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Study of some Anisotropic Parabolic Problems with
Degenerate Coercivity
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ABSTRACT. The aim of this paper is the study of the anisotropic parabolic problems described
by

N
2—1: - ZDiai(J:,t, u, Vu) = f(z,t,u) in Qr =Qx(0,T),

i=1 1)
u=0 on X =00 x (0,T),
u(z,0) = uo(z) in Q,

where Q is a bounded open subset of RN with N > 2. We prove the existence of renormalized
solutions result for (1). We point out that the function f(z,t,u) satisfies only some growth
conditions with respect to u, and the initial data up belongs to L!().
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1. Introduction

Let © be a bounded open subset of RN (N > 2) with Lipschitz boundary 2. Fan et
al. have studied in [16] the nonlinear elliptic Dirichlet problem of the form

—Apyu = f(z,u) inQ,
{ u=20 on 01, (1.1)

here, the nonlinear term f(x,u) verifying some growth condition with respect to w.
They proved the existence of weak solutions for (1.1) in variable exponent Sobolev
spaces. In [1], Ahmedatt et al. have studied the existence of renormalized solutions
for the following quasilinear elliptic problem

N
- ZDiai(x,u, V) + [ul*V 7 = f(z,u)  inQ, (1.2)
i=1 '
u=0 on 012,
N
where the Leray-Lions operator Au = — ZDlai(m,u, Vu) verifying some degener-
i=1
ated coercivity condition, we refer the reader also to [2]. In [10], Boccardo et al. have
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studied the existence of solutions for the parabolic problem defined by

% —Apu+aglul*tu=f inQr=Qx(0,T),
u=0 on X =90 x (0,7T), (1.3)
u(x,0) =0 in Q,

where f belongs to L'(Q7) with «aq is a strictly positive constant. They also con-
cluded some regularity results. Blanchard el al. in [9] have considered the quasilinear
parabolic problem given by

O divla(,t,u, V) + @) = f —divlg) i Qr,
2 on S, (1.4)
u(x,0) = ug in Q,

where the datum f € L'(Qr), the initial data ug belongs to L!(Q), with g €
(LP (Q7))N and ®(-) is a continuous function. They have established the existence
and uniqueness of renormalized solution. In the case where the function a doesn’t
depend on the solution u, and ® = g = 0, the authors have proved in [7] the existence
and uniqueness of renormalized solution for the quasilinear problem (1.4), we refer

the reader also to [8]. In the framework of Sobolev spaces with variable exponents,
we refer the reader to [3], [1], [5], and [11].
In the anisotropic parabolic spaces, Chrif et al. have established in [12] the existence

of entropy solutions for the quasilinear parabolic problem

N
% — ZDiai(x, t,Vu) + g(x, t,u, Vu) + d(z, t)|u|p“72u =f—div(®(u)) in Qr,
i=1
u=0 on X,
u(z,0) = ug in €,

(1.5)
where the lower order term g(x,t, s, ) satisfies the sign and some growth condition,
with f(z,t) € L'(Qr), and the initial data uy € L*(Q), we refer the reader also to
[13, 14] for more details.

In this paper, we study the degenerated quasilinear parabolic problem

N
Up — Z Di(a;(z,t,u,Vu)) = f(x,t,u) in Qr,

i=1 (1.6)
u=0 on X,
u(z,0) = uo(x) in Q,

in anisotropic parabolic Sobolev spaces, where f(x,t,s) verifies some growth condi-
tion with respect to s and the initial data ug belongs to L!(Q). We are interested
on establishing the existence of renormalized solutions for (1.6). However, there are
some difficulties connected to our problem, such as the lack of coercivity due to the de-

1
generate coercivity condition, which requires the use of the penalized term — |u\p°_2u.
n

This paper is structured as follows : In the section 2 we introduce some definitions
and properties concerning the anisotropic Sobolev spaces, then we recall some essen-
tials lemmas. The Section 3 is devoted to presenting the assumptions on the functions
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ai(z,t,s,€) and f(x,t,s) under which our problem has at least one renormalized so-
lution. The Section 5, will be devoted to proved our mains result.

2. Notations and preliminaries

This section is devoted to introduce some definitions and basic properties concerning
the anisotropic parabolic Sobolev spaces.

Let © be an open bounded domain in IRY (N > 2) with a Lipschitz boundary 5.
Let p1,p2,...,pn be N real exponents, such that 1 < p; < oo fori=1,..., N.

We set J = (p1,-..,pN), With

B:min{plaPQa"'va} and pOZmaX{pl7p27"'7pN}~

Moreover, we denote

, 0
Dw=u and Diu= Y for ¢=1,...,N.
81?i
The anisotropic Sobolev space wLv () is defined by
le ={u e L™(Q) such that Dy € LPi(Q) for i= 1,2,...,N},

this space is equlpped with the norm

N
lull,5 =1
i=0

We set Wol’?(Q) the closure of C§°(€2) in Wl’ﬁ(Q) for the norm (2.1).
The Sobolev spaces WP (Q) and W, 7 (€2) are separable and reflexive Banach spaces.

(2.1)

Proposition 2.1. (see [17, 22].) Let u € Wol’ﬁ(Q), we have
(i) Poincaré’s inequality : there exists a constant C, > 0, such that

lullzrs () < Cp || D"ul| o (o) forany i=1,...,N.
(ii) Sobolev’s inequality : there exists a constant Cy > 0, such that

N
c, i
lull Loy < 57 > IDul Loi oy
=1

where
N _ Np . _
1 1 1 =p* =
- E — and 1=pr =7y -D it PN,
P N = pi q € [1,400] if p>N.

Lemma 2.1. Let Q be a bounded open set in IRN with a Lipschitz boundary. Then,
the following embedding are compact.

1 1
o if p<N, then Wol’ﬁ(Q) —— L"(Q) for any r € [1,p*[, where o

-5

S| =

e if p=N, then W&’?(Q) —< L"(Q) for anyr € [1,+o0],
o if 5> N, then WhT (Q) s L>(Q) N CO(QY).

The proof is based on the continuous embedding of W, ?(Q) into WO1 2(Q), and
the compact embedding theorem for Sobolev spaces.
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Definition 2.1. The dual of the anisotropic Sobolev space VVO1 7 (Q) is denoted by
=

W=LP(Q), where }7 = (p},ph,...,pl\) giving by :

. N ,

PQ) = {F = Fy~ Y _ D'F, such that F, € L"(€)

i=1

and F; € LP(Q) for 1:1,2,...,N}.

rw 1t

Moreover, for all u € W ?(Q) we have

N
(F,u) = /F-Diu dx.

The norm on the dual space is defined by

N N
r|F|_ 5 = inf { SOIE],, with F=Fy— Y D'F,
1=0 i=1
where Fy € LPo(Q) and F, € L¥ (Q)}.

Let T > 0, we put Q7 = Q x (0,7) and ). the surface 9Q x (0,7"). We introduce
the anisotropic parabolic space L7 (0, T le(ﬂ)) by

N T
L?(O,T; Wl’?(Q)) = {u measurable function /Z/ HDZu ip @ dt < oo}
=00

endowed with the norm
N

lull 17 oW 7 () = D 1D Lo oy -
=0

The functional space L7 (0,7, WOI?(Q)) is defined by
L7(0,T;Wh7? () = {u e L7 (0, T; W (Q))/u = 0 on 9Q x [O,T}} .

Note that L?(O,T; W1’7(Q)) and L?(O,T; W&?(Q)) are separable and reflexive
Banach spaces.

Definition 2.2. The dual space of L7(07 T; W&?(Q)) is defined as follows
5 5 Ay :
LP (0, T; W™ 1P (Q) =< F = fo— Y _ D'f;, with f; € L (Qr) ¢ .
i=1
We define a norm on the dual space by

N N
V13 o w1 ey = {Z 1illstigy,/ F = fo— S Dif; with f; € L (QT)} .

=0 i=1
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= "
The duality of the spaces L7(O,T; W&?(Q)) and L (0,T;W~LP (Q)) is given by
the relation

/ (F,v)dt = Z fiDiv dedt  forall we L7 (0,T;Wh7 (Q)).
0

Lemma 2.2 (see [21].). Let By, B and By be a Banach spaces with By C B C By.
Let us set

Y:{u : UGLPO(O,T;B(]) and U/ELPI(O,T;Bl)}

where pg > 1 and p1 > 1 are reals numbers.
Assuming that the embedding Bg << B is compact, then

Y <ses LP(0,T; B)

and this embedding is compact.

2N
Remark 2.1. Let p > Nio we set

Bo=WIP(Q), B=I%Q) and B =W (Q),
with pp =p and p; = p{. In view of the Lemma 2.2 we obtain
= =
{u: weLl?O,T;WE7(Q) and o € LP (0, T; W=7 (Q)} €V s L(Qr).
(2.2)
Moreover, in view of [5], we have

{u:ue L?(O,T; W&?(Q)) and u' € L?(O,T;Wfl’;?(ﬁ))} C C([0,T]; L*(Q)).

Now, we recall some helpful lemmas for the proof of our main result.

Lemma 2.3 (see [18].). Let (uy)n be a sequence in L*(Q) and u € L' () such that
(i): up = u a.e. inQ,
(ii): up >0 and u >0 a.e. in Q,

(iii): / Uy dx — / u dz,
Q Q
then u,, converges to u strongly in L' ().

Lemma 2.4. Let 1 < p < oo, we assume that g(x) € LP(Q) and the sequence (gn)n
is uniformly bounded in LP(S2) with ||g.|, < C.
If gn(z) = g(x) a.e. in Q, then g,(x) — g(x) weakly in LP(Q2).

Definition 2.3. For k > 0, we define the truncation function Tj(-) : R — R by
Tk (s) = max {—k, min(s, k)}.

Proposition 2.5 (see [13]). Let u > 0, we define the time mollification of a function
u that belongs to LP(0,T; Wy P (Q)) by

uy(z,t) = u/ u(w,s)exp(u(s —t))ds,  where u(x,s) = u(z,s)x 0,1 (s)

— 00

Thus, we have



12 AYMANE EL JANATHI AND H. HJIAJ

(i) If u € LYQr), then u, is measurable in Q7. Moreover, (uy)s = p(u —uy) and

/ |, | dxdtg/ |u|? dz dt.
T T

(ii) Ifu e LP(0,T; Wy P(Q)), thus u,, — u strongly in LP(0, T} W3 P(Q)) as p — +oo.
(iii) If up — u strongly in LP(0,T; WOI’p(Q)), then (uy), — wu, strongly in
LP(0,T; Wy P ().

3. Essential Assumptions

Let © be a bounded open subset of RN (N > 2), with Lipschitz boundary 99.
We consider the operator Au : LP(0,T; W, P(Q)) — LP' (0, T; W~1#'(2)) defined by

N
Au = —ZDiai(x,t,u, Vu), (3.1)
i=1
such that a;(z,t,5,€) : © x (0,7) x R x RY +— R is a Carathéodory function that
verifies the following conditions
|ai(xata 53€)| < 5(K1((E,t) + |S it + |§2 piil)v (32)

where K;(.,.) is a nonnegative function that belonging to L¥i (Qr),

(ai(z,t,5,8) —a;(x,t,8,6))(& = &) >0 forany & #¢E, (3.3)

and
ai(x,t,5,8)& = b(|s|)&", (3.4)
such that b(| - |) : R — R™T is a decreasing positive function, that verifies
bo
(14 [s[)*
where 8 and by are two strictly nonnegatives constants.
The Carathéodory function f(z,t,s) having only the growth condition

b(|s]) > with 0<A<p—1, (3.5)

|f(z.t,8)| < fo(z,t) + c(z,t)|s]™, (3.6)
where fo(.,.) € LY (Qr) and 0 < qo < p — A — 1, the positive measurable function
p—A—1
.,.) bel to L™ ith ————— .
¢(.,.) belongs to L™ (Qr) wi ]3—)\—1—(]0<m

Lemma 3.1. Assuming that the conditions (3.2) — (3.4) hold true. Let (uy)n be a
sequence in LP(0,T; W&’ﬁ(Q)) with (u,); € LP'(0,T; W™1P(Q)), such that u, — u
weakly in LP(0,T; Wy P(Q)) and

n— oo

N
lim (Z/ (ai(z,t, Ti(un), V) — ai(x,t, Ti(un), V) (Du, — Du) da dt
i=1 T

+/ (Jtn P72 up — ulP~2u) (un — u) da dt) =0,
Qr

then u,, — u strongly in LP(0,T; Wol’ﬁ(ﬂ)) for a subsequence.

The proof of lemma 3.1 follows the same technique used in [13].
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4. Main result

Definition 4.1. A measurable function u is a renormalized solution of the anisotropic
quasilinear parabolic problem (1.6) if

ue C0,T; LYQ)), Th(u) € LF(0,T; WP ()
for any k > 0, and f(x,t,u) € L*(Qr), with

Z/ ai(z,t,u, Vu)D'u dz dt — 0 as h — oo,
h<\u|<h+1}

and u verifies the following equality

T

N
/ —S’ v dx dt + Z/ a;i(z,t,u, Vu)(S" (u)Duv + S'(v)D'v) dx dt
i=17Qr

= [z, t,u)S" (u)v dz dt.
Qr

for any v € D(Qr) such that v(.,T) =0, and S'(-) € C}(R).
Theorem 4.1. We assume that (3.2) — (3.6) hold true. Then, there exists at least

one renormalized solution u for the quasilinear anisotropic parabolic problem (1.6).

Proof of Theorem 4.1

Step 1: Approximate problems.
We define the approximate problem as follows

n 1 _
3u ZD’al ,t, T (un ), Vuy) + —|up|P° 2u, = folz,t, Tn(uy))  in Qr,
n
un( x, ): 0 on X,
Un(x,0) = ug p in Q.

(4.1)
with ug, = T (uo(z)) and fr(x,t, T () = Tn(f(z,t, Ty(s))).
We consider the following operators P )
A, and F, : LP(0, T; Wy P (Q)) — LP' (0, T; W—1#'(£2)), defined by

T N
; 1
/ (Apu,v) dt = Z/ ai(z,t,Ty(u), Vu)D'v dx dt + 7/ [ulPo~ 2w dx dt,
0 ; r n

(4.2)
and

T
/ (Fru,v) dt = Sz, t, T (u))v da dt, (4.3)
0 Qr

for every u,v € LP(0,T; W&’ﬁ(Q)).
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Lemma 4.2. We define the operator B, = A, — F,,. B, is bounded and pseudo-
monotone. Moreover, B, is coercive in the following sense:

T

/ (Byu,u) dt
0

||“HLﬁ(0,T;W01’5(Q))

for any u € LP(0, T Wol’ﬁ(Q)).

—> 00 as |W||Lﬁ(o,T;W(}”7(Q)) %

For the proof of Lemma 4.2, see Appendix.
Thanks to Lemma 4.2 (cf. [19]), the approximate problems (4.1) has at least one

weak solution u,, € LP(0, T} Wol’ﬁ(Q)) ie

n 1 B
/ <5gt ) dt + Z/ ai(z,t, Ty (un), Vuy ) D' dadt + — / | |PO 2wy v dadt
0 T

= frn (@, t, Ty (uy))v dedt, for any v e LP(0,T; Wol’ﬁ(Q)).
Qr
Step 2: A priori estimates.
Let k> 0and 1 <6 <p— A, we consider the following functions

52

o) = [ Tmar=4 2,
0 k\s\—? if |s| >k,

if |s| <k,

and

s 1

By choosing Ty (uy,)eB%n) as a test function in (4.1), we obtain

T N
/ (%, Tio (uy, )eBUunDy a4 Z/ ai(x,t, T (un), Vi, ) DTy, (uy, )eBUn D da dt
0 T

(2,t, Ty (uy), V) Diu
n mn n mn T \Un|)
+§ / NI T (un) | €2 0D) da: it

1
Jr*/ |t | PO~ 20, T (1, )eBUn D) daz it
n

T

= / Fn (@, t, Ty (un ) T (1, ) e B D daz dt,
QT

Thanks to (3.4) and (3.6), we obtain

/T<‘9“" T (y, ) e Bun Dy dt+ 0 EN:/ | DTy (un)|P* da dt
o Lot TR T+ = o, 75"

N

| D |7 1 B
4 b / D™ ) de dt + f/ i [P~ T ()| dt dz
; (un|>ky (1 [up[)2 P nJQr

< keB(‘X’)HfOHU(QT) +/ (2, )| T ()| 20| T () [ B D dz ait, (4.4)

T
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For the first term on the left-hand side of (4.4), we have

T
/<3“tn eBuDy g = // %Tk VBl gt dy
0

k(u
/97; /U'Tk() BUs) gs dt dz
oy
=1,

d
dt
n(T) un( )

Ty (s)eBUsD dsd;v—// )eBUsD ds da (4.5)
un( un(o)

Ty(s) ds dx — P OO)// ) ds dx
= / ok (un(T)) dxfeB(oo)/ or(ug ) d,
Q Q

Moreover, for any t € (0,7) we have u(-,t) € Wol’ﬁ(Q). In view of Poincaré’s inequal-
ity, we establish that

| Diu, |Pi / | D, |2
Ul ()| da > k S 7 PP TS
/|un>k} (1 fun W“' Hlun)l e = (unisky (L Jun)x 7 1

|u"7z‘ -
>k/ Dz/ —— = ds| dr —k|Q
Tetu)l (14 5)

k ‘unl 1 P
> ds| dz—k|Q|
CE Ja | munl (14 5) 7 (4.6)
ko[ (lun| = [Te(un))2
— dz — k|Q
2T Jo A funrer R
|un |2 k | T (un) [
z do — — | ———" de— k|9
= 91CE Jo O a7 7 O o T ugen 4 FI
Ty (un) 2
> kCy w220 da — kC, %dxfmm,
{|un|>1} Q (1 + |un|)

Then, we integrate between (0,T) we obtain

N |D y |
Z/ﬂ >k} W|Tk(un)| dz dt
i=1 U | >

[Ty (1) |2

> kcz/ Jun [P~ da dt — kcg/ U da dt — kCy, (4.7)
fual>1} Qr (1+ [un )7

For the third term on the right-hand side of (4.4), by using Young’s inequality we
obtain

le(x, )] Th (un )| % \Tk(un)|eB(|“”‘) dx dt

QT
& _BA8
<G| D )] dwdt o+ Cs [ e T )| da
T
ke _poA—6
< kCe+ —2 |y, 2720 da dt + C’5/ le(x, t)| 27290 | T (uy)| dz dt,
2 Junl>1) Qr

(4.8)
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By combining (4.4) and (4.5) — (4.8) we conclude that

T)) d b S DT, Pi dy dt
ot ot B S [ D Tt s

kC 1
+1C lun [P0 dadt + — / lun P To(un)| dt dw 49
{lun|>1} nJQr
< O {4 (14 @Y
On the other hand, we have
/ | Tk (un)|P° dt dz < kP°meas(Qr), (4.10)
T

Using (4.9) and (4.10), we deduce that : there exists a nonnegative constant C(k)
independently on and n.

1T ) 1 7y < C7C)- (4.11)

Hence, the sequence (T (uy)), is uniformly bounded in L7(0, T; W, #(€2)), which im-
plies the existence of a subsequence still denoted (T (uy))nen and a measurable func-
tion vy, € LP(0,T; W,yP(2)) such that

{ Ty (un) — vi, weakly in LP(0,T; V[/Ol’ﬁ(Q))7 (4.12)

Tx(up) — vg strongly in L2(Qr) and a.e in Q.

Now, we will show that (uy), is a Cauchy sequence in measure.
Indeed, by using Holder’s inequality, Poincaré’s inequality and thanks to (4.9), we
have

kmeas({|un| > k}) = / T ()P da dt

wn | >k}
< / T (un) 2 do dt = ”Tk(un)”%g(QT)

%T
< CEHVTIC (un) ||%£(QT)

N
<cy [ D)
i=1 Y Qr
< Cio ((L+E)M + (14 k)27 + Comeas(Qr).

Pi dxdt + Comeas(Qr)

It follows that

Cho (1 + k)M 4+ (1 + k)20 +CgmeaS(QT)

meas({|u,| > k}) < P P

— 0 as kK — oo.
(4.13)

For all § > 0, we have

meas {|un — Um| > I} < meas {|u,| > k} + meas {|up| > k}
+ meas {|Tj (un) — Ti(um)| > 0} .

Let € > 0, using (4.13) we can choose k = k(e) large enough such that

meas {|u,| > k} < % and  meas {|un,| >k} < % (4.14)
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Moreover, thanks to (4.12) we have Tj(u,) converges to vi strongly in L2(Qr) and
a.e. in Qp. Thus, (Tk(un))nen is a Cauchy sequence in measure, it follows that : for
all k > 0 and §,¢ > 0, there exists ng = ng(k, J, ) such that

meas {|Tx (un) — Ti(um)| > 0} < % for all m,n > ng(k,d,e). (4.15)

By combining (4.13) — (4.15), we conclude that
for all d,& > 0,3 ng = no(d,&) such that meas {|u, — um| > d} <&, Vn,m > no(d,e).

Therefore, the sequence (u,), is a Cauchy sequence in measure, then there exists a
subsequence still denoted (u,), and a measurable function w, such that w, — u
almost everywhere in Q7. As result, we have

Ty () — Ti(u) weakly in LP(0,T; Wol’ﬁ(Q)) and a.ein . (4.16)

Furthermore, in view of (4.16) and Lebesgue’s dominated convergence theorem we
have

Tk (un) — Ti(u) strongly in LP*(Qr) for any ¢ € {1,--- ,N}. (4.17)

Moreover, in view of (4.9) we show that
/ lun =270 dadt < C(k). (4.18)
T

Step 3 : The equi-integrability of (Ju,|”), .
In this step, we will show that

lun|” — |ul” strongly in L'(Qr) forany 0<o<p—A-—1. (4.19)
Let 1<f<p—XAand 0<é<p—A—0,in view of (4.16) we have

|B*)\*9*5 |B7)\7076

[t — |u aein Qr.

Thanks to Vitali’s theorem, for proving (4.19) it is enough to prove the uniformly
. s p—A—0-5
equi-integrability of the sequence (|un|f

Let h > 0, and let F be any measurable subset in Qr, we have
/ |, P00 da dt < / | Ty () [P~ 07° da dt+/ |, 272070 da dt.
E E {lun|>h}
(4.20)
Having in mind (4.18), we obtain

hﬁ/ lup 227070 da dt g/ lup 2 da dt < /\un\B—H’ da dt < Cyy,
{l“n|>h} {l'“'n|>h} Q

where C1; is a nonnegative constant independent on n, it follows that

—A—b— C
lim |y |27 6dxdt§—?:().
h—oo {\un\>h} h

Therefore, for every € > 0 there exists hg(e) > 0 such that

/ lup 227070 da dt < € forany h > ho(e€). (4.21)
{lunl>h} 2



18 AYMANE EL JANATHI AND H. HJIAJ

On the other hand : there exists 7(e, h) > 0, such that

/ T, (un) 22070 da dt < % forany E C Qr with meas(E) <n(e h).
B

(4.22)
We combine the results (4.20) and (4.21) — (4.22), we conclude that : for every € > 0
there exists 7(e) > 0 small enough such that

/ lun2 70 dz dt <€ forany EC Qr with meas(E) < n(e).
E

Thus, the equi-integrability of the seqence <|un|27>‘7676) is concluded for any 1 <
n

f <p—Aandany 0 < 4§ <p— X — 6. Consequently, we deduce (4.19).
1

Step 4 : Equi-integrability of the sequence (un|p°_2un> .
n

n

By taking (Tht1(un) — Th(un)) as a test function for the approximate problem (4.1),
we have

e, 7 dt
| G @) = Tan))

N
Y / i (2,1, T (), Vitn) D' (Ths () — T (u)) e dt
=1 T

1
+ - / |t [P0 U (Th1 (un) — Th(up)) dt da

n T
= fulx, t, Tn(un)) (That (un) — Th(uy)) dx dt.
Qr
In view of (3.6), and since (Th41(un) — Th(uy,)) has the same sign as u,, then

T
ouy,
| Thatn) ~ Taw)) e
0 N
—I—Z/ ai(x,t,Tn(un),Vun)Diun dx dt
i—1 Y {h<|un|<h+1}
1
+E/ |t [PO N Ty () — T (u)| dt da (4.23)
< / follToe (tn) — T ()] dirdt

QT
+ / 6 )T (1) [T (1) — T ()| v,

Qr

Un

(=, (Tht1(un) — Th(un))) dt

/ / %/un(ThH(s) — Ti(s)) ds dt de
h un(T) 0 “n(o)

_ /Q (Thir(s) — Th(s)) ds dz — /Q /0 (Thir(s) — Th(s)) ds dz
i

n41(un(T)) — pn(un(T)) dx — ; en+1(uon) — @n(uo,n) dz,

(4.24)
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Moreover, we have

[ ratun() = ntun(mae =3 [ (lun(T)| — )? da

h<|u, (T)|<h+1}

1
—l—/ |un(T)| — h — = dz > 0.
{h+1<un (T)]} 2
(4.25)

For the third term on the right-hand side of (4.23), by using Young’s inequality we
get

/ |e(a, )T (un)|* [ Thta (un) — Th(un)| da dt
Qr

< [l T ) T o (4.26)

T
p—A—0

+Cr ez, 1) 2277790 | Thy1 (un ) — Th(un)| da dt,
{h<|unl}

By combining (4.23) and (4.24) — (4.26), we obtain

N .

/ ai(z,t, Tn(un), Vun)D'u, dx dt
{h<|un|<h+1}

i=1
1
+H/ | |70 Th1 () — T (un)| da dt

Qr (4.27)
<[ Anldedit [ natun) - enluon) d
{h<]unl} Q e
+ lun |27 da dt + C’7/ le(x,t)|273"7"90 dz dt,
{h<|unl} {h<|unl}
p—A—0

Since meas({h < |u,|}) — 0 as h — oo, and fo(z,t), |c(z,t)|2> 7 © € LY (Qr), we
obtain

P—A—6
/ |fol dz dt + 07/ le(x,t)|2=*=%"%0 dx dt — 0 as n,h — o0
{h<lunl} {h<|unl|}
(4.28)
Furthermore, by (4.19) we get
/ [un [~ dax dt — 0 as n,h — oo. (4.29)
{h<lunl}

For the second term on right-hand side of (4.27), since ug € L*(£2), it follows that
1

[ onrtuon) = entuon)de =3 | (o] = Y? dz
0 {h<luo.n|<h+1} ' (4.30)
+ [uo,n| —h — = de — 0,
{h+1< w0} 2

as n,h — oo. In view of (4.27) — (4.30), we conclude that

N .
lim lim sup Z/ a;(x,t, Tn(up), Vup)D'uy, dz dt = 0, (4.31)

0 n—oo —1 J{h<|un|<h+1}

and )
lim lim sup —/ [, |PO~t da dt = 0. (4.32)
{h+1< un}

h—00 pnooo N
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1
Now, we will prove that the sequence (—|uy, [P~ 2u,), — 0 strongly in L*(Qr).
n
1
Firstly, from (4.16), we have —|u,|?° ?u, — 0 a.e in Qr.
n
1
Now, we show the equi-integrability of the sequence (— |ty |P° %, ).
n
Thanks to (4.32) : for any € > 0 there exists a positive constant h(e) > 1 such that

1
f/ [P0~ d dt < <. (4.33)
{h(e)<lunl} 2

n

Let F be a measurable subset in ()7, we have

1 1 1
—/ |, |Po~t dedt < f/ Ty (wn) |0~ da dt + —/ [u,[Po~1 dx dt,
nJE nJE {h(e)<lunl}

n
(4.34)
On the other hand, we have : for any ¢ > 0, there exists ((€) > 0 such that

1
f/ | The) (wn) [P0~ da dt < forany E CQ with meas(E) < ((e), (4.35)
nJe

[N e}

Therefore, by combining (4.33) and (4.34)-(4.35), we conclude that

1
Ve >0, 3¢(e) >0 such that / |, [P0~ drdt <e for meas(E) < ((e),
T

n
(4.36)
Thus, the sequence (%|un|p0’1)n is uniformly equi-integrable over Q. In view of
Vitali’s theorem, we deduce that

1
g|un|p°*1 — 0 strongly in L*(Q7), (4.37)

Furthermore, in view of (3.6) and Young’s inequality we have

p—A—0

| f(a,t, T (wn)| < [ fola, )] + e, £) [ E77770 4 fuy |22, (4.38)

Thanks to (4.19), we deduce that (f,(z,t, T (uy)))y is uniformly equi-integrable and
since fp,(z,t, Tn(u,)) — f(x,t,u) a.e in Qr, we conclude that

fala,t, To(un)) — f(z,t,u) strongly in  L'(Qr), (4.39)

Step 5 : Strong convergence of truncation.

Let &;(n) be some real numbers functions, that verifies ¢;(n) — 0 as n — oo, (resp.
gi(n,h),e;(n,p) and ;(n, p, h) ).

For h > 0, we consider the increasing function Sy,(-) € C%(R), where

Sp(r)y=r for |r| <h,
supp(Sy,) C [=(h+1),h+1],
supp(Sy) C [=(h+1),—h]U[h,h+1].
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Let h > k > 0, we choose (Ti(un) — (Tk(u)),)Sy(uy) as a test function in (4.1), we
have

Yo, T S (un)) dt
(G () = (Bt S )

3 o o), T (D Tia) — D (T4 ) v
N
+Z/{h<|u<h+1} ai(z,t, Tn(wn), V) D'un Sy (wn) (T (un) — (T (w)) ) da dt

b [ PR (i) (T (@), dn e
Qr

- /Q S (1, T 110)) (T tt) — (T (10)),0) S (1) it .

Having in mind that S} (r) =1 on {|u,| < k}, we have
| i) = (@) )83 () de
N
> / iz, T (1), VL)) D (T (1) — (T(w)),.) dr b

_Z/k<|un|<h+l} (@6, Tn(u )’vu")Dz(Tk(“))ush(un) dx dt

< |Sh(’)||L°°(]R)/Q (s b, T (un )| Th (un) — (T () | dv dt

T

IS4 ()l e gy — /Q ot P~ T (1) — (T (10))] izt

(4.40)

LSO ey Z/ (2,1, T (), Vi) D, da i,
h<|un|<h+1}

Thanks to (4.39) we have f,,(x,t, T, (u,)) — f(x,t,u) strongly in L*(Qr), and since

(Ti(un) — (Tk(w)),) = 0 weak—x* in L*°(Qr), we obtain

e1(n,p) = / | fr(z, t, T (un )| T () — (Th ()| dedt — 0 as  n,p — oo.

(4.41)
Similarly, in view of (4.37) we get

1
ea(n, 1) = 5/ [P~ Ty () = (T ()] dardt — 0, a5 i — 00, (4.42)

T

Moreover, thanks to (4.31) we have

es(n, h) = 2k|S) ()| L= (m) Z/ (2,1, Ty (tn), Vi) D'y, d dt — 0,
h<|un\<h+1}

(4.43)
as n,h — oo.
Now, we study the behavior of first term on the left-hand side of (4.40), we use the
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same argument as in ([11, 15]) we have

[ G i) = (T, 0) e > s (4.44)

In view of (3.2), the sequence (a;(x,t, Th11(un), VTh11(un))),, is uniformly bounded
in L”i(Qr), then there exists a measurable function ¥; € L (Qr) such that

a;(z,t, Thi1(un), VIhi1(uy)) — 9; weakly in LPQ(QT) as n goes to infinity, it follows
that

N .
ge(n,pu) = Z[{ a;(z,t, T (un), Vun) D' (T (1)) .Sy (uy,) da dt

k<|un|<h+1}

N
< ”S;L(')HL"C(]R)Z/ |ai(@,t, T (un), Vun)| | D'(Ti(u)) | da dt
i=1 Y {k<|un|<h+1}

N
BN / 193] [ D (T ()] dz dt — 0 as 2 — oo.
i—1 7 {k<[|u|<h+1}

(4.45)
By combining (4.40) and (4.41) — (4.45), we obtain

N
Z/ ai(z,t, T (un ), VT (un)) (D' Ty (un) — DY (T)(u)),) dx dt < ez(n, p, h).
i=1 T

It follows that

N
Z/Q(ai(% t, T (un), VI (un)) — ai(z,t, Te(un), V() (D Ty (un) — DTy, (u))dxdt

N
< erln, i) =3 / @i, t, To(un), VT (un)) (DT (w) — D' (Ti(u)),) dadt
N

— Z/ ai(z,t, T (un), VT (u) (D Ty (up) — DTy (u)) dadt. (4.46)

We have (a;(z, t, Tx(tn), VI (1)) is uniformly bounded sequence in L (Qr), then
there exists a measurable function g; such that a;(x,t, Tk (un), VIk(u,)) — 0; weakly
in L”i (Qr), we obtain

N
eg(n,u) = Z/ ai(z,t, Ti(tn), VT (up)) (DT (u) — Di(Tk(u))u) dxdt

N . . (4.47)
— Z/ 0i(D'Ty(u) — D*(T(u)),) dedt as n — oo

— 0 as L — 00.

Thanks to (4.17), we have a;(x, t, T (u,), VI (u)) converges to a;(x, t, Ty (u), VI (u))
strongly in LP(Qr), and since DTy, (uy,) — DTy (u)) weakly in LPi (Qr), we get

N
gg(n) = Z/ ai(z,t, T (un), VI (u)) (D' Ty (uy) — DTy (u)) dz dt — 0 as n — oc.

(4.48)
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Thanks to (4.17), we have Ty (u,) — Tk (u) strongly in LP°(§2). By combining (4.46)
and (4.47) — (4.48), then by letting n tends to infinity we deduce that

Z/ (ai(z,t, Ti(un), VIk(un)) — ai(z,t, Te(un), V() (D Ty (up) — DTy (u)) dadt

+ / (1T )P~ T (tt) — [T ()P~ T () (T (1) — Ti(w)) ddt — 0.

(4.49)
In view of Lemma 3.1, we obtain
Ty (un) — Ti(u)  strongly in  LP(0,T; Wol’ﬁ(Q)), (4.50)
Diu,, — D'u a.ein Q. '

It follows that a;(z,t, Tn(urn), Vun) — a;(z,t,u, Vu) almost everywhere in Qr, and
thanks to (3.2) we conclude that

ai(z,t, Ty (un), Vun) = a;(x,t,u, Vu) weakly in  LPI(Qr) for i=1,...,N.

(4.51)
Moreover, by using (4.31), (4.50) and Fatou’s Lemma we show that
lim / a;i(z,t,u, Vu)Du dadt = 0. 4.52)
’HOOZ {h<|u|<h+1} (

Step 6 : The convergence of the sequence (u,), in C(0,T; L' (1)).
Let 0 < s < T, by taking T1(un — (Th(u))u) - Xjo,s)(t) as a test function for the
approximate problem (4.1), we obtain

/ /3ﬂT1 — (Th(u)),) dadt

+Z/ /ai(:c,t,Tn(un),Vun)DiTl(un—(Th(u))#) dz dt

/ / P2 wn Ty (tn, — (Th(w)),) da dt
fr(@,t, To(un)) T (un — (Th(u)),) de dt.

o Ja
It follows that

/s 8(un - gfh (u)),u) Tl (Un _ (Th (u))#) dxdt

0 Q
+ f]o‘; [y 20 bupy (4, — (T, (w)),,) dadt
=170 JQ

1 /° _
+— / / |Un|p0 2 w11 (U — (Th(u))ﬂ) dx dt
nJo Ja

= /S/ fn(xataTn(un))Tl(Un — (Th(u))“) dx dt.
0 Q
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Considering the first and second terms on the left-hand side of (4.53), one has

// “"_ ))“)T(u — (Th(u)),) dt dx
// o1 ( un Th( ) gt o (4.54)

P1(un(s) = (Th( (s))u )dff—/ ¢1(uo.n — (Th(uo))u) dr,

Q

Q

/ / Ty (un — (Th(u)),) dt dz

QAUM)(RUHEWrUMWMWM

— u/ﬂ/ (Th(u) = (Th(w)p)Th (w — (Th(w)),) dtde >0 as n — oo.
’ (4.55)
For the third term on the left-hand side of (4.53), thanks to (4.51) we have a;(z,t,
Thi1(tn), VIni1(uy)) converges to a;(z,t, Thi1(u), VIki1(u)) weakly in LPQ(QT)7
and since DT} (u,, — (Th(u)),) — DTy (u—(Th(u))) strongly in LPi (Qr) as n, u — oo,
in view of (4.31) we obtain

and

N S
Z/o /Qai(ﬂﬁ,t,Tn(un),Vun)DiTl(un — (Th(u)),) da dt

N s |
:Zﬁlﬁ@mﬁwmwmmmwm%4nwmwa

N s
— Z/ /Qai(x,t,ThH(u), VThi1(w)D'Ti(u — Th(w)) dedt as n,p— o0

N
= / ai(x,t,u, Vu)Du de dt — 0 as h — oo.
(h<|u|<h+1}

(4.56)
Moreover, thanks to (4.37) and the fact that Ti(u, — (Th(w)),) — 0 weak—* in
L>(Qr), we obtain

! /OS/Q [P 72 Ty (tn, — (Th(w)),) daz dt — 0 as n, g, h — oo, (4.57)
Similarly, in view of (4.39) we have
/08 /Q (@, t, To(un))Th (un — (Th(w)),) dedt — 0 as n,pu,h — 0o, (4.58)
By combining (4.53) and (4.54) — (4.58), we obtain

/le(un(S)—(Th(U(S)))u) dz S/le(uO,n—(Th(uO))u) dx +e10(n, p, h)

—%/%%—ﬂwmﬂ+mm%M%mu%m
Q
(4.59)
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Having in mind that uo belongs to L*(£2), it follows that

/anl(un(s) — (Th(u(s)))y) dv — 0 as  n,pu,h — oo. (4.60)
Thanks to the fact that

/ in(s) — (Th(u(s),[? de
{ltn (8)=(Th(u(s)))

L1<1)

/ i () — (T (u(s))),] dee (4.61)
{]un(s)— (Th(u 5)))ul>1}
<2 /Q 1 (tin(3) — (Th(u(5))),.) da

/ in(s) — (Ta(u(s)))] diz = / i (5) — (Th(u(s))),| de
Q {tn (8)=(Th(u(s))).|<1}

N / ltn(5) — (Th(u(s))),| dz
{lun(8)=(Th (u(s)))u|>1} X

<cf [ () = (Th ()l d)’
{lun(s)=(Th(w(s))) <1}

+ [un(s) — (Th(u(s)))u| dv — 0 as  n,p,h — oco.
{un ()= (Th (u(s)))ul>1}
(4.62)

Thus, we show that

/|un — U (8)|dx < /|un N|dx+/|um — (u(s)))p] de — 0,

as n,m, , h — oo.
As result, (uy,), is a Cauchy sequence in C([0,T]; L'(Q2)), which implies that u €
C([0,T); L*(Q)) . Therefore, we get

un(s) — u(s) strongly in L'(Q) forany 0<s<T. (4.63)

Step 7 : Passage to the limit.

Let v € D(Qr), such that v(.,T) = 0, and S(.) € C(R) with supp(S’(.)) C [-M, M]
where M > 0. Using S’ (u,)v as a test function for the approximate problem (4.1),
we obtain

Tou al ‘ ‘
/( Btn S (un)v >dt+2/ a;(z,t, Ty (un), Vg ) (D'unS” (un)v + D'vS (uy,)) dx dt

+ l/ |t [P~ %, S (v da dt = fo(z,t, Ty (un))S (uy)v dz dt. (4.64)
nJQr Qr
For the first term on the left-hand side of (4.64), we have
/ <ag” S (up)v > dt = / 856()“”)1/ dzdt
o \ I r O (4.65)

= —/ S(un)@ dzdt —/ S(un,0)v(z,0) de,
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Since S(upn) = S(u) weak-* in L>(Qr) and ov € LY(Qr), it follows that

ot
ov 8
/T S(un) = 5 dzdt —>/ E dzdt, (4.66)
and in view of (4.63), we have
/Suno (z,0) dx—>/5u0 (,0)d (4.67)
From (4.66) and (4.67) we deduce that
im [ 230 g — / S(u) 2 da:dt S(uo)v(z,0) da
n—o0 /o, o Q

(4.68)

_ )
/T o de dt.

Having in mind (3.2) and (4.50), it yields a;(z,t, Thr(un), VIpr(uy)) converges to
ai(z,t, Tos(u), VT (u)) weakly in LPi(Qr). Moreover, we have

DTy () S" (un ) v+ S () D'v — D"Thy(u)S” (w)v+ S’ (u) D'y strongly in LP* (Qr).
Then, it follows that

lim ai(x,t, Tar(un), Vs (un)) (D Tas () S” (wn v + S’ (uy) D'v) da dt

n—oo QT

= g ai(x,t, Tar(w), VT (w)) (D Tas (u)S” (u)v 4 S’ (u) D) da dt

- / ai(x, t,u, Vu)(DuS" (u)v + S’ (u)D'v) dz dt,
Qr
(4.69)
1
Moreover, in view of (4.37) we have —|u,[P*~%u,, — 0 strongly in L'(Q7) and since
S’ (uyn)v converges to S’(u)v weak—# in L*°(Qr), we obtain
1
ﬁ/ [ [P %, S (up)v dzdt — 0 as n — oo, (4.70)
T

similarly, in view of (4.39) we have

Tn(@, t, T (un))S (un)v dedt — f(z,t,u)S (u)vdedt as n — oo. (4.71)

Qr Qr

By combining (4.64) and (4.68) — (4.71), we obtain

ot

= [z, t,u)S (w)v dz dt,
Qr

- N
/ <85(u),y> g+ Z/ ai(z, t,u, Vu)(D'uS" (w)v + DivS' (v)) dz dt
0 i=17Qr

(4.72)
which conclude the proof of the Theorem 4.1.
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5. Appendix

In view of growth conditions (3.2), (3.6) and the Holder’s inequality, we establish the
boundedness of the operator B,, in L?(0, T’ Wol’p(Q)).

Lemma 5.1. The bounded operator B,, is pseudo-monotone. Moreover, B,, is coercive
in the following sense :

T
/ (Bpu,u) dt
0

— 00 as
||UHL15(O,T;W01’5(Q))

el oo w7y — 00

for any u € LP(0, T Wol’ﬁ(Q)).

Proof of Lemma 5.1. In view of (3.4), we have

\

(Bnu, uy d

, 1
Z/ (x,t, T (u), Vu)D'u dadt + —/ |u|Po dxdt
n T

=1

— | fulz,t, Tp(uy))u de dt
ZM;/ |D'u
ot}

. bo 1
2> min {mn) } f|lu ||zp 0.T;W7(Q)) —Ci(N+1) - nCOH“HLzT(O,T;WOl’ﬁ(Q))’
(5.1)

1
ulP dx dt + — / |u|Po dx dtfn/ |u| dx dt
QT T

1
Pi dyx dt + —/ |ulP* dx dt —nCol|ul|Lro(Qy)

Pi da dt — nCollull Lro(@q)

It follows that

5 By de i {10 pg oy

”uHLP(O Wl 7(Q))

||UHL5(0,T;W01’5(Q))
Ci(N+1)+ nCollull 150 7w 7(9)

ull Lo o, WP(9))

Then, the coercivity of the operator B,, is concluded.
It remains to establish that B, is a pseudo-monotone operator. Indeed, we consider
the sequence (uy)ren in LP(0, T; W, P(Q)), such that

ug, — u weakly in LP(0,T; Wol’ﬁ(ﬂ)),
Byuy — xn weakly in LP'(0,T; W17 (Q)), (5.2)

T T
limsup/ <Bnukauk> dt S/ <X'mu> dt.
0 0

k—o0
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The objective is to show that
Bhu = xn and (Brug,ug) = (Xn,u) as k — oo.

In view of Remark 2.1, we have u; converges to u strongly in L*(Q7) and uy — u
a.e in Qr, for a subsequence still denoted (uy)ren+, then thanks to (3.2), we have
(as(x,t, Ty (ug), Vug))x is bounded sequence in LPi(Qr), then there exists a measur-
able function ; ,, € LPQ(QT) where

a;(x,t, Tn(ur), Vug) = i, weakly in LPQ(QT) fori =1,...,N. (5.3)

Moreover, we have f,(x,t, u) converges to f,(x,t u) almost everywhere in Q7 and
| fr(x,t,ug)| < n. In view of Lebesgue’s dominated convergence theorem we get

falx,t,ug) — fo(z,t,u) strongly in  LP°(Q7), (5.4)
also, we have

1, o, 1, _ /

—|ug PO u = —|ulPP " weakly in  LPo(Qr). (5.5)

n n

Thanks to (5.2), we have

T T
/ (Xn,v) dt = lim (Bpug,v) dt
0

k—oo Jo

N
- 1
= lim (E / ai(x,t, Ty (ug), Vug)D'v dx—|—ﬁ/ Jug [P 2ugv da dt
i=17/Q@T

k—o0 -

— frnlz, tyug)v do dt)
Qr

N

. 1
E YinD'v dx dt + — / |u|Po~2up dx dt — fa(z,t,u)v dz dt,
—1/@Qr nJQr QT

for any v € LP(0, T; Wy (€2)). Thus, according to (5.2) we obtain

T
limsup/ (Bpug, ug) dt
0

k—o0

N
) 1
= lim sup (Z/ ai(x,t, T (ug), Vug) D' ug, dx dt + E/ |ug [PO 2 upuy, dr dt

k—o0 i—1 T T

— | fulztup)uy do dt)
Qr

N
. 1
< E YinD'u dr dt + — |u|Po dx dt — fn(z, t,w)u dx dt.
=17 QT nJQr Qr

In the light of (5.3) — (5.5), we conclude that

N
. 1
lim sup (Z/ ai(z,t, Tn(ug), Vug)D'uy, dx dt + - / |ug PO dx dt)
k—o0 1 T T
i (5.6)

N
; 1
<X [ dinDludodi+ g/ o da dt.
— T

Qr
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On the one hand, thanks to (3.3) we have
Z/ (z,t, Ty (up), Vug) — ai(x, t, Tn(ug), Vu))(Duy, — D'u) dz dt

/ (Jun|Po~2up — |ulPo~2u) (ugp — u) da dt > 0,

T

it follows that
N
Z/ ai(x7t7Tn(uk),vuk)Diu dl‘ dt
— Jor

N
+ Z/ ai(x,t, Ty (ug), Vu)(D'uy, — D'u) dx dt
~ Jor

1 1
+—/ lug [P 2upu da dt + —/ |u|Po =2 u(uy, — u) da dt
n T n T

N
. 1
< g / ai(z,t, Tn(ug), Vug) D uy, dxdt—i—ﬁ/ gl da dt.
i—1 7/ Qr

T

In view of Lebesgue’s dominated convergence theorem, we have T, (uy) converges to
T, (u) strongly in LPi(Qr), then a;(x,t, T, (ux), Vu) converges to a;(x,t, T, (u), Vu)
strongly in L”i (Qr), and thanks to (5.3) and (5.5), we get

al . 1
Z Vi nDiu da dt+/ = |ulPo da dt

1
< \V Po
hkmmf E /T az xz,t, T, ('Lbk) Uk)D uy dx dt +/ n|Uk| dx dt)7

T

Thanks to (5.6), we conclude that

N ‘ 1
Z YinD'u dr dt + —/ [uP° dx dt
i=1 Y Qr Qr (5.8)
1
= lim Z/ ai(z,t, T (ug), Vug) Diuy, da dt + — / lug|P° da dt),
k—)oo T -
Having in mind (5.4), we have
lim frlz, t,up)ug do dt = frlz, t,u)u dx dt. (5.9)
k=oo JQr Qr
T T
We conclude that hm (Brug,ug) dt :/ (Xn,u) dt.
k—o0 0

Moreover, thanks to (5.8), we have

N
lim (Z/ (ai(x,t, Ty (ur), Vug) — ai(z,t, Tn(ug), Vu)) (Duy, — D'u) dx dt

k—o0

[ 1 1
[ G2 = ) - w) do di) =0,
T n n
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Thanks to Lemma 3.1, we deduce that
upy —> u  strongly in  LP(0,T; Wol’ﬁ(QT)) and D'uy — D'u aein Qrp.
As a consequence we have
a;(x,t, Tn(ur), Vur) = a;(x,t, T (u), Vu)  weakly in LPQ(QT), for i=1,...,N.

Finally, by using (5.3), (5.4) and (5.5) we conclude that B,u = X,. which conclude
the proof of the Lemma 5.1.
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