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Set-valued integration in seminorm. I

ANcA CROITORU AND CHRISTIANE GODET-THOBIE

ABSTRACT. The purpose of this paper is to define an integral for multifunctions with respect
to an additive multimeasure. If P (X) is the family of nonempty compact subsets of a locally
convex algebra X, then both the multifunction and the multimeasure take values in a subset
X of Pr(X) which satisfies certain conditions. This integral is weaker than that introduced
in Croitoru [6] and contains, as particular cases, the integrals defined in Sambucini [11] and
Croitoru [5]. The method used for integration is an extension of that introduced by Blondia

).
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1. Preliminaries

Let S be a nonempty set, A an algebra of subsets of S. Let X be a Hausdorff
locally convex vector space and let Q be a filtering family of seminorms which defines
the topology of X. We consider (z,y) — xy having the following properties for every
r,y,z€ X,a,0€R, peQ:

(i) 2(yz) = (2y)z,

) ay =y,
iii) x(y + 2) = xy + zz,
) (ax)(By) = (af)(zy),
) pley) < plx)p(y).
Example 1.1. We can give some examples:

(a) X ={f|f:T — IR is bounded} where T is a topological space.
Let K = {K C T|K is compact} and Q = {px|K € K} where, for every f € X,
pr(f) = sup[f(t)].

teK
(b) X ={f]|f:T — IR} where T is a nonempty set.
Let Q = {p:|t € T} where pi(f) = |f(t)|, for every f € X.

We denote by Pr(X) or Py, if there is no ambiguity, the family of all nonempty
compact subsets of X. If A, B € P, and « € R, then:

A+ B={x+y|lx € A ye B},
aA = {az|x € A},
A-B={xylzr € A,y € B}.
For every p € @ and every A, B € Py, let e,(A, B) = 21618 ;g}fs p(x —y) be the p-excess

of A over B and let hy,(A, B) = max{e,(A, B), e,(B, A)} be the Hausdorff - Pompeiu
semimetric defined by p on Pj. If we note O = {0}, we define, for every A € Py,
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lAll, = hp(A,O) = sup p(z). Then {h,}ycq is a filtering family of semimetrics on
€A
P, which defines a Hausdorff topology on Py.

Let X C Py satisfy the following conditions:

(1) X is complete with respect to {hy}peq;
(Ig) O S X,
(z3) A+B,A'B€)~(foreveryA,B€)~(,
(z4) A-(B4+C)=A-B+A-C forevery A,B,C € X.

Example 1.2. We can give some examples:

(a) X = {{f}f € X} for X like in examples (a) and (b) of 1.1.

(b) X ={A | AC[0,+00), A is nonempty compact convez} for X = IR.

(c) X = {lf,9] ] f,9€ X,0< [ <g} for X like in example 1.1-(b), where [f,g] =

{fue X | f<u<g}and[f fl={f}.

Definition 1.1. ¢ : A — Py, is said to be an additive multimeasure if:
(4) p(0) =0,
(i1) ©(AUB) = p(A) + ¢(B)for all A and B € A, such that AN B = .

Definition 1.2. Let ¢ : A — Py. For every p € Q, the p-variation of ¢ is the
non-negative (possibly infinite) set function vy(p,-) defined on A as follows:

vp(ip, A) = sup { Yo leEi)lly | (Bi)isy € A EiNE; =0 fori# j,
i=1

n
UEi =Anée ]N*} , for every A € A.
i=1

Such a family (E;)?, is called an A—partition of E.

We denote v, (¢, ) by v, if there is no ambiguity.

We say that ¢ is with bounded p—variation or p—variation-bounded iff v, is bounded
for every p € Q.

If ¢ is an additive multimeasure, then v, is finitely additive for every p € Q.

In the sequel, p : A — X is an additive and p—variation-bounded multimeasure.

2. Integration in seminorm

In this part, we define the notions of measurability and integrability which are
weaker than those introduced in [6].

Definition 2.1. A multifunction F : S — X is said to be a simple multifunction

if F = ZBi'XAu where B; € )N(, A, e At e {1,2,..,n}, AinA; =0 fori#j,

i=1
n

U A; =5 and x4, is the characteristic function of A,.
i=1
The integral of F' over E € A with respect to ¢ is:

/ Fdp=Y Bi ¢(A;NE)€X.
E i=1
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It is easy to see that the integral is correctly defined, thanks to conditions (z3), (z4)
and to obtain the following theorem.

Theorem 2.1. Let F and G : S — X be simple multifunctions, a € IR and, for every
Ec A T(E) :/ Fdyp. Then we have:
E

(a) T is a multimeasure .

() hy (/ Fd(p,/ Gd(p) < / hyp(F,G)dv,, for every E € A and every p € Q.
E E E

@ | [ ras

(d) vp,(I', E) = / |F||pdvyp, for every E € A and every p € Q.
E

< / |F|lpdvy, for every E € A and every p € Q.
p JE

(e) aF is simple and / (aF)dp = a/ Fdy, for every FE € A.
E E

(f) F+ G is simple and / (F+ G)dy :/ Fd<p+/ Gdyp, for every E € A.
E E E

Before defining the notion of p—integrability in seminorm, we precise the p-totally
measurability in seminorm.

Definition 2.2. A multifunction F' : S — X s said to be p-totally measurable
in seminorm if, for every p € Q, there is a sequence (FP),, of simple multifunctions
FP: S — X such that hy(F,, F') converges to 0 in vy—measure ( that is denoted by

hy(Fn, F) =2 0).

Remark 2.1. .
(a) It is obvious that every simple multifunction, every p-totally measurable multi-
function are p-totally measurable in seminorm.
(b) Let F : S — X be a multifunction, p € Q and a sequence (FF),, of simple multi-
functions FP : S — X such that h,(F?, F) 22.0. Then, for everyn € N, hy(F?,F)
and ||F||, are vp—measurable.

Particularly, if F is p—totally measurable in seminorm, then, for every n € IN,
hp(F?,F) and ||F||, are v,—measurable for every p € Q.

Proof. Let us fix m € IN. From the inequality:
|l (F5 ) = hy (B, F)| < hy(F, F)

and (i), it follows that h,(FZ,, F?) -, hyp(FP,F). Since the functions h,(F2, FP)
are v,—simple, according to Definition I11.2.10 of [8], h,(F? , F) is v,—measurable.
Since [||[F?|l, — [|Fll,| < hp(FP, F) and (i), it results: ||FP[, —= ||F||,. But the

functions ||F?||, are v,—simple, so by Definition I11.2.10 of [8], || F'||,, is v,—measurable.
O

Theorem 2.2. If F and G : S — X are p—totally measurable in seminorm, then,
for every p € Q, hy(F,G) is v,—measurable.

Proof. Since F' and G are p—totally measurable in seminorm, for every p € @), there
exist (FP),, (G?), sequences of simple multifunctions such that:
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(i) hy(F2, F) =50, hy(Gh,G) = 0.
Since
hp(FE,Gh) < hyp(FL, F) + hy(F, G) + hyy (G, GE) and
hP(Fv G) S hP(Fv F’IZL)) + hp(FTZZ7G'Zr)L) + h’p(GfL7G)?
we have the inequality:
‘hP(F£7GZ) - hP(Fa G)| S hp(Fp F) + hp(G€L7G)7 VTL € IN

n’

Now, from (i) and the last inequality, it follows:
hyp(F7, GR) = hy(F,G).
But h,(FP,GP) are simple functions, so h,(F, G) is v,-measurable. O

Theorem 2.3. Let F,G: S — X be p-totally measurable in seminorm multifunctions
and let « € IR. Then F 4+ G and oF are p-totally measurable in seminorm.

Proof. For every p € Q, let (FP),, and (G?), be sequences of simple multifunctions
satisfying:
0) hp(F2,F) =% 0, hy(GP,G) % 0.
From the relations:

hy(FR +Gh F +G) < hy(FE, F) + hy (G, G),

hyp(aFR, aF) = |alh,(FF, F)
and from (i), it results that the sequences (FF + G?),, and (aFP), of simple multi-
functions satisfy the following condition for every p € @ :

hp(F2 + G2, F +G) —5 0, hy(aF?,aF) 0,

which shows that F' + G and aF are ¢-totally measurable in seminorm. (]

Definition 2.3. A multifunction F : S — X s said to be p—integrable in semi-

norm if for every p € Q, there exists a sequence (FP), of simple multifunctions,

FP .S — X, satisfying the following conditions:

(1) hy(FP,F) 0 (that is: F is p-totally measurable in seminorm,),

(ii) hyp(FE,F) is vy—integrable, for every n € IN,

i)
)

lim / hp(FE, F)dv, =0, for every E € A,

n—oo

(iii

(iv) For every E € A, there exists I € X such that, for every p € Q,

lim h, (/ Fﬁdcp,IE> =0.
n—oo E
The sequence (F?),, is said to be a p—defining sequence for F.

We denote I = / Fdy and we call it the integral of F over E with respect to .
E

This definition will be justified by next Theorem 2.5.
It is clear that (iii) is equivalent to lim / hy(F?, F)dv, = 0.
n—oo S
Now, we show that we can replace (ii) and (iii) by the following condition (*).

Theorem 2.4. A multifunction F : S — X is p—1ntegrable in seminorm if and only
if for every p € Q, there exists a sequence (FP),, of simple multifunctions FP : S — X
which satisfy the three following conditions:
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(i) hy(FP, F) =% 0;
* lim / hy(F?, FP)dv, = 0;
n,m—oo o

(iv) For every E € A, there exists I € X such that, for every p € Q,

lim h, (/ Ffdap,IE> =0.
n—oo E

Proof. Let us suppose F' is p—integrable in seminorm. Then, for every p € @), there
exists a sequence (F?),, of simple multifunctions F? : S — X, satisfying the conditions
(i)-(iv) of Definition 2.3. We have to prove only the relatlon ().

We have for every n,m € IN:

hy(FP,FP) < hy(FP,F) + hy(F, FP) :,/ (FP, FP)dv, <

S/hp(F F)dv, + /h FP)dvp
S

and from (iii) it follows (*).

Conversely, suppose for every p € @, there exists a sequence (FP?), of simple
multifunctions FP : S — X, satisfying the conditions (i), (*) and (iv). We have to
prove (ii) and (iii) of Definition 2.3. Let’s fix m € IN.

Since [y (F5, FY) — hy(FD, F)| < hy(F2, F) and (i),

h,(FP, FP) ”_> hy(FP, F).

Also, from the inequality / |hp(FE Fy) — hy(FE FP)|dyy < /hp(Fﬁ,Flp)dup and
s

(*), it results lllm / |hy(FE, FP) — hy(F? FP)|dv, = 0. Since Definition IT1.2.17 of
n,l—
8], h,(FP F) is v,—integrable and
P\"m p
(1) nlirrgo/ hp(FE, FP)dy, = /Sh (FP, F)dp.

Let € > 0. By ig*), there is ng(e) = ng € IN such that:

(2) /Shp(F” FP)dv, < e, Ym,n > ny.

Let n > ng. Since (1), hm / F?)dv, = /hp(F,’L’,F)dyp.
Then, there exists ni(n) € IN such that: °
(3) ‘/h (FE,FY) dyp—/hp(FfZ,F)dyp
Choosing k > max{ng,nl(n)},sfrom (2) and (3) we have:

[tz Pran, <| [z myi, - [ gtz ma,
S S S

that is lim [ h,(F?, F)dv, = 0. O

n—oo S

< e, Yk > ni(n).

—|—/hp(Ff:,F,f)dup<25
S

Remark 2.2. (a) Every simple multifunction is @-integrable in seminorm. Every
p-integrable multifunction (see [6]) is p-integrable in seminorm.
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(b) If X is a real Banach algebra, then we obtain the integral defined in [5].

() If X = R, X = {A C [0,+00) | A is a non-empty compact convez set} and
o ={p} (where u is finitely additive), then we get the integral, defined in [11], of the
multifunction F with respect to .

The next result shows that the integral Ip = / Fdyp, for every E € A, given in
E
Definition 2.3 is correctly defined.

Theorem 2.5. Let F : S — X be a p—1ntegrable in seminorm multifunction with
two p—defining sequences (F¥),, (GB), and for every E € A, let I, I, € X such

that lim h, (/ F,’Zd(p,[};) =0 = lim h, (/ Gﬁd(pJ}é) for every p € Q. Then

Iy =13

Proof. From Theorem 2.1-(b) we have:

toll 1) < oy (1 [ Frap) +
E

+/ hyp(FE, F)dv, +/ hyp(F, G?)dvy + hy (/ Gﬁdgp,]}é)

E E E

for every n € IN,p € Q. Since (iii) and (iv) of Definition 2.3, I, = I. O
In the following theorems, we show that integrals of p—integrable in seminorm

multifunctions have also properties (a)-(f) of Theorem 2.1 already given for simple
multifunctions.

Theorem 2.6. IfF:S — X is p—integrable in seminorm and (FY), is a p—defining
sequence for F, then, for every p € Q, the scalar function |F||, is vp—integrable and
(IF2|lp)n is a defining sequence for ||F||, and, for every E € A,

/ |Fllpdvy = lim / |F2 o
E n— oo E

Proof. If (FP),, is a p—defining sequence for F, then the sequence (||FF||,)n, of
vp—integrable simple functions, satisfies the conditions

v
171l == I1Elp

and

dv, = 0.

n,m— 00

im [ 1721, - 172,
It follows that || F'||, is v,—integrable and moreover,
[ 1, = s [ 157 vE € A
E n—oo E
(]

Theorem 2.7. Let F,G : S — X be p—integrable in seminorm multifunctions. Then,
for every p € Q and every E € A, we have:

W ([ Fae [ ca) < [ 1R,

)1 [ Fagly < [ 1Pl
E E
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Proof. (a) Let (FF),, (GP), be p—defining sequences for F, G respectively. Then, for
every n € IN we have:

hp </ ngo,/ Gd<p> < hy (/ ngp,/ Fﬂfdgp)—l—hp (/ Ffl’dgo,/ Gﬁd(p) +
E E E E E E

([ Grae. [ Gae) < n ([ Fae [ mrag)+ [ nyezoni
E E E E E

hy </ Gﬁd@/ Gd(p).
E E

Since
(5) |hp(FE,GE) — hyp(F,G)| < hyp(FP,F) + hy(GP,G), for each n € IN
and (i) of Definition 2.3, h,(FP,GP) =% h,(F,QG), so the function h,(F,G) is
vp—measurable. From the inequality
hy(F, G) < hy(F, FY) + hyp(F, GR) + hyp (G, G)
and (ii) of Definition 2.3, it follows that h,(F, G) is v,—integrable.
From (5) we have:

(6) lim [ h,(FE,G%)dy, :/ h (F G)dup.
E

Using (iv) of Definition 2.3 and (6), we make n — oo in (4) and obtain:
</ Fdap,/ Gdgp) / »(F, G)duy.
(b) It follows from (a) with G(s) = O, for every s € S. O

Theorem 2.8. Let F: S — X be a p—integrable in seminorm multifunction and let
I'E) = / Fdop, for every E € A. Then T' has the following properties:

(a) T z? a multimeasure.

(b) v,(T', E) = / | F||pdvyp, for every E € A.

E
(c) T < ¢ (i.e. for everyp € Q and e > 0, there exists 6(p,e) = § > 0 such that
(L, E) < e for all E € A satisfying v,(E) < ).

Proof. (a) Let p € Q and E1,Es € A such that B4y N Ey = (. Let (FF), be a
p—defining sequence for F'. It follows from Theorem 2.1-(a) that

hp (/ Fﬁd(p,/ ngp—|—/ Fd@)ghp</ Ff;dgo,/ Fd<p>—|—
E1UE> Eq E> Eq E;
+hp( Ffl’dcp,/ Fd<p>
Es Es

and the statement is proved.
(b) Let (FP),, be a p—defining sequence for F' and T2 / Pde, E € A,

n € IN.
According to Theorem 2.6 and Theorem 2.1-(d),

@[ IPldvy =t [ 2l =l o,(TE).
E n—oo E n—oo
Let € > 0. Thanks to property (iii) of Definition 2.3, there is ng € IN such that
/ hyp(FY, F)dv, < e, for every n > ng. Now, we can choose (4;)7_; and (B;)7_; two
E
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A—partitions of F such that:

E:IIF e <e

and

Z”Fp i <e.

Let (Ex)!_, be the A—partition of E consisting of (A; N B; ) 7. Then we have:
17

l
vp(Th, E) = 0p(T, E)| < |v,(T Z IT% (B ||| +

! !
+ D ITE(E), = D IT(ER) |+
k=1 k=1

(T, E)

<€+Z/ F)dv, +¢ < 3e.

So, v, (I, E) = lim v,(I'2, E) and since (7), v,(T, E) :/ | F||pdvp.
n—oo E
(c) It results straightforward from Theorem 2.6 and (b). O

Theorem 2.9. Let F;G : S — X be p-integrable in seminorm multifunctions and
a € R. Then F + G,aF are p-integrable in seminorm and for oll E € A:

/E(FJrG)dcp:/EFfdaer/EGdgo,

/E (@F)dp = a /E Fdp.

Proof. Since the multifunctions F' and G are ¢-integrable in seminorm and from
Theorem 2.4, for every p € @, there exist (FP),, and (G2),, two sequences of simple
multifunctions F?,G? : S — X, satisfying the conditions:

(8) hp(F, F) =5 0, hy(GF, G) =0
(9) lim hy(FP,FP)dy, =0= lim hp(GE, GE )dv,,
n,m—oo g nm—oo g

lim h, </ decp,/ng0>() lim h, (/ Gﬁdcp,/Gdcp), VpeQ,E € A

Since h,(F?,aF) = |a|h,(FE, F) and from (8) it results:
(11) hp(aFP, aF) =2 0.
Since [ hy(aFE, aFP)dv, = |a| [ hy(FE, FP)dv, and from (9) it results:

(12) lim hp(aFE, aFP )dv, = 0.

n,m—oo [g
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Since hy ([, (aFE)de, o [, Fdp) = |a|hy([, Fide, [, Fde), Vp € Q,VE € A and
from (10), it results

(13) lim h, (/ (aFfZ)dg@,a/ chp) =0, Vpe Q,VE € A.
E E

n—oo

So, from (11), (12) and (13), according to Theorem 2.4, it follows that oF is
¢-integrable in seminorm and [, (aF)dy = a [, Fdp, VE € A.
Since h,(FF + GP,F + G) < hyp(F?, F) + hyp(G?,G) and from (8) it results:

(14) hy(FY + GB, F + G) =2 0.

Since [g hy(FE+GP, FP 4GP )dv, < [ hy(FE, FP)dv,+ [ hy(GE, GP,)dv, and from
(9) it results

(15) lim [ hy(F?+ GP, F? + GP,)dv, = 0.
S

n,m— o0

By Theorem 2.1-(f), we have:

hy </ (Fﬁ—l—GfL)dga,/ Fd<p+/ Gd(p) =
E E E
(16) = hy ( / FPdp + / Ghdep, / Fdp + / Gd@) <
E E E E
< hy </ Fﬁd%/ Fd@) + hy </ Gfbdtp,/ Gd(p) )
E E E E

From (16) and (10) it results:

(17) lim h, (/ (EP —I—Gﬁ)d%/ Fd<p+/ Gd(p) =0, V/peQ,Ec A
E E E

n—o0

Thus, since (14), (15) and (17), according to Theorem 2.4, it follows that F' + G is
¢-integrable in seminorm and [ (F 4+ G)dy = [, Fdp + [, Gdp, VE € A. O

Remark 2.3. The study of the properties of this integral is continued in an article
entitled ”Set-valued integration in seminorm II”. In particular, theorems of Vitali
and Lebesgue type are given.
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