Annals of University of Craiova, Math. Comp. Sci. Ser.
Volume 33, 2006, Pages 54—66
ISSN: 1223-6934

Solving some special functional equations by a general
geometrical method

ALINA OLTEANU AND OcTAV OLTEANU

ABSTRACT. In Section 1 we recall improved versions of some results of [19] concerning the
equation
9(z) = g(f(x)) voeA

where f is the unknown strictly decreasing function (or operator), while g is a given function
(respectively operator), which satisfies some conditions. Such type results are proved in [19]
and used in [16], [17], [8]. The existence of f is proved by constructing it effectively. In Section
2 we apply the general results of Section 1 to some concrete functions and operators g. The
corresponding special solutions f have some additional nice properties, some of them being
related to integers.
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1. General results

We recall the following improved versions of some results of [19]. These results are
used in [16]-[17] to solve concrete operatorial equations (see also [7] and especially
[8])- )

1.1. Theorem. Let o, € R, a < 83, a €la, ], g :]o, B[— R a continuous
function. Assume that

a) lim g(z) = lim g(z) = XA € R,

(a) lim g(x) = lim g(x)

(b) g is strictly decreasing on |a, a] and strictly increasing on |a, O].

Then there exists f :|a, B]—]a, B[ such that

(1) g9(x) = g(f()), Vo €la,b]

and f has the following properties:
(i) f is strictly decreasing on |o, O],
1' = s 1. = ;
zl{r(llf(x) B mlfmﬁf(x) o
(ii) a is the only fixed point of f;
(iii) we have f~1 = f on]a, B[;
(iv) f is continuous;
(v) if we assume in addition that g € C™(Jo, B[\{a}), n € NU {oo}, n > 1, then
g9 € C"(la, B[\{a});
(vi) if g is derivable on ]o, B[\{a}, so is f;
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(vii) if g € C%(Ja, B]), g’ (a) # 0 and there exists
p1 = ;E}%f’(@ €R,
then f € C*(Ja, B) 1 C*(, B\{a}) and f'(a) = —1;
(viii) if g € C3(Jo, B]), 9" (a) # 0 and there exist
p1 = glglg}lf/(x) €ER

and
p2 = lim f"(z) €R,
then f € C*(Ja, B)) 1 C¥(Ja, B[\{a}) and
vy 2 g¥a)
) P =p=-3 220,

(ix) put g1 == glja,a]s 9r = Glja,p; then for any x €], a], we have
f(@o) = (g, 0 g1)(wo) = sup{x € [a, B[ ; gr(x) < gu(w0)};

for any g € [a, B[, we have

f(@o) = (97" 0 gr)(wo) = inf{w €]a, a] ;91(2) < g, (0)}-
For the proof of this theorem see [19].
Next we state the operatorial version of Theorem 1.1. Denote by Izom,(X) the
set of all vector space izomorphisms 7" : X — X which apply X onto itself.
1.2. Theorem. Let X be an order-complete vector lattice, a € X, A; a convex
subset such that
acd C{reX;z<al
A, a convex subset such that
acA, C{reX; x>a}l
Let g; : Ay — X be a convex operator such that Va € A;\ {a}, we have
Ogi(x) N\ (~Tzom (X)) # B
(for notations see [19] or [9]).
Let g, : A, — X be a convex operator such that Vx € A, \ {a}, we have
Agr(x) N (Tzom4 (X)) # P.
Assume also that
gi(a) = gr(a) and R(g)= R(g:),
where R(g) is the range of g.
Letg: A:= A UA, — X be defined by
g1 (.’L’), MRS Al7
gr(x), =€ A,

g(z) ==

Then there exists F : A — A such that
g9(x) = g(F(z)), VzeA,
F is strictly decreasing on A and has the properties:
(a) a is the only fixed point of F;
(b) there exists F~! and F~! = F on A;
(c)
F(x0) = g, ' (gi(w0)) = sup{x € Ay; gr(z) < gi(wo)} Vo € Ay,
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F(z0) = g; '(gr(z0)) = inf{z € A;; gi(z) < gr(z0)} Vo € A,
The proof of this theorem is similar to the proof of Theorem 1.10 [19], p.72-74. For
the proof of (c) see also [9].

2. Applications

2.1. Theorem. Let p,q € N\ {0}. Then there exists a function f : R — R such
that
(1) @ (@ — 120 = [f(0)]PF [ f(2) - 1T Ve € R
and f has the following properties:
(a) f is strictly decreasing on R, Em f(z) = 400, Erf f(z) = —o0;
2p+1

T optqt)
c) f7'=f onR;

d) f is continuous on R;
e) f € C*(R\{a});

f) if there exists

is the only fixed point of f;

p1 = lim f'(z) € R,
then f € CY(R) and f'(a) = p1 = —1;

(g) if there exists p1 and
p2 : lim f’(z) € R,

then f € C%(R) and
16 (p+q+1)(g—p)
o " _ 0. ;
@) @ =5 G e+ 1)
(h) if ¢ < p, then there exists 6 > 0 sufficiently small such that

flx)+x<2a Vz€la—7§a+],

and the inequality is strict for x # a; if ¢ > p, then the opposite inequality holds;
(i) we have the following formulae for the construction of f:

f(xo) = sup{z;x > a, 2" (z — )%t < $8p+1($0 _ 1201 Vi < a
flzo) = inf{aw < a, 2% (2 — )% < 2P (o — D)2}, Vg > o
(j) the straight line
2qg+1
p+qg+1
is an asymptote for the graph of f at —oo and at 4o00;

L. 2q+1
(k) if ————
ptqg+1
large such that

y=—a+

¢ 7Z (in particular if ¢ < p), then there exists M > 0 sufficiently

meZ, m|>M= f(m)¢Z;
(1) we have f(0) =1, f(1) =0, and
f2)ez
if and only if p = q; in this case,
flz)=1—2, VzeR.
(hence f(Z) =17).
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Proof. One applies Theorem 1.1 to a = —o0, 3 = +00, g(x) := x?PT(z — 1)2a+1,
z € R, A = +00. We obviously have g € C*°(R) and

g (x)=2"(x—-1)*[2(p+q+1z—(2p+1)], z€R.

2p+1

This implies ¢'(x) < 0 for = < 20+ q+1)

=ia,x #0, ¢'(x) =0 for z = a and
g(x)>0forz>a,z#1.

Thus g satisfies the hypothesis of Theorem 1.1 and, by this Theorem, there exists
f:R — R such that (1) and (i) - (ix) of Theorem 1.1 hold. The conclusions (a) - (f)
and (i) of Theorem 2.1 follow from the corresponding conclusions of Theorem 1.1. To
prove (g), we have to compute g”(a) and g (a), where a =
point of g. A direct computation leads to:

% is the minimum
g'(x) = {2z -1)*2(p+q+ 1)z —2p+1)]} =

= [2pz* Nz —1)*7 +2¢2% (z — 1)*71][2(p + ¢ + D)z — (2p + D]+

+ 2(p+q+ 1)z (z—1)%.

2 1
In particular, for x = a = L, we have
2(p+q+1)
2p 2q
2p+1 2p+1
"(a)=2(pp+q+1 -1) =
g'(a) =2p+a )2(p+q+1) 2(p+q+1)

(2p + 1)*P(2 + 1)*
= 22p+2q—1(p+ q+ 1)2p+2q_1'

Derivating once again, one obtains

9¥(a) = (¢"(2)) ls=a =

= {[2px?*~1(x — 1)%7 + 2¢2?P(x — )2 2(p+ ¢+ )z — (2p + 1)]+
+2(p+q+ 1)a?(z — 1)2} |,y =

= [2pa®* " (a — 1)* + 2qa* (a — 1)*17'] - 2(p+ g+ 1)+

+2(p+ q + 1)[2pa?P~t(a — 1)%7 + 2ga®*(a — 1)%97 ] =

=2(p+q+ 1)[4pa®?~(a — 1)%4 + 4qa®l(a — 1)271] =
=8(p+q+1)a® a—1)*"1[(p+qa—p| =

2p+1 } (2p+1)%r—1

=8(p+q+1) [(p+q) (

2 p+q+1) 22p—1(p+q+1)2p_1'
2p+1-2p—2¢—2]7""
2(p+q+1) a
P+q+
M (2p* 4 2pg + p + q — 2p° — 2pq — 2p)-

p+ D)D) (2g+ 1> 4(p—q)2p+ 1)*P T (2g + 1)% !

22p+24=2(p 4 g + 1)2p+2q-2 22(p+g—1) (p+q+ 1)2(p+q*1)
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2 ¢B
Replacing these values of g”(a), g'® (a) into formula f”(a) = -3 gg”((acg)’ we find
() = 2. AP —a)C2pr )P+ 2
a)= 3 22(;n+q71)(p +q+ 1)2(p+qfl)
222 (p g+ 1) 271 16 (¢—-p)lp+a+])
(2p+1)?P(2q + 1)2¢ 3 (2p+1)(2¢+1)
Thus (g) is proved. In particular, if ¢ < p, then f”(a) < 0 (and f € C?*(R)). These
lead to the existence of a 6 > 0 sufficiently small such that f”(z) < 0 V& €]a—d,a+0],
hence f is strictly concave on Ja — §,a + d[.
It follows that

fx)— fla) < f'(a)(x —a) =a—=z, Vx€la—7da+dl.
Since f(a) = a, the last relation may be rewritten as

flx)+z<2a, Vx€la—da+d[,

and the inequality is strict for x # a. If ¢ > p, then f is strictly convex on a
neighbourhood of a, and the inequality

fl@)+2x>2a

holds on this neighbourhood. Thus (h) is proved. As (i) follows from Theorem 1.1,
now we have to prove (j), i.e.

o f@)
3) b =1
and
. 2qg+1
(4) wgffoo[f(x) +a] = FEYEE

We start by rewriting (1) as

L [f(wq* {f(x)—l}* _ [f(@ L [“)1 R R\ {0.1).

8=

JNTT X
x x—1 x 1-1
xT

If z, — —oo, then for any subsequence <f(xk")> which converges in the compact
Tk, n
R to A, we have
opr1 [ L) _ 1 7%
1= [f(xkn)} . Ty Tkp L A2PFL L 2041 _ 3\ 2(ptatl)
., -
:Ekn
This leads to
re{-1,1}
and, since lim  f(zg,) = 400, we have
Tk, ——00
A=-1
This proves that
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for any sequence (zy,), with z,, — —oo. Thus (3) is proved for  — —oco. Now we
compute

Bt

= lim_[f(@)e — @)1 = _lim_[f(z) —af (@)] =
i [ e SOU@ 1] 2o at o= @)
@——o0 z@—-1)  2p+q+1Df(z)-2p+1)
since from (1'), by derivation, we get
f/(l') 2p(x — 1)2q[(2p + 1)(£K — 1) + (2q + 1)‘T] _
[f(@)2P[f () = 1]24[(2p + D(f(z) = 1) + 2¢ + 1) f(2))]
_f@f@) —1a*(@-1)%  20pp+g+lz—(2p+1)
[f@)PPH[f(2) =124 2(p+q+1)f(z) = (2p+1)
W) f@)f(=) -1 2(p+q+1)z—(2p+1)
(=1  2p+g+1)f(x)—2p+1)

T
It follows that
lim_[f(z) + 1] =

f1- U)o ot e o 1)
(¢ = DR +q+ Df(x) - @2p+ 1)
2p+ g+ Dl = Df(x) — 2(f(@) ~ D] + @p+ D[ () — 2]

=i S (= DR +q+ Vi@ — 2+ 1] i

lim f(x)

Tr— —00

o S@ L - f@leat)
vo—ox—1 a=-02(p+q+1)f(z)—(2p+1)
@)

— : x —

=g+ 1) tm SR L) (x (2p; )

= —(2g+1)- —2(p—fq—|— 1)~ p2f;—+117
so that (4) is proved for z — —o0.

Thus the straight line y = —x I#Jr—:l is an asymptote at —oo for the graph
of f. On the other hand, since f~! = f, the graph of f is symmetrical with respect
to the diagonal A = {(z,z);z € R}, and so is the straight line y = —x + Z%
These informations lead to the fact that the same straight line is an asymptote at +oo
for the graph of f. Thus (j) is proved. To prove (k), assume that p := % ¢ 7Z

Then we have
(1] <p<lp]+1.
(From liljl:l [f(z) + z] = p €][p], [#] + 1], it follows that for M > 0 sufficiently large,

r— T 00

we have f(z)+ z €][u], [u] + 1[, Vo such that |x| > M. If m € Z and |m| > M, then
fm) +m €]lul, [p] + 1],
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which implies f(m) +m ¢ Z, i.e. f(m) ¢ Z. To finish the proof, we have to prove
(). From (1) written for = 0, one obtains
LFOFFFHf(0) — 1]+ =0,
which is equivalent to f(0) € {0,1}. But a := _»rl €]0,1[ is the only fixed
’ 2(p+q+1) 7
point of f, so that f(0) # 0. It follows that f(0) = 1. Similarly, f(1) = 0. Assume
now that

n:= f(2) € Z.
Then from (1’) written for = 2 one obtains
(5) 22p+1 — n2p+1(n _ 1)2(1-&-1.

On the other hand, f being decreasing, we have
n:= f(2) < f(1) =0.
Thus n is a negative integer. From this and from (5) we infer that
n=-—1
and hence
92p+1 ®) (_1)(_2)2q+1 — 92q+1
This leads to p = ¢. In this case, (1’) is equivalent to

z(z—1) = f(z)[f(z) - 1],
which may be consider as an algebraic equation of second degree in the unknown
f(x), namely

[f(@)]? = f(z) + x(1 —2) =0.

The solution is given by

(@) {1—(1—4z+4x2)1/271+(1_4323+4x2)1/2} _
B {1_(2;_1)71+(2;_1)}:{1—x,x}, zeR.

Since f is decreasing, we must have
flxy=1—2z, zeR.
Of course, in this case we have
f(2)=-1 and f(Z)=12Z.

Conversely, if p = ¢, then we have already observe that (1’) leads to f(z) =1 — =z,
and hence f(2) = —1 € Z. The proof is complete. O

Now we consider an application of Theorem 1.1 in which the interval ]a, 5] is
bounded.

2.2. Theorem. Let @ €]0,1[, B €]1,2[. Then there exists a function f :[0,1] —
[0,1] such that

2 — 2% = [f@) — [f()]°, Yz € [0,1]

and

(a) f is strictly decreasing on [0,1], f(0) =1, f(1) =0;

(b) a1 := (g) " is the only fized point of f;
(c) f~1 = f on0,1];
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(d) f is continuous on [0, 1];

(e) f € C*(R\{a1});
(f) if there exists

p1: lim f'(z) €R,

T—a

then f € C*(]0,1]) and f'(a1) = —1;

(g) if there exists p1 € R and
pe:= lim f"(x) € R,

T—aq

then f € C%(]0,1[) and
P =g G=DE=2 0= a2

(h) if there exist p1, p2 as above, then there exists § > 0 such that
f(x)+2x>2a1 Vz€lar—9d,a1+9];

> 0;

(i) we have
fzo) = sup{z € [a1,1] ;2% — 2 < 2l — 2§} Vo €)0,a1] ;
fzo) = inf{z €]0,a1) ;2° — 2® < af — 2§} Vo € [a1,1].

11

- =1 ._ -2
(j) Put (N*)~1 := 1,2,37...

n € N\ {0,1} such that

}. If o € Q and B = o+ 1, then: there exists

if and only if

n—1
Proof. We apply Theorem 1.1 to a =0, 3 =1, g(z) := 2” — 2%, A = 0. Obviously,
g € C*([0,1]). Then

g (z) = 2271 (B2P~> —a), x€l0,1],
which leads to

P
g (x) <0 for O§x<<6> =:aq,

g (x)=0 for z=ay,
g (x)>0 for =z €la,l].

B—a
Thus g satisfies the hypothesis of Theorem 1.1 for a := a1 = (;) €]0, 1] and,

from Theorem 1.1 we infer that there exists f :]0,1[—]0, 1] such that
g(z) =2 —a* = g(f(2)) = [f ()] = [f(@)]*, «€]0,1],
li{r}) flz) =1, li/m1 f(z) = 0 and the properties (i)-(ix) of Theorem 1.1 hold. These

results lead to the fact that f satisfies (a)-(f) of Theorem 2.2.
To prove (g), we compute

g"(x) =B(B-1)z"? —ala—1)z*"2>0, V>0,
9 (x) = B3~ (3~ 22"~ — a(a - 1)(a - 2"
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and o
Mgy @ 2 9P(a)
P =3 ey =
= _g . BB —-1)(B - 2)0?73 —ala—1)(a- 2)(1?73 _
3 B(B—1)a!? —a(a—1)ad?
_ 2 af BB - 1)(B-2)a) " —ala—1)(a—2)] _
3 a2 [B(B —1)a) " — ala — 1)
y  BE-1E-2) 5~ ala-1)@-2)
R g(g_l),%_a(a_l) =
_ 2 (B-)B-2)—(a-1)(a-2)
3-a1 B—a .
Thus

sign f”(a1) = sign <_3a1(52—a)> :

sign (8 —1)(6—2) — (e —1)(a = 2)] = (=1)(-1) = +1,

which finishes the proof of (g).
Now (h) follows easily from (g), since f”(a;) > 0 and f € C?(]0,1[) imply the

strictly convexity of f on an interval Ja; — §,a; + §[. This leads to

f(@) = flar) + flla)(z —a1) = a1 — (2 — 1) = 201 — =,
ie.

f(z)+2>2a;, Vx€lag—d,a1+9]

and we have equality if and only if x = a;.

The assertion (i) of Theorem 2.2 follows from (ix) Theorem 1.1. The proof will be
finished if we prove (j). Assume that there exist n,p € {2,3,...,} such that

/(3)-
n p

ie.
1 1 1 1
6 — -
© R
l I+k -
wherea = - € Q (I,ke N\ {0}),8=a+1= zt 1= — In these conditions,

or, equivalently

or further

a+1
P p—1 Ltk
(') ot = lﬁ(n—l)pk =(p-n* &

& (n— 1 = (p = 1Fulh,
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where n,p € {2,3,...}. Since (n,n —1) = (p,p — 1) = 1, any prime divisor of p is a
divisor of n and any prime divisor of n is a divisor of p. It follows easily from (6')
that

p=n.
It follows that

1 1

f - =

n n

which implies (via (b)), that
« 1
ap ‘= =

a+1l n

which is equivalent to
1
o =
n—1
1
Thus an implication of (j) is proved. Conversely, assume that 8 = a+1 and o = 7
where n € {2,3,...}. Then
1 «a (b) «a 1 w1
— = = = = = - N .
f(”) f(a—i—l) fla) = a a+1 ne( )

The proof is complete. O

Next we prove an operatorial version of Theorem 2.2, as an application of Theorem
1.2.

Let H be a Hilbert space. Denote by A(H) the real vector space of all self-adjoint
operators acting on H. Let T be a fixed element of A(H). Put

Ay = A(T) ={U € A(H);UT =TU},
X ={UecA;UV=VU VV e A}
(see [5], p.303 — 305)
Xy ={U e X;{U(h),h)y >0, VheH}.
It is known that X is an order-complete vector lattice and a commutative algebra

of operators.

B—a
2.3. Theorem. Let a €]0,1[, 8 €]1,2[, a1 := (g) . Let

A ={U € X; o(U) C]0,a1[} U{arI},
A, :={U € X; o(U) Clay, 1[} U {a11},

where o(U) is the spectrum of U and I is the identity operator on H.
Put a := a1 €]0,1I[. Let

A=A UA,..
Then there exists a strictly decreasing map
F:A— A

such that
UP—U*=[(FU))° - [FU)]* YU€A
and F has the following properties:
(i) a =: a1l is the only fized point of F;
(ii) F is invertible and F~' = F on A;
(iii) F' can be constructed by formulae

F(Up) =sup{U € A,; UP —U* <UY —US} VU, € A,
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F(Up) = inf{U € A;; UP — U <UJ ~UgY VU, € A,.
Proof. We apply Theorem 1.2 to X, a, A defined above and to g : A — X,
g(U):=U" -U* UceA.
In [19] p. 79-80 we proved that
U—U"
is convex on X (where n € N\ {0}). That proof has not used that n € N, but only
the convexity of the map
z—zl ze R,

which is valid for any real 8 > 1. Thus
U—UP, UeXy (B>1),
is a convex operator by the same proof.
Similarly,
U—-U*UeX;:, a€)0,l]
is concave on X by the concavity of the elementary function
z—z% xel0,00, a€]0,1].
Thus
gU)=U° -U®, UeX,,
is convex as a sum of two convex operators. We have
JU)V)=(BUP —aU YV, UeX,, VeX.
We have to prove that
UeA\{a} = ¢(U) € —Tzom, (X).
Let U € A5\ {al} Then o(U) C]0,aq]. Thus for any ¢ € o(U) we have

a) P «a
0<t<a = 3 , hence 0 < 972 < Ik which implies —a < ftP~* —a < 0.

These relations yield:
—at® < ftP — ot <0,
which imply
Pt —at*"t <0 (t€o(U)).
Thus
o(BUPL — aU* 1) ] — 00,0].
This leads to the fact that BUP~! — aU*~ ! is invertible and
o((BUPY —aU* 171 ] — 00,0],
i.e.
(BUPTE — U H7! <0,
Using the commutativeness of X, from this, we obtain
gU) V)= (BUT —aU* )V <0,
(g(U)) 1 (V) = (BUP! —aU* )"V <0, UV eXy
(the product of two permutable operators, one of which being positive and the other
one being negative, is a negative operator).
Thus
g W), (§U) " e -Tzom,(X) VU € A,.
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Similarly,
JU), (§U)™* €lzom (X) VU € A,.
Now we prove that

R(g1) = R(gy)
Let g;(U1) € R(g;) be such that Uy € 4;\ {a}. Let f:]0,1] — [0, 1] be the function
constructed in Theorem 2.2. Let

Ug = F(Ul),
where F'(Uy) is as in Lemma 3.3.1 [4], p.227 (functional calculus applied to f). Then
0(Uz) = o(F(Uh)) = f(o(Uh)) Clas, 1]
(e(U1) C]0,a1[= f(o(U1)) Clax, 1]
since f applies |0, a1 [ onto ]Jay, 1[). Thus Uz € A,. On the other hand, the construction
of f implies
g(t1) = g(f(t1)) Vt1 €]0,1].

We integrate this equality on the spectrum o(Uy) C]0, a1[C]0, 1], with respect to the
spectral measure attached to Uj, one obtains:

q1(Ur) = g-(F(Uy)) = g-(U2) € R(gr)

(since Uy := F(Uy) € A,). Thus ¢;(U1) € R(g.), VU1 € A;\ {a}, which means that
R(g;) C R(g,). Similarly, we have R(g,) C R(g:), so that we have

Now all conditions from the hypothesis of Theorem 1.2 are accomplished, so that the
conclusion follows and the proof is complete. [l
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