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Conformal Change of Douglas Space of Second Kind with
Generalized (o, f)-metric
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ABSTRACT. In 2008, I. Y. Lee [7] defined the Douglas space of the second kind of Finsler space
with (a, 8)-metric and examined the condition that a Finsler space with a (o, 8)-metric is a
Douglas space of the second kind. In this paper, we established the condition that a Douglas
space of the second kind with generalized («, 8)-metric is conformally changed to a Douglas
space of the second kind. Furthermore, we derived various results that indicate the second
kind of Douglas space with different (v, 3)-metrics, such as exponential type metric, and some
special (a, 8)-metrics are invariant under conformal change.
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1. Introduction

S. Bésc6 and M. Matsumoto [3] introduced the concept of Douglas space as a general-
ization of Berwald space based on geodesic equations. They also consider Landsberg
space to be a generalization of Berwald space. In 2002 [4], S. Bascé and B. Szildgi in-
troduced the idea of weakly-Berwald space, which is another generalization of Berwald
space. In a recent study, I. Y. Lee [7] identified conditions for a Finsler space with
Matsumoto metric to be a Douglas space of the second kind.

In 1929, M. S. Knbelman [9] introduced the conformal theory of Finsler space
which has been thoroughly studied by M. Hashiguchi [8]. Later, Y. D. Lee [6] and B.
N. Prasad [14] discovered conformally invariant tensors in Finsler space with («, )
metric. In [16], the authors investigated that a Douglas space of second kind with gen-
eralized Kropina metric and Matsumoto metric is conformal Douglas space of second
kind. Recently, the authors of [2, 15] shown that the Douglas space of second kind
with special (a, 8)-metric is conformally transformed to a Douglas space of second
kind.

In 1972, Matsumoto [12] introduced the concept of a («, 5)-metric, L(«, 8) and had
been studied by several authors [11, 13, 17, 18, 19]. If L is a positively homogeneous
function of o and [ of degree one, where « is a Riemannian metric and £ is a one-form
on a n-dimensional manifold M, then a Finsler metric L(z,y) is known as («, 5)-
metric L(c, ). The Randers, Kropina, and Matsumoto metrics are the three most
interesting instances of («, 8)-metrics. Theories of Finsler spaces with («a, §)-metrics
have contributed significantly to the development of Finsler geometry [1, 11].
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In the present paper, we considered the generalized («, 8)-metric in the form of

L=c aeﬁ + ¢ Beﬁ on a n-dimensional manifold M and studied the criteria of
second kind Douglas space with («, §)-metric and conformal transformation of second
kind Douglas space with («, 5)-metric. In Section 5, we have proved that a Douglas
space of the second kind is conformally changed to a Douglas space of the second
kind with a specified metric. Also, we have obtained certain results that show that
exponential type metric and some special (o, §)-metrics are conformally changed to
a second kind of Douglas space.

2. Preliminaries

Let F™ = (M, L(«, 8)) be a Finsler space with an (o, §)-metric, where a = \/a;; (x)y'y’
is Riemannian metric and 8 = b;(z)y" is 1-form. The space R™ = (M, «) is called the
Riemannian space associated with F. We use the following symbols [11]:
rij = 5 {biy + b}, vy =alra, oy =bir
sij = %{si;j — Sj;i}, Sé» = aihshj, Sj = blsé, bz = (7,ihbh7 b2 = bzbl
Let BI' = {G;k(x, Y), G;} be the Berwald connection of Finsler space F'™, which plays
an important role in the present study. B; . represents the difference tensor of G; &
and X;- . as well as 4 4 '
Gi(z,y) = Bji(z,y) + X (2).
With the subscript 0 and contracting by y*, we get
G; = B; + X(i)j and 2G" = 2B" + x},.
and then B, = 3kB; and B} = 9;B'. Let F™ = (M, F) be a Finsler space, the
geodesics of F™ are given by the system of differential equations [3]
2t . P o o o dxt
J— — '+ 2(Gy - Gly) =0, y'=—
Y gy Gy y) =0, y'=—-
in a parameter ¢t. The function G*(x,y) is given by
2G" (z,y) = ¢ (y 8,0, F — 0;F) = X' (w,y)y'y",

where 0; = %, F = L;,Xék are Christoffel symbols constructed from g;;(x,y) with

respect to ' and g/ (z,y) is the inverse of fundamental metric tensor g;;(z,y).

In [3], it has been shown that F™ is a Douglas space if and only if the Douglas
tensor )

Dl =Gl — H—H(Gijkyh + Gyj0p + Gjo) + Griolh)

vanishes identically, where Gzhj B = 8szhj is the hv-curvature tensor of the Berwald
connection BT [11].

The space F™ is said to be a Douglas space [3] if

DY =G'(z,y)y’ — G (z,y)y’ (2.1)

are homogeneous polynomials in yl of degree three. Differentiating (2.1) with respect
to yé,yk,y” and y?, we have Dy}~ = 0, which are equivalent ofﬂD}f,’gpm = (n+
1)Dj,;, = 0. Thus if a Finsler space " satisfies the condition Dy} . = 0, which

are equivalent to D}t = (n + 1)Dj,, = 0, we call it a Douglas space. Further
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differentiating (2.1) by ™ and contracting m and j in the obtained equation, we
have D™ = (n + 1)G' — G™y'. Thus, we have

Definition 2.1. [10] A Finsler space F™ is said to be a Douglas space of second kind
if
D™ = (n+1)G" — G™y’ (2.2)

are homogeneous polynomials in (3*) of degree two.

Further, a Finsler space with an (¢, 8)-metric is said to be a Douglas space of the
second kind if and only if

B = (n+ 1B — By’

are homogeneous polynomials in (y*) of degree two, where B™ is given by [10]. Fur-
thermore, differentiating the above with respect to 3", 47 and y*, we have

im _ i _
thkm - thk =0.
Thus, we have

Definition 2.2. A Finsler space F™ with (o, 8)-metric is said to be a Douglas space of
second kind if it satisfies the condition that Bi™ = (n+1)B*— B™y" are homogeneous
polynomials in () of degree two.

3. Douglas space of second kind with («a, 8)-metric.

In the present section, we discuss the conditions for a Finsler space with a («, 3)-
metric to be a Douglas space of the second kind.

Let us consider the function G?(z,y) of F™ with an («, 8)-metric. According to
[11], G¥(z,y) can be written as

2G" = x{ + 2B,

. Lg\ ; BLg ; aLaa (Y ab
B'=(a=F s+ C" | —=y' — — | = — 1
<01La>50+0 |:aLy La (O{ ﬂ ) (3 )

where
C* — Oéﬁ(rooLa) - 20&80[1/@
"~ 2(B%La + ax?Laa)

2=va? -2, b= aijbj, b = aijbibj.
Since x4, = Xé-k(x)yj y* are homogeneous polynomials in (y*) of degree two, equation
(3.1) yields
i _olg . i j iy, @ Laa e i
BY = 7= (soy” = soy') + =57 —CT 0y = '), (3.3)
by means of (2.1) and (3.3), we have the following lemma [10]:

Lemma 3.1. A Finsler space F™ with an («, 8)-metric is a Douglas space if and only
if BY = Bty — By are hp(3).
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Further, differentiating (3.3) by y™ and contracting m and j in the obtained equa-
tion, we obtain

im A O[Lﬁ i, m m, i O[Lﬂ A i, m m, i \ QQLQQ
B = O, (La> (soy™ = s0'y") + Tac?m(soy —50'Y") + Om ( AL
) ) 2L . ) ) 2L . ) )
C* bry™ — pMqt + oo 8mC* bry™ — bt + OtOéC*am bry™ — bt
(0'y y') BLa( )(by y') AL, (b'y y')
(3.4)
Using (2.2) and the homogeneity of (3%), we obtain
° OéLg i, m m, i\ __ OéL@ i OZQLLOMSO i
Lg - X . Ls .
O‘L—ﬁam(sgym — smy) = ”z B, (3.6)
. 2L ) . XQ{aL L + 2Ly — aLlna) Lo }C*
am < (xoz) C* bzym _ bmyl _ allaaa o oo [} yl, 3.7
i, )< ) (BLo? (37
(OmC*)y™ = 2C*, (3.8)
(D C* D™ z#[ﬂ{,@(x2 +28°)M + 20%B%Laro — afX? Laar
m 20[592 a0 aal 00
- 20¢(ﬂ3L6 + a2X2Lo¢a)SO} - QQﬂM(2b2ﬂ2La - X4Laaa
— b’ax?Laa)), (3.9)
2L, . ) ) (n —1)a?LaaC*
= Haa - bly™ — pMmyt) = sz 1
1O 8 W - 5 b (310)
where
M = (rooLa —2asoLg), Yi=airy", S0 =0, b's, =0, aijsij =0.
Substituting (3.5), (3.6), (3.7), (3.8), (3.9) and (3.10) into (3.4), we have
i (m+DaLs ,  o{(n+1)a®QLab" + Bx*Ay'}
B = I. %+ 502 T00
o*{(n+1)a*QLsLaab’ + By'}  &*Laay’
_ e s — —2ry, (3.11)

where

Q= (Lo +ax’Laa), Q#0,

A= aLoLoaa +3LaLlaa — 30(Laa)?,

B = afX*LoLsLaae + B{(3X> — 82)La — 4aX*Laa}LgLaa + QLLae.  (3.12)
We use the following result [7]:

Theorem 3.2. The necessary and sufficient condition for a Finsler space F™ with an
(ar, B)-metric to be a Douglas space of the second kind is that, B! is given by (3.11)
and (3.12), provided that  # 0.
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4. Conformal change of Douglas space of second kind with («, §)-metric

In the present section, we studied the condition for a Douglas space of second kind
with (o, 8)-metric being invariant under conformal change.

Let F" = (M, L) and F™ = (M, L) be two Finsler space on the same underlying
manifold M. If we have a function o(x) in each coordinate neighbourhood of M such
that L(z,y) = e“L(x,y), then F™ is called conformal to F and the change L — L
of metric is called conformal change.

As to (a, B)-metric, L = e’ L(a, 3), is equivalent to L = L(ea, e’ 3) by homogene-
ity. Therefore, a conformal change of («, 3)-metric is expressed as (a, ) — (&, B3),
where & = e, § = e’ 3. Therefore, we have

aij = e*a;j, b; =eb;,
@’ =e 2q9, bi=e b (4.1)

and b2 = aijbibj = dij@gj. Thus, we state the following:
Proposition 4.1. [11] A Finsler space with («, 5)-metric and the length b of b; with

respect to the Riemannian metric « is invariant under any conformal change of (o, 8)-
metric.

From (4.1), it follows that the conformal change of Christoffel symbols is given by
[5]:
Xjk = Xjr + 050k + 6,05 — 0" aji, (4.2)
where 0; = ;0 and o' = ao;.
From (4.1) and (4.2), we have the following identities:

?jb; = e"(paij — Uibj + iji),
. :
i = e’ |:paij +rig = 5 (bjoi +biog) |

1 -
gij =e? |:2(b10'j - bjai> + Sij N

i o | L i i
55 =e {Z(bajbjU)Jrsj ,

_ 1
5j =55 + 5 (b%0; = pbj), (4.3)
where p = 0,.b".
From (4.2) and (4.3), we can easily obtain the following:
9_660 = Xéo + 200yi - 0420]'7

Too = €7 (pa® + oo — 00f3),

. 1 . . .
5p=e¢° 5(0’801)2 — Bo*) + sy,

S0 = %(Uobi = pB) + so. (4.4)

Next, we find the conformal change of B% given in (3.3), since L(«, ) = e L(a, 3)
and - - - -
Ls = La, Lag =€ “Laa, Lz = Lg, x* = > x> (4.5)
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By using (3.2), (4.4), (4.5) and lemma (3.1), we obtain
C’* — eg(c* +D*),

where

D — ap{(Ba® = 00B) Lo — a(b?*a0 — pB)Ls}
2(82L — a+ ax?Laa) '
Here under the conformal change, B¥ can be written as

_ L . o 21 o o
B = T (shy? = sty) + S0 0y V)

L, «
N (acg)fﬁ n a;iza D*) by — biy') — %I;ﬁ(o_iyj — ol
= BY 4+ (0,
where
ci = (a‘z}fﬁ + O‘;iza D*) (b'y? — biy') — %Lj(aiyj —oly’).  (46)
From (3.12), we have
N=e>0 A=e"A, B=¢*B.
Now, we apply conformal change to B and obtain
Bim = Bim 4 gim (4.7)
where
QKM — (n +L1)aLﬂ (oob — Bo™) + (n+ 1)a3QLO£;2bi + afBx? Ay (90 — 005)
@
[T RS O P
Thus, we have
Theorem 4.2. [16] The necessary and sufficient condition for a Douglas space of

second kind with (a, B)-metric to be a Douglas of second kind under conformal change

is that K™ is homogenoeus polynomial in (y*) of degree two.

5. Conformal change of Douglas space of second kind with generalized

(a, B)-metric

In this section, we shall study the conformal change of Douglas space of second kind
with generalized («, 8)-metric. Let us consider a Finsler space with generalized (o, 3)-

metric as follows:

_B_ _B_
L = ciae~tf + cofets

(5.1)



CONFORMAL CHANGE ......... WITH GENERALIZED («, 8)-METRIC 561

where ¢; and ¢y are constants. The partial derivative of (5.1) with respect to o and
[ are given by

ci(e? +apf + %) - 02/52>

(a+p5)?
_ g2 c1(a+28) — ca(2a+ 38)
Laoz - /6 € ( (OZ T B)4 ) ’
Lo = B2 £ (c1(3a2 + 11aB + %) — ca(6a? + 18a8 + 1362)>
aca — P € (a +ﬁ)6 ,
— <‘32(0‘2 * ?Ezﬂ:ﬂf;) * Clo‘2> . (5.2)

Using (3.12), we obtain

52(3&«?5 3
:W {cla + 31038 + 46102 % — 202 6% — c10% X% + 2c00°% 2
+3claﬁ3 — 202a53 — 201C¥ﬁx + 302@5)( + 0154 . 0254} :
a+/3
A= :B {~Ea*B + 3cica? B2 — 10c3a3 Bt — 12¢20 B + 26¢1c20° B4
(a

—25c2a?B° — 39caa” B° 4 66¢1coa? B° — 24338 — 38cia B + 62¢coa3°
—6c2B87 —9c2687 + 15clcgﬁ7} ,
ﬁ2e a+ﬂ

a1 A0 {- —c3a®B? + 2c8caa®B? — 663 B3 + 11cicaa” B2 — 16¢3a° 8

—4e1c3a5 8% 4 30c o0’ Bt + TercaabB2x? — 2c2cpa’ 32X — 26¢3a” B0
—18¢1c30° B° + 54cicaa®B° — 5eda® B3y — 12c3a° B3 X% + 39cicia’ 32
—5clcpa®B3x? — 283 B8 — 2301 B8 — 35c1c2at B + 6620t 36
—16cta*Bry? — T9ca* Bx? + 13Tcica* Bx? — 21cicoa Ay 2

—20c303B7 + 7c3a3 BT — 40c1c2a’ BT + bdcicpa® BT — 16¢3 03 B\
—179¢3a®B5x? + 283c1cia® B2 — TTc2 o BPx? — 9c3a? B8

+8c3a? B8 — 27cic2a® B8 + 28¢3 a0 B8 — 2630 85X % — 17130 352
+279¢1caa? BOx? — 104c3coa® 02 — 2c3aB? + 3cia B’ — 8eiciap’

+7c2coa” — 65c587x? + 104c 0B X% — 42c3cpa 87 — 935X 2

+15¢1638%x% — 6cic2 85X } (5.3)

Thus, using (5.2) and (5.3), K™ can be written as
a(n + 1){cz2(a? + 3aB + B?) + c1a?}(opb® — Bo?)

(c1(a? +apf + B2) — 232
+ Zy + Zs, (54)

+ 721+ Zy+ 23

2K =
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where
7 P (4 D{—(cr(a+28) — c2(2a + 36))b' }(pa® — 003)
1 — Ql )
P _ax?Qayt (pa® — 00 f3)
2 = 2 )
Q7
7. _ a*(n+1)Qsb' (b?co — pB)
T Qi(cr(a® + af + B2) — u2)
7 —a?Qqy' (b*o0 — ppB)
YT Qe T af + 2 - f?))
7 (el +28) — ex(20 4 38)) by (Vo0 — pb)
5 — Ql ’
where

Q1 =it + 3cla3ﬂ + 401(1262 — 02a2ﬂ2 — cla2x2 + 202@2)(2
+3c108% — 2c008% — 2c1aB8x% + 3cpafx? + 18t — a5t

Q2 =— cla + 3cic0at — 10020435 — 12(:%0435 + 260102043[3
— 250%04252 — 3903@262 + 66¢1 00 B2 — 24c%a63
— 3823 + 62c1c008% — 626 — 928 + 15¢1 ¢ 8%,

Q3 =cia® — 2c3a® — ciepa® + 2202 B — 9302 B + 2¢1c00” B — 11ciaf?
+ Tercaaf? — 3383 + 2¢1603%,

Qs =— c‘I’ozS + 20?020(8 — 6030476 + 110%02a7ﬂ — 1603046B2
— 41620562 4 3020 B2 + Terc2alx? — 2c3cpaby? — 26630533
—18¢1c30° B3 + 54cicaa® B2 — 5cta’ By — 12¢5a° Bx? + 39cic5a’ By
—5c2coa®Bx? — 283t Bt — 2c3at Bt — 351 c2at Bt + 663yt B
—16ca*B2x? — 19c3a* B2 x? + 13Teicia’ B2x? — 21cicaa B2x?
— 206303 3% + Tc3a® 85 — 40c 303 B° + 5dcicaa B° — 1630 B3 X2
— 17905’04363)(2 + 2836162043,83 2 _77c cza363 2 9021)’04266
+8c3a2p% — 27c1c2a® B0 4 28c3 a0 B8 — 2630 81X 2 — 17130 B2
+ 279¢1c202 B4 x? — 1043 coa? %2 — 237 + 3c3aB87 — 8ciciaf”
+ 72 craf” — 65c5aB5x%? + 104cic2aB5x? — 42c2coa® — 9¢3 0% >
+ 15clc§ﬁ6 2 66%8256)(2.

This shows that K™ is a second degree homogeneous polynomial in y*. Thus, we
have the following;:

Theorem 5.1. A second kind Douglas space with generalized (o, 8)-metric L =

_B_ _B_ .
ciaeatB 4 cofeaFP | where ¢1 and ca are constants is conformally changed to a second
kind Douglas space.
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According to Theorem 5.1, one can show that a second kind Douglas space with
a Finsler space of some («, 8)-metric is conformally transformed into a second kind

Douglas space. We discussed the following cases:
Case: (i) If ¢ = 1 and ¢; = 0, the generalized (o, 8)-metric becomes L = Qe P

In this instance, 2K“™ can be written as

a®(n 4 1)(aob’ — o’ a’(n +1)(28 — a)b'(pa® — 0o )
a? + aff + B2 at + 3038 + 40282 — a?x? + 3af? — 2a8x? + B4
ax?(a* + 10038 + 250262 + 24a8% + 684)yt (pa? — 0of8)
- (0t + 3038 + 40252 — a2x? + 3083 — 2082 + B4)2
a®(n + 1)(a + 2B)b* (b*a9 — pp)
(ot + 3038 + 40262 — a2x2 + 3083 — 208X + 4)(a2 + af + 2)

2K, =

a?(a® +6a7B 4+ 16882 — 260° 3% + 5a°Bx? + 28aB* + 160 82x2)yi (b%0¢ — pfB)
a { (a* + 3038 + 402B% — a?x? + 3a8% — 2a8x2 + 4)%(a? + aff + ?)
a?(2003 35 + 150283 x% + 90285 + 2028\ % + 2087y (V200 — pB)
(a* +3a®B +4a?p2 — a?x? + 3af? — 2a8x2 + B*)*(a® + af + 5?) }
_ a®(a + 2B)y"(b*a0 — pB)
at 4+ 3a38 4 4a? 82 — a?x? + 3a3 — 2a8x2 + B+

(5.5)
which shows that K™ is hp(2). Thus, we have the following:

8
Corollary 5.2. A second kind Douglas space with exponential type metric L = qea+?
is invariant under conformal change.

8
Case: (ii) If ¢; = 0 and ¢y = 1, then generalized (o, 8)-metric becomes L = fe=+5.
In this instance, 2K can be witten as

a(n+1)(a? + 3aB + B2)(ogb" — Bot)
52
a?(n+1)(2a 4 3B8)b' (pa? — o)
o202 + a?x2 — aBy? — B°
ax?(12a3B + 39a2 B2 + 38aB3 + 984)y' (pa® — o)
(0232 + a2x2 — afx? — %)
0 (n + 1)(20 + 38)(a? + 308 + B (oo — pf)
B2 (a?B? + a?x? — afx? — )
a?(12a5%? + 20283 + 7904 Bx? — Ta3B* + 17903 822 — 8a2°)y' (b?00 — pPB)
N { B(a?B? + a?x? — afx? — p4)?
o?(=8a2° + 171 3%x? — 3a3° + 9B8°X?)y' (b*o0 — pB)
B(a282 1 a2x2 — afy® — §4)? }
a?(2a+ 38)yt (b20g — ppB)
042[32 +a2X2 _ O‘BXQ _ 54‘

2K = —

which shows that K™ is hp(2). Thus, we have the following:
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s
Corollary 5.3. A second kind Douglas space with special (c, B)-metric L = fe+?
is invariant under conformal change.

Case: (iii) If ¢; = 1 and cp = 1, the generalized metric becomes L = (o + ﬁ)ew[iiﬁ

[5]. In this instance, 2K can be written as
(n+1)(2a2 + 3aB + B?)(ogb® — Bo?)
a+pj
a®(n+1)(3a + 58)b (pa® — 00B3)
T a® 43026+ 3082 + ax? + B8+ B2
ax?(2a” + 40 + 26)y'(pa® — 00 )
(@ +3a?B +3ap? + ax? + B + fx?)?
a3(n+1)(2a2 + 3aB + B2)bi (b?o0 — ppB)
 at 43038 + 30262 + a2x2 + af® + afx?
a?(a® + 508 + 100382 4 5a’x? + 100263 + 17a2Bx?)y' (b2ao — pB)
_{ (a+ B)(a® + 3023 + 32 +ax® + B2 + Bx?)?
o?(af* + 21aB?)* + B° + 11832y (b*o0 — pp)
(o + B)(a® 4 3026 + 3af? + ax? + B3 + fx?)? }
o?(3a + 58)y" (b*oo — ppB)
a3+ 3a28+3af2 +ax® + B3+ B2
which shows that K™ is hp(2). Thus, we have the following:

2K =

(5.7)

Corollary 5.4. A second kind Douglas space with special (o, §)-metric L = (a +

B)e=+8 [0] is invariant under conformal change.

6. Conclusion

In Finsler geometry, a conformal transformation of a second kind of Douglas space
involves mapping one Douglas space onto another while preserving certain geometric
properties up to a conformal factor. Specifically, a conformal transformation preserves
angles but not necessarily distances. The use of conformal transformations in Finsler
geometry allows for the exploration of relationships between different Finsler metrics
and the study of geometric properties that are invariant under conformal changes.
This approach is particularly useful for analyzing curvature properties, geodesics, and
other geometric structures in Finsler spaces. Additionally, conformal transformations
find applications in physics, optimization problems, and computational geometry.

In the present paper, we have proved that a Douglas space of the second kind is
conformally changed to a Douglas space of the second kind with generalized (o, 3)-
metric (5.1). Also, we have obtained certain results that show that exponential type
metric and some special (a, 3)-metrics are conformally changed to a second kind of
Douglas space.
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