e M —u(t, ) 2@) < lult+h, e —u(t, )| 12(q) <

u(t + h,-) —u(t, )2 + |1 — e M| Jlu(t + h, )| 20 390, which shows that
—_—

Slulleo,my:L2 @)

v is continuous from [0,7] to L*(Q). Since [[v(t,*)|lr2(0) = e M |ult, )| 2@ <

lu(t, )r2q) for any t e [O T] we deduce that v € C([0,T],L?(Q)). In the same
T

manner [, [v(t,- Hl @ fo [lu(t, Hl(Q) = lullL2¢o,1ym1(0)) < 00, 50 v €

L2((O,T);H1(Q)). Because u € Hl([a b]; L2(Q)) for any [a,b] C (0,7T), we have

in particular that %: € L*((a,b); L*(Q)) which means by definition that the two

b
Bochner integrals verify: / u(t,-) / at ) dt, ¥ ¢ € C([a,b]).
By checking the same definition of the weak derivative we obtain immediately that

v € H([a,b]; L*(2)) and ov =e M (—Mu—I— 8). From the AM-GM inequality
ov

ot ot
b 9 1/2
0l 1 ((a,0):22(02)) = (/ v, ')H%?(sz) + ‘ E(tv ) )
a L2(Q)
SV2M? + 2 ull g (o022 (0)) < 00-

This proves that v € HL _((0,7); L*(Q2)). Notice that v satifies in the weak sense the
inequalities:

one gets:

% —dAv + (c(t,x) + M)v >0, (t,z) € (0,T) x Q
(5)
ov
@S
5 =0, (t,x) € (0,T) x 9Q

and v(0,z) = u(0,2) > 0 a.e. on Q. If we show that v(t,z) = e Ml u(t,z) > 0 a.e.
>0
n (0,7) x § then we are done.
For an arbitrary ¢ € (0,7) we know that v(t,-) € H'(Q) and we may write v(¢t,-) =
v (¢, ) — v (t,-), where v*(¢,-) = max{v(t,-),0} and v~ (¢,-) = —min{wv(¢,-),0} lie
both in H!(f2) and are a.e. positive on Q. By choosing ¢ = v~ (t,-) € H'(Q) as test
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function we obtain that:

gt (- dm—i—d/ Vou(t,-) - Vo (¢,-) dx—i—/ﬂ(c(t,-)+M)v(t,-)v_(t,-) dx >0
= — / dx—|—d/|Vv |2dx+/Q(( )+ M)(v)? dz <0,

>0
where we have used that Vo™ (¢,-) - Vo~ (t,-) = 0 and v*(t,-)v(¢,-) = 0 a.e. on Q.
We deduce that / —%(t, Jv(t,) de <0 for a.a. t € (0,T).
Q
We know that for any 0 < a < b < T, v € H'([a,b]; L?(Q2)). So, from [19, Corollary
5.18] we have that v, v~ € H'([a,b], L*>(Q)) and moreover:
ov

@(t ) = E(t7'>7 a.e. on {x € Q| v(t,z) >0}
ot 0, a.e. on {z € Q| v(t,z) <0}

v— ()= —%(t,-), a.e. on {x € Q| v(t,z) <0}
o ()=

0, a.e. on {z € Q| v(t,z) >0}
v vt I~
: > - RV . o - R - .
Thenceforth: 0> [ ~ZL(t. 0™ (t.-) do /Q (1 (o (1) d
= 81) (t, Yo~ (t,) dz for a.a. t € (0,T). As v™ € H'([a,b]; L?(2)) we infer that

Q
v AM-GM
oo > HU HHl([a b];L2(Q)) */ / (t) dx dt > 2

( - (b)2 —v~ (a)2) . Applying

dx dt.

Now from Lemma 10.1 we deduce that / —— v dt =

l\D\H

Fubini- Tonelli theorem® we finally reach to:

//—v dx dt = // —’u dtdxf%/Qv*(b,x)zfv*(a,x)zdx. (6)
(

Define the function h : [0,7] — R by h(t) = [ v~ (t,z)? dz, ¥Vt € [0,T]. Thus
Q

for any 0 < @ < b < T we have that h(a) > h(b), i.e. h is decreasing on (0,T).
Note that, because v(0,-) > 0 a.e. on €, we get that v=(0,-) = 0 a.e. on Q and
therefore h(0) = 0. Now it’s time to use the fact that v € C([0,7T]; L*(Q)). It
is easy to check that v* v~ € C([0,7T]; L?(R2))*. In particular h is continuous at
to = 0. This is because lim v=(t,-) = v=(0,-) = 0 in L%(2), which means that

lir(r)1+ h(t) = hm fﬂ (t x) da; = 0 = h(0). Let any ¢t € (0,7) and consider a
t—

sequence (tn)n21 C (0,T] that converges to 0. There is some index n; > 1 such that

3See [10, Theorem 4.4 and 4.5, page 91].
4Just observe that |lu(t + h,-) — U(t")”i2(9) = |t + h,) — 'U""(t,-)||2LQ(Q> +

lv=(t + h,:) — v*(t,~)||%2(m + 2/91)+(t+h,-)’l}7(t,')+U7(t+h7-)v+(t7.) dr and

>0
o (& L2y, 1o~ & )ll2@) < vt )l (q), for all t € [0,T].
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t > t, for each n > n;. Therefore 0 < h(t) < h(t,), V n > n;. Passing to the
limit gives us that 0 < h(t) < lim h(t,) = h(0) =0 = h(t) = 0. In conclusion
n— oo

v~ (t,x) =0 for a.a. t € (0,T) and for a.a. x € Q. The proof is complete. O

2. Heat equation with Neumann boundary conditions - a review

Let d,A > 0 and f € L?((0,T), L*(Q)), vo € L*(Q2) be fixed. Consider the following
problem:

%_mwm:m,m, (t.z) € (0,T) x

ov - (7)
5 =0 (t,x) € (0,T) x 9Q

’U(O7I) = ’Uo(l'), T €

Definition 2.1. We say that v € C([0,7]; L*(Q)) N HL((0,T); L*(2)) N L*((0, T);
H'(€)) is a weak solution of (7) if for almost all ¢ € (0,7) and each ¢ € H'(Q2) the
following equality holds:

| Godera [ Vo) Voot [otrode= [ fodn s)

Let (Sx(t)),s, be the A-translated Co-semigroup associated to the Neumann Lapla-
cian on the Lipschitz domain €, i.e. Sx(t) : L2(2) — L?(Q) with Sy(t)u = v, where:

%*dAU%*)\’U:O, (t,z) € (0,00) x Q
% =0, (t,z) € (0,00) x 90 10 the weak sense. (9)
v(0,2) = u(w), reQ

We will write S(t) = So(t) for any ¢ > 0. Notice that Sy(t) = e *S(t), V¢ > 0. The
following important theorem takes place:

Theorem 2.1. For any T > 0 problem (7) has a unique weak solution that has the

following properties:

(1) v is also a mild solution® of (7), i.e. v € C([0,T];L*(Q)) and v(t,-) =
t t

Sy (t)vg +/ Sx(t — s)f(s,-) ds = e S(t)vg +/ e MG — 5)f(s,-) ds
forany t € EO,T]. ’

(2) Ifvo € L(2) and f € L>((0,T) x Q) then v € L>=((0,T) x Q) and:

1 1
min {ess inf vg, — essinf f} < wv(t,z) < max< esssup vg, —esssupf », a.e. on (0,T)xS.
Q (0,7)x Q2 Q A0,7)xQ

. 1
In particular ||v||Le(0,1)x0) < maX{||UOL°°7 /\||f|L°°((07T)XQ)}'

5See [27, Definition 2.3, page 106].
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N, if N >3
3) Iff =0, for D = then
any constant strictly bigger than 2, if N € {1,2}
there is a constant C' > 0 depending on Q and D, d, X such that ||v(t, )| 1) <
C- GAT . tiD/4 . ||UO||L2(Q); Vite (O,T]
(4) Ifvg € L2(Q)*\ {0} and (gsqsﬂ)inf}f >0 then essQinf v(t,-) >0 for any t € (0,T].
) x
(5) Ifvo € L*(Q)* \ {0} and (gsqs:)inéf > 0 then for any to € (0,T) we have that
T X
essinf v > 0.5

(to,T)xQ2

(6) Ifvo € L2()* \ {0} has the property that essQinf vg > 0 and (%s%inaf > 0 then
,T) %

we have that essinf v > 0.
(0,T)xQ
Proof. (Sketch) The existence follows via Galerkin Method (see [9, Theorem 4.2.1,
page 190] and [1, Lemma A.2.7, page 187]) or using variational methods (as a reference
see [23, Theorem 68, page 67]). Moreover we have that for any ¢ € [0, T the following
formula holds:

u(t,-) = Z Un(t) - on, where vy, (t)

t
:6_(dkﬂ'+)‘)t(’l}07 Lpn)Lz(Q) +/ 6_(dAn+)\)(t—s) (f(S, .)7 (pn)LQ(Q) ds, (10)
0

for any n > 1, where the set {¢,, | n > 1} is an orthonormal basis of the Hilbert space
L?(Q2) formed by the eigenfunctions of the Neumann Laplacian, i.e.

—App = Anon, T €N

)

Oén =0, x € 00

ov
0=X < X< <A, <+ = 00 being the Neumann eigenvalues on €2 counted
with their multiplicities.”
The uniqueness also follows with ease: let vy, vy be two weak solutions of (7) and
denote v = v; — v9. For a.a. s € [0,T] we can choose as a test function ¢ = v(s,-) €
H'(Q) and obtain that:

d

—/ v(s,-) dm—i—d/ Vs, -)|? d:ﬂ—i—)\/ v%(s,-) de =0, for a.a. s € [0,T].
ds Jo Q Q

6This is the best we can hope since <ess)infQ v > 0 is not true in general even for domains with
0,T) X

smooth boundary, unless essQinf vo > 0.

"Note that if © = (0,a) x (0,b) is a 2D-rectangle as it is image processing it is known that the
spectrum of the Neumann Laplacian is given by A\g = 1 and for each pair (m,n) € Zy x Z% we

2 2 1
have that A\m,n = (E> + <E> . The corresponding eigenfunctions are ¢o(z,y) = —— and
a

) b Vab
. mnz nmy .
Omn(z,y) = T cos <7a ) cos (—b ) for each (z,y) € Q. For further details see [14].
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Integrating on [0, ¢] will result in:

/QUQ(t,~) derd/Ot/Q|Vv(s,o)|2 dz + )\/Ot/QvQ(s, ) de = /9112(0, ) dz =0,

for a.a. t € [0,T]. So for a.a. t € [0,T] we deduce that v(t,-) = 0 a.e. on €, which is
the same as saying that v = 0 on (0,7) x , i.e. v1 = vp. (1) Just use (10) combined
with the following formula:®

Styw = Z e~ Pt (w, on) L2 () Pns ¥ w € L2(Q). (11)
n=1

(2) It follows immediately from the weak parabolic minimum principle. (3) See the
proof of Lemma 10.2 from the Appendix. Note that v(¢,-) = Sx(¢) for any ¢ € [0, T].
(4) Because f > 0 a.e. on (0,T) %2 we get from the weak parabolic minimum principle
that v > o := Sx(-)vg a.e. on (0,7) x Q. For any fixed t € (0,7] the bounded
linear operator Sy(t) : L%(Q) — L>(f2) (here we have used the ultracontractivity
property of the Neumann Laplacian, see Lemma 10.2 from the Appendix) is a positive
operator, meaning that for any w € L?(Q2)* we have that Sy(t)w € L>®(Q)T (it
follows from the weak parabolic minimum principle). Moreover the constant function
1o € L*°(Q) which associates 1 to any = €  has the property that Sy (t)1g = e~ =
essﬂinfSA(t)lQ > 0.” Hence 1g € L?(Q)* is mapped by Sy (¢) into an almost interior

point'? of L>(2)T and it is an almost interior point of both L?(Q)* and L>(Q)*. So,
applying Proposition 10.3 we get that any almost interior point of L?()* is mapped
by Si(t) into an almost interior point of L>(Q)*.

Now, since vg € L?(Q)\ {0}, we have that ©(¢/2,-) = Sx(t/2)vg is an almost interior
point of L?(Q)T because [Sx(t/2)vo|(x) = 9(¢/2,2) > 0 for a.a. z € Q (see Remark
10.2). ' Henceforth o(t,-) = Sx(t)vo = Sx(t/2)Sx(t/2)vo is an almost interior point
of L>®(Q)T. Putting all together we conclude that ezseigrllf o(t, ) > eiseigrllf o(t,) >0

for any t € (0,7T).

(5) From the weak parabolic minimum principle we know that v > Sy(-)vg := U a.e.
n (0,7) x Q.

Fix some ty € (0,7) and choose some ¢ € (0,t5). We define the following operator:

S:L2Q) — L™®((to — 6, T — 8) x Q) by Sw := Sy(-)w i.e. [Sw|(t,z) = [Sx(t)w](z)

for (t,x) € (to — 0,1 — ) x Q.

It is easy to see that S is a linear operator. Using Lemma 10.2 from the Appendix

we deduce that for each t € (tg — 0, T — 0):

[Sx(B)wll o) < C 7P w2y < C - (to — )P/ w2y, (12)

Thus [[Sw||Loe (to—s.7-8)x0) = esssup [|Sa(Hw]|=(a) < C-(to=0)P/*||w|| L2 (-
te(to—9,T—9)

This shows that S is a bounded linear operator. From the weak parabolic mini-

mum principle we obtain that S is a positive operator, i.e. if w € L*(Q)* then

8See Theorem 7.14 from [5].

9The Neumann boundary condition was essential here in order to compute Sy (t)1g because we
can consider solutions that do not depend on the spatial variable.

10See Definition 10.1 and Remark 10.2 from the appendix.

HThis follows from the irreducibility of the semigroup associated to the Neumann Laplacian.
See Definition 2.8 and then Theorem 4.5 in [25].



A FISHER EVOLUTION EQUATION IN IMAGE PROCESSING 263

Sw € L®((tg — 6,T — §) x Q)T. Thanks to the Neumann boundary conditions we
can compute [Slg](t,z) = e > e M=) > 0 for (t,z) € (to — 6,T — &) x . So:
{1Q € L?(Q)" is an almost interior point of L?(Q)T

. . . . = &S maps any al-

Slq is an almost interior point of L™= ((tg — 6,7 — §) x Q)

most interior point of L2(£2)* into an almost interior point of L>°((t—§,T —6) x Q) ¥,
from [13, Proposition 2.21]. Now, since vg € L%(2)* \ {0} it follows from (4) that
Sx(8)vp € L>*(2)* is an almost interior point of L>°(Q)*. In particular Sy (8)vy will
be also an almost interior point of L?(Q)*. Thus S will map Sy (d)vg into an almost
interior point of L>®((tg — §,T — 6) x Q)*. All we have to observe at this point is
that for each ¢ € (tp,T) we have that t — 6 € (g — 9,7 — J) and from the semigroup

property:
[S(Sx(8)vo)](t = 0, -) = Sx(t = 6)(Sx(6)vo) = Sx(t)vo = (2, ). (13)
In conclusion:

essinf v > essinf © = essinf [S(S\(d)vo)](t—0,2) = essinf  S(Sx(d)vg) > 0.

(to,T)XQ (to,T)XQ (to,T)XQ (t0—6,T—6)XQ
(14)
(6) Let ¢ = ess Qinf vg > 0 and consider the problem
0v RN
5 —dAD+ X0 =0, (t,x)€ (0,T)xQ
Py
8—;’:0, (t,z) € (0,T) x Q-
9(0,2) = ¢, x €
We know that 9(t,x) = c-e M > c-e " > 0 for any (t,2) € (0,7) x Q. If we de-
0
8—1; —dAw+ A w = f(t,z) >0, (t,z) € (0,T)xQ
note w = v — ¥ we obtain that 87“’:0>0 (t,z) € (0,T) x Q-
alj — ) ) )
w(0,z) = vy — ¢ >0, x €

Thus, from the weak parabolic minimum principle it follows that v > 9 > c-e™*T > 0

a.e. on (0,7) x Q. So (%s%ing v > 0. The proof of the theorem is now complete. [
,T) %

3. The parabolic problem

We will study in this section problem (1). We consider the following hypotheses:
(H1) Q is an open, connected and bounded Lipschitz domain;
(H2) T > 0 is the final time under consideration;
(H3) r,p € L*™°(Q)) are some heterogeneous parameters regarding the domain Q with
0<p:= essQinf r<r(zx) <1and r(z) < p(z) for almost all z € Q

(H4) d > 0 is the diffusion coefficient;
(H5) « > 0 is a strict positive real constant;
(H6) up eU :={we L*(Q) |0 <w<1, ae onQ};
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Definition 3.1. We say that v € C([0,77]; L?(2)) N H.((0,7); L*(2)) N L*((0,T);

HY(Q)) N L*°((0,T); L>=(Q2)) is a weak solution of (1) if for any ¢ € H(2) the
following identity takes place:

ou
/Q E(t’ ¢ dx + d/Q Vu(t, ) Vo de = /Qozu(t, )(r — pu(t, ))gi) dx. (15)

Theorem 3.1 (Uniqueness). If u; and us are both weak solutions of (1) then
U = ug.

Proof. Let v = u3 —ug. Then ¢ = a(p(ug+ug)—r) € L=((0,T) x ), because u, ug €

0 >0
%—dAv—i—c(t,x)vz ;O , (t,x)€(0,T) x Q
0 >0
L=((0,T) x Q) and: a:jzo{;o ; (t,z) € (0,T) x Q.
>0
v(0,2) =0< — , z e
<0
From the weak parabolic minimum principle we get that v > 0 and v < 0 a.e. on
(0,T) x Q, and hence v = 0 as needed. O

In the following three results, we establish some lower and upper bounds for the
solution of (1).

Proposition 3.2 (Global boundedness). If u is a weak solution of problem (1)
then 0 <u <1 a.e. on (0,T) x Q.

%fdAquc(t,:c)u:OZO, (t,x) € (0,T) x Q

Proof. Notice that { 9u —0>0 (t,z) € (0,T) x O where ¢ =
8V — ) Y Y
(0, z) = up(z) > 0, x €

alpu —r) € L*=((0,T) x Q). From the weak parabolic minimum principle we obtain
that v > 0 a.e. on (0,7) x Q. Similarly, if we denote w = 1 — u, we arrive at:

ow —dAw+a2p—r)w=a(p—r1)+apw? >0, (t,z)e (0,T)x
ot ——— ——
€L >0 )
9w _ o, (t,2) € (0,T) x o USin8 one
ov
w(0,z) =1 —up(z) >0, x €
more time the weak parabolic minimum principle we get that w > 0 a.e. on (0,7) x
Q. O
Proposition 3.3 (Thresholds). Consider that u is a weak solution of (1).
1) Ifug <U := r a.e. on ) thenu < U a.e. on (0,T) x Q.
Plipe=(q)

(2) Ifup > U := essQinf ; a.e. on Q thenu>U a.e. on (0,T) x Q.
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Proof. (1) Let w = U — u. Proceeding as above we get that:

gw —dAw + a(2pU — r)w = aUp (U— r) +apw? >0, (t,z) € (0,T) x Q
ot N———’ P
€L>(Q)
>0
%:020, (t,z) € (0,T) x 00
w(0,2) = U — ug(z) >0, z €

From the weak parabolic minimum principle we get that w > 0 a.e. on (0,7) x Q.
(2) Set w=u—-U € L*((0,T) x ). Then:

0
a—qf—dAw—&—oz(QpQ—r—i—pw)w:a@) (;—U) >0, (t,z) e (0,T)xQ
—_——
€L>(Q) >0
%’:020, (t,z) € (0,T) x OQ
w(0,x) =uop(z) —U =0, z e
From the same weak parabolic minimum principle we conclude that w > 0 a.e. on
(0,T7) x Q. O
Remark 3.1. Let 7, p > 0 and ¢ > 0 be any three constants.'? Consider the problem:
0
%—dAv:cmw(f—ﬁv), (t,x) € (0,T) x Q
% —0, (t,z) € (0,T) x OQ (16)
v(0,2) = ¢ >0, xz €

cr

T E— —, t € [0,7T] is a solution of
e~ (F — cp) + cp
(16), that we shall denote by v(7, p, ¢), with the property that:

It can be easily checked that v(t) =

T 7
CSU(t)Sj’ 1fc§f
i b vieeloT]
C>’U(t)2ia 1fCZi
p p
and moreover:
c<o(t) < —m < L ife< -
‘ (7 —cfcp)—ﬁ—cp p,z pf , for all t € (0,T). (17)
C>’U(t)> i T (o= po ~>:,ifc>j
—e—ar (Cp—r)—i—cp P P

Proposition 3.4 (Barrier functions). Consider u to be a solution of the problem

(1). The following properties take place:

(1) v(p, \|p||Lm(Q),esssgnfu()) <u< v(||r||Lm(Q)7essSgnfp, lluol| oo (0)) a-e. on (0,T) x
Q.

12The same procedure of solving Bernoulli’s equation can be applied if we take 7 = 7(t) and
p = p(t) (depending only on t € [0,T7).
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7 7]l 2= 0
(2) If |luollp=) < U then: u < v(||rLoo(Q),()7||uo||Loo(Q) a.e. on

- U
(0,T) x Q.
(3) IfessQinfuo > U then: u>wv (||p||Loo(Q)Q, ||pHLoo(Q),essQinfu0> a.e. on (0,T) xS

Proof. (Sketch) (1) First note that if w = u — v(7,p, c) then:

%;) —dAw+afpu+v) —r]w= av [r—F+v(E—p)|, (tz)e€0,T)xQ
€L>(Q) 20
0 .
a—ly":o, (t,z) € (0,T) x IQ
w(0,z) = up — ¢, ASEY
(18)
r=p
If ¢ p=llpllz~() ,then
¢ = essinfug
Q
r—=7+v(p—p)=r—p+v(plr=@ —p) 20, (tz)e0,T)xQ
SN—~— | S ——
>0 >0
uo—c:uo—essﬂinfuozo, €N
Hence, from the weak parabolic minimum principle we obtain that
u>w (p7 ||p||Loo(Q)7eSSQinfU()) a.e. on (0,7) x Q.
7= |pllL=~@U
(3) 1t P = [pllze= o) _, then from Remark 3.1 we know that v > U a.e. on
¢ = essinfug > 2
Q P
(0,T) x  and:

~ ~ T
it o —p) =1 — Ipllim U + 0 (Iplom@ —p) > p (p U) >0
—_————

>0

Uy — € = Uy — eSSQinqu >0
From the weak parabolic minimum principle we get that
u>v (||pHLoc(Q)Q, Hp||Loo(Q)7eSSQinfu0> a.e. on (0,7) x Q.
Similarly, the other two inequalities can be proved and they are left to the reader. [

Fix some A > 2a|p|[p~(q) and define the function f : Q x [0,1] = R, f(z,u) =
au(r(z) — p(z)u) + A, for any (z,u) € Q x [0,1]. Notice that for any fixed = € Q
we have that 0 = ar(x) + A — 2ap(z)u > ap > 0 for all u € [0,1]. For any

u
weV:={welL>(0,T)x Q) 0<w(tz) <1, for a.a. (t,z) € (0,T) x Q} let v be
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the unique weak solution (see Theorem 2.1) of the problem:

% —dAv+ v = f(z,u(t,x)), (t,z) € (0,T)x

ov "
v =" (t,z) € (0,T) x 90 (19)
v(0,z) = up(x), e

Since f is increasing in the second argument, and uw € V, we immediately get that
0 < f(z,0) < f(z,u(t,z)) < f(z,1) = A —a(p —r) for a.a. (t,x) € (0,T) x Q.
Applying Theorem 2.1 (2) we obtain that for a.a. (¢,z) € (0,T) x Q:

1 _
0 < min {essﬂinf ug, X -0} <w(t,z) < max {esssup ug, 1 — a(p/\r)} <1. (20)
Q

This allows us to define the nonlinear operator F' : V — V given by F(u) = v. Next,
we give some of the properties of F'.

Lemma 3.5. The nonlinear operator F' has the following properties:
(1) F is a monotone operator;
(2) If up,ug € V with uy < ug ae. on (0,T) x Q and uy # us then for each ty €
(t*,T), where t* = sup {t € (0,T) | u1(t, ) = usz(t, ), for a.a. (t,x) € (0,£)xQ}
we have that: essinf F(ug) — F(uy) > 0.
(to,T)x2

(8) F is Lipschitz continuous with respect to the norms of L*((0,T); L?(Q?)) and
L=((0.T); L~ (@) - B
(4) If ug < U ae. onQ andu < U ae. on (0,T) x Q then F(u) < U a.e. on
(0,T) x Q and if in addition at least one of the following two conditions holds:
U _
1:0 % then for each to € (0,T) we have essinf U — F(u) > 0.
p s not constant (to, T)xQ
%, if u # U, then for each ty € (t*,T) where

t* =sup{t € (0,T) | u(t,x) = U for a.a. (t,x) € (0,1) x Q}, we have that

essinf U — F(u) > 0.
(to,T)XQ
(5) If ug > U a.e. onQ andu > U a.e. on (0,T) x Q then F(u) > U a.e. on

(0,T) x Q and if in addition at least one of the following two conditions holds:

U
1:0 % - then for each ty € (0,T) we have essinf F(u)—U > 0.
p 8 not constant (to, T)xQ

, if u £ U, then for each ty € (t*,T) where
U for a.a. (t,x) € (0,1) x Q}, we have that

Additionally, in case ug = U =

Moreover, in case ug = U =

t* =sup{t € (0,T) | u(t,x)

essinf F(u)—U > 0.
(tO,T)XQ

(8) If ugp # 0 then for any to € (0,T) we have that (essTi)an F(u) > 0.
to, X

In case ug = 0, if u # 0, then for any ty € (t*,T) where t* = sup{t €
(0,7) | u(t,x) =0 for a.a. (t,x) € (0,1) x Q}, we have that (esgﬂi)nfg F(u) > 0.
to, 1) X

==
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UO?él

then for
pET

(7) If at least one of the two following three conditions is true: {

any to € (0,T) we have that essinf 1— F(u) > 0.

(to,T)xQ
In case ug =1 and r = p, if u £ 1, then for any to € (t*,T) where t* = sup {f €
(0,7) | u(t,x) =1 for a.a. (t,x) € (0,£)xQ}, we have that (essTi)an 1—F(u) > 0.
to,1') X

Proof. (1) Let uy,us € V with u; < ug a.e. on (0,7)xQ. Set vy = F(uy), va = F(uz)
and v = vg — v1. Then, from the monotony of f we get that:

% —dAv = f(z,us(t,z)) — f(z,ui(t,z)) >0, (t,z) € (0,T)xQ
%:OZO’ (t,z) € (0,T) x 00 - (21)
v(0,2) =0, e

We may conclude, from the weak parabolic minimum principle that v > 0 a.e. on
(0,T7) x Q.

(2) Consider in addition now that u; # ug. It is obvious to remark that t* < T.
Let’s denote A = {t € (0,T) | wi(t,z) = us(t,x), for a.a. (t,z) € (0,1) x Q}. If
t* € A then uy(t,x) = us(t, z), for a.a. (t,z) € (0,t*) x Q. If t* ¢ A then there is a
strictly increasing sequence (t,)n,>1 C A that tends to t*. Let B = {(t,z) € (0,t*) x
Q | wi(t,z) # ua(t,x)} and for each n > 1, B, = {(t,z) € (0,t,) x Q | ui(t,z) #
uz(t,x)}}. So LN*Y(B,) = 0, ¥ n > 1, because (tn)n>1 C A. Moreover B, C B
for n > 1 and: LVNTY(B) = LNTY(B) — LNTY(B,) = LYT1(B\ B,). Now, since
B\ B, C (tn,t*) x Q, we deduce that: LNTH(B\ B,) < LVNTI((t,,t*) x Q) =
LM((tn, %)) - LY(Q) = (t* — t,) - LN(Q) "3 0, Q being a bounded set from RN,
Thus £V*1(B) = 0 which means that t* € A.

Consider some to € (t*,T). We introduce the set C' = {t € (t*,t0) | u1(t,) # ua(t,-)}.
We want to show that C has a strictly positive measure. Suppose that £!(C) = 0.
This means that for a.a. t € (t*,t) we have that u;(¢,2) = us(t, x) for a.a. z € Q. If
D = {(t,z) € (t*,t0) x Q | ur(t,x) # ua(t,z)} C (t*,t0) x Q and for each t € (t*,¢)
we set Dy = {z € Q| ui(t,x) # ua(t,x)}. Thus for a.a. t € (t*,ty) we have that
LN(D;) = 0. Now from Tonelli’s theorem we get that:

EN“(D):/ 1p(t, x) d(t,;z:):/ (/ 1p,(x) dz) dt
(t*,t0) X (t*,to) \JQ
(t*,to)

This shows that ui(t,x) = us(t,z) for a.a. (t,x) € (t*,tp) x Q. But, since t* € A
we also have that ui(t,x) = ua(t,z) for a.a. (¢,2) € (0,t*) x . We can conclude
that uy(t,2) = ua(t,z) for a.a. (t,x) € (0,%p) x Q. Since ty > t* we have reached
a contradiction to the definition of ¢*. So £(C) > 0, and in any interval (t*,) we
have a subset of strictly positive measure for which wuy (¢, ) # ua(t, -).

Therefore we may choose some ¢ > 0 with tg—4§ € (t*, tp) and uq (tg —9) Z u2(to—9,-).
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Going further we have that

f(.%‘,UQ(t,JJ)) - f(xaul(tax» = (ug —uq) - [ar +A— ap(u1 + ug ] > ap(uz —uy) #0
N e ——

>0

a.e. on (0,7) x . This shows in particular that v(tg — ¢,) # 0, thence v(tg —9,) €
L)\ {0} ¢ L2(2)" \ {0}. Applying a translated version of Theorem 2.1 (5)

with tg — & as initial value, for tg > tg — § we deduce that: (ess 1)an v > 0.
to,T) X

(3) Let uy,uz €V, v1 = F(u1), va = F(uz) and v = vy — v;. From Theorem 2.1 (2),
since v(0,-) = 0, we have that:

1
[[F'(u2) — F(ur)l|L>0,1m)x0) = [[vllL=(0m)x0) < $I1f(@,u2) — f(2,u1)| L ((0,7)x0)

afrllL= o
< (1 + )\()) [[uz — usl Lo ((0,7)x0)-

For the continuity with respect to L2((0,T') x )-norm, we know from Definition 2.1
that for a.a. t € (0,T), choosing the test function ¢ = v(t,-) € H'(£2) and integrating
on [0,¢], the following inequality holds:

%/sz(t,x) dx—f—)\/ot/ﬂﬁ(s,x) dx ds < /Ot/Q (f(@,u2) — f(z,u1))v(s, x) dv ds

(Cauchy inequality)

< (allrllpee@) +A) - lluz = uillLz(o,0x9) - V]2 (0.0 x2) (23)

We define the real functions g,h : [0,T] — R, g(t) = (a|r|pe@) + A) - luz —
ut 20,60y and h(t) = [[v|lr2¢0,)x0). We have that g( ) h(0), both g and h
are increasing and continuous. Moreover [h*(t)] = [, v*(t,z) dx for t € [0,T]. Let
to = max {t € [0,T] | h(s) = 0 for s € [0,t]}. Clearly for t € (to, T] (if any) we will
have that h(t) > 0. The inequality (23) rewrites as:

%% [R2(t)] + AR (t) < g(t) - h(t) = R (t) + Ah(t) < g(t),V t € (to, T). (24)

So (e’h(7)) < g(1)e ™ for 7 € (to,T]. Integrating on [ty + &,t] C [0,T] leads us
to: eMh(t) — eMotp(ty + ) < fttOJrEg(T)e)‘T dr < fg g(T)er dr < g(t ft AT =

1
Xg(t) - (e —1). Making ¢ — 0% and using the continuity of A will give us that:

! 1 olrls~o
) < 300 (1= ) < 300 = (14 D) gy~ wiloayna (25)

for any t € (tp, T]. But since h(t) = 0 for t € [0, ¢g] the same inequality holds for any
t € [0,T]. Setting t = T will give us the desired continuity of F'.
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(4) Just put w = U — F(u) and observe that:

%—QZ —dAw +  w = AU — f(z,u(t,z))
> \U — f(x,U) = aUp (U—;) >0, on (0,7) x Q 26)
gw _ 0, on (0,7) x 02
Ov
w(0,2) = U — ug(z) >0, on Q
From the weak parabolic minimum principle we get that F(u) < U a.e. on (0, T) x Q.
Notice that AU — f(x,u) = f(z,U) — f(z,u) + aUp (U— ) —u) +

aUp (U— T). Fix any T > tg > 6 > 0. If any of the three conditions is sat-
p

isfied then we will have that w(d,-) # 0, and thus w(4,-) € L*(Q)* \ {0}. From
Theorem 2.1 (5) it follows that essinf w > 0.

(to,T) X Q2
Now, if ug =U = ” then
p
8—w—dAw—i—/\w—)\U flx,u(t,x)) = (A—oaup) (U—u), on (0,T) x Q
ot —_———
>a|pll Loo () >0
ow

5, =0 on (0.7) x 99

w(0,2) =0, on

With the same measure-theoretic approach that we have used in (2) we can prove
that there is 6 > 0 with ¢g — 0 € (t*, o) such that w(ty — d,-) #Z 0. Taking this as an

initial value and using Theorem 2.1 (5) for ¢y > to — § it follows that (es% 1)an w > 0.
to, ") X

(5) The proof is similar to (4).

gt dAv+ v > apu, (t,x) € (0,T) x Q
(6) Note that for v = F(u) then % —0, (t,z) € (0,T) x Q- The
v(0,2) = up(x), z €

conclusion follows as in (4).
(7) Just observe that if w =1 — F(u) then

%—deAw+)\w>ap(lfu)+oz( —r), (t,x)€ (0,T)xQ
%:O, (t,x) € (0,T) x Q-
w(0,z) =1 —up(x), x €N
We can proceed as in (4) to conclude. O

Now we have all we need in order to prove the main result of this section:
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Theorem 3.6. For each T > 0 problem (1) has a unique weak solution u € V.
Proof. (Existence) Consider the following recurrence:'
{U7z+1 = F(Un)a n2>1

27
u1€V ( )

Choosing 413 =1 € V we have that F/(1) < 1 a.e. on (0,7) x 2. Using the monotony of
F we obtain by an immediate induction that 1 =u; >ug > -+ > u, > --- > 0. a.e.
on (0,T) x Q. For a.a. (t,z) € (0,T) x Q the sequence of real numbers (u,(t, CE))n>1
is bounded between 0 and 1 and decreasing. Hence it is convergent to some number
u(t,z) € [0,1]. Thus u, — u pointwise a.e. on (0,7) x . Since for each n > 1
one has that: |u,| = u, <1 € L2((0,T) x Q), we deduce from Lebesque dominated
convergence theorem that u € L2((0,T) x Q) ~ L*((0,T); L?(Q?)) and u,, — u in
L2((0,T) x ). Now using the continuity of F' (see Lemma 3.5 (3)) we deduce that
U1 = Flup) = F(u) in L2((0,T) x Q). But upy1 — u in L*((0,7) x Q). We
conclude that u = F(u). Regarding f(t,u(t,z)) as a function of (¢,z) we may apply
Theorem 2.1 to conclude that u is a weak solution of the problem (7) and thence
u € C([0,T]; L3(Q)) N HL ((0,7); L3(Q)) N L2((0,T); H'(£)). Being also bounded,
we conclude that w is a weak solution of (1).The uniqueness was proved before in
Theorem 3.1. ]

4. Poisson-type problems with Neumann boundary conditions - a review

For Q being a Lipschitz, open, bounded and connected domain from R¥, any A > 0
and any f € L?(Q) we consider the following problem:

—dAV(z)+ AV = f(z), z€Q

28)
ov (
Definition 4.1. We call V € H'(2) a weak solution of (28) if a(V, ¢) = b(¢), V ¢ €
H(Q), where:

a: HY(Q) x H'Y(Q) = R, a(V,qS):d/VV~V¢ der)\/ Vo dr, ¥V, € HY(Q)
Q Q

b: HY(Q) - R, b(¢) = / fédr, ¥ ¢ € H(Q) (29)
Q
We have the following result:

Theorem 4.1. Problem (28) has a unique weak solution V € H(Q) and moreover
V' satisfies the following properties:

1
1) V2 < < Ifllz2 -

1
2 1 < — . .
(2) Vg < min{d, A} 1l 22 )

133ee [30, Section 10.6.1].
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1 1
(8) V€ L>®(Q) and if f € L™(Q) then: XessQinff < V(z) < Xesssupf for a.a.
Q

) 1
x € Q. In particular |V || gy < <||fllLe (@)

1
(4) AV € L*(Q) and [AV || r20) < 2 - [Ifllz20)-

(5) There is some 6 € (0,1) with V € C%(Q), i.e. V is Hélder continuous with
exponent § up to the boundary.

(6) IfQ is an open, bounded and convex set then: V € H*(Q) and there is a constant
C > 0 depending only on Q and X\ such that: ||V ||g2) < C - | fllr2@)-

(7) If f >0 ae. onQ then V >0 a.e. on Q and there is a constant C depending

only on Q and X such that: / Vide <C- essQinf V. In particular V = 0 or
Q
ess Qinf vV >0.

Proof. (Sketch) It is easy to remark that a is a bilinear form and from Cauchy in-
equality |a(V,¢)| < max{d, A} - [|V|[m1 (o) - |¢llm1 @), for any V,¢ € H'(2)"" which
shows that a is continuous. Moreover a(¢, ¢) > min{d, A} - ||¢H%11(Q), vV ¢ € HY )
ie. a is coercive. Since from Cauchy inequality |b(¢)] < ||fllz2) - Pllr2) <
I fllzz) - 1ol a2y, ¥V ¢ € H'(Q) we get that b is a continuous linear functional.
Applying the Laz-Milgram theorem'® we get that there is a unique V € H'() such
that a(V, ¢) = b(¢), V ¢ € H ().

(1) and (2): Choosing ¢ =V in (29) we get that

V2
{ IVl Sd/ TV dz“/w o
Q Q

mm{d7)\}||V||%p(Q)
_ / PV do < 112 - IVIlz2 @
Q 1fllz2) - Va0
(3) The fact that V € L*°(Q) for each f € L*(Q2) follows from [33, Theorem 4].
Assume now that f € L>(f). Setting ¢ = %ess@inff we have that —dA(V —¢) +

AV —c)=f- )\C—f—essmff>00nQandM—0 on 0f). Since A > 0 we

get from the weak minimum pr1nc1p1e that V > c. The other inequality follows in an

analogue fashion.
(4) From a(V, ¢) = b(¢), ¥ ¢ € H'(Q2) using Green’s identity'® we get that

1
/VAqua::—/VV-Vqux:f/(AV—f)-qux
Q Q d Jo
for any ¢ € H'(Q2) which means in particular that 3 AV = %{f € L*(Q). So
we have that —dAV = f — AV as functions from L2(2). Thus HAV||2L2(Q) =

defAV do + AVAV de “E L[ f o (f = AV) do — A [, [VV]2 do =
= ||f||L2(Q) 2 Jo fV dz — 3X [, |VV|2 dz < d%Hf||i2(Q). Here we have used the
fact that [, fv dz =b(V)=a(V,V) > 0.

M1n fact [ja|| = max{d, A}.
15For a proof, see [10, Corollary 5.8, page 140].
16For more details see [7, Proposition 7.6.1, pages 323-325].
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(5) This is a well-known regularity result that can be obtained by the classical De
Giorgi-Nash—Moser theory'”. The proof can be found here: [33, Theorem 4] or with
complete details in [24, Theorem 3.1.5, page 50].

(6) This result can be found in the monograph [15, Theorem 3.2.1.3, page 149].
The idea is to use the well-known HZ2-regularity results for domains of class C? by
approximating such domains from the inside and from the outside with C? domains.
(7) This is a version of the strong minimum principle for weak solutions satisfying
Neumann boundary conditions given by G. Lieberman in [21, Lemma 2.1]. For further
details see [34, Theorems 8.18 and 8.19] and [33, Theorem 4]. O

5. The elliptic problem

In this section we will study the steady-states associated to problem (1).
—dAU = aU - (r(z) — p(2)U), z€Q
o _
v
U(z) >0, x €

0, xz e (30)

Definition 5.1. We say that U € H'(Q) is a weak solution of (30) if U > 0 a.e.
onQandd [ VU V¢ dr = / aU - (r(z) — p(x)U) ¢ dx for any ¢ € H* ().

We say that 5[2] € H'(Q)is a vétzeak subsolution (or weak supersolution) of (30)
if U >0 a.e. on {2 and d/ VU -V¢ dxf/ aU - (r(z) = p(z)U)¢ dx < (or >) 0 for
any ¢ € H'(Q) with ¢ > OQa.e. on . N

Remark 5.1. It is straightforward to see that U = 0 is a weak solution of (30). This
will be called from now on the trivial solution. Moreover it is an unstable solution.
Indeed, if we take some € < W, then for any § > 0 if we take ug = § we have

PllLe= ()

from Proposition 3.4 (1) that: u(t,z) >

po
exp(—apt) - (p = 8llpll () + 8llpl L~ (@)
for a.a. (t,x) € (0,00) x Q. But as t — oo the right hand side tends to

[Pl ()
So no matter how small is the norm of the initial data |lug|/z-~) We have that
l|wll Lo ((0,00)x2) > €. This shows that the trivial solution U = 0 is unstable.'®

Remark 5.2. Problem (30) cannot have weak solutions with U < 0 a.e. on € and
U # 0. Indeed: suppose that U < 0 a.e. on . Then: —dAU = a U -(r—pU) <
N~ ———

SO >
apU. Thus: 0 = d [, VU - V1 dz “=" —d [,1-AU do < ap [,U dz. So 0 =
~~
>0
Jo0de > [(Udr>0 = [, U de=0 = U=0ae. on, which is impossible.
<0
TFor further details we recommend the monograph [16, Chapters 3 and 4].

I8For two definitions of stability see [28, Page 9] and [29, Page 126].
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Remark 5.3. Problem (30) can have weak sign-changing (nodal) solutions. For

1
U =U. <0.4+3cos(x)—U>, x>0

example consider the problem . As we

U(0)=0.5, U'(0) =0

r
can notice in fig. 1 we might have U > — on a subset of {2 having strict positive

a.e. on ). In order to have Neumann

measure even though U < U = HT
p

L>=(Q)
boundary conditions we consider the problem on the z-axis interval between points
A and B.

The1 s‘olutio‘n of 7‘UH = y (0.4‘+ %c?s(z) - U); ‘ U(O)‘: 0.5‘, U'(0)=0

0.8 -

0.6

04r

0.2

y — Axis

0

0.2

04t B

064 I I I I I I I I I

FIGURE 1. A one-dimesional counterexample

Proposition 5.1. IfU € H'(Q) is a weak solution of (30) thenU < U = HT <
Plir=(e)
1 a.e. on Q.
Proof. Set W = U — U. We have that:
—dAW = dAU = —aU(r — pU) = —a(U — W)(r — pU + pW)
=aU((pU —r) — a(2pU — r)W + apW? =
—dAW + a(2pU — )W = oU(pU — 1) +apW? > 0
——
>0 >0 >0
_ — — T r r
WehaveusedthathU—r>pU—r:p<U—>:p - —— ] >0a.e. on
p Plipe@) P
ou
Q. Since e 0 > 0 on 992 we deduce from the weak minimum principle
v v

that W > 0 a.e. on Q which means that U < U a.e. on €. [l
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Theorem 5.2. Problem (30) has a unique nontrivial weak solution U € H'(Q).
Moreover essﬂinf U >0.

Proof. Let A > 2al|p|[z~(q) be a constant. Define the function f : @ x [0,1] —
R, f(z,U) = aU(r(z) — p(x)U) + AU, for any (z,U) € Q x [0,1]. Notice that
for any fixed x € @ we have that % = ar(x) + A — 2ap(x)U > ap > 0 for all
U € [0,1]. Thus f(z,-) is a strictly increasing function for any x € Q. Moreover for
any U el ={W € L*(Q) | 0 < W < 1} we have that 0 < f(z,0) < f(z,U(z)) <
f(x,1) = A—a(p(x) —r(x)) < A for a.a. o € Q which means that U > U +— f(-,U) :=
aU(r —pU) + \U € L>=(Q)* C L3(Q) (because 2 is bounded). Let us denote by V'
the unique solution (see Theorem 4.1) of the following elliptic problem:

—dAV + \V = f(z,U(x)), z€Q

o _
o

(31)
z € 0N

Since —dAV + AV = f(z,U(x)) > 0 on Q and 2—‘/ =0 > 0 on 902 we deduce

v
from the weak minimum principle that V> 0 a.e. on Q. In a similar manner:
—dA1-V)+ X1 -V) = X = (=dAV + V) = A — f(z,U(z)) > 0 on Q and

1
u = ——— =0 > 0 on 092. Hence from the weak minimum principle that

1 >8V a.e on QaThls proves that V € U.

Now we can define the following mapping S : U — U given by: S(U) = V. Next, we
will point out some of the properties of S.

(Fact 1): S is a monotone operator. Let Uy, U € U with U; < Us a.e. on 2 and
S(Uy) = Vi, S(Usz) = Va. Consider V =V, — V; Then:

—dAV + AV = f(JC, UQ(I)) — f(JC, Ul(x)) = (U2 — Ul) (’I" + g —p(U1 + U2))
>0
a(Uy = Ur) (p+2|pll Lo 0) — 2p) = ap(Uz — Up) >0

ov
Having also that — = 0 > 0 on 992 we get from the weak minimum principle that

v
V >0ae. onQ, ie Vi =5U;) <Vy=5Us) a.e. on Q.

(Fact 2): S is a strongly monotone operator. We have to show here that for any
Uy,U; € U with Uy > Uy and Uy # Us then essﬂinf S(Usz) — S(Up) > 0. Setting V =

S(Uy) — S(Uy), as we have proved above we get that —dAV + AV > ap(Us —U;) >0
on  and = 0 on 9. Applying Theorem 4.1 (7) we obtain that there is a
constant C'(, A) with [,V dz < C(Q, ) - essanf V. Suppose that essﬂmf vV =0.

Then fQ V dxr = 0 and since V' > 0 a.e. on () it follows that V = 0. But this will
imply that 0 = —dAV + AV > ap(Us —U;) > 0, i.e. Uy = Uy a.e. on Q which is false.
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(Fact 3): S is Lipschitz-continuous with respect to the norms of L?(2) and
L>(Q). Let any Uy, Uz € U. Then:

7dAV+)\V:f(ZL'7U2($))*f(l',Ul(l')), x € ()

v _
o
where V = S(Usz) — S(Uy). Using Theorem 4.1 (1) we obtain that:
1
[S(Uz) = S(U1)|r2() < XHf(wUz) — . UD) 2o

1
= XH(Uz —Ur)(ar + X —ap(Uy + U2))|l 220

x € 0N

IN

1
U2 = Utz - llar + A — ap(Us + Us) llr=(o)

>ap>0

IN

1

FI02 = Utllzaqy - (allrll o o) + )
af[r|L=@

= (1 + )\()> 1U2 = Unl 20

From Theorem 4.1 (3) we deduce that the same relations as above hold by replacing

. s allrl|Le (@
L?(Q) with L>°(Q). So: [|S(Uz) = S(U1)]| () < (1—|— % |Uz = Ut || L= (-

H a.e. on ) then S(U) < U a.e. on Q and if in
D Lo ()
addition U # U or ” is not constant then essﬂinf U-SWU)>0."

p

Indeed if V' = S(U) then —dA (U =V) +A(U—-V) = MU — f(z,U(x)) = AU —
f@,U)+f(x,U)—f(x,U(z)) = \U—aU(r—pU)—=NU+(U—-U)(ar+A—ap(U+U)) >
0>

apU(Ufg)nLap(UfU)EOOHQandM

(Fact 4) If U < U =

0 on 9. Thus from the
v

77 — T
weak minimum principle we get that V' < U a.e. on ). Moreover, if U # U or — is
p

not constant, then from Theorem 4.1 (7), we obtain that ess Qinf U-V>0.

>_ P
B Hp||L°° )
Q and if in addition U # U or f is not constant then ess | inf S(U)—U > 0.2
Set V.= S(U). Then —A(V — U)Jr)\(V U) = f(z,U(z)) —)\Q = f(z,U(x)) —
f@,U) + f(2,U) =AU = (U =U)(ar + A —ap(U + U)) + aU(r — pU) + AU - AU >

ap(U—Q)—l—an(%—Q) ZOODQandW

T
minimum principle we get that V' > U a.e. on Q. Moreover, if U Z U or — is not
p

(Fact 5) If U > U = ess] 1nf >0 a.e. on {2 then S(U) > U a.e. on
= 0 > 0. Using again the weak

constant, then from Theorem 4.1 (7), we obtain that essQinf V-U>0.
(Fact 6) If U > 0 and U # 0 then essQinf SU)>0

191 particular, from U < U a.e. on  we have that S(U) < U.
201 particular, from U > U a.e. on £ we have that S(U) > U
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Notice that —dAV + AV = f(x,U(x)) > apU > 0 and # 0. So from Theorem 4.1 (7)
we obtain the above statement.
(Fact 7) If U # 1 or r # p then essﬂinf 1-S(U) >o.

Observe that —dA(1 = V) + X1 -=V) = X = f(2,U(z)) = X — f(z,1) + f(z,1) —
flz,U(z)) > a(p—7r)+ap(l —U) > 0 and # 0. Thence from Theorem 4.1 (7) we
get the conclusion.

We have all ingredients to start the proof. It is obvious that 0 < U < r <U<
p
a.e. on {2 and the equality U = U holds iff T is a constant function a.e. on 0 (not
p
necessarily equal to 1).
(Existence) We introduce the following recurrence:
Un+1 = S(Un), n Z 0
. (32)

UyelU

If we choose Uy = 1 then, from U 5 S(1) <1 a.e. on Q we get inductively using the
monotony of S that Uy =1> S(1) =U; > S(SQ)=Us > --- > U, > .... Now,
since 1 > essQinf % = U, using Fact 5 we easily see inductively that U, > U > 0 a.e.

on Q2 for any n > 0. For a.a z € Q the sequence (U, (z)) is decreasing and bounded

n>0
below, hence convergent to some U(x) € [U, 1]. Moreover, because U, (x) < 1 for any
n > 0 and a.a. z € Q, we deduce from Lebesgue dominated convergece theorem, taking
into account that 1 € L?(Q) (2 is bounded), that U,, — U in L?(2). But, from Fact
2 we know that S is continuous with respect to the norm || - [|2(q) which means that
Upi1 = S(U,) = S(U) in L*(2). Since U1 — U in L%(Q) we get that S(U) = U,
i.e. U is a weak nontrivial solution of (30) and ess igf U > U > 0. The existence part

is now completed.

(Uniqueness) Suppose that U € H'(Q), U > 0 ae. on Q, U # 0 and U # U
is another nontrivial solution of (30). From the definition 5.1, knowing that U, U e
H(Q) we obtain that:

VU~VI~]da::a/UU(r—pU)dx

) @ ) = /pUU~(U—U)da:=O. (33)
/VU-VUdz:a/UU(r—pU)dx @

Q Q

Q

From Proposition 5.1 we have that 1 > U ae. on Q, so Ueu. Thus, from the
monotony of S we infer that U; = S(1) > S(U) = U and inductively U, > U a.e. on
Q for each n > 0. Passing to the limit (pomtvvlse) we get that U > U a.e. on Q.
Henceforth relation (33) gives us that pUU(U U)=0ac onQ Butp>r>p>0
and U > U > 0 and this means that U(U — U) = 0. Since U # 0 and U # U we have
that U(z) = {0’ rew
Ux), z€Q\w
that w = U ~1(0) which is a measurable set with strict positive measure. We mention
that Q \ w has strict positive measure too. Again, from U € H'(Q) and U € H*(Q)
we have that min{U,U} = U - xa\, € H'(Q) = xo\. € H(Q) (see [1%, Remarks
2.3, page 27]). So Vxa\» = 0 a.e. on Q. Using now that € is connected we deduce

for some subset w C Q. Because U € H'(Q) we get
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that xq\. must be a constant a.e. on {2 which is clearly false. The uniqueness is
completely proved. O

6. Asymptotic behaviour of u

In this section we further assume that Q is convex. Let U € H'(f2) be the unique
nontrivial solution of (30). We introduce the following linear eigenvalue problem:

—dAV — arV 4+ 2apUV = AU, 2z € Q

(34)
ov _ .

v
For any ¢ > a||2pU — r||pe(q) and any f € L*(Q) we can show, as in Theorem
—dAY + (¢ — ar 4+ 2apU)¢p = f(x), z€Q

%:0, x € 0N

solution vy € H 2(Q) angythere is a constant ¢ > 0 depending only on Q and ¢
such that [|[v|| g2y < |l fllr2(). From Rellich-Kondrachov theorem®" we know that
H2(Q) < C(Q) — L>®(Q). So there is a constant ¢; > 0 depending only on
such that [|¢]|c@) < 1 |9llm2@), ¥V ¢ € H?(€). These facts allows us to define
the linear operator 7 : L>®(Q) — L*(Q), Tf =1y, V f € L>=(Q). We introduce
K:=L>Q)" ={f e L>Q)]| f >0, ac on Q} which is a total order cone on
L°°() with int(K) = {f € L>(Q) | essinf f > 0} #0.

x € 09)

4.1, that the problem has a unique

Lemma 6.1. The linear operator T has the following properties:
(1) T is bounded;

(2) T is a compact operator;

(8) T is strongly positive;**

Proof. (1) For any f € L*(2) we have that: [|7 fl|lL~() = |7 fllc@ <l Tflluz@)

< el fllrz) < cre/ LN (Q) - || fll Lo (). Thus T is bounded.

(2) If (fn)n>1 is a bounded sequence from L>(Q2), then (7 f,)n>1 is a bounded
sequence from H?(Q) since ||T fullaz) < cllfallrz@) < e/ LV (Q) - || ), V>
1.

Because the embedding H?(2) S o () is compact, we know that the identity op-
erator I : H?(Q2) — C(Q) is compact. So the H?(Q2)-bounded sequence (T fn)n>1 is
mapped by I into a sequence (itself) that has a convergent subsequence to an element
of C(Q2) € L>(£). Thus T is compact.

(3) The positivity of T follows from the weak minimum principle in a standard
manner. The strong positivity follows from [21, Lemma 2.1]. O

Now we are in position to apply Krein-Rutman’s theorem for T and deduce that
r(7T) > 0 is a simple eigenvalue of 7 with some eigenfunction ¥; € L°°(Q) with
ess Qinf Wy >0 and ||¥1][z2(q) = 1. Define the principal eigenvalue of the problem (34)

21For the proof, see [1, Theorem 6.3, page 168] and [30, Theorem 7.97, page 491].
22T6r the definition see the statement of Theorem 10.4 from the appendix.
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by A1 = — (. It is easy to check that ¥ = ¥; and A = )\ is a solution to the

1
r(T)
eigenvalue problem (34). Moreover from the Rayleigh-Ritz variational caracterization
of the principal eigenvalue®® we have that:

d/ |Vy|? da +a/ (2pU — r)2p? dx
A1 = min v & (35)
YeH ()\{0} /w%) e
Q

Remark 6.1. Taking v = 1o in (35) we get that A; < a/ 2pU — r dxz. Moreover,
Q
since the first term in the numerator is positive, we easily obtain that \; > « -

essQinf 2pU — r. So if U < 2U then A; > 0.

Remark 6.2. For the trivial steady-state U = 0 we get that \; < —a/ r(z) de <
Q

—apL™ () < 0. This shows one more time that the trivial steady-state is unstable.
Theorem 6.2. Let u be the solution of (1). If Ay > 0, then for any ug € U with ug #

1 2 200 ||V || 1
0 we have that for 0 .= ———— and tg := — In M the following
essﬂlnfllll A1 A1
inequality holds:
At
hut, ) — Ull ey < o exp (—;) N ey ¥ > o (36)

. . N _ 24
In particular tli)rgloHu(t7 ) = Ullp (@) = 0.

Remark 6.3. Note the crucial fact that the convergence speed (i.e., the right-hand
side of the inequality) does not depend on the choice of ug, as neither o, A1, ¥, nor
to depend on ug.

Proof. Define for (t,xz) € (0,00) x Q: w(t,x) = U(z) + oexp(—A1t) - ¥1(z) and
¢

u(t,z) = U(z) — oexp (—24) - Uy (z). By direct computation we get that:
P
8—1; — dAT — otu(r — pu) = apo? exp(—2A1t)¥3 > 0
% =0, (t,2) € (0,00) x : (37)

u(0,2) =U(x) +o¥i(x) > U(z)+ 1, . € Q

For any T > 0, setting w = w—w it will follow for ¢ = a(p(u+u) —r) € L>=((0,T) x Q)
that:

88—1: — dAw + cw = apo? exp(—2\t)¥2 > 0, (t,z) € (0,T) x Q
%’:ozo, (t,z) € (0,00) x Q - (39)

w(0,2) =U(x) + o¥1(x) —ug(z) > U(x) + 1 —ug(x) >0, z €N

23Gee (30, Theorem 7.76, page 412].
24The idea is taken from [26, Theorem 6.3, page 209].
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From the weak parabolic minimum principle we deduce that w > 0 a.e. on (0,7) x 2
for any T'> 0. Thus @ > u a.e. on (0,00) x .
Similarly one can get that:

0
8—% — dAu — au(r — pu) = — 3o exp(=A1t) ¥y - (A1 — 2a0 exp(—A1t/2)¥1) <0
% =0, (t,z) € (0,00) x Q
w(0,2) = U() — oWy (), 2 € 0
(39)
2 2000
if A\ > 2c0exp(—\t/2)¥; & t > Aln( a: 1). This inequality is true for
1 1

a.a. (t,x) € (tp,00) x Q. So for any T > ty, denoting w = u — u we obtain for
c=oalu—u)(p(u+u)—r) e L*((0,T) x Q) that:

86—1: — dAw + cw = o exp(—A1t) ¥y - (A — 2a0 exp(—A1t/2)¥1) >0
%:020, (t,x) € (to, T) x Q2 - (40

w(0,z) = up(z) —U(x) +o¥i(x) > 1+ up(x) —U(z) >0, x € Q

From the weak parabolic minimum principle we deduce that w > 0 a.e. on (tg, 1) x §2
for any T > tg. Thus u > u a.e. on (tp,00) x 2. Therefore we may write:

U+oe 20, > U+ oe ™00 > u(t,-) > U — oe MV20,. (41)
This is the same as [[u(t, ) — Ul|p(q) < oe” /2(|¥; || 1o (q) for t > t. O

7. Applications in digital image processing

In the rest of the paper we consider Q) to be a 2D rectangle, i.e. Q@ = (0,a) x (0,b). It
is well known that PDE’s and Calculus of Variations have many applications in image
processing (such as segmentation, restoration, etc.) — as a good introduction in this
subject we recommend [3]. Other good sources are the book [31] and the free video
lectures available online at https://www.coursera.org/learn/image-processing
both provided by professor Guillermo Sapiro.

7.1. Deforming an image in an other given image. Let’s say that we have
two grayscale images with the same sizes: the initial one which is represented by
ug : 2 — [0,1] and the final one that is given by U : Q@ — [0,1]. We associate 0 to
black and 1 to white. We shall also modify U such that it will not contain pure black
pixels. From Theorem 6.2 we expect that u(¢,-) &~ U for large enough ¢.

We want U to be the unique nontrivial solution of the problem (30), i.e.:

—dAU = aU(r —pU), z€Q

(42)
U _,

v
Note that the Neumann boundary condition is well-suited for our situation, since the
last two layers of pixels are pretty much the same for each picture in the normal

x € 0N
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dAU

U2
that p > 7 on . In this model r is taken as a mathematical function which creates
some particular effect in the way in which wug is transformed into U via diffusion.
Equation (1) was discretized using an explicit finite difference scheme with 5 nodes
with respect to the time variable and using the 9-points formula for the Laplacian.?”
We took into account the Neumann boundary condition to determine the values for
the last layer of pixels. All the M-files and mp4 files (videos exported from Matlab
to see how diffusion acts) are freely available at: https://github.com/MaxDBog/
Neumann-Laplacian-on-images. The main idea of the algorithm used is described
below.

direction. From (42) we get that p = 5 + . We can choose a big enough such

Algorithm 1 The conceptual algorithm

1: Read the two images Initial and Final with the same resolution as matrices

2: Convert Initial and Final into grayscale images if necessary

3: Divide by 255 in order to obtain two matrices u0 and U with all entries from
0,1]

4: Modify the final image so that it is taken apart from pure black pixels. For
example: U may be replaced by 0.8 - U + 0.2

5: Setting dz (the distance between two consecutive pixels), the timestep dt, the
number of time iterations Nt and the meshgrid of pixels.

6: Define the effect function r > p > 0 that we want to try

dAU

aU?

8: Initialization — define the constants of the system «, d, the initial data u(:,:, 1) =
ug and the initial source f(:,:,1) = auo(r — pug)

9: fork=1:Nt—1do

10:  u(::, k+ 1) = formula in terms of u(:,:, k)

11: f(,nk4+1) =au(s L k) (r —puls, L k))

12: end for

13: Show the diffused images u(:, :, k) for some values of k or even make a mp4 video.
As k grows u(:,:, k) = U

14: Compute PSNR(u(:,:, k),U) and PSNRgrad(u(:,:, k), U)

T . . .- r
7: Compute p = i + as a matrix. In practice it is better to set p = —.

For definitions and further details about the noise estimator, PSNR and PSNRgrad
we refer to [2]. This method can be easily adapted for RGB images by applying
the same steps to each color channel—red, green, and blue—and then combining the
results into a single three-dimensional matrix.
The simulations were performed on Matlab R2023b. The parameters I have used in
these simulations are d = 0.1, a = 5. Now let’s see some diffusion effects in just 200
iterations:
(a) Sinusoidal effect for r(z,y) = 2.5—sin (%) —cos (%) We get PSNR(U, u(:,:
,200)) = 30.53. See Figure 3 and the video image_to_image_sinusoidal_effect.mp/.
(b) Vertical effect for r(z,y) = 1.75 — sin (%) We get PSNR(U, u(:,:,200)) =

30.33. See Figure 4 and the video image_to_image_vertical_effect.mpj .

258ee [11, Section 4.1] and [32].


https://github.com/MaxDBog/Neumann-Laplacian-on-images
https://github.com/MaxDBog/Neumann-Laplacian-on-images
https://github.com/MaxDBog/Neumann-Laplacian-on-images/blob/main/image_to_image_sinusoidal_effect.mp4
https://github.com/MaxDBog/Neumann-Laplacian-on-images/blob/main/image_to_image_vertical_effect.mp4
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(A) Initial image: cameraman (B) Final image: house

FIGURE 2. The two original images

(A) 1 iteration (B) 10 iterations (c) 30 iterations

(D) 70 iterations (E) 100 iterations (F) 200 iterations

FIGURE 3. Cameraman transformed into a house - Sinusoidal effect

(c) Horizontal effect for r(z,y) = 1.75 — sin (%) We get PSNR(U, u(:, :, 200)) =
30.15. See Figure 5 and the video image_to_image_horizontal_effect.mp/.

Y We get PSNR(U, u(:, :, 200)) =

(d) Diagonal effect for r(z,y) = 1.75+sin
30.38. See Figure 6 and the video image_to_image_diagonal_effect.mp4 .


https://github.com/MaxDBog/Neumann-Laplacian-on-images/blob/main/image_to_image_horizontal_effect.mp4
https://github.com/MaxDBog/Neumann-Laplacian-on-images/blob/main/image_to_image_diagonal_effect.mp4

A FISHER EVOLUTION EQUATION IN IMAGE PROCESSING

(A) 1 iteration (B) 10 iterations (c) 30 iterations

(D) 70 iterations (E) 100 iterations (F) 200 iterations

FIGURE 4. Cameraman transformed into a house - Vertical effect

—

(a) 1 iteration (B) 10 iterations (c) 30 iterations

ﬁ

(D) 70 iterations (E) 100 iterations ) 200 iterations

FIGURE 5. Cameraman transformed into a house - Horizontal effect
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(D) 70 iterations (E) 100 iterations (F) 200 iterations

F1GURE 6. Cameraman transformed into a house - Diagonal effect

(e) Dotted effect for r(z,y) = 1.5 — sin (%) - cos (%) We get PSNR(U, u(:,:
,200)) = 30.08. See Figure 7 and the video image_to_image_dotted_effect.mp4.

(f) Fancy effect for r(x,y) = 1.5 — sin(2? + y?). We get PSNR(U, u(:,:,200)) =
30.14. See Figure 8 and the video image_to_image_fancy_effect.mp4 .
Typical values for the PSNR in image compression are between 30 and 40, so we have
good results, but not excellent.

7.2. Making images to dissapear with Neumann diffusion. We have some
initial image wug that will converge toward the final image U = 1. So we may choose

dAU

the effect r as we want and put p = r = L . Choosing r(z,y) = 3 —
- U «aU?

sin <E) — cos (%) we get the resuts illustrated in Figure 9. To watch a video with

this simulation go here disappearing_image.mp4 .
Computing the PSNR between U (complete white) and u(:,:,200) we obtain 96.98.
So our image trully disappeared. Also PSNRgrad is equal to 93.37.

7.3. Deforming grayscale images with Neumann diffusion. Rather than defin-
ing p in terms of an image, we can express it as a mathematical function. Next, we
will observe how the two images used above converge toward the same mathematical
solution U of (30).

For d = 0.3, a = 0.5, r(z,y) = 1—0.4-sin(z/20)—0.4-cos(y/20) and p(z,y) = 2 we get
the results presented in Figures 10 and 11. You can watch the video files associated to
these figures at neumann_diffusion_cameraman.mp4 and neumann_diffusion_house.mp4 .


https://github.com/MaxDBog/Neumann-Laplacian-on-images/blob/main/image_to_image_dotted_effect.mp4
https://github.com/MaxDBog/Neumann-Laplacian-on-images/blob/main/image_to_image_fancy_effect.mp4
https://github.com/MaxDBog/Neumann-Laplacian-on-images/blob/main/disappearing%20image.mp4
https://github.com/MaxDBog/Neumann-Laplacian-on-images/blob/main/neumann_diffusion_cameraman.mp4
https://github.com/MaxDBog/Neumann-Laplacian-on-images/blob/main/neumann_diffusion_house.mp4
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e = ‘T:T‘iﬁi*iﬁ
-

(A) 1 iteration (B) 10 iterations (c) 30 iterations

(D) 70 iterations (E) 100 iterations (F) 200 iterations

FIGURE 7. Cameraman transformed into a house - Dotted effect

(a) 1 iteration (B) 10 iterations

(D) 70 iterations (E) 100 iterations (F) 200 iterations

F1GURE 8. Cameraman transformed into a house - Fancy effect

285



286 B. MAXIM

.
-
1\
(A) 1 iteration (B) 5 iterations (c) 15 iterations
ot -
&R . ‘
- ‘ :
3 A
(D) 30 iterations (E) 45 iterations (F) 60 iterations
(@) 75 iterations (1) 90 iterations (1) 200 iterations

FiGURE 9. The disappearance of the cameraman

The PSNR between the images obtained after 5000 iterations is equal to 140.39. So
they both end up to the same thing.

8. Conclusion
Further investigations have to be made in order to improve the numerical algorithm.

Also I believe that the asymptotic stability holds in the case when € is not assumed
to be convex.
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(A) 1 iteration (B) 80 iterations ) 200 iterations
) 300 iterations (E) 500 iterations ) 5000 iterations

FIGURE 10. The diffusion of the cameraman

ﬁ-

(a) 1 iteration (B) 80 iterations ) 200 iterations
) 300 iterations (E) 500 iterations ) 5000 iterations

FIGURE 11. The diffusion of the house
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10. Appendix

The following result is an adapted version of Corollary 8.10 from [10, page 215], taking
into account that in Theorem 3.15 from [19] it is shown that: H!([a,b]; L?(Q)) —
L>([a,b]; L3(Q)) and in [19, Corollary 3.12] that C°°([a, b]; L*(2)) is dense in
H'([a,b]; L?(£2)). See also [3, Proposition V.2.4.7, page 304] or [23, Theorem 35, page
21].

Lemma 10.1. If u,v € H'([a,b],L?(2)), where a < b are real numbers, then

% € L%([a, b]; L'(Q)) and:
O(uwv)  Ou Ov
= — —. 4
ot o' e (43)
Furthermore, the formula for integration by parts holds:
tl tl
/ @v dt = u(ty, - )v(t1,-) — u(to, -)v(to, ) — / u@ dt, Va <ty <ty <b. (44)
Ot Ot

Lemma 10.2 (Ultracontractivity of the Neumann Laplacian on Lipschitz
domains). Let any T, > 0 and (S(t))te[o 7] be the Cy-semigroup associated to the

Neumann Laplacian on the Lipschitz domain 2. Then for each u € L*(Q)) and any
t € (0,T] we have that S(t)u € L*() and moreover there is a constant C > 0
depending only on Q and D, d, \ such that:

_D
IS ullpoe ) < C - 47T - lufl 20 (45)
Here D =N if N > 3 and D > 2 is any constant we want in case N € {1,2}.

Proof. From the Sobolev embedding theorem we know that for Lipschitz domains
like Q we have that H'(Q) — L%(Q) Now we will use [25, Theorem 6.4, page
158] for the unbounded linear operator —dAy + AI associated with the form a :
HY(Q) x HY(Q) — R, a(u,v) = d [,Vu-Vv dz + X [juv dz, ¥V u,v € H'(Q).
So there is some C' > 0 depending on 2 and D,d, X such that for any u € L?(£2)
we have that [|Sx(t)ulp=@) = w(t,-)||re@) < C - % llullz2(), ¥V t € (0,77,

8—w—dAw—F/\w:O, (t,x) € (0,T) x Q

ot
where: 87“] -0 (t,z) € (0,T) x 9Q in the weak sense. Now just
a]j ) ) )
w(0,z) = u(x), x e
simply observe that w(t,-) = e *uv(t,-) where v(t,-) = S(t)u, V t € [0,T]. So
D
e Mot (o) < lle™ Mot =) = llw(t,)r=@) < C-t77 - |lullr2(q) for

any t € (0,7] and we are done.
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Remark 10.1. It is straightforward to demonstrate that ||S(t)ul|z2(q) < [Jullz2(q)
for any u € L%(Q) (just take ¢ = v(t,-) in the weak formulation of the problem)
and ||S(t)ul|pee(0) < ||ul|Le (o) for each u € L>=(Q) (follows from the weak parabolic
minimum principle).

Definition 10.1. We say that f € L?(Q) with f > 0 is an almost interior point
of L2(Q)7 if for every ¢ € L?*(Q)T \ {0} we have that / f(x)p(z) dz > 0.
Q

Similarly we say that f € L>(Q2) with f > 0 is an almost interior point of L>°(Q)™
if for every ¢ € (L>®(Q)*)" \ {0} we have that o(f) > 0.

Remark 10.2. e Q being a bounded domain f € L?(2)* is an almost interior point
of L2(Q)* iff f(x) > 0 for almost all z € Q.

e f € L>*(Q)" is an almost interior point of L> ()" iff of there is some & > 0 such
that f(z) > e for almost all € Q. This is a very important distinction between the
two cases.”°

The following proposition is the key ingredient in proving strong positivity of the
solution for parabolic problems. It is taken from [13, Proposition 2.21]. Here is its
statement:

Proposition 10.3. Let X and Y be two ordered Banach spaces and T : X — Y
a bounded, linear and positive operator between them. Then the following two
statements are equivalent:

(1) There is some v € X such that Tz is an almost interior point of Y.

(2) T maps all almost interior points of X to almost interior points of Y.

Theorem 10.4 (Krein-Rutman). Let X be a Banach space and K C X a total
order cone with int(K) # (. For any compact linear operator T : X — X that is
strongly positive, i.e. Tx € int(K) for any © € K\ {0x}, the following statements
are true:*’

(1) The spectral radius of T is strictly positive, i.e. v(T) > 0.

(2) r(T) is a simple eigenvalue of T that has an eigenvector v € int(K).
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