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We also, introduce and study some classes of fuzzy hyperideals that of pure fuzzy, weakly pure
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1. Introduction and preliminaries

Hyperstructure theory was introduced in 1934, when F. Marty [15] defined hyper-
groups based on the notion of hyperoperation, began to analyze their properties and
applied them to groups. Algebraic hyperstructures are a suitable generalization of
classical algebraic structures. In the following decades and nowadays, a number of
different hyperstructures are widely studied from the theoretical point of view and
for their applications to many subjects of pure and applied mathematics by many
mathematicians. In a classical algebraic structure, the composition of two elements
is an element, while in an algebraic hyperstructure, the composition of two elements
is a set.

n-ary generalizations of algebraic structures is the most natural way for further de-
velopment and deeper understanding of their fundamental properties. In [6], Davvaz
and Vougiouklis introduced the concept of n-ary hypergroups as a generalization of
hypergroups in the sense of Marty. Also, we can consider n-ary hypergroups as a nice
generalization of n-ary groups. Davvaz and et. al. in [1] considered a class of alge-
braic hypersystems which represent a generalization of semigroups, hypersemigroups
and n-ary semigroups.

The concept of a fuzzy set, introduced by Zadeh in his classic paper [22], provides a
natural framework for generalizing some of the notions of classical algebraic structures
and of abstract set theory. Fuzzy semigroups have been first considered by Kuroki
[12]. After the introduction of the concept of fuzzy sets by Zadeh, several researches
conducted the researches on the generalizations of the notions of fuzzy sets with huge
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applications in computer, logics and many branches of pure and applied mathematics.
In 1971, Rosenfeld [20] defined the concept of fuzzy group. Since then many papers
have been published in the field of fuzzy algebra their employment in fuzzy coding,
fuzzy finite state machines and fuzzy languages. Fuzziness enjoys a homely place in
the domain of formal languages (see [16], [17]). Recently fuzzy set theory has been
well developed in the context of hyperalgebraic structure theory (see [2]). A recent
book [1] contains a wealth of applications.

In this paper we deals with the fuzzy m-ary semihypergroups, fuzzy hyperideals
and homomorphism theorems on m-ary semihypergroups and fuzzy m-ary semihyper-
groups. We also, introduce and study some classes of fuzzy hyperideals that of pure
fuzzy, weakly pure fuzzy hyperideals in m-ary semihypergroups and some properties
of them are investigated. We identify those m-ary semihypergroups for which every
fuzzy hyperideal is idempotent. We also characterize the m-ary semihypergroups for
which every fuzzy hyperideal is weakly pure fuzzy.

Recall first the basic terms and definitions from the hyperstructure theory.

2. Algebraic hypersystems and m-ary hyperstructures

In this section we recall some known notions on what is meant by an algebraic hy-
persystem and m-ary hyperstructure.

Let H be a nonempty set and f be a mapping f : H x H — P*(H), where
P*(H) denotes the set of all nonempty subsets of H. Then f is called a binary
(algebraic) hyperoperation on H. In general, a mapping f : H x H X ... x H —
P*(H) where H appears m times, is called an m-ary (algebraic) hyperoperation, and
m is called the arity of this hyperoperation. An algebraic system (H, f), where
f is an m-ary hyperoperation defined on H, is called an m-ary hypergroupoid or
an m-ary hypersystem. Since we identify the set {x} with the element x, any m-
ary (binary) groupoid is an m-ary (binary) hypergroupoid. (see [4, 5, 6, 13, 10,

]). Recently, Davvaz [3] published a book which exhaustively covers all concepts of
semihypergroups.

Let f be an m-ary hyperoperation on H and Ay, As, ..., A, subsets of H. We define
flAL Ao A = U{f (1,22, oy @) |z € Ayyi = 1,2,...,m}. We shall use the
following abbreviated notation: the sequence x;, %41, ..., ¢; will be denoted by xz For
j <, xf is the empty symbol. In this convention, f(x1, ..., i, Yit1, s Yj) Zj+15 s Zm)
will be written as f(xﬁ,yg+1,zﬁ1). In the case when y,11 = ... = y; = y, the

o (5-1)
last expression will be written in the form f(z3, ¥ ,zj%};). Similarly, for subsets

Ay, As, ..., A, of H we define
f(AT) = f(A1>A27 cey Am) = U{f(lﬂln”zl € AMZ = ]-7 7m}

The concept of (i, j)-associative operations was introduced by Thurston [19] and
intensively studied by many authors such as Dudek [7] etc. An m-ary hyperoperation
f is called (i, ) — associative if

i— m—+i— m— j—1 m—+j—1 m—
[ 1,f(xi * 1)7x$n+i1) = f(zq 7f(xj i )7x$n+j1)7
holds for fixed 1 <i < j <m and all z1,x9, ..., 29,1 € H.
Note that (i, k)-associativity follows from (i, j)- and (j, k)-associativities.
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If the above condition is satisfied for all 4,5 € {1,2,...,m}, then we say that f is
associative.

By an algebraic hypersystem (H, f1, fa, ..., fm) or simply H is meant a set H closed
under a collection of m;-ary hyperoperation f; and often also satisfying a fixed set of
laws, for instant, the associative law. A subset S of H constitues a subhypersystem
iff S is closed under the same hyperoperations and satisfies the same fixed laws in H.

Let H be an algebraic hypersystem. A j-hyperideal j = 1,2,...,m relative to
the m-ary hyperoperation is defined to be a subhypersystem I; such that for any
1,22, ..., Tm € H, if x; € I then f(z1,22,...,2m) C I;. The j-hyperideal relative to
f generated by an element a € H (usually called a principal j-hyperideal) is denoted

by (a); = f(H, H, ..., CJL, ..., HYU{a}. A subhypersystem I which is a j-hyperideal for
each j = 1,...,m is simply called an hyperideal. An m-ary hypergroupoid (H, f) will be
called an m-ary semihypergroup if and only if f is associative. The element e is called
identity element of m-ary semihypergroup (H, f) if © € f(e,...,e,z,e,...,e) for all
i—1 n—i

x€ Hand1<i<ml6]. In[4,5, 8] it is discussed in details the problem of numbers
and of existence of neutral elements in m-ary semihypergroups in different situations.
In [4], it is proved that: An m-ary hypersemigroup (H, f) has a neutral element if and
only if there exists a binary hypersemigroup (H, o) such that f(z7*) = z10x20...0Zy,
for all 2 € H. A subset S of m-ary semihypergroup (H, f) is called an m-ary
subsemihypergroup of H iff f(ay*) C H, for all ay,...,a,, € S.

An m-ary semihypergroup H is said to be regular [11] if for each a € H there exist
T2y T3y o s T3 Y1y Y3y e« s Y - -5 215 22, - - - Zm—1 € H such that

a’ef(f(aaxQP"7xm)7f(y17a7y37'"7ym>7"'7f(213227"'7zm717a))~

Regular elements (and connection with ideals) in n-ary semigroups were studied by
F.M. Sioson [21] and by Dudek and I. GroZdziriska [9]. An m-ary semihypergroup H
is called regular if all of its elements are regular. An m-ary semihypergroup (H, f) is

said to be k-weakly regular if for each a € H,a € f(f(H,..., (2), woH)y ooy f(H, ..y (Z)
,-.., H)). Tt is clear that every regular m-ary semihypergroup is k-weakly regular but
the converse is not true.

Let (H, f) be an m-ary semihypergroup and p be an equivalence relation on H. If
A and B are non-empty subsets of H, then ApB means that for every a € A, there
exists b € B such that apb and for every b; € B, there exists a; € A such that ajpb;
and ApB means that for every a € A and b € B, we have apb.

The equivalence relation p on an m-ary semihypergroup (H, f) is called k-regular
if for all z1, ..., z,,, € H, from apb, it follows that

f(ivlf%» a, 5521+1)ﬁf(x]1€72> b, xqu-l,-l)v
and is called k-strongly regular if for zq,...,x,, € H, apb implies that
f(z]f_27 a, I;gn+1)ﬁf(xlf_27 ba x;gnJrl)'

p is called regular (strongly regular) if it is k-regular (strongly regular) for every
1<k<m][lg].
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3. Properties of m-ary semihypergroups

In this section, we investigate some basic properties of m-ary semihypergroups. We
introduce the notion of homomorphism between two m-ary semihypergroups and some
related characterizations are provided, which will be used in the sequel of the paper.
We also introduce the notion of k-pure hyperideals of m-ary semihypergroups and
give a characterization of them.

Definition 3.1. Let (H, f) and (H', f’) are two m-ary semihypergroups. The map-
ping ¢ : H — H'is called a homomorphism if for all 21, ..., z,,, € H, o(f(z1, ..., 2m)) =

F'(p(@1)s s p(@m))-

Remark 3.1. Let (H, f) and (H', f') are two m-ary semihypergroups. The map-
ping ¢ : H — H' is called an weak homomorphism if for all z1,...,x,, € H,

P(f(21; e m)) € [ (p(21), s p(Tm))-

Theorem 3.1. Let (H, f), (H',f') and (H", ") are three m-ary semihypergroups.
If mappings ¢ : H — H' and o : H — H" are homomorphisms, then cop : H — H"
is also a homomorphism.

Proof. Omitted as obvious. O

Definition 3.2. Let 2 be an equivalence relation on the m-ary semihypergroup (H, f)
and A; and B; be the subsets of H for all 1 < i < m. We define A; = B; iff for all
a; € A; there exists b, € B; such that a; = b} and for all b; € B; there exists a; € A;
such that a} 2 b;.

~

An equivalence relation = is called a congruence relation on H if the following
holds: Vai,...,am,b1,....bm € H, if {a;} = {b;}, then {f(at)} = {f(b7")}, where
1<i<m.

Lemma 3.2. Let (H, f) be an m-ary semihypergroup with identity element and = be
the congruence relation on H. If {x} = {y}, then {f(z,a? ")} = {f(y,a"" ")} for
all z,y,a1,...,am_1 € H.

Proof. Let x,y € H such that {z} = {y} and e be the identity element of H. Then
we have f(z,e,...,e) = f(y,e,...,e). This implies the followings:
S—— S——

m—1 m—1
f(f(z,e...,e),a1,e,....e) =2 f(f(y,e,....e),a1,e,..,e)
S~~~ S~~~ N~ S~~~
m—1 m—2 m—1 m—2
f(f(z,a1,e,....e)e,....e) = f(f(y,a1,e,....,€),¢,...,€)
S—— = N~
m—2 m—1 m—2 m—1
{f(z,a1,e,...e)} = {f(y,a1,e,....e)}
S—— S——
m—2 m—2
This implies the followings:
f(f(x,al,e,...,e),ag,e,...,e) = f(f(y)alaea"'ae)aa2aea"'7e>
S~—— N~—— N—— S~——
m—2 m—2 m—2 m—2
f(f(l',&],ﬂg,@,...,@),@,...,6) = f(f(yaalaGQaea'“ae)ae7"'ae)
S—— Y~ SN—~—— Y~
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{f(x7a'17a'2767"'7€)} = {f(y?alaGQaea""e)}
~—— ——r

m—3 m—3

Continuing in this way till a,,_1, we finally get {f(z,a?" "} = {f(y,a" H}. O

Theorem 3.3. Let (H, f) be an m-ary semihypergroup with identity element and = be
the congruence relation on H. If{a;} = {b;} and {z;} = {y;} for all a;,b;,z;,y; € H
andi,j € {1,...,m}, then for allk € {1,...,m}, we have { f(a¥,z}" )} = {f (0}, yi"1)}-

Proof. Tt is similar to the proof of the above lemma. O

Definition 3.3. Let (H, f) be an m-ary semihypergroup and 2 be a congruence on
H. Then the quotient of H by 2, written as [H :24, is the algebra whose universe is
[H :=] and whose fundamental operation satisfy

FEE([21])a, ooy [Tm]) = [ (21, 00y )] = {[a]x :a € fH(z1,..izm)}
where x1,...,z,,, € H.

Let (H, f) and (H', f') be two m-ary semihypergroups and ¢ : H — H' be a
homomorphism. The relation ¢ o ¢~! is an equivalence p on H (apb if and only
if o(a) = ¢(b)) known as the kernel of ¢. The natural mapping associated with
pisvy: H— H/Keryp, where v(a) = p(a). The mapping ¢ : H/p — H', where
¥(p(a)) = p(a), is then the unique bijection.

Theorem 3.4. Let (H, f) and (H', ') be two m-ary semihypergroups and ¢ : H —
H' be a homomorphism. Then p = Kery is a congruence and there exists a homo-
morphism g : H/p — H' such that Img = I'mep.

Proof. Clearly, p is an equivalence relation. Let we prove that p is a congruence. Let
us suppose that a;pal, for all 1 <4 < m. Then we have p(a;) = ¢(a}) forall1 <i < m.

Therefore (f(a1")) = f'(p(a1), - plam)) = f'(p(ar), ., p(ar,)) = ¢(f(ar, ., a3))-

Consequently, f(ay,...,am)pf(ay,...,a,,). Therefore, p is a congruence on H.

Let we define g : H/p — H' by g(p(a)) = p(a). Then g obviously, is well-defined
and one to one. Also g is homomorphism. Indeed:
If p(a;) € H/p for 1 < i <m, then

g(f7(plar), ... plam))) = g({p(2)|z € f(p(ar), ..., plam))})
= {p®)|z € f(p(ar), ..., plam))}

= o U flz1, .y xm)

z1€p(ai), .., tm€p(am)

- U o(f (@1, ., Tm))

z1€p(ar),..sTmEp(am)

- U P )

z1€p(ai),....xm€p(am)
f'(e(a1), .. plam))
f'(g(p(ar), ..., g(plam)))

Therefore g is homomorphism. Clearly, Img = Imp. O
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Theorem 3.5. [18, Proposition 3.2] Let (H, f) be an m-ary semihypergroup and =
be an equivalence relation and strongly regular on H. Then ([H :2], f[HE]) s also an
m-ary semihypergroup.

Definition 3.4. Let (H, f) be an m-ary semihypergroup and = be a congruence
relation on H. Then the natural map o~ : H — [H :2] is defined by o~(a;) = [a;]~
where a; € H for all 1 <i < m.

Theorem 3.6. Let (H, f) be an m-ary semihypergroup and = be a congruence relation
on H. Then the natural map o~ : H — [H =] is an onto homomorphism.

Proof. For all a; € H, where 1 < i < m, we have:

ox(fA(ay,....am)) = [fH(ar,...,am)]~
FHH (an]es .oy [am]=)
= (ga(ay), ...,on(am)). O

Theorem 3.7. Let (H, f) be an m-ary semihypergroup and o, p be two congruence
relations on H such that p C 0. Then

a/p=A(p(x),p(y)) € H/px H/p: (z,y) € 7}
is a congruence on H/p and (H/p)/(o/p) 2 H/o.

Proof. Tt can be easily deduced that o/p is an equivalence relation on H/p. Let we
prove that it is a congruence. Let us suppose that p(a;)(c/p)p(b;) for all 1 < i < m.
Since o is congruence on H, then f(al*)o f(b7") which implies that
p(f(aT))(a/p)p(f(bT)). Therefore, o/p is a congruence on H/p.

We note that o/p is the kernel of g where g : H/p — H/o. Then by Theorem
3.8, it follows that there is an isomorphism ¢ : (H/p)/(o/p) — H/o defined by

q((a/p)(p(a)) = o(a) for all a € H. 0

In the following we introduce the notion of k-pure hyperideals of m-ary semihy-
pergroups and give a characterization of them.

Definition 3.5. Let (H, f) be an m-ary semihypergroup. A hyperideal A of H is
called a k-pure hyperideal if for each = € A, there exist elements o1, ..., Tx—1, Thr1, -
Tm € A such that € f(T1, ..., The1, T, Tht1y -y Tin)-

Proposition 3.8. Let (H, f) be an m-ary semihypergroup. Let A be a hyperideal of
(k)

H. Then A is k-pure if and only if for any k-hyperideal B, BNA = f(A,..., B, ..., A).

Proof. Suppose A is an k-pure hyperideal of H. For every k-hyperideal B of H, we

(k)
have always f(A4, ..., B,...,A) C BNA. Let x € BNA. Since A is an k-pure hyperideal,
there exist ©1,...,Lk—1, Tht1, -, Tm € A such that x € f(21,..., Th—1, T, Tht1y ooy Trn)-
As x € B and Z1,..., k1, Tpt1, s Tm € A, & € f(T1, 00y Tho1, Ty Tt 1, ooy Tim) C
(k) (k) (k)
f(A,.., B,..,A). Hence z € f(A,..., B,...,A). This implies that BNA C f(A, ..., B
(k)
y.yA). Thus BNA= f(A,..., B,..., A).
(k)

Conversely, assume BN A = f(A,..., B, ..., A), for any k-hyperideal B of H. We

k
show that A is an k-pure hyperideal. Let z € A and B = {z} U f(H, ..., (ai), ..., H) be
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the k-hyperideal of H generated by x. Then we have

v (Y U S(H, % ), A)

sy ooy AVU F(A, s f(H, )% ), ) A)

e Ty, AYU f(A, .z, ..y A)
y ey Ty ey A).

N

({2} U f(H, ., %, H)NA =

~

Il
~
S

N
~
b

(
(
(
(

~
b

k
Since z € ({z} U f(H, ..., (m), . H))N A, we have x € f(A,...,z,...,A). Hence there

exist 1, ..., Tg—1,Tkt1, .-, Tm € A such that x € f(z1,...,Th—1, %, Thkt1, .-y T ). Thus
A is k-pure. O

Definition 3.6. Let (H, f) be an m-ary semihypergroup. A hyperideal A of H is
called k-weakly pure if AN B = f(A,...,B,...,A) for all hyperideals B of H.

4. On fuzzy m-ary semihypergroups

In this section, we introduce the notion of fuzzy m-ary semihypergroups and some
basic properties of them are obtained.

A mapping p : X — [0, 1], where X is an arbitrary non-empty set, is called a fuzzy
subset in X. A fuzzy subset u: X — [0,1] is called a non-zero fuzzy subset if y is not
the constant map which assumes the value 0. For fuzzy subsets p and v of X, u <v
means that for all a € X, u(a) < v(a). For a fuzzy subset p of X and ¢ € [0, 1], the
set py = {z € X|u(x) >t} is called the level subset of u. The characteristic function
px of X is a function which gives px(a) =1 for all a € X.

In [14], the author has obtained the followings:

Definition 4.1. A fuzzy m-ary hyperoperation on H is a map
f:HxHX..xH— F“(H)
m
which associates a nonzero fuzzy subset f(a]*) with any m-uple a* of elements of H,
where H is a nonempty set and F*(H) is the set of all non-zero fuzzy subsets of H.

The couple (H, f) is called a fuzzy m-ary hypergroupoid. We say that (H, f) is
commutative if for all af* of H and any permutation o of H,, we have f(al*) =

o(m)
! (ag(l) )

A fuzzy nullary hyperoperation on H is just an element of F*(H), i.e. a nonzero
fuzzy subset of H.

Definition 4.2. A fuzzy m-ary hypergroupoid (H, f) is called a fuzzy m-ary semi-

hypergroup if for all ™~ of H, we have

Pl fa ), a2y = flad ™ fap T, a2,
where for any p € F*(H) and any r € H, we have

Flay™ pan5)(r) = té/H(f(a’i_liyaiﬁZl)(r) A p(t))-

If A is a nonempty subset of H and xi_l, xty € H, then for all t € H we have:
Flerh Aa)t) = V (flar " aafiy)(@).

a€A
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If A is a nonempty subset of H, then we denote the characteristic function of A by
Xxa. If A= H, then for all ¢t € H, we have xg(t) = 1.

Let us consider now (H, f) a fuzzy m-ary hypergroupoid. We define the following
hyperoperation:

Vai' € H,pp(ai") = {x € H[f(a]")(z) > 0}.
If (H,¢) is an m-ary hypergroupoid, then we can define the following fuzzy m-ary
hyperoperation:
Va’ln S H, f¢(a{”) = X«p(a{"’)'

Then (H,py) is an m-ary hypergroupoid, which is called the associated m-ary
hypergroupoid of (H, f). Also, (H, f,) is a fuzzy m-ary hypergroupoid, which is
called the fuzzy associated m-ary hypergroupoid of (H, ).

We have the following theorem [14] :

Theorem 4.1. The following statements hold true:

(1) If (H, f) is a fuzzy m-ary semihypergroup, then (H,py) is an m-ary semihyper-
group.

(2) If (H,) is an m-ary semihypergroup, then (H, f,) is a fuzzy m-ary semihyper-
group.

According to the above theorem, any m-ary semihypergroup can be seen as a fuzzy
m-ary semihypergroup.

Let Hy and Hs be two fuzzy m-ary semihypergroups and h : H; — Hs be a map.
If w is a fuzzy subset on Hyp, then we define h(u) : Hy — [0, 1], as follows:

(h(p)() =V plr), if h=H(t) # 0,
reh=1(t)

otherwise we consider (h(p))(t) = 0.

Also, if h: Hy — Hj is a map and a € Hy, then h(x4) = Xn(a)-

Definition 4.3. Let (Hy, f1) and (Ha, f2) be two fuzzy m-ary semihypergroups and
h : Hi — Hs be a map. We say that h is a homomorphism of fuzzy m-ary semihy-
pergroups if for all af* of Hy, we have

h(fl(aT)) < f2(h(a1)7 ) h(am))

The following theorems present connections between fuzzy m-ary semihypergroup
homomorphisms and m-ary semihypergroup homomorphisms [14].

Theorem 4.2. Let (Hy, f1) and (Ha, f2) be two fuzzy m-ary semihypergroups and
(H1,¢y), (Ha,py,) be the associated m-ary semihypergroups. If h : Hy — Hj is a
homomorphism of fuzzy m-ary semihypergroups, then h is a homomorphism of the
associated m-ary semihypergroups, too.

Theorem 4.3. Let (H1, 1) and (Ha, p2) be two m-ary semihypergroups and (Hi, fy,),
(Ha, fyp,) be the associated fuzzy m-ary semihypergroups. The map h: Hy — Ho is a
homomophism of m-ary semihypergroups iff it is a homomorphism of the associated
fuzzy m-ary semihypergroups.

Definition 4.4. Let (H, f) be a fuzzy m-ary semihypergroup and (H,py) be the
associated m-ary semihypergroup. A nonempty subset S is called a subfuzzy m-ary
semihypergroup if for all s7* € S, the following conditions hold:

(1) if s7* € S and f(s7")(z) > 0, then = € S
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(2) (S, f) is a fuzzy m-ary semihypergroup.
The next two theorems point out on the connections between subfuzzy m-ary

semihypergroups and m-ary subsemihypergroups.

Theorem 4.4. If (S, f) is a subfuzzy m-ary semihypergroup of (H, f), then (S, ¢y)
is an m-ary subsemihypergroup of (H,py).

Theorem 4.5. (S, ) is an m-ary subsemihypergroup of (H, @) if and only if (S, f,)
is a subfuzzy m-ary semihypergroup of (H, f,).
Let pi1, ..., i be fuzzy subsets of X. With min{puy, ..., tm  and sup{p1, ..., m  we
will mean the following fuzzy subsets of X:
min{py, ..., um (@) = min{ui(a),..., pm(a)}
sup{u1, ..., pm (a) = sup{ui(a),...,pm(a)}

for all a € X.
If 1, ...,y are fuzzy subsets of an m-ary semihypergroup H and x be an element
of H, then

ze f(al)
0, otherwise

sup min{pi(a1), ..., pm(am)}, if z € f(al?)
(111 0 e 0 i) () =
Lemma 4.6. For any non-empty subsets Xi,..., Xy, of an m-ary semihypergroup
(H, f), we have
(1) px, © 00 0 fX 0 = Jf(Xy s Xom)
(2) min{px,, ... px,. } = pxin..nx,, -

Proof. Proof is straightforward. O

Definition 4.5. Let (H, f) be an m-ary semihypergroup. A fuzzy subset p of H is
called a fuzzy m-ary subsemihypergroup of H if ; inf p(t) > min{u(xy), ..., w(@m)}
te

L1y Tm

for all zy, ...,x,, € H.

Definition 4.6. Let (H, f) be an m-ary semihypergroup. A fuzzy subset u of H is
called a fuzzy k-hyperideal of H if

inf w(t) > p(xy) for all z1, ..., € H.
tef(z1,....Tm)

w is called a fuzzy hyperideal of H if u is a fuzzy k-hyperideal of H for every k =
1,2,...,m or equivalently if
}r(lf )u(t) > max{f(z1),..., f(zm)} for all 21, ..., 2, € H.
te flam
Theorem 4.7. Let (H, f) be an m-ary semihypergroup. A fuzzy subset p of H is a
fuzzy hyperideal if and only if every non-empty level subset is a hyperideal of H.

Proof. Let us suppose that p is a fuzzy hyperideal of H and let p; is a level subset
of p. If z1,...,2m € py for some t € [0,1], then for the definition, we have p(x1) >
ty .oy () > t. Thus, min{p(z1), ..., p(zm)} > t. From this we get:

inf  p(z) > min{u(xy),..., wlxm)} >t
z€ f(x7)
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So, we get u(z) > t, for all z € f(x]"). Therefore f(x1,...,Tm) C p.

Conversely, let us suppose that every non-empty level subset p; is a hyperideal of
H. Let to = min{u(x1),..., u(xm)} for all zq,...,2,, € H. Then we have p(z;) >
toy ooy (@) > to. Thus xq1,...,2, € p,. We obtain also that f(z1,...,2m) C p,-

Therefore, min{p(z1), ..., p(zm)} =to < ;I(lf ),u(z). O
zef(z

Theorem 4.8. Let (H, f) be an m-ary semihypergroup and I be a non-empty subset
of H. Let uy be a fuzzy set defined by:

MI(CU):{& ifeel

t, otherwise,

where 0 < t < s < 1. Then uy is a fuzzy k-hyperideal of H if and only if I is a
k-hyperideal of H.

Corollary 4.9. Let (H, f) be an m-ary semihypergroup and p be a fuzzy set of H
such that its upper bound is ty. Then the followings are equivalent:

(1) w is a fuzzy hyperideal of H

(2) Every non-empty level subset of u is a hyperideal of H.

(3) Ewvery level subset p; is a hyperideal of H where t € [0, o).

Theorem 4.10. Let (H, f) be an m-ary semihypergroup and A a non-empty subset

of H. The following statements hold true:

(1) A is an m-ary subsemihypergroup of H if and only if pa is a fuzzy m-ary sub-
semihypergroup of H.

(2) A is a hyperideal of H if and only if pa is a fuzzy hyperideal of H.

In the following two sections, we introduce and study some classes of fuzzy hyper-
ideals that of pure fuzzy, weakly pure fuzzy hyperideals in m-ary semihypergroups
and some properties of them are investigated. We identify those m-ary semihyper-
groups for which every fuzzy hyperideal is idempotent. We also characterize the m-ary
semihypergroups for which every fuzzy hyperideal is weakly pure fuzzy.

5. On pure fuzzy hyperideals in m-ary semihypergroups

Definition 5.1. A fuzzy hyperideal A of an m-ary semihypergroup (H, f) is called a

(k)
pure fuzzy hyperideal of H if u AX = Ao....o it o...0 X for all fuzzy k-hyperideals u
of H.

Proposition 5.1. Let I be a hyperideal of an m-ary semihypergroup (H, f). Then
the following statements are equivalent:

(1) T is an k-pure hyperideal in H,

(2) The characteristic function of I, denoted by oy is pure fuzzy hyperideal of H.

Proof. (1) = (2). Let us suppose that I is k-pure in H. Since I is a hyperideal of H,
07 is obviously a fuzzy hyperideal of H. To prove that §; is pure fuzzy, we show that

(k)
for any fuzzy k-hyperideal v of H, y Ad; =dro....o ¥ o...0d;. Let a € H. Then

m
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(k) (k)
(600 Voodr)(a) =\ {6r(@) A Y (2R) A Adr(Tm)}
a€f(zt)

Vo oLA 60 (080}

acf(x*) tef(xi™

= 6@ A T (@) A A b))

ac f(z)

IA

= dr(a) AN (1;) (a) A...\Ndr(a)

(k)
= (01 A A Y A A ST (a).

(k) (k)
This implies that (d70....0 ¥ o...0dr)(a) < (yAdr)(a), so (dro....0 ¥ o...007) < yAI;.
(k) (k)
We have (6;A...A Y A..AOp)(a) = (6r(a)Aeo. AN Y (a)A...AOp(a)) =0ifa ¢ I. Thus

(Or AN (5) A...N\Or)(a) =0 < (dro....0 (5) o...0d5)(a). Let we consider the case when
a € I. Since [ is k-pure, then for each a € I, there exist 1, ...0x—1, Tht1y e T € 1
such that a € f(z1,...,0y ..., Typ). SINCE X1, 0 Zp—1, Tl 1y ooy T € I,07(x;) = 1,4 =
1,...k—1,k+1,...,m. Therefore

(k) (k)
O Ao A Y A AOr)(a) = (br(a) Aeeec A Y (@) Ao Adr(a))
= Grla) A A Y (@) A A ()
< \ (67(z1) A oA ¥ (@) A .. ASr(m))

GEF(@1yevnsyerosm)

(k)
= (6;0...0 7 o..0d5)(a)
(k) (k)
O N...ANY NN < dro...0o 7 o..0dj.
(k) (k) C (k)
Thus 6 A...A ¥ A...Adp =670....0 ¥ o...0d;. This implies that yAd; = djo....0 ¥
o...00;].

(2) = (1). Let us suppose that d; is pure fuzzy hyperideal in H. We show that I

(k)
is k-pure in H. That is for each k-hyperideal J of H, JNI = f(I,..., J,...,I). Since

J is an k-hyperideal of H, the characteristic function §; of J is a fuzzy k-hyperideal

k
of H. Since d; is pure fuzzy, we have §; A d;y = dy o0 ...0 (5)J o...07. This implies that
d0jnr =0 " . Hence I is k-pure. O
Loy T D))
Proposition 5.2. Let (H, f) be an m-ary semihypergroup. The following assertions
are true:
(1) The fuzzy hyperideals ¢ and py of H, defined respectively as

|0, ifx#0
3"(””)_{ 1, ifz=0

and pg(x) =1 for all x € H, are pure fuzzy hyperideals of H.
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(2) If {\i :i € I} is a family of pure fuzzy hyperideals of H, then so is \/ A;.

i€l

(3) If Ay and Ay are pure fuzzy hyperideals of H, then so is A1 A Aa.

Proof. (1) We show that for any fuzzy k-hyperideal v of H we have yA¢ = po..0 ¥
(k)

o..opand YA pug =pgo..o Y

(po..o (’I;) o..op)(a) =

IN

(k)
This implies that (po...0 7 o...0

(v AR)@) = (pA.AT

(k)
o...oug. For a € H, we have

\/  (ela) A & (i) A oo A p(Tm))
a€f(z)

VoA @00 T 0 ep®))

acf(z7") tef(ey")

\/  (ela)An.n ¥ (a) A ... A p(a))
a€f(z)

ola) A ..\ (’l;) (@) A ... N p(a)
(AN (’I;) A ANp)(a) = (v Ap)(a).

©) <y Ap. If a#0, then

A Np)(a) = (pla) AN (’];) (a) A ... Np(a))

(k) (k)
= (OAN.AY (@AN..AN0)=0<(po..0 7 o..op)(a)

(k)

(yAp)a) < (po..o 7 o..op)a).

If a =0, then

(v Ae)0) = (O Ap() <\ (pler)oo T (21) 0.0 p(am))

(k)

o€ f(=7")

= (po..o 7 o..0p)(0)=0.

This implies that (y A ) < (po.

Let us consider,

(k)
(g o...o Y o..opum)(a)

IA

(k) (k)

.0 Y o..op). Hence, yAp = po..0 Y o..o0q.

(k)
\/ (L () A A Y (@) A e A g (Tm))
a€ f(z)

k

VoA G0, (0, onn(0)

acf(z?) tef (e
k

\/ (pr(a) A A (’Y) (@) A ... App(a))

ac f(z)
*)

(@) A A Y (@) A A pa(a)

(it AN T A A ) (@) = (3 A g ).
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(k)
This implies that pg o...o0 ¥ o...oug <y A pug. Also

(A @) = (i A A Y A A ) (@) = (@) A A Y (@) A o A (@)
<V ml)AA T @) A A ()

acf(=1")
)
= (umo..0 ¥ o..opuy)(a).

(k)

Hence, Y A g = pigr ©...0 Y o...0 .

(2) Let {X; : ¢ € I} is a family of pure fuzzy hyperideals of H. We have to show
that \/ \; is also a pure fuzzy hyperideal of H. That is, we have to show that for any

iel
(k)
fuzzy k-hyperideal pof H, u A (\V X)) = (V M) o...o to...o(\/ N). Now for each
iel iel iel

a € H, we have

(\/ Ai)o...0 (,lkl) o...0 (\/ Ai)

i€l i€l

— \/ (\//\i)(xl)/\.../\ (ﬁ) (xk)/\.../\(\//\i)(xm)]
acf(xz) L i€l icl
< VLA 0@, >,...,<\/Ai><t>]
a€f(x) tEf(ac ) iel i€l
=\ [V M@~ /\M a)/\.../\(\/)\i)(a)]
a€f(x) L iel el
= (VM)@)A. A (@) A A (N Xi)(a)
i€l i€l
= [u/\(\/&] (a)
el

This implies that

(V )\i)o...o(ﬁ)o...o(\/ A) <AV N).

i€l iel iel

Also,
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\V {/\i(a) AW (a) A ... A Ai(a)}

= \/ {()\z 0...0 (,Z) 0...0 )\i)(a)] .
iel
We have,
(XNio...0 (,Z) o..o))(a) = \/ [/\Z-(xl) A A (lkt) (g) A oo A )\i(xm)]
a€f(zt)
<V [(\/ Ai)(z1) AN (f‘) (k) A A\ Ai)(xm)]
acf(zp) L iel i€l
(k)
= [(\/ Ai)o...o [t o..0 (\/ )\i)] (a).
i€l iel

This implies that

(\/ Ai) A A (,Z) AV (\/ )\i)] (a) < |:(\/ Ai)o...0 (,lkl) o...0 (\/ )\l):| (a).
el iel iel iel
This implies that

n (Vo] < lovano oW ooy anl.

i€l i L i€l el i

Hence,

_u/\(\/ )\i)- =|(V )\i)o...o(/kt)o...o(\/ Ai) |-

i€l i L el iel i

(k)
(3) Let A; and Ay be pure fuzzy hyperideals of H. Then puAX; = Ajo...0 £ o...0\;
(k)
and gt A Xo = Ay 0...0 [t o...0 X\ for all fuzzy k-hyperideals of H. We have to show

that

(k) (k)
()\1 A )\2) VANPOVANY ' JVANRAN ()\1 A )\2) = ()\1 A\ )\2) 0..0 U o...o ()\1 A\ )\2)

Since Az is a pure fuzzy hyperideal of H. It follows that Ay Ads = Ag0...0Xj0...0 5.
Therefore,

(k) (k)
(M AAg)o...0 [t o...0(A1AA2) = (A20...0A10...0 2)0..0 [ 0...0(A20...0\10...0A).

Since Ag 0...0 A1 0...0 \g is a fuzzy hyperideal of H, so
(k)
()\1 A )\2) 0..0 Wl o..o0 (Al AN )\2) = u/\ ()\2 o...0 )\1 o...0 )\2) = p,/\ ()\1 /\)\2)

(k)
Thus we have u A (A1 Adg) = (A Adg)o...o b o...o(A AXy). Hence, (A1 AX2) is a
pure fuzzy hyperideal of H. O

Theorem 5.3. Let H be an m-ary semihypergroup. The following assertions are
equivalent:
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(1) H is k-weakly regular.
(2) FEvery fuzzy k-hyperideal of H is idempotent.

(k)
(3) AApu = Ao..o [t o..o\ for every fuzzy k-hyperideal p and for every fuzzy
hyperideal X of H.

Proof. (1) = (2). Let 6 be a fuzzy k-hyperideal of H. We prove that Jo...od = 4.

m

Let x € H. Then

(60..08)(z) = V (dz)AA(zm) < V(A (0(x1), ., 6(1), o, 6(zm)))
zEf(zT) € f(z") tef(z7)

where 21, ...,x,, € H and H is k-weakly regular. Thus there exist zi7*,...,2™" € H

such that € f(f(Z11, s T1E—1, T, T1kt1s s T1m)s s f By ooy Ty ooy T ) ). SO

§(x) <\ (6(wi) A Ad(wm)) = (80 ...08)(x).

z€ f(wl?)
Thus § < do...od. Hence 6 =do...06.
(k)

k
(2) = (1). Let x € H. Weshowthatx € H,z € f(f(H,..., ,...,H),...,f(H,...,(z)
(k)

,..wH)). Let A=xzU(f(H,..., z,...,H) be the k-hyperideal generated by x. Let
04 be the characteristic function of A and it is a fuzzy k-hyperideal of H, hence by
(2), 64 =6a0...004 = 6f(a,.. ). This implies that A = f(A,..., A). Since x € A,

k k
it follows that z € (A, A) = f(& U f(H, o, %, H), oy U f(H, ., %, .., H)).

This implies that

k
¢ € f@Uf(H, %\ H), U f
(

(k)

k
This implies that x € f(f(H,..., x,...,H),...,f(H,...,(:E),...,H)). Hence H is k-

weakly regular.
(1) = (3). Let A be a fuzzy hyperideal and p a fuzzy k-hyperideal of H. We show

(k) (k)
that AAp = AXo..o f o...oA Since Ao...o t o...o A< ugo..ugoX <A Also
(k) (k)
Ao...o fo...od < poppgo..onyg < p. This implies that Ao...o # o...oX < uAAX. Now
(k)
we show that u AX < Ao..o  o...o\ Let x € H and since H is k-weakly regular,

so there exist t7?, ..., sT* € H such that © € f(f(t1,..c; @y ooy i)y ooy F(S15 000y Ty ooy S ) )
Thus

(AN (z) = A@)A . Ap(z)AAXx))

< A A1) A oo A () A oo A X))
hi€f(t1, - Zystm) oo s € f (81,500,250 ,8m)

VOG0 A A () A AAER) = (Ao 0 B o0 A)(@).

ze f(z)

IN

(k) (k)
This implies that (u A A) < (Ao...o 4 o...oA). Thus (uAA) = (Ao...o i o...0]).

Hence A is pure fuzzy hyperideal.
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(3) = (1). We show that H is k-weakly regular. Let x € H and let A =
{z} VU f(x,H,...,H)U f(H,z,...H)U ... U f(H,...,x,....,H) U ..U f(H,...,H,x) be
the hyperideal generated by x. Let § 4 be the characteristic function of A. Then §4 is
fuzzy hyperideal of H, § 4 is pure fuzzy. Thus by the Proposition 5.2, A is k-pure in H.
Since x € A and A is k-pure in H, therefore there exist 21, ...,Tx—1, Tk41, .-, Tm € A
such that x € f(x1,...,Xk—1, %, Tkt1, ---, Tmp)- This means that

x € f(A ..,z .. A
= fH{z}Uf(z,H,..H)U f(H,z,... H)U ..U f(H, ...,z ..., H)
U..uUf(d,...Hzx),.,x,.,{z}U f(z,H,..,.H)U f(H,x, ..., H)
U..Uf(H,..,z,..., H)U...U f(H, ..., H,x))

Routine calculations show that © € f(f(H,...,z,.... H),...., f(H,...,x,..., H)). Hence
H is k-weakly regular m-ary semihypergroup. O

Theorem 5.4. Let H be an m-ary semihypergroup. The following assertions are
equivalent:

(1) H is k-weakly regular.

(2) Every fuzzy hyperideal X\ of H is pure fuzzy.

Proof. The proof follows from the Theorem 5.4 and Proposition 5.2 O

6. On weakly pure fuzzy hyperideals in m-ary semihypergroups

Definition 6.1. A hyperideal A\ of an m-ary semihypergroup H is called k-weakly
(k)
pure fuzzy if A\Apu = MXo...o it o....o A for all fuzzy hyperideals p of H.

Proposition 6.1. Let H be an m-ary semihypergroup. The following assertions are
equivalent:

(1) Ewvery fuzzy hyperideal of H is k-weakly pure fuzzy.

(2) Ewvery fuzzy hyperideal of H is idempotent.

Proof. (1) = (2). Let us suppose that every fuzzy hyperideal of H is k-weakly pure
fuzzy. Let X\ be a fuzzy hyperideal of H. Then for every fuzzy hyperideal p of H, we
have AApu=Ao...opo..o\ In particular A = AA X = Ao...o\. Hence every fuzzy
hyperideal of H is idempotent.

(2) = (1). Let us suppose that every fuzzy hyperideal of H is idempotent. Let
A be a fuzzy hyperideal of H, then for any fuzzy hyperideal u of H, we always have
Ao...oppo...oX < AAp. On the other hand, (AAp) = (AAp)o...o(AAu) < Xo...opo...0\.
Thus we have AAp=Ao...opo...oAX Hence )\ is k-weakly pure fuzzy. O
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