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ABSTRACT. This paper deals with the asymptotic behaviors of solutions of nonautonomous
nonlinear systems with respect a part of variables. We investigate the practical partial stability
for a wide class of nonlinear time-varying systems. The study is based on the application of
the Lyapunov indirect approach by using some new growth sufficient conditions which give
rise to new classes of systems in presence of perturbations. Moreover, by utilizing scalar stable
functions, the analysis achieves both asymptotic and input-to-state practical partial stability
of a large class of nonlinear systems. The efficacy of the presented theorems is demonstrated
through numerous numerical examples.
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1. Introduction

The concept of motion stability concerning specific variables, also referred to as partial
stability, naturally emerges in various real-world applications. Rumyantsev, credited
as the pioneer of partial stability theory for systems of ordinary differential equa-
tions with continuous right sides, laid the groundwork for this field. His seminal
contributions, documented in various sources ( [4]-[7], [17], [20]-[25], [32]-[36]), not
only established fundamental results but also illustrated the practical relevance of his
findings in addressing stability challenges in broader distributed-parameter systems.
Following Rumyantsev’s pioneering work, a considerable body of researchers has ad-
vanced the theory and methodologies surrounding the study of partial stability and
stabilization. Their collective efforts have successfully addressed numerous significant
practical challenges ([16], [18], [30]). The Lyapunov indirect approach, alternatively
referred to as Lyapunov’s second approach, stands out as a potent tool in the stability
analysis and control system design, as outlined in [13]. By this method, if one can
identify a positive definite function of the state such that its time derivative along
the system trajectories is negative definite, it is argued that the system exhibits sta-
bility. Furthermore, by introducing various positive definiteness assumptions for the
Lyapunov function and corresponding negative definiteness assumptions for its time
derivative, distinct stability characteristics of the system under consideration can be
inferred ([3], [9], [10]). Typically, for time-invariant systems, the strict negative defi-
niteness requirement for the time derivative of the Lyapunov function can be relaxed
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to negative semi-definiteness, allowing the application of the Lasalle invariant princi-
ple [14]. In the context of time-varying systems, except for certain special cases, the
applicability of the Lasalle invariant principle is either limited or poses challenges, as
noted in [37]. The primary advantage of this approach lies in its flexibility regarding
the requirement for the time derivative of the Lyapunov function: neither strict neg-
ative definiteness nor negative semi-definiteness is mandatory ([12], [19], [26, 31]). In
the literature, the input-to-state stability property is frequently characterized by the
Lyapunov function, see ([11],[27]-[29]) and the references therein. As usual, the time-
derivative of the input-to-state stability-Lyapunov function is required to be negative
definite under some additional condition on the input signal u. Thus, in addressing
this issue, [15] proposed a valuable technique for converting a less stringent Lyapunov
function with a negative semi-definite derivative into a Lyapunov function with a neg-
ative definite derivative. [13] used the same method to demonstrate the input-to-state
stability of a time-varying system with a weak Lyapunov function. Besides, in many
cases it is impossible or too costly to construct a feedback, ensuring input-to-state
stability behavior of the closed-loop system. Therefore, [28] has introduced the notion
of integral input-to-state stability, which is a nonlinear generalization of 1.2 stability.
As is mentioned, the time derivative of the integral input-to-state stability-Lyapunov
function is required to be negative definite [1]. The Gronwall inequality is frequently
used to establish existence, uniqueness, and stability results for solutions of differen-
tial equations, particularly in the study of ordinary differential equations and partial
differential equations. It allows researchers to derive crucial estimates that help in
understanding the behavior of solutions over time. Recently, [38] the author provided
a generalization of the Gronwall inequality in its differential form, which allows for
the study of practical stability of a wide class of nonlinear systems.

In this paper, we address a new generalization of the Gronwall inequality in its
differential form and with which we have ensured the stability of a high class of dy-
namical systems. The analysis of practical partial stability is facilitated through the
utilization of the comparison principle and the introduction of scalar stable functions.
These concepts encompass global practical uniform asymptotic partial stability, global
uniform practical exponential partial stability, input-to-state practical partial stabil-
ity, and integral input-to-state practical partial stability. The following sections of
this note are structured as follows. Section 2 provides the system description and
preliminary details. Our primary findings are outlined in Section 3, which is subdi-
vided into three subsections focusing on practical asymptotic partial stability analysis,
input-to-state practical partial stability analysis, and perturbed systems. Section 4
presents numerical examples to illustrate our results. Finally, we conclude our findings
in Section 5.

2. System description and preliminaries

Throughout this paper the following notations: Ry = [0, co[ and R™ the n—dimensional
Euclidean space with the Euclidean 2—norm |-|. Also, we use BC(R,R) and PC(R,,R)
to represent, respectively, the space of R—valued continuous bounded functions and
piecewise continuous functions. We denote

7 ®Re) = {1 0): Ry > R™ |1, = (/ |f(5)|pd5>p <o,

Ry
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L2 (R:) = {7 0): Ry 5 R™ [ [[flloe = sup {If ()]} < oo},
ER+

where p € [1, 00[ is any integer. Moreover, if m = 1, then the £ (Ry) and L (Ry)
will be respectively denoted by £, (R+) and Log (R+) for short. We also use || |5, 5 =
sup{|f (t)|,t € [d0,d] C R4} to denote the truncation of the norm of f at 4. The
following are definitions of comparison functions [13].

e The function o : Ry — R, is said to belong to class K if it is continuous and
strictly increasing and o(0) = 0. If o is also such that o(r) — +o00 as r — 400,
then it is said to belong to class K.

e The continuous function A : Ry x Ry — R, is said to belong to class KL if, for
each fixed s, the mapping A(r, s) belongs to class IC with respect to r and, for
each fixed r, A(r,s) — 0 as s — +oo and the mapping A(r, s) is decreasing with
respect to s.

Consider the following nonlinear time-varying system

£ (6) = f (6,2 (6),u(d)) (2.1)
where f: Ry x R® x R™ — R" is piecewise continuous in d, locally Lipschitz on x
for bounded w. The input v : Ry — R™ is assumed to be locally essentially bounded.
Let ¢(9, do, xo,u), be the unique solution of (2.1) passing through z( at time § = dy
and v € R™. For #7 = (x1,22,..7,) € R", let ¢ be an integer such that ¢ < n,
y! = (21,72, ...,7y) € R? and 27 = (z441, 2442, ..., Tn) € R"72. With this partition,
the solution of (2.1) can be expressed for all (dp, xo) € Ry x R™ as:

¢('7 60,1'0; U) = (yT('v 50; anu),ZT('v 6071'03 u))Tv

where y(., o, zo,u) and z(., dp, xg, u) are respectively the unique solutions of the fol-
lowing time-varying systems

and
2(0) = f2(8,y(0), 2(8), u(d)),
with f(9,z(0),u(d)) = (ff(&y(é),z(é),u(é)),fg(é,y(5)7z(§),u(5)))T. Where, T' de-
notes the transposition.
Throughout this paper, for any continuously differentiable function L : Ry x R® —

R, we define the derivative of a function L(J,x) along the solutions of system (2.1)

as follows:

£(5.2) = T2 (6.0) + O2 (6,0 (6,2, w).

Now, let’s consider the following definition.

Definition 2.1. Let £,9 € PC(R4,R) and o € R. The function ¢ is (¢, o) —globally
uniformly practically exponentially stable ((¢,a) - GU PES) if there exist 8 > 0,
v > 0 and p, > 0, such that, for all § > &,

5
E(s)ds < —0(6 — bo) + v,
do

and

)
/5 10(8) (8, )t < s
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where pq (6, 8) = exp((l — ) /j §(t)dt>.

Remark 2.1. In above Definition if a« = 0, then the scalar £ is ¢—globally uniformly
practically exponentially stable, see Hadj Taieb [3] for details, therefore the Definition
provided in [8] will be considered a particular case of Definition 2.1.

In the following sections, we will utilize the subsequent auxiliary result which taken
from [13].

Lemma 2.1. [13](Comparison Lemma) Consider the differential equation
£(0) = f(6,2(5)),  w(do) = xo (2.2)

where f(0,x(0)) is piecewise continuous in s and locally Lipschitz in x, and for all
§ >0, x2(6) € J CR. Let [00,T[ (T could be infinity) be the mazximal interval of
existence of the solution x(5), and suppose x(5) € J for all § € [60,T[. Let z(J) be a
continuous function satisfies the differential inequality

£(0) < f(6,2(9)),  2(d0) < o (2.3)
with z(0) € J for all 6 € [8p, T|. Then, z(8) < x(8) for all & € [0y, T].

Lemma 2.2. (Young’s inequality) For all non-negative real b and ¢, and all positive
integers n and m satisfying % + % =1, it follows that

1 1
be < =b" + —c™.
n m

Lemma 2.3. Assume o is a function belonging to the class K. We have for all
b,c >0,

o(b+c) < o(2b) + o(2¢).
Lemma 2.4. For all a > 1 and for all two non-negative real b and ¢, we have:

(b+c)w <20 (bv +cw).

3. Main results

We began by introducing the following auxiliary result, which presents a new General-
ized Gronwall-Bellman inequality in its differential form. The Generalized Gronwall-
Bellman inequality outlined in [38] will serve as a specific case when « = 0.

Lemma 3.1. Let £,9 € PC(Ry,R), a constant o € [0,1] and y : Ry — Ry is a
differentiable function, such that for all § > §y > 0,

9(6) < £(6)y(8) + 1(6)y*(0). (3.1)
Then, for all 6 > dy > 0, we have

1

+(1-a) /: (exp(/té S(S)ds))l_aw(t)dt} e

-«

y(8) < [ (w(do) exp( /5 6s<s>ds))
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Proof. The proof is to apply Lemma 2.1 with the scalar differential equation
z(0) = f(0,x(9)) = &(0)x(d) + ¥(0)z*(d), (o) =x0 = y(do). (3.2)

It is clear that the function f satisfies all the conditions of the Lemma 2.1. Next, we
begin by solve the equation 3.2.

For § > §p > 0, we consider the following tow cases:

Case 1: if £y = 0, then by using the uniqueness of the solution, we have x(dy) = 0,
for all § > 4.

Case 2: if z¢ # 0, then by using the uniqueness of the solution, we have x(d) # 0, for
all 6 > &y. Now, we set 2(8) = z'7%(8) = (x(6))' ™%, hence 2(8) = (1 — a)z(8)z—(4).
Then, by dividing the equation (3.2) by x*(9), we obtain:

fffg) — £(6)2'°(6) + 1 (0). (3.3)
Thus, we have the following equation
£(6) = £(6)2(8) + P(6), (34)

where 3 }
£(6) = (1 = a)€(6) and 9(6) = (1 — )y (d).
Then, using the equation (3.4) we obtain:

0 o - 5 _
%(z(d) exp(— . g(s)ds)): ¥(0) exp(— . &(s)ds), forall 6 >09>0. (3.5)

It follows that, for all § > g > 0.

5
2(8) exp(— é(s)d) z(dp) /exp / (3.6)

Then, by multiply the above equality by exp( f 5 E(5)ds), we obtain:

2(8) = 2(do) exp( : g(s)als)qt/(S exp(/t g(s)ds)iz)(t)dt, for all § > 6o >0. (3.7)

Since z(8) = 2'17%(8), £(6) = (1 — @)&(0) and (8) = (1 — a)ih(), for all § > dy > 0
we get:
6

5 1
21 7Y(8) = 21 7*(8p) exp(/g (1- a)ﬁ(s)ds) /5 exp(/ (1—a)é(s )ds)(l —a)y(t)dt

_(1(50)exp(/:ﬁ(s)ds))l_aJr(la/ exp/§ ds e P (t)dt.

Consequently, for all § > §y we have:

2(8) = [ (u60) eXp(/:g(s)ds))la+ (1=e) /: (exol | (o) o] .

As the function y satisfied the inequality 3.1 with y(dy) = x(d9) = o, then, all the
conditions of Lemma 2.1 are satisfied, so one gets:

1

y(6) < [ (4(60) exp( :as)czs))l_am —o | (e / Ce(as)) " wia] 7,
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for all § > 69 > 0. [l

Remark 3.1. We can prove the Lemma 3.1 for all values of a € R, using the same
reasoning, but due to the differentiability issue, the most important cases are for
a€l0,1].

3.1. Practical asymptotic partial stability analysis. In this subsection, we are
interested to study the practical partial stability of systems (2.1), where u = 0. Let’s
start by providing the following definition.

Definition 3.1. [2] System (2.1) is globally uniformly practically asymptotically
y—stable (GUPAy — S), if there exist v € KL and r > 0, such that for all g =
(Yo, 20) € R™, we have

ly(0, 80, 20,0)| < y(|xo|,d —d0) + 7, for all § >y > 0. (3.8)

Definition 3.2. [2] System (2.1) is globally uniformly practically exponentially y—
stable (GUPEy — S), if there exist § > 0, &k > 0 and r > 0 such that for all
2o = (Yo, 20) € R™, we have

ly(6, 80, x0,0)| < k|xo|exp(—0(6 — dp)) +r, for all 6 > by >0, (3.9)
where 6 is the rate of convergence.

Theorem 3.2. Suppose there is a continuously differentiable function L : Ry xR™ —
Ry, two Koo functions o;,1 = 1,2, a > 0, a € [0, 1], two functions £, € PC(R4,R),
satisfying the following inequalities for all § > 0 and x = (y,z) € R™:

o1 (ly) < L(6,2) < oz (|2]) +a, (3.10)

L(6,2) < £(8) L(8,x) +(6)L° (J,z). (3.11)
Then, the system (2.1) with u =0 is GUPAy — S if € is (¢,a) — GUPES.
Proof. Employing Lemma 3.1, we can establish that for all § > §y > 0,

4 -«
L(8,9(6,60,70,0)) < [ (Lo, w0) exp( | (u)du) )

1
1

+(1—a) /: (exp(/ué f(s)ds))l_aw(u)du} =

< [(£6G0,w0)m0(6,60)) " +(1 - ) : [0t (8, )| 7

s s
where po(0,00) = exp(/ 5(u)du) and p,(9,00) = exp((l - a) f(u)du).
60 60
Therefore, by using the inequality (3.10) we have for all § > d9 > 0,
Ul(|y(§a 607 Zo, O)|) < L(éa ¢(57 607 Zo, 0))

< (B0, 70h0(5,50)) 401~ @) : ) 10 (8, )

1
1—a

< oa((£l60 0. 80)) "+ -0 o 6.0},
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where o, : R — R, the function defined by o, () = T Tt is evident that oy is
a Ko function. Hence, by using Lemma 2.3, it follows that,

a1([y(8, 60, 20,0)]) < 04 (2 (L(do,xo),uo(ts, 50)>17Q>+0a (2(1 — ) /5T¢(U)|ﬂa(5, U)du)
< (2 (L(éo, 20) o (6, 50)) HY) ﬁ+(2(1 —a) /; |1 ()| pa (6, U)du> e

d 1
< 277 LG, 20)pol0,00) + (201 —0) | o) (8 u)iu) T
6 1
273 1o (6, 8 2(1 — a0 u)du) "
< 275 (8, 0) (72 (o) + ) (201~ ) [ 0wy
Since, £ is (¢, ) — GUPES, then, for all § > §y,
o1(1y(8, 8o, 70,0)]) <77 2exp(~6(5 — do) +v) (02 (Jao]) + @) +(2(1 = a)pa) 77

< 275 exp(v)on (|@o]) exp(—0(8 — 60)) +277 exp(v)a + (2(1 — @)pa) =
< djoq (|$0|) exp(—0(6 — 50))+d2,

1

where d; = 27°= exp(ﬁ) and dy = 27°% exp(r)a+ (2(1 — a)pa) ™= .
Consequently, for every 6 > dy,
[5(6,00,20,0)| < 07" (d10 (|o]) exp(~0(0 — 80))+ds ).
Using Lemma 2.3, it follows that for all § > dy,
1y(8, 80,0, 0)| < 07! (2d102 (|20|) exp(—0(6 — 50)))+01_1(2d2).
Hence, the system (2.1) is GUPAy — S. O

Regarding the exponential case, we have the following result.

Theorem 3.3. Suppose there is a continuously differentiable function L : Ry x R™ —
R, constants ¢; >0, c3 >0, a > 0, a € [0, 1], a integer m > 1, two functions &, €
PC(R4,R), satisfying the following inequalities for all § > 0 and z = (y,z) € R™:

e ly|™ < L(6,z) <colz|™ +a, (3.12)
L(6,2) < E(0) L(8,x) +(6)L* (6, z). (3.13)
Then the system (2.1) with u =0 is GUPEy — S if £ is (¢,a) — GUPES.
Proof. Employing the same rationale as in Theorem 3.2, it follows that for all § > &y,
ly(8, 80, 20, 0)[™ < dy |zo|™ exp(—0(6 — b)) +do,

1 1

Qe2) 7% oxp(v) and da = e

where d; = o exp
Consequently, with Lemma 2.4, it follows that for all s > ¢,

(v) + Gzl T

C1

(6 — d0))+(2d) .

m

Therefore, system (2.1) is GUPEy — S. O

ly(s,t,,0)| < (2d1)7 |o| exp(
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3.2. Input-to-state practical partial stability analysis. In 1980, E. D. Sontag
introduced the concept of input-to-state stability analysis [27]. Since its inception,
this concept has become a cornerstone for analyzing and designing nonlinear systems.
Its applications span across different domains, such as observer design, the small gain
theorem, and stability testing of interconnected nonlinear systems [19, 27]. In the
following subsection, we will illustrate the application of this concept in performing
input-to-state practical partial stability analysis of nonlinear time-varying systems.

Definition 3.3. The nonlinear system (2.1) is said to be
(1) input-to-state practical y—stable (ISPy — S) if there exist o € KL, 71 € K and
r > 0 such that, for any v € L7 (R4),

|y(57 60ax0au)| S a (|l’0|,5 - 60) + 2! (”uH[éo,é]) + T Vo 2 50 Z 0.

(2) integral input-to-state practical y—stable (IISPy — S) if there exist 0 € KL,
1,72 € K and r > 0 such that, for any v € L7 (Ry),

s
ly (6, 80, xo,u)| < o (|zol,d — do) + 11 (/ 2 (|u (s)|)ds> +7, V§ > §p > 0.
do

Initially, we present the subsequent result concerning the characterization of I.S Py—
S for system (2.1).

Theorem 3.4. Suppose there is a continuously differentiable function L : Ry x
R™ — Ry, three Koo functions ;1 = 1,2,3, a > 0, a € [0,1], two functions &,¢ €
PC(R4+,R), such that, for all § >0, uw € L7 (Ry) and z = (y,2) € R™:

o1 (lyl) < L(0,z) < o2 (|z]) +a, (3.14)
L(6,2) <& () L(6,x) +4(6)L* (6,2), if L (6,2) > o3 (|u(d)]). (3.15)
Then the system (2.1) is ISPy — S if & is (¢,a) — GUPES.
Proof. Let us consider the following inequality
L (01, 9(61, 00, z0,u)) = o3 (|u(d1)]). (3.16)

Now, consider tow cases.
Case 1: If (3.16) is true for almost all 61 € [dp, §] C Ry. Then, it follows from condition
(3.15) and Lemma 3.1, that for all z = (y, z) € R,

L (8,6(5,60,70,u)) < 277 exp(v)as (|zo|) exp(—0(6 — &)
+27% exp(v)a + (2(1 — a)pa) T, (3.17)

Case 2: we assume that (3.16) does not hold true for almost all ¢; € [¢, s] C R,..

Let us consider the set {01 € [0, 9] : L (01, (01,00, x0,u)) < os(Ju(d1)])} which is
non-empty.

Denote 6* = sup{d: € [do, 0] : L (61, #(d1, o, zo, u)) < o3 (|u(61)])}-

Then, we have either §* = or §* < 4.

If 6* = 4, then by using the definition of §* we get

L (6a¢(6a 60,:1;0)”)) =L (6*7¢(6*,(50,.’L‘0,U>) S sup {03 (‘U/ (61)|)} =03 (Hu”[ég,ﬁ]) .
616[60,6]
(3.18)
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If 6" < 4, then L (81, (01,00, x0,u)) = o3 (Ju(d1)]),d1 € [6%,6], which, by (3.15),

implies
L (5a ¢(5a 507 Zo, U)) < § (5) L (57 ¢(67 50a Zo, ’LL)) + 1/’(5)11& (67 ¢(57 607 Lo, ’U,)) )

Using Lemma 3.1 and by use the same argument as in Theorem 3.2 , we obtain the
following result:

s -«
L (6,9(8, 60,0, u)) < ((L(é*,(b(&*,éo,xo,u)) exp( . §(s)ds))

—l—(l—a)/ exp/ e(s)ds)) o‘dt)ﬁ

< ((z(5", 06", 80, w0, ))uo(a,a*)) 7a+(1—a) : Iw(t)\mé,t)dt)ﬁ
< (2(1(5°, 65", b, 0, ))Mo(575*))1_a)ﬁ+ (20— [ 05 )
< 2L, 000" o 0 )o(5.0%) + (20 ) [ 0l 5.08)

§
where (9, 0*) = exp (/ f(t)dt) and ps(0,t) = exp((l —a)/ §(s)ds). Then, since
5% t
¢is (¢,a) — GUPES and by using the definition of 6* the above inequality gives:

L (6,¢(8, 60,0, u)) < 21fa03

Then, we obtain:

(el 7 )exp (=606 — ) + v) +(2(1 — a)pa) 7.
L (8,6(6, 80, 70,u)) < 275 05 (lull 5, 5 )Jexp(v) + (21 — a)pa) =5, (3.19)
Hence, we get from (3.17), (3.18) and (3.19) that
L (6,9(8, 60, g, u)) < 9% exp(v)oa (o)) exp(—@(é — 50))—1—2ﬁ exp(v)a
+ (21 = 0)pa) 7 + (277 exp(v) + 1)as ()l 5, 5))
< dy0 (|zo|) exp(—01(8 — &) +d2 + (di + L)os (J|ull5, 5 )

where d; = 27°= exp(v) and do = 2T exp(v)a + (2(1 — a)pa)ﬁ.
Then, it follows from condition (3.14) and by using Lemma 2.3, we get

(6, 60, 20, u)| < ot (2dy02(|zol) exp(—0(8 — do))+2d2)
+or (2 + Dos(llull,.g))
< o7 (4dioa(Jzol) exp(—0(6 = 60))) + 07" (4dz) + o7 (2Ads + Vo (luls,.5) ) -

Hence, the system (2.1) is ISPy — S. The proof is finished. O

We subsequently introduce the ensuing result concerning the characterization of
ISPy — S for the system (2.1).
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Theorem 3.5. Suppose there is a continuously differentiable function L : Ry xR™ —
Ry, three Koo 04,0 = 1,2,3, a > 0, a € [0,1], two functions £,v¥ € PC(R4,R) such
that, for all 6 >0, u € LT (Ry) and z = (y,z) € R™:

o1 (lyl) < L(6,2) < 02 (|]) + a, (3.20)

L(5,2) < € (8) L (8,2) + (o3 (|u(8)]) + ¢(8)) L (5, 2) . (3:21)
Then, the system (2.1) is IISPy — S if € is (¢,a) — GUPES.

Proof. By applying Lemma 3.1, it follows that for all § > 4,

4 -«
L3, (8,60, w0, 1)) < ((L(&O,xo)exp( 5 f(t)dt))

1

+-a) [ *(exn / e0d) ™ (s (u) + 009 ds) 7

< ((L(507xo)uo(5a 50))1_a+(1 - ) /6 |

do

(a(Ju(s)]) + [¢:(s) ) aa (3, 5)ds)

s s
where pg(6,d0) = exp(/ S(s)ds) and p14,(9,60) = exp((l - a)/ §(s)ds).
60 60
Using the same arguments as the Theorem 3.2, we have for all § > dg,
01(|y(5’ 503 Zo, U)D < L((sa ¢(5a 507 o, U))

e 50)(02 (o)) +a)+(2(1 —a) /:(03(|u(s)|) n |w(s)|)ua(5,s)ds)m
(|$o|)ﬂo(5 50) Qﬁaﬂo(ﬁs 50)
41— a) / 1 (t) | e 5t)dt) =a ( (1a)/:ag(u(t)|)ua(57t)dt>11a

Since, ¢ is (¢, a) — GUPES, then, for all 6 > o,
a1(|y(d, 8o, xo, u)|) < 2ﬁ02(|x0\) exp(v) exp(—0(6 — dg)) + Qﬁaexp(y)

| /\

IN
)

1

é _1
+ (1 = a)pe) ™ + (400 =) [ (O esp((1 = awyar)

Consequently, for every § > dg, we have:

1

é
1y(6, 60, x0, u)| < o <d102(\x0|) exp(—0(6 — &) +do + ds </5 03(|U(t)\)dt) -

where

).

di =275 exp(v), dy=2T5aexp(v) + (4(1 - a)pa) s

a1
ds = (4(1 — ) exp((1 — a)v)) ==.
By applying Lemma 2.3, it follows that for all § > dy,

0 =
1y(8, 60, z0, u)| < o7 " (2d102(|zo|) exp(—0(5 — 6o))+2do)+o; * (2d3</03(|u(t)|)dt> %)

do

5

S0;1(4d102(|x0|)exp(—0(5—50)))+af1(2d3( i 03(|u(t)|)dt) - )—l—ol (4d2).
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Hence, system (2.1) is [ISPy — S. O

3.3. Perturbed systems. We consider the perturbed system of the form:
&= f(0,2) +9(6,z,u), (3.22)

where x € R"™ is the state, the input v : Ry — R™ is assumed to be locally essentially
bounded and f : Ry x R®™ — R" is piecewise continuous in 4, locally Lipschitz in z.
The function g : Ry x R® x R™ — R”™ is continuous in § and locally Lipschitz in
x and u. Let ¢(., g, x0,u), be the unique solution of (3.22) passing through (dg,xo)
such that ¢(8o, 6o, T, u) = ¢ and ¢(., b, v, u) = (y*' (., b0, xo,u), 2T (., 50, z0,u))T.
In the actual literature, the synthesis of stability for the system (3.22) relies on the
stability of the nominal system given by:

& = f(5,2), (3.23)

with L(d,z) as a Lyapunov function candidate for the whole system provided that
the size of perturbation is known.

Theorem 3.6. Suppose there is a continuously differentiable function L : Ry xR™ —
Ry, constants ¢ > 0, ¢ > 0,a>0,p > 1, a € [0,1], 0 € Koo, 7 € L1 (Ry),
a bounded function X\, two functions £, € PC(R4,R) such that, for all 6 > 0,
uwe€ LT (Ry) and z = (y,z) € R™:

cilyl’ < L(5,x) < ealzl? +a, (3.24)
O (0.) + T (6.2)1(6,2) < €(5) L(6,) + $()L” (5,2). (3.25)
oL (5.009(6,2,0) < (@) lo (o)) + (x(6) + AD)) L2 (Ga). (320)

Then the system (53.22) is ISPy — S if £ is (¢,a) — GUPES.

Proof. By using the inequalities (3.25) and (3.26), for all § > 0 and 2 € R™ we have:

oL oL oL
%(57 :E) + %(& x)f(é, (E) + 7(57 1’)9((5,%, u)

ox
< €(0) L (8,2) + ()L (8,2) + () lylo(|u(d)]) + (7(6) + A(8)) L* (3,2)
<E@) L (6,) + (9(0) +7(8) + N®)) L7 (5,2) + 7(8)lylo(u(s)])-
Utilizing Young’s inequality, which asserts that for any ¢ > 1 with % + % =1, we

obtain: ly| (o (|u(d)]))
i (o(uto)))?
wlo(lu@)l) < ==+ ——

Therefore, we have for all 6 > 0, and =z = (y, z) € R",
oL OL

<EO)L(6,2) + (¥(0) +7(6) + M) ) L (6,2) + ”(i))'yp T (O

q
< (¢ + 7;(1‘;))/: (6,2) + W + ((6) + 7(8) + A®)) L (6,2)
3

(8) L (8,) + (8)L* (8,2) if L(8,z) = (o (Ju(8)])",

(0,2)f(d,z) + Z—i(& x)g(d, z,u)
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where

~ (0 (0 ~

£0) = €0+ T2+ T and () = w(6) +7(6) + AG).
It is easy to see that & is (zz,a) — GUPES if € is (¢,a) — GUPES. Therefore, by
applying Theorem 3.4, we have the system (3.22) is ISPy — S. O

4. TIllustrative Examples

In this section, we present several numerical examples to illustrate the effectiveness
of the proposed stability theorems.
Example 1: Let’s consider the following three-dimensional system

1
8) (3 (#3+23)+135)
( 2+1) . b
B(6) (2224 25)2 (4.1)
@

& = (—1 + 42 exp(—é))xl + 6z +

Tg = (—1 + 42 exp(—é))mg — 0z +
i3 = x3 + 02 exp(—6)xy + 0o

where § > 0, x = (y7,z3) € R3, with y© = (21,22) and non-negative function
B e Ly (Ry). We select a time-varying Lyapunov function
1 1
L(6,3}') 2(x1+$2)+m
Consequently, L fulfills the inequalities as indicated in (3.12), with ¢; = 35, 2 = 1,
a=1and m =2, for all § > 0.
Subsequently, the time derivative of L (d,z) can be computed as

1

+ (21 + 23) [am:h + w2§72}

NI

ﬁ@@%+@+ﬁﬂ]

2
<z [(—1 + 6% exp(—0))x1 + dx2 + @)

[N

(
,6(5)1’1(% (ml +m2) + 1+6)
(21 +1)
(% (1'1 +1'2) + 1+6)
(x5 +1)
1 2 )}

< (1 ep(0) o+ 51) + 50} +w>+l+a>%[<ﬁ+1>+<x;+l

1
2

+ (=1 + 6% exp(—0))a5 — dz122 +

< (- 14 6% exp( 6))(37%—1—3:3)-1—715 )

+BO)(4 (o +a) + k) [

+B0) (4 (o3 +43) + 15) |
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Since,

then,

L(6,z) < (—1+52exp(*5))(($?+$3) + 1i5)+(1:5)§ (1i5)%

<2(~1+ 6 exp(-0)
1
+(B8(5) + .
(5(6) (140)= (
< E(6)L(6, @) + Y(S)LE (6, ),

where £(6) = —2 + 262 exp(—0) and ¥(6) = B(5) + (1+1§)l .

We can demonstrate that £ is (v, %) — GUPES, namely it follows from Lemma 2.1

that there exist # > 0, v > 0 and pL> 0, such that, for all § > &,

s
&(s)ds < —0(6 — 6g) + v
do

and

é
(sl 0,9)ds < oy,

where 411 (6, 00) = exp / &(s ds)
On the one hand, we have for alld > g > 0:

0 o
E(s)ds = / —2 + 25% exp(—s)ds
do

do
+oo
—2(6 —dp) + / 25 exp(—s)ds < —2(6 — dp) +4
0

On the other hand for all § > §y > 0, we have

§ 5
By Go)ds < [ (156)]+ Jexp(— (6 — s) + 2)ds
(30 50

N

1
(1+9)
00 8
< exp(2) (/0+ |3(s)|ds Jr/(S (1—}—13)5 exp(f((; — s))ds)
< exp(2) (8l + exo(—5) | "exp(s)ds) < exp@) (18 + ).

Therefore, all conditions outlined in Theorem 3.3 are met. Consequently, the system
(4.1) is GUPEy — S.
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Example 2: Consider the following nonlinear time-varying system

.1 1 J|cos 3| 5(‘”( (7U1+12)+6XP( 5))
1T (m -0 ‘6055‘) 21t 5 0) + [ol7+1 ’
S | 1 d|cos | 5(5)(1(:”?7%”%))&

T2 =3 (1+52+z§+3x§ =9 |COS§|) T2 + 3(1+zg)u(6) + 2zz§+1 ’

o1 1 d|cos ] ﬁ(‘;)(lwg'i‘e"p(_é))a

i3 =3 (m -0 |COS5|) 3+ 3(1+x2>(“(5) + . )2) P ;
. ; dlcos 4| B(8)(3z5+exp(—4

Ta = (1+52+1x4§+21%) + 3(1+z§+x§)u(5) 221 '

(4.2)
where § > 0, z = (y7,24)7 € R3, with y = (z1,72,23)7 and v € Lo (R}), B €
£y (R;) is non-negative function and « €]0,1[. We select a time-varying Lyapunov
function

1
5 (@1 + 25 +a3) + exp(=0).

L(d,z) =
Consequently, L fulfills the inequalities as indicated in (3.14), with oy (Jy]) = 1|y|?,
o2 (|z]) = 3|z[* and a =1 for all § > 0.

Subsequently, the time derivative of L (4, z) can be computed as
L(0,z) = —exp(—6) + 41 (8)x1(8) + 22(8)x2(8) + #3(8)x3(5)

1 1 Sleoss] - BO)(S (o +43) + )"
= [2 <1+§2+x e 30+ 22 0 F 2 + 1 ]zl((s)

1 1 J |cos 8| B(6) (5 (27 +23))"
+ [2 (1—}—52—&—30%—&—3:5% _6|C085|) x2+3(1+x%)u(5)+ 2z2 +1 ]132(5)

1 1 J |cos 4| B(8) (323 + exp(—6))”
+ [2 <1 e e §|cos5|> T3 + 301 +x§)u(5) + 211

— d |cos 6|) 1+

)
= <1 e |C°S<5|> o1+ %uw) +B(0)5 (5 (22 +73) + exp(~6))°
(

1 0 |cos é| z2
+ (W 5\cos5|> -—

3(1 +x3)
+ (1 5 5\cos5|> o3

5|cos(5\x3
— d|cos 5|> ( x5 + x5 + 23) + exp(—6) — exp(—é))—|—

5 + u(8) +B(6) 5 (5 (a7 +23) )*

1
2
1
2*

N = N
N[ = N

3 + w(8) + B(6)5 (523 + exp(—4))”

0 |cosd| |u(d)|
2

) L(5,2) + w + 6 |eos ol exp(—6) + 3 B(5) L7 (5,2)

) L(6z)+ M + 6 |cos 6] exp(—6(1 — a + a))JrgB(é)Law7 )

—d|cos 5|> L(6,z)+ M + & |cos 6] exp(—8(1 — o)) L¥(6, z)

1462
B(S)L™(8,2) < &(6)L (6, 2) +¢(0)L7(6,x), VL (6, 2) = [u(d)],
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where £(9) = 1+152 — M and 1(8) = 2B8(6) + & |cos 6| exp(—d(1 — a)). It is clear

that ¥ € Lo (Ry).
Then, we can show that & is (¢, ) — GUPES.
On the one hand, we have for all § > §5 > 0 :

B s s
1
f(s)ds-/ 2ds—/ leS(S)'ds
8o 1+S 5o 2
</°° d /5s|cos(s)|d8
0 1+$ 5o 2

T / sleos(s)]
=2 Js o 2

Similar to the approach outlined in Appendix A3 of [38], we can demonstrate that
for all § > 69 > 0, we have:

5
s |cos(s)] 2
— - 77 < —— —
/50 5 ds < —o—(8—do) + 1

Then, for all § > dg > 0, we get:

)
2
5of(s)ds§—§(5—5o)+(g+1).

On the other hand for all § > §5 > 0, we have
/ [¢(e)| exp((1 — ) / £(t)dt) de</ [ ( e)|exp —— (06— + (f ))de

G >\|ooexp(< 1) 2-a)y / exp(we)de

2 3

< s 1) exn(G

Hence, We have ¢ is (¢,a) — GUPES and all the conditions in Theorem 3.4 are
satisfied. Then the system (4.1) is ISPy — S.
Example 3: Consider the following time-varying system:

+1).

B1(6) (m?+exp(f5)) %

ilzé(m—fﬂcoscﬂ) x1 + e
2, 2\% 2 _ 3
+A<6>o<\u<6>|><w1+12>2+§ifg+52<6>>(wl+exp< 5) 98, (),
! 1
) B1(8) 22422) 2
T2 = % (1+51+:L’§ - 6 |COS(5|) T2 + : 1(+1|:v\ 2)
o(|lu 51?2 1}2 3 1}2 51?2 ex — %

GGG Q)H(A(fﬁ?@)( 2 o3 +exp(~0))) — 261 (8,

1 1
ey, A (23423) % A@)o(ud))]e|+(A©)+52(5)) (23 +aitexp(~)) ) ?
T3 =152 T 1+ + ) T+a3 g
. B1(6) (23422) 2
is=1 (1+6+x +35|cos5|) Zg + SO nts) )1(+1‘I‘ ) )

(4.3)
where § > 0, z = (y7,27)T € R*, with y = (z1,22)7, 2z = (23,24)7, u € Lo (Ry),
[1 and (2 are two non-negative bounded functions, A is a non-negative integrable
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function on R} and o € K. Then system has the form of (3.22) with

1
N 1 $10) (o3 +exp(-9)) *
§<1+5+I% —(5\cos(5\)x1+ e
1
YA 519) (w3 +23) 2
fomy o | (e Sleosdl) e SR
y L) = 1
3 exp(d) B1(9) (1%"'*3%) :
1+o+a2 1+[z]

z2+:1:2
3 (HHIQ +36 |cos(5|) T + (s )£+1‘$| )

[N

and

1
A(O)o(|u(d z2 m?l (6 ) z? exp(—8)) 2
(8)o (|u(8)])(xF +23)2 ffzf%( ) (et+exp(-9) +261(5)w2

&) o ([u(8)]) (2 +22 )2+(>\(5)+[3 (9)) (23 +23+exp(—9)
((5 x U) = — 1+3¢2 : ( ) ) _12ﬁ1(5)x1
A(&)a(\u(5)|)|:p\+(,\(6)+52(5))(zf+fr§+exp(*5)))E

1+z§
0

Then, let’s consider the following Lyapunov function

L(3,2) = 5(oF 4 ad) + e

It follows that L satisfies the inequalities given in (3.24), with ¢; = ¢o = L p=2and

=z,
a =1 for all § > 0.

Then, the derivative of the function L along the trajectories of the nominal system
t = f(0,x) is given by:

L(8,2) = —e~° + 21(8)x1(6) + 22(8)z2(5)

1 1 B1(8)(a +e )"
< [5 (m — d|cos 5|> 1+ —]fl((s)

1+ |z
1
1 1 B1(6) (27 + 23)?
+13 (W ‘5'”85') wat e |na(0)

1+ |z| 1+ ||
1 _
S(m_6|cos5|) Il +I2 +6 6_6 5)

) 5 _snirx(6 z2(6
+B1(6) (a1 +af +e70) [1+(\;| * 1+(|;|}

L_ 5 . -5 1 2 2 1
S(1+5 (S'C%‘S')L(‘S’“”H“C%ﬂe +2610) (5 (@l +22) +e” )2 [1+1]

s o BO)(zF+e? %301 §)  Bi(6)(zF + =3 %mg )
S(ﬁ—élws&)%(%mﬂ @)( )?z1(8) | Bi(8)( )2 2(9)
(5

< (1%5 —5 |cos5|> L(6,2) + 6 |cos 5| e 30 LE (8,) + 48.(5) L} (5, )
= £(8)L (8,x) + B(O)L (6,2),

where £(9) = 1+6 — & cos 8| and ¥(8) = 451 (8) + & |cos 8| e~ 29,
We can show that £ is (¢, 5) — GUPES.



48 A. HAMZAOUI, N. H. TAIEB, AND M. A. HAMMAMI

On the one hand, we have for all § > §5 > 0 :

)
4 3
O £(e)de < 75(5 — o) +2In(1+ 57r)+2,

(see Appendix 3 in [38]). On the other hand for all § > §y > 0, we have
5 1 /9 5 9 3
] W(e)|exp(§/€ € (1) dt)de < /5 9(e) exp(~ o (6~ €) + In (1 + 271') +1)de
3T 3
< 0 bl
<3 Hw((S)HOOeXp(ln(l—&- 27r)—|—1).

Hence, all the conditions in Theorem 3.3 are satisfied. Then the nominal system is
GUPEy — S. Moreover, for all § > 0 and 2 € R* we have:

OL (5, 2)9(0, 2, u) = 22 (5)a1(5) + 2(5)2(0)
2 2 % 2 (I]% 676 %
B UL R LR R TG R L
u x2 x%é 1) 5 (0)) (22 + 22 ef‘s%
N LLUNERE TR BTG RS, K2 LR B
= PO + 520 + ) + a0 (e 43+ )] 2L
+ M@ + a3t + (A®) + B2(0)) (aF + a3 + ¢ %) ] fjr(‘;)%
Since,
x < 1
1422 = 2°
Then, we obtain:
%(57 2)9(8,2,u) < ANO)o(Ju(8)]) (@3 +23)F + (A(0) + B2(0)) (a3 + 3 + 6_6)%

< A©O)a([u(d)]) (@2 +23)% + (A(0) + B2(6)) (2
<A@ ([uld)) (@2 + 52)F +2(A0) + B2(0)) (5 (a2 + 22) + e79)?

< A@)o([u(®)))(2F +23)* +2((8) + B2(8)) L (3,7) .

Hence, all the conditions in Theorem 3.6 are satisfied. Consequently, the system (4.3)
is ISPy — S.

5. Conclusion

This paper has studied practical partial stability analysis of a large class for non-
linear time-varying systems by using Lyapunov’s second method. The proposed
paractical partial stability theorem does not require that the time-derivative of the
Lyapunov function is negative definite. The analysis of practical partial stability is
facilitated through the comparison principle and the utilization of scalar stable func-
tions. These concepts encompass various forms of practical partial stability, including
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asymptotic, exponential, input-to-state, and integral input-to-state practical partial
stability. Some illustrative examples are provided to illustrate the effectiveness of the
obtained conditions.
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