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Closure operators and Galois connections in categories of
modules
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ABSTRACT. In this paper we define a Galois connection between modules and rings. In case of
finite generated modules over a principal ring we characterize the closed subsets with respect
to associated closure operators.

2000 Mathematics Subject Classtfication. 06A15, 06A23.
Key words and phrases. Lattices, Galois connections, closure operators, closed subsets.

1. Prerequisites

In [1] are presented the next definitions and theorems

Definition 1.1. Let S be a set. A function
c:P(S)— P(S)

with the properties:
(VX CS) d(X)2X
VX, YCS) XCY=dX)CdY)
(VX C8S) d(d(X))=-cl(X)

is called a closure operator on S.

If ¢l is a closure operator on S, the subsets X C S satisfying cl(X) = X, equiv-
alently, the subsets of the form cl(Y) (Y C S) are called the closed subsets of S
under dl.

Definition 1.2. Let S, T be sets. A pair of maps
A:P(S)—=P(T), wp:P(T)—P(S)

with the properties
i) (VA A CS) ACA = A4 2)\NA)
(VB,B'CT) BCB = uB)2uB)
i) (VACS) (noA)(4)24
(VBCT) (Aou)(B)2 B
1s called a Galois connection between the sets S and 7.

Theorem 1.1. If A : P(S) — P(T) and p : P(T) — P(S) is a Galois connection
between the sets S and T, then:
i) poX:P(S)— P(S) and Ao : P(T) — P(T) are closure operators on S and T
respectively.
i) The sets AN(A) (A C S) are precisely the closed subsets of T and the sets pu(B)
(B CT) are precisely the closed subsets of S with respect to these closure opera-
tors.

26
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iii) The maps X and p, restricted to closed sets give an antiisomorphism between the
complete lattices of closed subsets of S and T.

If M is a module over the ring R and = € M, then
Anng(z) :={a € R|ax = 0}. (1)

If R is a principal ring, then Anng(z) is a principal ideal generated by an element
denoted i, and called the order of z.
The next reprezentation theorem is proved in [3].

Theorem 1.2. (of invariant factors) Let M be a finite generated module over the
principal ring R. Then there are m,n € N, m <n and x1,...,x, € M so that

M=Rx1®..0% Rry ® Rtymy1 ® ... 0 Rz, (2)

where fip, ~ d;i # 0, di ¢ U(R), for 1 < i < m, di|ds]...|dr, and p,; = 0 for
m<j<n.
dy,...,d,, are called the invariant factors of M.

2. A Galois connection in category of modules

Let R be a unitary commutative ring and M a R—module. We define two maps:
A:P(R) — P(M)
MA) = {z € M| Annp(z) 2 A} (ACR) (3)
p:P(M) — P(R)

(L) ={zreR|(Vx e L)axr =0} = ﬂ Anng(z) (L CM). (4)

Theorem 2.1. The maps A and p define a Galois connection between the sets R and
M.

Proof. If A, A" € P(R) and A C A', then from (3) it results A(4) 2 A(A’). Analogous,
if L,L' € P(M) and L C L', then from (4) it results u(L) 2 p(L'). Also, from (3)
and (4) it results

(VACR) (noA)(4)24
(VLS M) (Aow)(L)2 L.

Hence, the pair of maps (A, pt) defines a Galois connection between R and M. g

From Theorem 1.1 we deduce

Consequence 2.1. i) poX:P(R) — P(R) and Aoy : P(M) — P(M) are closure
operators on R and M respectively.

il) The sets A(A) (A C R) are precisely the closed subsets of M with respect to Ao p
and the sets u(L) (L C M) are precisely the closed subsets of R with respect to
oA

iii) The maps A and p restricted to the closed subsets give an antiisomorphism be-
tween the complete lattice of o A closed subsets of R and the complete lattice of
Ao u closed subsets of M.
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3. About the lattice associated to a factorial ring

The next construction is usual. Let S be a nonempty set and p a preorder relation
on S (p is transitive and reflexive). Let p? be the dual relation of p defined by

(z,9) € p* & (y,2) € p.
We note p = p N p?. Hence
xpy < xpyand xpy < xpy and ypx.

p is an equivalence relation on S and we note Z = p(z) the equivalence class of
x € 8. Let S = S/p be the factor set of S by p. We define a relation p on S so

rpyexpy (z,y€S).

p is well defined. Moreover, p is an order relation on S.
We apply this construction in case when S = R is an entire ring and p = | is the
divisibility relation on R

alb < Jc € R so that b=ac (a,b € R).
In this case p? =,

a:b < 3c € Rsothat a=be (a,b € R)
and p =~ is the divisibility associated relation on R
a~b< alband bla (a,b€ R).

R = R/ ~= {@|a € R} is the set of equivalence classes with respect to p. The
relation p:
apb<alb (a,b€R)
is an order relation on R. R R
Moreover, if R is a factorial ring, then (R, p) is a lattice: @ A b = d where d is the
greatest common divisor of a and b, @V b = i where m is the least common multiple
of a and b.
The notions of greatest common divisor and least common multiple may be ex-
tended to infinite sets.
Let R be an entire ring and X C R. We say d € R is the greatest common divisor
of X and we note d ~ d(X) if:
i) Va € X) d|a;
ii) d e Rand (Va€ X) d'|la=d'|d
We say m € R is the least common multiple of X and we note m ~ m(X) if:
i) (Va e X) alm;
ii) m' € Rand (Va € X) alm' = m|m’

Theorem 3.1. Let R be a factorial ring. Then (R,p) is a complete lattice.

Proof. 1 is the least element of lattice R and 0 is the greatest element of lattice R. Tt
is sufficient to show that every infinite subset of R has one greatest common divisor
and one least common multiple.

Usually, we consider (p;)icr a complete system of representants for p equivalence
classes of prime (irreducible) elements. If a € R\ {0}, then a allows a canonical

decomposition (unique):
a=u H Pt

el
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where u € U(R), o; € N, i € I and almost all zero.
Let X = {aj|j € J} C R, where J is an infinite set. If 0 € X, then d(X) ~
d(X \ {0}) and m(X) ~ 0. Next, 0 ¢ X. Let

icl
be the canonical decomposition of elements a;, j € J.

d(X) ~ [ pf,
iel
where a; = minjey a5, @ € 1.
Clearly, -
NZ|z e X} =d(X)
and (R,p) is a lower semicomplete semilattice.
Let Io := {i € I|3j € J so that a;; # 0}. If I, is infinite, then m(X) ~ 0. If Ty is
finite but there is iy € Iy such that {c;,; | j € J} is unbounded, then again m(X) ~ 0.
If Iy is finite and all the sets {c; |j € J}, i € Iy, are bounded, then
m(X) ~ Hpi
iel
where 3; = max{a;; |j € J}.
Clearly, -
V{Z |z e X} =m(X)
and (}A{,ﬁ) is an upper semicomplete semilattice.
Thus, (]Tl,ﬁ) is a complete lattice. (]
Theorem 3.2. If R is a factorial ring and X is an infinite subset of R, then there
18 a finite subset X' of X, so that

d(X) ~ d(X").
Proof. We use the notices of Theorem 3.1 and we suppose 0 ¢ X.
X={ajljeJ}, aj=u; [}
iel
Let s € J, arbitrarily chosen, but fixed and
{ir,.,ir} ={ieT|a;s #0}, o; =min{a,;|jeJ}, i€l
If i ¢ {i1,....%,}, then o; = 0.
For k € 1,r let jj, chosen so that a;, j, = ;).
We take
X" ={as,aj,...,a;.}.

Then .

dX) ~ I ee™ =TI ~ d(x).

k=1 i€l
O

Consequence 3.1. Let R be a principal ring and X = {a;|j € J} a nonempty subset
of R. Then there are c; € R, j € J, almost all zero, so that

d(X) ~ chaj.

jEJ
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Proof. If X is finite then the result is known. Since R is a principal ring it results
that R is a factorial ring. If X is infinite subset of R, then, since Theorem 3.2 there
is a finite subset Jy of J so that

d(X) ~d(X")
where X' = {a; |j € Jo}.
There are ¢; € R, j € Jy such that
d(X,) ~ Z CjQj.
Jj€Jo
For j € J\ Jy we take ¢; = 0. Then
d(X) ~ d(X/) ~ ZC]‘CL]'.
JjeJ
O

4. Characterization of closed subsets with respect to closure operator Aoy

From Theorem 1.1 it results that the closet subsets of M with respect to closure
operator A o p are precisely the sets A(A), A C R.

Lemma 4.1. Let R be a principal ring and M a R—module. If A C R, then
A(A) = \({d}), where d ~ d(A).

Proof. If A = or A = {0}, then d(A) = 0 and A\(4A) = A({0}) = M. If A # 0§ and
A # {0}, then there is a finite subset A’ = {a1, ..., a,} € Asuch that d(A) ~ d(A’) ~d
(Theorem 3.2).

There are uy, ..., u, € A such that

d=uiai + ... + u,a,.
If x € A(A), then Anng(z) D AD A’.
dr = wiarx+ ... +ura,x =0

Thus z € A({d}).
Conversely, if x € A({d}), then Anng(z) > d.

Vae A) dla=ar=0
It results that Anng(x) D A and x € A(A). Therefore A\(A) = A({d}). O

For z € R, we note

|z, ifz>0,
=Y 0, ifz<o.

Theorem 4.1. Let M = Rx1 & ... » Rz, & ... & Rx, be a finite generated module
over the principal ring R and

d; = Hp?'”, iel,m
jEI
the invariant factors of M. Let d = Hp‘;j € R\ {0}. Then
JEI
A{d}) = Rt121 & ... ® Rty
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where
ti=11p/" Bji=(aji—s;)+, je€J, icTm
JjeI
Proof. d-t; = Hp;ﬁﬁji.

jel
Since s; + (3j; = s; + (OZjZ‘ — Sj)+ > ayjj, it results d;|dt; and dt;x; = 0,1 € 1,m.
Hence
/\({d}) D Rt1z1D...® Rtz

Conversely, let = € A({d}).
r=a121+ ... + OmTm + Gm4+1Tm+1 + ... + ATy

and 0 =dz =dayz; + ... + dap Ty, + damy1Tm41 + ... + dapxy,.
It follows that da;x; = 0, for i € 1,n.
For i >m, py, =0=da; =0=a; =0.
For: <m = dz|da2 .
If a; = 0, then a;x; € Rt;x;.
If a; #0, a; = u; Hp}”, then da; = u; Hp;ﬁ’y'“.
jer jer

di|dai = Qj; < Sj + Vji-

If Qg > S5, then ﬁji = 0j; — 84 < Yji-
If aji < Sy, then ﬂji =0< Vji-
Hence, t;|a; and a;x; € Rt;x;. Finally,

x € Rtiz1 + ... + Rtz
and A\({d}) = Rt1x1 + ... + Rtz O

Theorem 4.2. Let M = Rx1 P ...  Rx,, © ... & Rz, be a finite generated module
over the principal Ting R and

d; = Hp?”, i€1l,m
jel

the invariant factors of M. Let (s;)jer € N’ where sj are almost all zero. Let
t; = Hpj”, Bji = (aji — $j)+, je€I, ielm.
Jjel
Then
L=Rtiz1®D..30 Rtyxy, (5)
is a closed subset of M with respect to A o .

Proof. Let d =] jer p;j. Repeating the calculation from Theorem 4.1 we obtain
A{d}) =L
Hence, L is a closed subset of M with respect to A o p. O

Consequence 4.1. Let M be a finite generated module over the principal ring R.
Then the closed subsets of M with respect to closure operator A o u are precisely M
and the submodules of the form (5) from Theorem 4.2.
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5. Characterization of closed subsets with respect to closure operator po\

From Theorem 1.1 it results that the closed subsets of R with respect to closure
operator p o A are precisely the sets u(L), L C M.
We consider a finite generated module M over the principal ring R:

M=Rx1P..%Rx,,®.. D Rzx,
where (5, ~ d;, © € 1,m are the invariant factors of M and p,, =0,i € m+ 1,n.
t(M)=Rx1®...® Ry,

is the torsion submodule of M.

P=Rxyi1®...0 Rz,
is a free module.
If x € M, then there are y € t(M) and z € P such that x =y + 2.
Let L C M. If there is t = y + z € L with z € P\ {0} then

(VMaeR)ar=0=ay=az=0=a=0.

Hence, p(L) = {0}.
if L C¢(M) then (Vx € L)d,, -z =0 and
(L) = Nzer Anng(z) 2 (dm)-
Because p(L) is an ideal and R is a principal ring, there is d € R so that u(L) = (d)
and d|d,,.
Conversely, let d € R so that d|d,,. There is t € R so that d,, = dt. p,,, ~ d.
For L = {tx,,},
u(L) = Anng(tem) = (pia,,) = (d).
We proved:

Theorem 5.1. Let M be a finite generated module over the principal ring R. Then
the closed subsets of R with respect to closure operator o \ are precisely the ideals
{0} and (d) with d|d,,, where d, is the last invariant factor of M.
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