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ABSTRACT. In this paper, using Bregman distance technique, we introduce an inertial type
algorithm with self - adaptive step size for approximating a common element of the set of
solutions of pseudomonotone variational inequality problem and the set of common fixed point
of a finite family of generic generalized Bregman nonspreading mapping in a real reflexive
Banach space. Furthermore, we prove a strong convergence theorem of our algorithm without
prior knowledge of the Lipschitz constant of the operator under some mild assumptions. We
also give a numerical example to illustrate the performance of our algorithm. Our result
generalize and improve many existing results in the literature.
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1. Introduction

Let E be a real Banach space and E* be its dual space. Let C be a nonempty, closed
and convex subset of E, and A : C — E* be a mapping.

The problem of finding a point 2* € C such that
(Az*,y — 2"y >0, Vy e C, (1.1)

is called a variational inequality problem. The set of solutions of variational inequality
problem (1.1) is denoted by VI(C, A). The study of variational inequality problem
originates from solving minimization problems involving infinite-dimensional func-
tions and calculus of variation (see, for example, [36] and reference therein ). The
concept of variational inequality problem was initially introduced by Hartman and
Stampacchia [22] as a generalization of boundary value problems in 1966. Such prob-
lems are applicable in a wide range of applied sciences and mathematics. Later in
1967 Lions and Stampacchia [32] studied the existence and uniqueness of the solution.
Since then, the theory of variational inequality problem has received much attention
due to its wide applications in various areas of pure and applied sciences, such as op-
timal control, image recovery, resource allocations, networking, transportation, signal
processing and so on (see, for example, [26, 19, 4] and references therein). The con-
straints can clearly be expressed as variational inequality problems and (or) as fixed
point problems. Consequently, the problem of finding common elements of the set of
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solutions of variational inequality problems and the set of fixed points of nonlinear
operators has become an interesting area of research for many researchers working in
the area of nonlinear operator theory (see, for example, [33, 34, 23] and the references
contained in them).

Many researchers in their quest to find solutions of variational inequality problems
have proposed and analyzed various iterative approximation methods (see for exam-
ple, [25, 14]). A number of results on iterative methods proposed for approximating
solutions of variational inequality problems are studied such that the operator A was
often considered to be inverse strongly monotone (see, for instance [21, 30] and refer-
ences therein).

In order to relax the inverse strongly monotone condition imposed on the operator A,
Korpelevich [28] proposed the following extragradient method in a finite dimensional
Euclidean space R™:

rn=x€C

yn = Po(xn, — M(z,)), (1.2)

Tnt1 = Po(zy, — MNA(yn)) Yn > 0,
where A € (0, %)7 A is monotone and Lipschitz and Pg is the metric projection
onto C. They proved that the sequence {z,,} generated by algorithm (1.2) converges
weakly to a solution of problem (1.1). However, it is notice that the extragradient
method require the computation at each step of the iteration process two projections
onto a closed and convex subset C' of R. This might affect the efficiency of the
extragradient method if the feasible set is not simple enough which might also increase
the computational cost.
In order to overcome this drawback, Several modifications of the extragradient method
were proposed (see, for example [17, 15, 24, 19, 18] and references therein) for solving
variational inequality problem (1.1). In particular, Tseng [19] proposed the following
Tseng’s extragradient method

r1=xz€C
Yn = Po(zn — A(2y)), (1.3)
Tn4+1 = Yn — A(A(yn) - A(zn)) VYn > 0,

where A € (0, 1), A is monotone and Lipschitz and Pc is the metric projection onto
C. They proved that the sequence {z,,} generated by algorithm (1.3) converges weakly
to a solution of problem (1.1) in a real Hilbert space H. Another modification of the
extragradient method was proposed by Censor et al. [17] as follows:

xg € H,

Yn = PC(xn - /\A(J?n)),

T,={z€ H:(x, — M NA(xy) — Yn, 2z — yn) < 0},
Tnt1 = Pr,(x, — A(yn)), VYV n>0.

(1.4)

They modified the extragradient method (1.2) by replacing the second projection onto
a closed and convex subset C' with a projection onto the half space T),. Algorithm
(1.4) is therefore called subgradient extragradient method. Observe that, the set T),
is a half space, thus algorithm (1.4) is simpler to implement than algorithm (1.2).
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They proved that the sequence {z,} generated by algorithm (1.4) converges weakly
to a solution of problem (1.1) in a real Hilbert space H under some mild assumptions.
Kraikaew and Saejung [29] in order to obtain strong convergence, combined the sub-
gradient extragradient method (1.4) with Halpern method and thus proposed the
following iterative algorithm:

xo € H,
Yn = PC(mn - )\A(.%‘n)),
T,={z€ H:{(xy,— A A(zn) — Yn, 2z — Yn) < 0}, (1.5)

2n = anZo + (1 — an) Pr, (n — AMA(yn)),
Tp41 = ann + (1 - ﬂn)SZna vV on > 07

where f, C [a,b] € (0,1),, and {an} is a sequence in [0,1] satisfying lim o, = 0

and > 7 a, = co. They proved that the sequence {z,} generated by algorithm
(1.5) converges strongly to a point z* € VI(C,A) N F(S) in a real Hilbert space
under some mild assumptions, and F(S) denoted the set of fixed point of relatively
nonexpansive mapping S.

In 2018, Chidume et al. [18] proposed the following Krasnoselskii type algorithm in a
uniformly smooth, 2 - uniformly convex real Banach space for approximating common
element of solutions of a variational inequality problem and common fixed point of a
countable family of relatively nonexpansive mappings as:

ro=x € FE,

Yo = Hod Y Jzy — MNA(24)),

T,={z€ E: {Jx, — N(xy) — Jyn, 2 — yn) < 0},

tn = Ur, J Y (Jzm — NA(yn)),

zn = J HanJzo + (1 — ay)Jty),

Tpy1 = J YAz + (1= N)J(Sizn)), VYV n>0, i>1,

(1.6)

where A € (0,1) such that A < £, « is a constant, K is Lipschitz constant and

{an} is a sequence in [0, 1] satisfying nler;Oan =0and Y 7, a, = co. They proved
that the sequence {x,} generated by algorithm (1.6) converges strongly to a point
z* =1ln= (s,)nvi(c,a)To under some mild assumptions.

Bregman [11] introduced an essential and effective technique for designing and ana-
lyzing feasibility and optimization algorithms. However, Bregman distance have been
studied by many researchers (see, for example [7, 8, 12] and references therein).

Ali et al. [2] introduced a modified inertial subgradient extragradient method for
approximating a common element in the set of solutions of variational inequality
problem and the set of common fixed point of demigeneralized mapping in a real
reflexive Banach space and obtained a strong convergence theorem for the sequence
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generated by the the following process.

g, 21 € F,

wy, =V (Vf(@n) + m(V(@n-1) = Vf(zn))),

Yn = PV [ (V(wn) — AA(wn)),

T, ={z € E:(Vf(w,) = NA(wn) = Vf(yn),z — yn) <0}, (1.7)
zn = P, Vf*(V f(wn) = AA(yn)),

vp = V(1 —an)VF(zn) + anVf(Tz)),

Tpyr = VI (0.Vf(@n) + BV f(vn) + %V f(u), V n>0,

where A € (0, %), is a constant, L is Lipschitz constant and {a,}, {8,}, {7n} and
{6} are sequences in (0, 1).

Observe that all the methods mentioned above require a prior knowledge of the Lips-
chitz constant of the operator A as input parameter which is very difficult to estimate
when solving some practical problems.

In order to navigate from this setback. Ma [37] introduced a new subgradient extragra-
dient method with a self-adaptive step size for solving monotone variational inequality
problems in Banach space without prior knowledge of the Lipschitz constant of the
operator. They established a strong convergence result for the problem VIP (1.1)
using the following algorithm: Very recently Ali and Ajio [5] proved the strong con-

Algorithm 1
Initialization: Take \g > 0,2 € E be a given starting point, p € (0, 1).
(Step 0) Given the current iterate x,,, compute

Yn = PC(an - )\nA(xn))a

If x,, = yn, then stop: x, is a solution. Otherwise, go to Step 2.
(Step 2) Construct the set

T,={weE: (Jr, — \A(zn) — Jyn,w — yn) < 0},

and compute
zn = Pr, (Jxn — A A(yn)), Tpy1 = Jﬁl(ango + (1 —apn)dzn),
(Step 3) compute

s Tn—Yn 2 n " Zn 2 .
Ny — USRS A i (AG) = Aln), 20— ) > 0,
Ans otherwise,

Set n:=n+ 1 and return to Step 1.

vergence of an inertial type subgradient extragradient algorithm for approximating
a common element of the set of solutions of pseudomonotone variational inequality
problem and the set of common fixed point of a finite family of generic generalized
nonspreading mappings in uniformly smooth and 2 - uniformly convex real Banach
spaces, using the following algorithm: Motivated by the above works, in this paper,
using Bregman distance technique, we introduce an inertial-type subgradient extra-
gradient algorithm with self adaptive step size for approximating a common element
in the set of solutions of pseudomonotone variational inequality problem and the set
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Algorithm 2

Initialization: Take A\; > 0, 1,0 € (0,1). Select initial data xg,x; € E.
Given z,,_1, x, and 6, for each n > 1, choose 6,, such that 8,, € [0, 6,,].
Iterative steps: Calculate x,,,1 and A, ;1 as follows:

Up = J Y Jxp + 0, (J2n_1 — Jxy)),

Yn = Hod “H(Jun — M A(uy)),

Sp={2z€ E: {(Jup — MA(un) — Jyn,z — yn) < 0},

1.8
Zn = HSn J_l(‘]un - /\"A(yn))’ ( )
wy, = J YanJzo + (1 — an)Jdz,),
Tnp1 = J (B zn + (1= Bn)J(Twy)), ¥V n>1,
where T = Ty o Ty—10,...,0T7, én and A,11 are updated by (3.1) and (3.3)
respectively.
5, = Il o 0h i a#F e, (1.9)
0, otherwise

3 Un —Yn 2 n—2n 2 -
My = { USRI i (An) = Al 20— ) > 0,
s otherwise

(1.10)

of common fixed point of a finite family of generic generalized Bregman nonspreading
mapping in a real reflexive Banach space.

Furthermore, we prove a strong convergence theorem to a solution of the stated prob-
lem without prior knowledge of Lipschitz constant of the operator under some mild
assumptions. we give a numerical example in order to illustrates the performance
of our proposed algorithm. Our result generalize and improve many existing results
in the literature.The rest of the paper is structured as follows: In section 2, we give
some preliminaries that will be needed in the sequel. In section 3, we present our
proposed algorithm and then give its convergence analysis. In section 4, we give some
numerical examples in order to illustrate the performance of our proposed algorithm
and compare it with some existing ones in the literature.

Finally, we conclude by giving a brief summary of the paper in section 5.

2. Preliminaries

Let E be a real reflexive Banach space with its dual space E*,C' a nonempty, closed
and convex subset of E and f : E — (—o00,+00] be a proper, lower semicontinuous
and convex function. The domain of f is denoted by domf = {zx € E : f(z) < 400}.
Let z € int(domf), then

(T1) the subdifferential of f is a function 9f : E — E* defined by

Of(x) ={z" € E*: f(z) + (2", y —x) < f(y), Vy € E};
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the Fenchel conjugate of f is the convex function f : E — (—o0, +00] defined
by
f (x*) =sup{(z*,2) — f(z) : z € E};

for any x € int(domf), and y € E, the right hand derivative of f at x in the
direction of y is defined by

(2.1)

The function f is said to be Gateaux differentiable at x if the limit as ¢ — 0 in
(2.1) exixts for each y. In this case, the gradient of f at x is the linear function
Vf: E — (—00,+00] defined by (Vf(x),y) = fO(z,y) for all y € E. The
function f is said to be Gateaux differentiable if it is Gateaux differentiable at
each x € int(domf). The function f is said to be Fréchet differentiable at x if
the limit as ¢ — 0 in (2.1) is attained uniformly in y with |Jy|| = 1. Also, f
is said to be uniformly Fréchet differentiable on a subset C' of E if the limit is
attained uniformly for 2 € C and ||y|| = 1. It is well known that if f is Gateaux
differentiable (resp. Fréchet) on int(domf), then f is continuous and its Gateaux
derivative V f is norm to weak* continuous (resp. norm to norm continuous) on
int(domf) ( see, for example [6, 10]). A function f on E is said to be strongly
coercive (see, for example [51]) if

e,
llel|=+oc |||
Definition 2.1. The function f is said to be:

(1) Essentially smooth, if df is both locally bounded and single-valued on its
domain;

(2) Essentially strictly convex, if (9 f) ! is locally bounded on its domain and
f is strictly convex on every convex subset of dom Of;

(3) Legendre function if it is both essentially smooth and essentially strictly
convex.

When the subdifferential of f is single-valued, it coincides with the gradient; that
is, 0f = V f (see, for example [10] and reference therein).

Remark 2.1. If E is a reflexive Banach space and f is a Legendre function,
then we have the following results:

(i) f is essentially smooth if and only if f* is essentially strictly convex (see, for
example [8]);

(i) (Of)~t = af* (see, for example [10]);
(iii) f is Legendre if and only if f* is Legendre function (see, for example [3]);

(iv) if f is Legendre function, then Vf is a bijection satisfying Vf = (Vf*)~1,
ran Vf = domV f* = int(domf*) and ran Vf* = domf = int(domf), where
ran represents the range (see, for example [8]).
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Definition 2.2. Let f : E — (—00,+00] be a convex and Gateauz differentiable
function. The function Dy : domf x int(domf) — (—o0, +00| defined by

Dy(z,y) = f(x) = fly) = (V(y), = y), (2.2)
for all x € domfand y € int(domf) is called the Bregman distance with respect to
f (see, for more details [11, 16]). It is well known that Bregman distance satisfies the

following properties for any x,w € domf and y, z € int(domf) :
(1) three point identity
Dy(z,%) = Dy(z,y) + Dy(y,2) +(Vf(y) = Vf(2),2 - y) (2.3)

(2) four point identity
Dy(x,y) + Dy(w,z) — Dy(x,2) — Dy(w,y)
=(Vf(2) =V (y),z —w) (2.4)

Definition 2.3. A Gateaux differentiable function f : E — RU {400} defined on a
reflexive real Banach space FE is said to be strongly convex if there exists a constant
£ > 0 such that

<Vf($) fo(y),xfy> > 6Hx7y||27 Vx,y € domf,

equivalently

F) > £(@) + (VS (@)y —a) + Sl — gl ¥y € dom.

If E is a smooth and strictly convex Banach space, then f(z) = i||z||? is a strongly
coercive, bounded, uniformly Fréchet differentiable and strongly convex function with
strong convexity constant 3 € (0,1] and Fenchel conjugate f*(z*) = |/z*||*. It can
be easily shown that if f is a strongly convex function with constant 5 > 0, then, for

all z € domf, and y € int(domf), (see, [9] for more details),

Dy(e.) = Dlla — Il (25)

Definition 2.4. Let B and S be the closed unit ball and the unit sphere of a Banach
space E defined by B, = {w € E : ||w|| <r}forallr >0and Sg ={z € E: ||z|| =1}
respectively. Then, the function f : £ — R is said to be uniformly convex on
bounded subsets of E (see, for example [51] and reference therein) if p, : [0, 400) —
[0,400) defined by

af(x) + (1 =a)f(y) = flaz+ (1 = a)y)

(T = inf
pr(t) @,y€ B, |le—yl|=t,a(0,1) a(l —a)

which satisfies p,.(t) > 0 for all r,¢ > 0. The function p, is called the gauge of uniform
convexity of f.
Definition 2.5. Let T': C' — C be a mapping.

(1) A point x € C is called a fixed point of T if Tx = z, where F(T) := {z € C :
Tx = x} is the set of fixed point of T
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(2) A point z € C is said to be asymptotic fixed point of T, if there exists a sequence
{z,} C C such that z,, = z and lim ||z, — Tx,|| = 0. We denote the set of all
n—oo

asymptotic fixed point of T by F(T).

Ali et al.[3] introduced the following nonlinear mapping in a real reflexive Banach
space using Bregman distance.

Definition 2.6. Let f: E — (—o00,+00] be a strongly coercive, Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E. Let C be a nonempty, closed and convex subset of int(dom f). A mapping
T :C — C is called a finite family of generic generalized Bregman nonspreading
mapping if there exist real numbers (o, 8,7,9,¢,£) such that for all z,y € C the
following inequalities holds: (i) (o + 8 +~v+0) > 0; (ii) (@ + B) > 0; and (iii)

aDy(Tz,Ty) + BDs(x,Ty) +vDy(Tx,y) + 6Dy (x,y)
< e{Dy(Ty,Tx) — Dy(Ty, x)} + E{Ds(y, Tx) — Dy(y,x)}. (2.6)

Remark 2.2. Observe that, (i) if « + = —y — 0 = 1, then generic (a, 8,7, 0, ¢,&)
generalized Bregman nonspreading mapping reduces to generalized Bregman non-
spreading; (i4) if a =1, =0 =& =0 and v = ¢ = —1 then generic («, 3,7, 0,¢,§)
generalized Bregman nonspreading mapping reduces to Bregman nonspreading map-
ping; (i) if E is smooth and the function f(z) = ||z||?, then generic («, 3,7, 4, ¢, &)
generalized Bregman nonspreading mapping reduces to generic («, 3,7, d,€,£) gener-
alized nonspreading mapping in the sense of Takahashi [46].

The modulus of total convexity at z € int(domf) is the function vs(x,.) : [0, +00) —
[0, 4+00) defined by

vi(z,t) == inf{Ds(y,2) : y € domf, ||y — z|| = t}.

The function f is called totally convex at = € int(domf) if vy (z,t) is positive for any
t > 0. This concept was first introduced by [12].

Definition 2.7. Let C C int(domf) be a nonempty, closed and convex subset of a real
Banach space F, where f: E — RU {+o0} is a convex and Gateaux differentiable
function. The Bregman projection with respect to f of x € int(domf) onto C is
defined as the unique vector Projé(z) € C, which satisfies

Dy(Projt(z),x) = inf{Dy(y,) : y € C}.
The normalized duality mapping J from E into 2% is defined by

Jr={z" € E* : (z,2") = [|z||.[|z"|], [|z"]| = [|=|[}
forall z € E.

Remark 2.3. If F is smooth and strictly convex Banach space and f(x) = ||z||?
for all z € E, then we have Vf(z) = 2Jx for all x € E and hence the function
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Dy(z,y) = ¢(z,y) and the Bregman projection Projé(a:) reduces to the generalized
projection I (x) which is defined by

o(Ilc(z), v) = inf{p(y,x) : y € C}.

If E = H, areal Hilbert space, then the Bregman projection Projé(x) reduces to the
metric projection Po(x) of H onto C.

Lemma 2.1. [15, 8] Let C be a nonempty, closed and convexr subset of a reflexive
Banach space E. Let f : E — R be a Gateaux differentiable and totally convex
function. Let x € E. Then the Bregman projection Projé : B — C satisfies the
following properties:

(i) z = Projé(m) if andonly if (Vf(z) =V f(z),y—2)<0,VyeC,
(ii) Df(y,projl(z)) + Ds(projl(z),2) < Ds(y,z), Yy € C and x € E.
Let f : E — (—o00,+00] be convex, Legendre function Gateaux differentiable func-
tion. Following [1, 10] we make use of the function Vi : E x E* — [0,400) defined
by
Vi(z,2") = f(z) — (x,2") + f*(2"), Ve € Eand " € E™. (2.7)
Then, the following assertions hold:
(i) Vy is nonnegative and
Vi(z,z*) = Dy(x,Vf*(z*)), Vo € Eand z* € E™. (2.8)
Thus, from (2.7) it is obvious that Dy(x,y) = Vi(z,V f(y)) and V} is convex in
the second variable. Therefore for A € (0,1) and x,y € E, we have
Dy(z, VAV f(2) + (1= NVf(y) < ADg(z,z)+ (1= A)Dg(z,9) (2.9)

Moreover by subdifferential inequality (see, for example [27] and reference therein),
we have

Vi(x,z*) + (y*, Vf*(x") —z) < Vi(z,2"+y"), Vo e Eandz",y" € E{2.10)

Lemma 2.2. [39] Let E be a Banach space and f : E — R be a convex function
which is uniformly convex on bounded subsets of E. Let r > 0 be a constant and p, is
the gauge of uniform convexity of f. Then for any x,y € B, and « € (0, 1),

flax+ (1 —a)y) < of(@)+ 1 -a)f(y) —al —a)p(llz—yll). (2.11)
In addition if f is bounded on bounded subsets and uniformly convex on bounded

subsets of E then, for any x € E,y*,z* € B, and a € (0, 1),
Vi@, oy + (1 —a)2") < aVi(z,y") + (1 —a)Vi(z,2%) —a(l —a)pi([ly" = 2"|]).

Lemma 2.3. [/2] Let f : E — (—o00,+00] be a uniformly Fréchet differentiable
function and bounded on bounded subsets of E. Then V f is uniformly continuous on
bounded subsets of E from the strong topology of E to strong topology of E*.

Recalll that the function f is called sequentially consistent [13] if for any two sequences
{z,} and {y,} in E such that {x,} is bounded,

nlz_}ngon(a:n,yn) =0= n“_?(}on” —yn|| =0. (2.12)
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Lemma 2.4. [/3] Let f : E — (—00,400| be a Gateaux differentiable and totally
convez function. If x € E and the sequence {Dy(xn,x)} is bounded, then the sequence
{z,} is also bounded.

Definition 2.8. Let A: C — E* be a mapping. Then A is said to be
(1) monotone if the following inequality hold
(Az — Ay,z —y) >0, Va,yeC.

(2) pseudomonotone if

(A(z),y —2) > 0= (A(y),y —x) >0, Yax,yel.

(3) Lipschitz continuous if there exists a constant L > 0 such that

|Az — Ay|| < Ll|lz —yl|, Va,yeC.

(4) weakly sequentially continuous if for any {z,} C C such that z,, — x implies
Az, — Az.

Definition 2.9. [38, 31] Let A : C — E* be an operator. The Minty variational
inequality problem (MVIP) consist of finding a point z* € C such that

(A(z%),y —2") >0, Vy e C, (2.13)

The set of solutions of (2.13) is denoted by M (C, A). Some existing results for the
(MVIP) have been presented in [31]. Also, the assumption that M(C, A) # () has
been used in solving the variational inequality problem VI(C, A) in finite dimensional
spaces (see, for example[15]).

Lemma 2.5. [35] Consider the variational inequality problem VI(C, A). Suppose the
mapping h : [0,1] — E* defined by h(t) = A(tx+(1—1t)y) and t € [0,1] is continuous
for all z,y € C (i.e, h is hemicontinuous), then M(C,A) C VI(C, A). Moreover, if
A is pseudomonotone, then VI(C, A) is closed, convex and VI(C,A) = M(C, A)

Lemma 2.6. [50] If {b,} is a sequence of nonnegative real numbers satisfying the
following inequality:
bn+1 S (1 - ¢n)bn + 77[1710'77, + Tn, T Z 07

where (1) {¢,} C [0,1], Y07 ¢, = oo; (ii) limsupo, < 0; (iii) v, > 0 and
>0 Yn < 00, then, b, — 0 as n — oco.

Lemma 2.7. [35] Let {b,} be a sequence of real numbers such that there exists a
subsequence {by,} of {b,} such that b,, < by, 41 for all i € N. Then, there exists a
nondecreasing sequence {my} C N such that my — oo and the following properties
are satisfied for all k € N;

bmk < bmk+1 and bk < bmk+17
In fact, mp=max{j <k:b; <bjp1}.
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Lemma 2.8. [3] Let f : E — (—o00,+00] be a strongly coercive, Legendre function
which bounded, uniformly Fréchet differentiable and totally convex on bounded subsets
of E. Let C be a nonempty, closed and convex subset of int(domf) and T; : C — C
fori = 1,2,...M be a ﬁm’te family of generic gemeralized Bregman nonspreading
mapping such that & ﬂz 1 F( 3) # 0. Then T; is quasi Bregman nonexpansive
mapping for each i =1,2,-

We give the proof of Lemma 2.8 for the sake of completeness.

Proof. Since T; : C — C for i = 1,2, ..., M is a finite family of generic («, 3,7, d,¢, )
generalized Bregman nonspreading mapping with & ﬂfvil F(T;) # 0, then for any
y € C, let p € § and replace x with p in equation (3.54) of definition (2.6), we obtain

aD¢(p, Tyy) + BDy¢(p, Tiy) +vDy¢(p,y) + 0Ds(p,y) < e{Ds(Tiy,p) — D¢(Tiy.p)}
+&{Dy(y,p) — Dy(y,p)}

aDy(p, Tyy) + BDs(p, Tiy) + vDy(p,y) + dDs(p,y) < 0.
This implies that
(a+B)Ds(p, Tiy) + (v +6)Ds(p,y) < 0.
Thus

(a+B)Ds(p, Tiy) < —(v+0)Dys(p.y).
Using conditions (i) and (ii) of definition (2.6), we have

D¢(p, Tyy) < ((Zj:g))D (p,y)
< Df(pa )
D¢(p,Tiy) < Dy(py). (2.14)

3. Main Results
In order to obtain strong convergence of our algorithm, we make the following as-
sumptions:

(A1) Let E be a real reflexive Banach space and C' be nonempty, closed and convex
subset of E.

(A2) The operator A : E — E* is pseudomonotone, L - Lipschitz continuous and
weakly sequentially continuous on E.

(A3) For each i € {1,2,..., M},{T;} be a finite family of generic (a,S,7,9,¢,&) -
generalized Bregman nonspreading mapping of F into itself such that F(T;) =
F(T;). Assume Q = F(Tp; o Thy—10,...,0T1) = ﬂf\il F(T;) # 0.

(A4) The solution set I = VI(C, A)NX, F(T;) # 0.
(A5) The function f: E — R satisfies the following:

(1) f is proper, convex and lower semi-continuous;
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(2) f is uniformly Fréchet differentiable;
(3) f is strongly convex on E with strong convexity constant § > 0;

(4) f is a strongly coercive and Legendre function which is bounded on bounded
subsets of E.

(A6) Assume that the control sequences satisfy:

(i) {an} C (0,1) satisfies lim a, = 0 and ooy = 00.

(ii) Choose a positive sequence {7, } such that lim = 0.

n—oo - "

(iii) B, € (a,b), where 0 < a < b < 1.

Algorithm 3

Initialization: Take A\; > 0, € (0,8), 6 > 0. Select initial data zg, 21 € F and set
n=1.

Step 1 : Given z,,_1, =, and 6, for each n > 1, choose 6,, such that 6,, € [0, én]
with 6,, defined by

5, = Jminl o0 i an #F o, o)

0, otherwise.

Step 2: Compute

tp =V (Vi(xn) + 00 (Vf(xn_1) — Vf(zn))), -

Yn = Projéwf*(wun) — A A(un))).

)\n+1 = mln{ H(Hun“nz)hl ‘L(ZJJ?Z:ZZ! : )\”} < (un) - A(yn)vzn - yn> > 07
Ans otherwise.

(3.3)

If y,, = u,, then set z, = u,, for some n > 1. Else go to Step 3.
Step 3: Construct

Sp={2€ E:(Vf(un) = \A(un) = Vf(yn), 2 — yn) < 0}

and Compute

zn = Projh (V*(Vf(un) = AA(ya))),
wn = V[ (anV[f(20) + (1 = an)Vf(zn)), (3.4)
Tpp1 = VI (BuV(zn) + (1= Bp)VI(Tw,)), V n>1

Set n :=n+ 1 and return to Step 1, where T' = Ty; o Ths_10,...,0T7.

In order to prove the strong convergence result of Algorithm 3, we first prove the
following lemma which plays an important role in the proof of the main result.

Lemma 3.1. Suppose that {un}, {yn}, {zn}, {wn}, {An} are sequences generated by
Algorithm 3 and assumptions (A1) - (A6) hold, then

(1) If up = yyn for somen > 1, then u, € VI(C, A).
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(2) The sequence {\,} generated by (3.3) is a nonincreasing sequence and lim A, =

n—oo
A>min{%, A\ }.

Proof. (1) Suppose that w,, = y, for some n > 1. Then from Algorithm 3, we have
Up = Projé(Vf*(Vf(un) = AnA(un))).
Thus, u, € C. Using the definition of {y,} in Algorithm 3 and the property of
Bregman projection Projé onto C' in Lemma 2.1, we have
(Vf(un) = MpA(un) = Vf(un),up —y) 20, VyeC.
Thus,
(= AnA(un),un —y) = Ap(Aun),y —un) >0, VyecC.

Since A, > 0, we obtain that (A(uy,),y — u,) > 0. Hence, u,, € VI(C, A).

(2) It follows from (3.3) that A,y1 < A, for all n € N. Furthermore, Since A is
a Lipschitz continuous mapping with positive constant L, in a case where A(u,) —
A(yn) # 0, and the sequence {\,} is nonincreasing, we obtain

pllltn = ynl® +1lyn = 20l1?) o 20llun = ynllllyn = 2n]] o Hlun = yall
2(A(un) — A(Yn), 2n _yn> B 2||A(un) _A(yn)lmzn _ynH B LHun _ynH
i

Thus {\,} is bounded below by min{#, A}, we conclude that

lim Ay = A > min{%,)\l}.

n—oo

O

Remark 3.1. We have from Definition 3.1 of Algorithm 3 that 0, ||z, — zp—1|| < Tn

for each n > 1, which together with lim 7 = 0 implies
n—oo %4n

0” n
lim —||zp, — Tp_1|| < lim K—Y (3.6)
n—00 Oy, n—00 Oy,

Lemma 3.2. Suppose that assumptions (A1) — (A6) hold, and the sequences {uy},
{yn}, {zn}, {wn} and {x,}, be generated by Algorithm 3 Then {x,} is bounded.

Proof. First, we show that

PAn
ﬁ)\nJrl
Let u € VI(C, A)N ﬂi\il F(T;) # 0. Observe that y,, € C, then we have (A(u),y, —
u) >0, for all n € N.
Since A is pseudomonotone, we have (A(yy), yn — u) > 0, for all n € N. Then

0< <A(yn>7yn — U+ 2y — Zn> = <A(yn)7yn - Zn> - <A(yn)au - Zn>

which implies that

<A(yn>7yn - Zn> > (A(yn),u - Zn>, vV neN. (37)

Df(ua Zn) < Df(uvun) - (1 - )(Df(ymun) + Df(zmyn))~
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From the definition of .S,, in Algorithm 3, we have that

(Vf(un) = AMA(un) = VI (yn), 2n — yn) < 0.
Thus,

(VF(un) = MA(yn) = V(Yn), 20 — Yn)

= (Vf(un) = MA(un) = VF(Yn), 2n — yn) + A (A(un) — A(Yn)s 20 — Yn)
S )\n<A(un) - A(Qn)v Zn — yn> (38>
Applying Lemma 2.1, (2.8), (2.7) and (2.3), we have
Dy (u, zp)
Dy (u, Projf, (Vf*(Vf(un) = AaA(yn)))
Df(u’ VIV (un) = A A(yn))) — Df(znv VIV (un) = A A(yn)))
Vf(u vf(un) A A(yn)) — Vf(zna V(un) = AnA(yn))
[f(zn) - < (un) A A(yn) zn) + [ (Vf(un) = A A(yn))]
) =
)

A

= fu) = (Vf(un) = AnA(yn), u) = f(zn) = (VF(un) + AnAyn), 2n)
= fu) = (Vf(un),u) + AnAlyn), u) — f(zn)

VI (un), 2n) = (AnAlyn), 2n)
= f(“) <Vf(un) Zn) + f(“n) — flu ) (AnA(yn), u)

= D (u,un) [f ) f(un) <vf(“n) 2n)]
+(AnA(Yn), > (AnA(Yn), 2n)
= Dy(u,un) — Df(zn,un) + (AA(Yn), u — )
= Df(“ Up) — (Zn Un) + A (AYn), v — 2n)
< Dy(u,un) = Dylzn, un) + An{AWYn), t = yn) + An(AYn), yn — 2n)  (3.9)
Using equation (2.3) and (3.8), we obtain
Dy (u, zp)
< Dy(u,un) = Dy(zn,un) + A (AYn), 4 — Yn) + A (AWYn), Yn — 2n)
= Df(uaun) - [Df(zmyn) + Df(ynvun> + (Vf(yn) = VI(un), 2n — yn)l

+)\n<A(yn)ﬂ Yn — Z’n>
= Df(“’un) - Df(zmyn) - Df(ymun) —(Vf(yn) = Vf(un), 2n — Yn)
+An (AYn), Yn — 2n)

< Df(u un) - Df<znvyn) - Df(ym Un) - <vf(yn> - )‘nA(yn) - vf(un)ayn - Zn>
= Df(u un) Df(zmyn) - Df(ym un) =+ <vf(yn) - )‘nA(yn) - Vf(un)»zn - yn>
< f(u Up) — Df(zmyn) - Df(ym Un) + M (A(Un) — A(Yn)s 2n — Yn)
An
< (U Up) — Df(znayn) - Df(ymun) + I A (|l — yn||2 + ll2n — yn||2)
n+1
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< Dy(u,un) = Dy(zn,yn) = D (yn, un) + ﬁ)/\\ (D (tn,yn) + Ds(2ns Yn))
n+1
An b
= Df(uvun) - (1 - ﬁ)\nJrl )(Df(una yn) + Df(z’myn)) (310)

3 ; _ _Anp — _ B
Applying Lemma 3.1 (2), we have that u € (0, 8), nlz_}ngo(l ) =1-5>0.

n+1
This 1mphes that, there exists a positive integer Ny > 0 such that for all n > Ny,

(1 — 552£) > 0. Hence, from (3.10), we have

5)\ +1

Di(u,zn) < Dy(u,up) (3.11)
Using the definition of {u,} in Algorithm 3, we obtain

Df(uvun) = Df(u, Vf*((l = 0.)V f(zn) + envf(xn—l))

= Vi(u,(1 = 0,)Vf(2n) + 0.V f(zn-1))

= flu) = (1= 0,)Vf(zn) + 0.V f(zn_1),u)
+((1=0,)Vf(zn) + 0,V f(20-1))
(1—=6,)Dy¢(u,zpn) + 0nDy(u, xn_1) (3.12)

IA

From the definition of {w,} in Algorithm 3, we have

Dy(u,wn) = Dy(u, V" (nV[f(z0) + (1 — an)Vf(zn)))
= Vi(u,anVf(zo) + (1 — an)Vf(2n))
= f(u) = {anVf(zo) + (1 = an)V f(zn),u)
+f*(@nV f(20) + (1 — an)Vf(zn))
< aan(u, xo) +(1- Oén)Df(u, Zn) (3.13)

Using the definition of {z,41} in Algorithm 3, we have

Dy(u,znt1) = Dy(u, VI (BaVf(2n) + (1= B)Vf(Twy)))
Vi(u, BnV f(zn) + (1 = Bn)V f(Twn))
= f(u) = B2V f(zn) + (1 = Bn)Vf(Twy),u)
+ 1 (BaV f(2n) + (1 = Bu)Vf(Twn))
= f(u) = Bu({Vf(zn),u) = (1 = Bu)(Vf(Twn), u)
B S (Vf(z)) + (L= Bn) S5 (Vf(Twn))

Dy(u,znt1) < Buf(u) + (1= Bn)f(u) = Bu(Vf(2n) u) — (1= Bu)(Vf(Twn), u)
+Bn " (V(zn)) + (1 = Bn) fH(Vf(Twy))
< 5an(U7 Zn) + ( - ﬁn)Df(u Twn)
= BnDyf(u,2zn) + (1 = Bn)Ds(u, Tar 0 Tar—10, ..., 0T (wy,))
< BaDy(u,zn) + (1 — Bn)Dy(u, Thr—10,. ,oTl(wn))
< BnaDy(u,zn) + (1 — Bn)Ds(u, wy) (3.14)
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Substituting (3.12) and (3.13) into (3.14), we have

Dy(u,znt1) < BuDy(u,2n) + (1= Bn)lonDy(u, wo) + (1 — an) Dy (u, 2n)]
= 5an(U» Zn) + an(l — 5n)Df(u»$O) + (1= Bn)(1 - an)Df(u, Zn)
= (ﬂn + (1 - ﬂn)(l - O‘n))Df(uvZn) =+ O‘n(l - ﬂn)Df(u»IEO)

(Bn — Bn + 1 —an + anfBn)Ds(u, z) + an(l — Br)Dy(u, zo)

(1= (1= Bn)on)Dys(u, 2n) + (1 = Bn)an Dy (u, o)

(1= (1= Bn)an)[(1 = 0n)Dy(u, 2p) + 0 Dy (u, 2n—1)]

+(1 — Bn)anDs(u, xo) (3.15)

IA

Thus, we obtain,

Dy(u,znt1) < max{Dys(u,xo), max{Ds(u, ), Df(u,xn_1)}}

max{D(u,zo), max{Ds(u,x1), Ds(u,x0)}} (3.16)

Hence, {Dy(u,x,)} is bounded. Since gﬂmn —ul|?* < Ds(u,z,), we have that {z,}
is bounded. Consequently, {un}, {yn}, {zn} and {w,} are also bounded. O

Theorem 3.3. Suppose that assumptions (A1) —(A6) holds, and the sequence {ay,} C
(0,1) satisfy lzm n oy, = 0 and Y, o, = 00. Let {x,,} be the sequence generated by

Algorithm 3. Then {zn} converges strongly to a solution

vT=Projycay e, pe o

Proof. Let x* = ProjéI(CA xg. From Lemma 2.1, we have

A) N NILL F(T)
(Vf(xo) = Vf(z¥),z—a") <0, V zeVI(C,A)
From Lemma 3.2, we have that, there exists Ny > 0, such that for all n > Ny,

D¢ (u, zn) < Df(u,upn) and Dy(u,un) < (1 —0,)Dg(u,xn) + 0D (u, xr—1),
and the following sequences {x,}, {un}, {yn}, {2z} and {w,} are bounded. Further-
more, we estimate D¢ (u, z,+1) using inequality (3.10) for every n > Ny.

Dy(uons) = Dy, VI (Ba¥ 1 () + (1 = Bu) VS (Twa))
= Vi(u, BV f(zn) + (1 = Bn)Vf(Twn))

= 6an(u7 Zn) (1 - ﬁn)Df(u) Twy,)

= BnDyf(u,2zp) + (1= Bn)Ds(u, Tar 0 Tar—10, ..., 0T (wy))

< BaDg(u,2n) + (1 — Bn)Ds(u, Tar—10, ..., oT1 (wy))

< BnDy(u,zn) + (1 — Bn)Dys(u, wy)

< BuDy(uy ) + (L= Bo)lan Dy (o) + (1~ ) Dy 20)
By 2a) + (1= Bu)(1 = ) Dty 20) + an(1 — Bu) Dy (1, o)
= (Bn+ (1 =Bn)(A —n))Ds(u, 2n) + an(l = Bn) Dy (u, 7o)
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= (Bn+ (1 =Bn)(1 —an))(Dy(u,un)

—(1- 5))\\n+1 ) (D (tn,yn) + Dy (Yns 2n))) + an(1 = Bn) Dy (u, o)
At

= (1-@1=B8p)an)(Dg(u,un) — (1 - BAnit
+an(1 = Bn)Dy(u, z0)
Antt
D)~ (1= 2
+ao, (1 — Bn) Dy (u, o)
(1—=6,)D¢(u,xpn) + 0, Dy(u, 2n_1)
== 32D (s ) + Dy o)+ an(1 = ) Dy a,20)
= Dy(u,z,) — Gan(u, Tn) + 0, Ds(u, p—1)
) (Dt 10) + Dl 20)) + an(1 = 6) Dy 0)
n+1
= Df(u,xn)+ 0n(D¢(u,xn—1) — Df(u,x,))

—( 6;\\ )(Df(tnsyn) + D (Yns 2n)) + an(l = Bn) Dy (u, z0) — (3.17)

The remaining part of the proof will be divided into two cases.

Case I. Suppose that there exists Ny € N (N; > No) such that {Dy(u, z,)} 0Ly, is
nonincreasing. Since the sequence {Dy(u, z,)}52, is bounded then it converges for
all n > N1 > Ny. That is,

)(Df(um Yn) + Df(ym Zn)))

IN

)(Df(um Yn) + Df(ym Zn))

IN

—(1-

lim (D¢(u,2y) — Df(u,2pq1)) = lim (Df(u,p—1) — Df(u,x,)) =0  (3.18)

n—oo n—oo
This implies from (3.17) that
An e
(1 - ) _H)(Df(unvyn) + Df(?JnaZn)) < en(Df(“axnfl) - Df(u,xn))
+Ds(u,xn) — Dy(u, Tpt1) + an(1 — Br)Dy(u, xo) (3.19)

Using (3.17), (3.18) and the fact that (1 — 52£-) > 0,(1 — §,) > 0 together with
lim oy, = 0, we have from (3.19) that

n—oo
An
(1= 2 ) (D (s yn) + Dy (s 20)) < 0n(Dy (s 20 1) — Dy(u, 7))
ﬂ>\n+1
+D¢(u, ) — Df(u, &nq1) + an(l — Br)Dg(u, z9) — 0, as n — oo.
Hence,
nlz_}nochf(un,yn) = lzm Df(yn, 2n) =0 (3.20)

Thus, from Lemma 2.3, we have that

lim ||up, — ynl|| = lim ||yn — 24]| =0 (3.21)
n—oo n—oo



402 B. ALI, A. T. JUDE, AND G. C. UGWUNNADI

Using Lemma 2.2 and the definitions of {z,11}, {un}, {w,}, we obtain

Dy(u,xpt1) = Dy(u, VI (B Vf(zn) + (1= Bn)VI(Twn)))

= Vi(u, BV f(zn) + (1 = )V f(Twy))

< BnDy(u,zn) + (1 — Bn)Ds(u, Twy,)
—=Bn(1 = Bn)pr([IV f(zn) = Vf(Twn)][)

= BuDf(u,2n) + (1= Bn)Dy¢(u, Tar 0 Tar—10, ..., oT1 (wy))
—Ba(L = B}V f(z0) — VF(Twn)])

< BnDy(u,zn)+ (1 — Bn)Ds(u, Tar—10, ..., oT1 (wy,))
—Bn(1 = Bn)pr([IVf(2n) = Vf(Twn)]])

< ﬂan (u, 2n) + (1 — Bn)Df(“,wn)
—Bn(1 = Bn)pr([IVf(2n) = Vf(Twn)]])

< BnDys(u,zn) + (1 = Bn) Dy (u, VI (anV f(z0) + (1 — an)Vf(zn)))
—Bn(1 = Bn)or([IVf(2n) = Vf(Twn)]])

< BuDy(u,zn) + (1 = Bn)lanDy(u, z0) + (1 — an)Dy(u, zn)]
—Bn(1 = B)pr([IVf(zn) = Vf(Twn)]])

< (=1 =Bn)an)Dys(u,zn) + (1 = Bp)anDy(u, o)
—Bn(1 = Bn)pr([IVf(2n) = Vf(Twn)]])

< (=1 =Bn)an)Dy(u,un) + (1 = Bn)anDy(u, zo)

—Bn(1 = Bu)pr([[Vf(zn) = Vf(Twn)|])

Di(u,zn1) < (1= (1= Bn)an)[(1 = 0n)Dy(u,xs) + 0nD(u, xn-1)]
+(1 = Bn)anDy(u, x0) = Bn(1 = Bn)pr([[Vf(2n) = Vf(Twn)][)
= (1-6,)Ds(u,xn) +0,Dyp(u,xn-1)
—(1 = Bn)an[(1 = 0n)Dy(u,zn) + 00Dy (u, xp—1)]
(L= Bn)an Dy (u, o) = Bn(1 = Bn) o (IIV f(2n) = V. (Twn)]])
= Dy(u,xn) + 0n(Dy(u, 2n 1) = Dy(u, xn)) + (1 = Bn)an Dy (u, xo)
—(1 = Bn)an[(1 —0,)Dyf(u, zy) + 0, Ds(u, xpm—1)]
—Bn(1 = Bn)pr([IV f(zn) = Vf (Twn)]]) (3.22)
This implies from (3.22) that
0 < Bu(l=Bn)pr(lIVf(zn) = VF(Twy)|]) < Dy(u,2p) — Dy (u, @pg1)
+0n(Df(u7 Tp—1) — Df(u’ xn)) + (1 - ﬁn)aﬂDf(u7 o)
—(1 = pn)an[(1 = 0,)Dyf(u, zn) + 0, Ds(u, xr—1)] (3.23)
From (3.18) and the fact that (1 — 5,,) > 0 together with lgm a, = 0, we have from
(3.23) o
81— BAIV S () — Y (Twn))
< Dy(u,an) = Dy(u, @pt1) + 0n(Dy(u, 2n—1) — Dy(u, 2n))
(1= Bu)anl(L = 0)Dy (1, 20) + 0 Dy (1,0 -1)] + (1~ B Dy (u,20)
— 0, as n — oo. (3.24)
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Thus, using the property of p; in Lemma 2.2,we have
lim ||V f(20) — V£ (Tw,)|| = 0. (3.25)

Since f is uniformly Fréchet differentiable, then V f* is uniformly norm to norm
continuous on bounded subsets of E*. Hence, we have from (3.25) that

lim ||zn, — Twy,|| = 0. (3.26)
—00

n

Using the definition of {z,41} in Algorithm 3, we have
Vi(@ns) = BaVf(zn) + (1= Bu)Vf(Twy)

vf($n+1) - Vf(zn) = (ﬂnvf(zn) + (1 - /Bn)vf(Twn)) - Vf(zn)

IV f(znt1) = V(zn)l|
= IBnVF(zn) + (1 = Bn)Vf(Twn) = [BnV f(2n) + (1 = Bn) VS (zn)]ll
= IBnVf(zn) = BuVf(2n) + (1 = Bp) V[ (Twn) — (1 = Bp)V f(2n)]]
(L = Ba)(Vf(Twn) = Vf(zn))l
= A =B)lIVf(Twn) = Vf(zn)ll- (3.27)
Thus, from (3.25) and the fact that f is uniformly Fréchet differentiable, then V f* is

uniformly norm to norm continuous on bounded subsets of E*, hence, we have from

(3.27) that

lim ||Zn41 — 2zn]| = 0. (3.28)
n—roo
From the definition of {w,} in Algorithm 3, we have
w, = Vi (aVf(zo)+ (1 —an)Vf(z))

vf(wn) = Oéan<-'170) + (1 - an)vf(zn)
Vi(wn) =Vi(zn) = (anVf(zo) + (1 —an)Vf(zn)) = Vf(zn)

IV f(wn) =V f(z)ll

llanV f(z0) + (1 — an)V f(zn) — (anVf(2n) + (1 — )V f(20))]
= |[anVf(20) = anVf(zn) + (1 — an)Vf(zn) — (1 — an)Vf(zn))|
= a[|Vf(zo) = V(2|

Now, using the fact that lim «, = 0, we obtain
n—o0

Lim [[V f(wn) =V f(za)[| = 0 (3.29)

Since f is uniformly Fréchet differentiable, then V f* is uniformly norm to norm
continuous on bounded subsets of E*, we have from (3.29) that

lim ||wp, — 2zp]| =0 (3.30)

n— 00
Thus from (3.30), (3.26), we get
[|Twn —wn|| = ||[Twn — 26 + 20 — wyl]

< |NTwn — zn|| + ||2n — wn|] — 0, as n — oo. (3.31)
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Hence,
ngngo\|Twn —wy|| =0 (3.32)
From the definition of {u,} in Algorithm 3 and Remark 3.1, we obtain
un = V(Vf(@n)+0u(Vf(zn-1) = Vf(2,)))
Vf(un) = Vf(xn) + an(vf(xn—l) - Vf(xn))
IV (un) = V@)l = 10n(Vf(2n-1) = VI(za))ll
an.Z—nHVf(xn,l) —Vf(x,)|| — 0, as n — ¢3.33)

Hence,
lim [V £ ) = V()] = 0 (334)

Since f is uniformly Fréchet differentiable , then V f* is uniformly norm to norm
continuous on bounded subsets of E*, we have

Jg&”un —z,]| =0 (3.35)
Furthermore, we have from (3.35) and (3.21) that
lyn = zall = lyn — tn + un — 24|
< ||y = tnl| + Jun — zn|] — 0, as n — oo. (3.36)
Thus,
dim |y, —zall =0 (3.37)

From (3.37), (3.28) and (3.21), we obtain

||£Cn+1—£L'n|| = ||xn+1_zn+zn_yn+yn_‘rn||
< omer — 2all 4 llzn — vl +m — 2all — 0, asn —> €8.38

Hence,
lim ||p41 — xn|| =0 (3.39)
n—oo

Furthermore, from (3.39), (3.28) and (3.30), we have

[T —wall = [|Tn = Tog1 + Tns1 — 20 + 20 — Wy
< o = @ngall + [l2ng1 = znll + |[2n — wnl[ — 0, as n — 63.40)

Thus,
lim ||zn, —wy|| =0 (3.41)
n—oo
Since {z,} is bounded, there exists a subsequence {x,, } C {z,} such that x,, — u*,
which implies that w,, — u* as k — oco. Since klim || Twy, — wn,|| =0, it follows
—00

that u* € F(T).
Next, we show that u* € VI(C, A).
We have {uy,} converges weakly to u* € C since ||z, — un,|| — 0 as k — oo,
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then y,, — u* since ||yn, — tn,|| — 0 as k — oo. From the definition of y,, =
Projé(Vf(unk) — An, A(up,)), we have from Lemma 2.1 that for all z € C,

This implies that

(Vf(uny) = VEWUni) 2 = Uni) < Ang (AlUny )5 2 = Yy )-
Then for all z € C, we have
AV () = T )2 = )+ Ao, — ) < (Al ), — ) (3.42)

Fixing z € C and letting k — +oo in (3.42) since ||yn, — un, || — 0 as k —
oo and Vf is uniformly norm to norm continuous on bounded subsets of E, then
lim ||V f(Yn,,) — Vf(un,)|| = 0. Now, considering the fact that lim inf \,, > 0, we
n—oo

n—oo

have
lim inf(A(tun, ), 2 — Uy, ) >0 (3.43)

n— oo
Let {ex} be a decreasing nonnegative sequence such that lim e = 0. For each ¢, we
n—oo
denote the smallest positive integer Ny such that for all £ > Ny,
(A(un, ),z — Un, ) + € >0 (3.44)

Furthermore, as {ej} is decreasing, { Ny} is increasing. Thus, if there exists a subse-
quence {uy, } C {un,}, such that for each i > 1, A(un, ) # 0, and setting

PR A(unkl)
M A, )
we have (A(up,_ ), sn,,) =1 for each i > 1. It follows from (3.44) that for each i > 1

(A(uny, ), 2 + €kSny, — Uny,) > 0. (3.45)
Thus, since A is pseudomonotone, we obtain from (3.45)
(A(2 + ekSny, ), 2 + EkSny, — Uny,,) 2 0. (3.46)

Since {uy, } converges weakly to u* € C, and A is weakly sequentially continuous on
C, we have that A(u,, ) converges weakly to A(u*). If A(u*) =0, then u* € VI(C, A).
Suppose that A(u*) # 0. Then, by sequentially weakly lower semicontinuity of the
norm, we have the following

0 < [|A(u")|| < liminf||A(un,)|]-
k—o0

Since {un, } C {un,} and e, — 0 as k — oo, we obtain

lim supey

) < —— < =
EEw lin [ A, )]~ TG

0< hmsupHeksnkH = hm sup(
k—

Thus, klz'm er = 0 and hence, taking limit as k¥ — oo in (3.46) we obtain
— 00

liminf(A(2), z — up, ) > 0.

k—o0

Therefore,
(A(2),z —u*) = klgn&(A(z),z —Up,) = hmmf(A( )2 —Up,) >0, V¥V zeC.

k—o0
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Hence,
(A(z),z —u*) > 0.

Thus, it follows from Lemma 2.5 that u* € VI(C, A). Furthermore, from (3.32) and
(3.41) we have that u* € F(T'). Hence, u* €T

Next, we show that {x,} converges strongly to a point z* = Projf:xo. Since {z,} is
bounded, then, there exists a subsequence {z,,} C {z,} such that z,, — «* and

limsup(V/(a0) = Vf(@')wa —a*) = lim (Vf(z0) = VS (a"),a, —a")
= (Vf(o) = Vi@ —a')  (347)

Thus, from Lemma 2.1 and (3.47), we have

limsup(V f(zo) = Vf(z"),2n —2") = (Vf(z0) = Vf(z"),u" —2",) <(3.48)

n— oo

Hence, it follows from (3.48) that

lim sup(V f(zo) — Vf(z*),w, —2™) <0 (3.49)

n—oo

Furthermore, from the definition of Ds(z*, z,11) in Algorithm 3 Lemma 2.8 and
inequality (2.10) of Lemma 2.1, we obtain

Df(u,$n+1)
Df(ua Vf* (6nvf(zn) + (1 - 6n)vf(Twn)))
Vf(U,ﬁan(zn) + (1 - Bn)vf(Twn))

= BaDs(u,2n) + (1= Br)Dy(u, Twy)

= BuDys(u,zn) + (1= Bn)Dy(u, Tar 0 Trar—10, ..., oT1 (wy))

< BnDy(u, zp) + (1 — Bn)Ds(uw, Tar—10, ..., oT1 (wy,))

< Ban(u zn) + (1 - ﬁn)Df(u’wn)

< BuDs(a", zn) + (1= Bn)[Dy (2", VI (anV f(z0) + (1 — an)V f(20)))]
< BaDp(a”, zn) + (1 = B)[Vi (2", anV f (o) + (1 — )V f(20))]

< BuDy(x™, 2n)

(1 = Bn)[Vi (™, 0V f (o) + (1 — )V f(zn) — an(V f(z0) — Vf(z7)))

—(Vf (@ Vf(z0) + (1 —an)Vf(zn))) — 27, —an(Vf(z0) — Vf(z")))]

BuDy(x*, 2n) + (1 = Bn)[Vy (2", anV f(20) + (1 — )V f(2n) — anV f(z0)

TonVf(z")) + an(Vf(z0) = Vf(z"), wn — z7)]

= BnDy(@", 2n) + (1 = Bu)Vi(@®, 0V (2") + (1 = an)V f(2n))
Fon(Vf(zo) = Vf(z"), wn —2")]
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Df($*vxn+1)

< BuDp(a",zn) + (1= Bu)(Dy(a™, Ve, V(2") + (1 — )V f(20)])
+an(Vf(zo) — Vf(2"), w, — %))

= BuDy(x", 2n) + (1 = Bn)lanDy(z", 2%) + (1 — an)Dy(z", 2n)
+an(Vf(zo) = Vf(z¥),w, — x%)]

IN

ﬁan(.%‘*,Zn)
(1= Bn)[(1 = ) Dy (2", 2n) + an(V f(20) = Vf(2"), wn — 27)]
BnDy(z”, 2) + (1 — ﬂn)(l —an) Dy (7, 2p)

+(1 = Bn)an(Vf(zo) — Vf(2"), w, — 2%)

B+ (1= Bn)(L = an))Dg(z", zn) + (1 = Bp)an(V f(z0) —
Brn+ (1= Bn)(1 = an))Dy(x", un) + (1 = Bn)an(V f(zo) —
1_ *

f(@®), wn — %)

Vf
\%

=
< f(&), wp —a%)
= (1= Bp)an)D(x*, up) + (1 = Br)an(V f(z0) = Vf(2"), w, — >
= (1=0,)Dp(z",zn) +0pDg(z”, wp—1) — (1_ﬁn)an[<1_9n)Df(
00Dy (2", 2n—1)] + (1 = Bp)on(V f(20) — Vf(2"), wn — 2%)
= Dy, 2n) + On(Dyp(2”, 2n1) — Dy(a", zn)) — Oén[( —0n)Dy(z", )
+0n Dy (z", 2n—1)] + (1 = Bn)an(V f(zo) = V(") wp — %)
+anBp[(1 = 0,)Dy(2", 25) + 0, Dy (2", 2n—1)]

= Dy, xn) + 0 (Dyp(2”, 2n—1) — Dy (2", 20)) — an Dy (2", xn)
+anBpnDp(z",xn) — an[0n(Dy(2", zn—1) — Dy(z", zn))]
003 Bn 00 (D (2", 2p—1) — Dy (2", 7y,))]
+(1 = Br)an(Vf(xo) = Vf(@"), wn — z%)
= Dy, xn) + (D (2", 2n—1) — Dyp(2", 2n)) — an(l = Bn) Dy (2", xn)
—an(1 = Bn)[0n(Dy (2", 2n-1) — Dy(z*,20))]
+(1 = Bn)an(Vf(zo) — Vf(z"), wn — 2%)
= (1= (1 =PBn)on)Ds(a", an) + On (D (", 2n-1) — Dy(a", zn))
—o (1 = Bn)[0n (D (2%, 2n1) — Dy(a”, zn))]
+(1 = Bn)an(Vf(zo) = V(") wn — 2%) (3.50)
Setting ¢, = (1 — Bp)an, on = (Vf(zo) — Vf(z*),w, — 2*) and 7, = [1 — ap(1l —

Ba)l0n(Dy(z*,2n-1) — Dy(z*, 20)).
Now, applying Lemma 2.6, (3.49), (3.50) and from the fact that lim a, = 0, we

obtain
lim D¢(z™,2,) =0 (3.51)
n—oo

Thus, from Lemma 2.3, we have
nlz_}n;t@”x —z,||=0 (3.52)

Hence, z, — z* where z* = Projf:mo and I' =VI(C, A) ﬂﬂi\il F(T;) # 0.
Case II. Suppose that the sequence {Dy(p, z,)}32, is not a nonincreasing sequence.
Then, let {z,, } be a subsequence of {z,} such that

Df(pa xnk) < Df(pa xmﬁ-l)a for all keN.
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Then, using Lemma 2.7, there exists a nondecreasing sequence {m,} C N such that
ms —> 00 as § — 00, then,

Df(p, xms) < Df(p, mms+1) and Df(p, z,) < Df(p, xms—&-l)-
Since {D(p, Tm,)} is bounded, then lim Dy (p, x,,,) exist.
S— 00
Therefore, using the same approach as in case (I), we have the following

:07

(i)sli”go‘|xms — W, || =0, (ii)ﬁzgo”ums — Ym,

=0.

(iii)sliﬂgoﬂzms = Ym.l| =0, (iv)sli"golmmﬁrl — Tmy,

Now, following the same steps as in the proof of case (I), we obtain

limsup (Vf(z0) = Vf(2"), wm, 41 — ") = limsup (Vf(zo) = Vf(2"), wp, —2") <0

Furthermore, from (3.50) for all ms; > Ny and D¢(x*, x,,) < Dy(a*, T, +1), we have

Dy(@" 2m, 1) < (L= (1= Bm,)om,)Ds(z", 2m,)

_ams(l - Bms)[ems (Df(x*, xms—l) - Df(a:*, l'ms))]
+(1 = B, )am V(o) = Vf(z"), wn, — ")
FOm, (Df (2%, T, —1) = Dy(”, 2m,))

(1= (1 = Bm.)om, ) Ds(x", T, 41)

+(1 = B, )om, (Vf(z0) = VI(@7), wm, — %)
—am, (1 = Bm)0m, (D (2", Tm,—1) — Df(aj )]
+0m, (Dp(z", T, —1) — Dy(2", z,))

s

IN

(1= Bm.)am, Dy (@™ xm, 1) <[L= (1 = B, )m J0m, (D27, 2m, 1) = Dy (2", 2m,))
+ (1= Bm)am, (Vo) = VI (@"), wn, — %)
<(Vf(wo) = Vf(27), wm, —a",)
Since 0 < (1 — B, )am, < 1for all s >0 and Ds(z*, z,) < Dy(x*, Ty, +1), we have
Dy(@® am,) < Dy(a", 2m 41) < (VF(w0) = Vf(2"), wm, —27).
This implies
limsup Dy (2", zp,,) <limsup (Vf(zo) — Vf(z"),wn, —a*) <0.

S§—00 §—00

Thus,
limsup D¢ (z*, &m,) =0,

§—00
=0.

However, we know that Dy(a*,x5) < Dy(a*, xpm,+1) for all s € N, hence,
lim D¢(x*, ) = 0, which by Lemma 2.3, we have
§— 00

which by Lemma 2.3, we have lim ||z* — 2,
§—00

lim ||x™ — ]| = 0.
S— 00

Hence, x5 — x* where z* = Projf:zo. O
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Corollary 3.4. Let E be a real reflexive Banach space, A : E — E* be a monotone
and Lipschitz continuous operator, {T;}M | be a finite family of generic generalized
Bregman nonspreading mapping. Let f : E — R U {+o0} be a function satisfying
assumption (A5). Let {un}, {yn}, {wn}, {2n} and {an} C (0,1) satisfy nlirgoan =0
and Y07 a, = 00 be sequences satisfying assumptions (A1) — (A6) of Algorithm
3. Suppose T' = VI(C,A) N ﬂf\il F(T;) # 0. Then the sequence {x,} generated by

Algorithm 3 converges strongly to a solution x* = Proj"il(c A) A QM )0
. My F(T

Proof. Observe that in this case the weak sequential continuity of A in assumption
(A2) of Algorithm 3 has to be droped since it follows from the monotonicity of A and
(3.42) that
1
Ay,

<vf(unk) - Vf(y”k)7 Z = y7lk> + <A(unk)7 Ynp — unk> < <A(unk)’ Z = unk>
< (A(2), 2 — un,(3.53)

Furthermore, passing limit as k — oo in inequality (3.53) and applying the fact that
[|un, —Yn,|| — 0, as k — oo and since Vf is uniformly norm to norm continuous
on bounded subsets of E, then lim ||V f(yn,) — Vf(un,)|| = 0, we obtain

n—oo

(A(2),z—u*) >0, V ze C.

Hence, it follows from Theorem (3.3) that the sequence {z,} converges strongly to a

solution x* = Proj‘f/I U

(©.4) N NM, Fr)™0

Corollary 3.5. Let f : E — (—o0,+o0] be a strongly coercive, Legendre func-
tion which bounded, uniformly Fréchet differentiable and totally convex on bounded
subsets of E. Let C be a nonempty, closed and convexr subset of int(domf) and
{T:}M | be a finite family of generic generalized Bregman nonspreading mapping. Let
{un)s (v} {wa}) {za} and {on} C (0.1) satisfy lim o, = 0 and Yoo, @, =
oo be sequences satisfying assumptions (Al) — (A6) of Algorithm 3. Suppose I' =
VI(C,A) N ﬂf\il F(T;) # 0. Then the sequence {x,} generated by Algorithm 3 con-

verges strongly to a solution x* = Projél(c A) O AM, B Tor
’ i=1 v

Proof. By Remark 2.2 if E is smooth and the function f(z) = ||z||?, then generic
(o, B,7,9, ¢, &) generalized Bregman nonspreading mapping reduces to generic (a, 3, 7,
d,e,&) generalized nonspreading mapping in the sense of Takahashi [16], that is for
all z,y € C the following inequalities holds: (i) (o + S8+ v+ ) > 0; (ii) (a+ B) > 0;
and (iii)
ad(Tx, Ty) + Pz, Ty) + y¢(Tx,y) + 6p(x,y) < e{d(Ty, Tx) — ¢(Ty,x)}
+&{o(y, Tz) — ¢(y, 2)}3.54)

Thus by Theorem (3.3), we have that the sequence {x,} converges strongly to a

solution z* = Proj‘f/I(C,A) A N, er o O
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Corollary 3.6. Let H be a real Hilbert space, A : H — H be pseudomonotone
and Lipschitz continuous operator, and {T;}M, be a finite family of normally gener-
alized hybrid mappings of H into itself. Let {un}, {yn}, {wn} and {z,} be sequences
generated by Algorithm 3 and B, € (a,b) where 0 < a < b <1, {a,} C (0,1) satisfy
lim o, =0 and >~ an = 00 be sequences satisfying assumptions (A1) —(A6) of Al-
n—oo

gorithm 3. SupposeT' = VI(C, A) N ﬂf\il F(T;) # 0. Then, the sequence {x,} gener-

. . : * -f

ated by Algorithm 3 converges strongly to a solution x* = ProgVI(C,A) A A, P o

Proof. By Remark 2.2, the generic («, 8,7,9,¢,£) - generalized nonspreading map-
pings reduces to normally generalized hybrid mapping in Hilbert space i.e, there
exists a1, 81,71,01 € R such that

arl|Te = Tyl* + By, llx = Tyll” + [Tz —y||* + dillz — yl* <0, Yo,y €,

where oy = a—¢,81 = +€6,v1 =v—C(and 0; = 0+ satisfying a1 + 51 = a+5 >0
and oy + 81 +71 + 01 =a+B+~+38 > 0. Thus by Theorem (3.3), we have that the

sequence {z,} converges strongly to a solution z* = Proj‘];l(c A) N AM, Fers)To U
. Ly F(T;

4. Numerical Example

We give a numerical example to illustrate the performance of the newly introduced
Algorithm..

Example 4.1. Let E = R? be equipped with inner product (z,y) = z1y1 + 2Z2y2
and [|z|]? = Z?:l lz;)> V x = (z1,22), y = (y1,y2) € R% Let for each i = 1,2,
T; : R?2 — R? be defined by

1
Til' = Z(xl,l'g),VZE S Rz.

Then T;, for each ¢ = 1, 2, is generic generalized Bregman nonspreading mapping with
B=7=0=¢=¢ a=4and § = —4. Indeed, for any z,y € R? and 3,7,,¢€,0,9
with above values, we have

i) a+B+7+6=4+0+0—-4>0;

(ii) a+ B8 =4+0>0;

(iii)
aDy(Tix, Tiy) + BDy(x, Tiy) + vDy(Tiz,y) + 0Dy (x, y)
— e{Dy(Tiz, Tiy) — Dy(Tiz, )} — €{Dy(y, Tix) — Dy(x,y)}
= a|| Tz — Tyy| + 6|l — y||
= [[(z1 —y1, 22 — y2) || — 4l (x1 — y1, 22 — v2) |
= Vlz1 — 1P+ 22 — go? — 4/ 21 — 1] + |22 — yof? <0

Define A : R? — R? by
Az, 29) = 5(xq, —21), V1, 20 € R.
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Clearly A is pseudomonotone and 5-Lipschitz continuous. As for =,y € R?
(Az — Ay, x — y) = 5((x2, —21) — (y2, —91)) (21 — Y1, T2 — Y2)
= 5(z2 — Y2, y1 — 1) (21 — Y1, T2 — Y2)
= 5(x2 — y2) (@1 — Y1) +5(y1 — x1) (22 — y2) 2 0
and
Az — Ay = [[5(z2, —x1) — 5(y2, =1
= [15(z2 — y2, —21 + 1) ||
<5/ |w1r — 12 + |72 — paf?
= 5|(z1,22) — (y1,92)|
=5z —yl.

Let C = Bg2(0,2) := {z € R? : ||z|| < 2}. Clearly C is nonempty, closed and convex
subset of R2. Hence, we have

{x, ] < 2,
Pcl‘ =

HzT”””, otherwise.

Choose u = %, 0, = én, Ap = %, Bn =
takes the following form;

s and a, = % Then Algorithm 3.0 now
u, = (1 — én)xn + Optp_1,

Yn = Po(un, — (%Aun)),

sn={z €R?: (up, — 2Auy — Yn, 2 — yp) < 0},
zn = Ps, (un — (2Ayn)),

Wp = (%)xO + (%)Zm

Tni1 = (325) 70 + (325) Twn,n > 2.

(4.1)

Let {x,} be a sequence generated by Algorithm (4.1).

Case L. Take 21 = (0.5,0.25)T, 2 = (1,0.5)7 and zo = (0.001,0.001)7.

Case II. Take z; = (—0.5,—0.25)7, 29 = (=1, -0.5)T and x¢ = (0.001,0.001)7".
Case I1L. Take z1 = (0.3,0.06)T, x5 = (0.2,0.9)7 and z¢ = (0.00004,0.00004)7".
Case IV. Take 71 = (—1,—0.5)T, 5 = (—0.5,0.1)T and x¢ = (-0.5,-0.9)7.

5. Conclusion

This paper introduced a new inertial type subgradient extragradient algorithm with
self adaptive step size for approximating common element of the set of solutions of
pseudomonotone variational inequality problem and common fixed point of a finite
family of generic generalized Bregman nonspreading mapping in a real reflexive Ba-
nach space .

Furthermore, we proved a strong convergence theorem of our algorithm without prior
knowledge of Lipschitz constant of the operator under some mild assumptions. we
present a numerical example in order to illustrates the performance of our proposed
algorithm. Our result generalize and improve many existing results in the literature.
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FIGURE 1. The graphs of sequence {z,} generated by Algorithm
(4.1) versus number of iterations (Case I and Case II).
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