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A Mathematical Analysis and Numerical Simulation of Fish
and Zooplankton Model with Age-structured in the Prey
population Taking Account the Fishing Effect
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ABSTRACT. The work presented in this paper is part of the general framework of mathematical
ecology regarding the complex dynamics in predatory prey model. The main objective is
the formulation and study of a prey-predator model to describe the dynamics of fish and
zooplankton population taking into account two phenomenons: the catching effect in the fish
population and the age-structure in the zooplankton dynamics. We present some mathematical
results concerning the positive solution existence, the stability and persistence of the model
equilibria using a positive initial condition. The total population of zooplankton and the total
population of fish are uniformly weakly persistent if Rg > 1 and R4 < 1. Some numerical
simulations according to the mathematical conditions are performed using the finite volume
method, are done to illustrate those results in the different fish exploited and inexploited areas.
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1. Introduction

The economic importance of fishing for fish, crustaceans, molluscs and other aquatic
organisms, the interest of fishermen in maximizing yields from natural stands, the
need for responsible authorities to ensure the safeguarding of stocks through measures
are powerful motives for prioritizing research on dynamics of populations exploited in
fisheries,[2, 4]. The problem of the management of bio-diversitie resources in gener-
ally and particularly, the resources halieutic management, interest many researchers.
Moreover, the existence of statistics on large tonnages followed year after year fa-
cilitates the work of biologists by providing them with a mass of information which
makes it possible to follow the evolution of the population exploited [4, 5]. In marine
ecosystems, most aquatic life relies on plankton. The zooplankton is the animal com-
ponent of the plankton and it is consumed by the fish population and other aquatic
animals [7, 12, 13, 28].

Thus, plankton forms the basis of all aquatic food chains and it has an essential role in
the study of marine ecology [28, 30]. Fishing plays an important socio-economic role
in most countries in maritime vocation. It is an essential lever in the development of
these countries and contributes significantly to the growth objectives of the national
economy including the deficit of the balance of payments, it also contributes to job
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creation and food needs satisfaction [1, 13]. Along with the high demand for fish prod-
ucts in the absence of adequate and coherent policies for sustainable management of
exploitable resources, a situation of overfishing has settled in certain operating areas
[ y Uy Oy ]

Some fish species are becoming increasingly rare. Due to high demand on the inter-
national market, the amount of fish caught in commercial value in certain operating
areas declined by over 80 % for some fish species. At the present stage of knowledge,
research on fish, raises a set of problems in terms of eco-biology and population dy-
namics. These issues related to biology and species ecology are all ambiguous areas
for a comprehensive study and reliable use of existing knowledge to the applied level
(management and planning). Current trends of the evolution of stocks of the species
show worrying signs regarding the average size of fish caught, the reduction of catch
per unit of fishing effort. It appears therefore that essential and relevant control
mechanisms should be put in place in order to observe a biological rest which will
enable the juveniles to reach the age of sexual maturity before being captured. The
central problem of dynamics of this species is the declining of the inventories. The
main causes of the problem are different among which there are the increase in fishing
effort, the lack of a management plan and layout, changing climatic and hydrological
factors, the strong external demand etc.. And the fact of encountering these crises
affects this sector and reflections should be undertaken to advocate the sustainable
management of this resource[7, 12, 21, 24, ]

It is in this context that we are interested in thls work to study the dynamics of fish,
taking into account the notion of fishing effect. age structure in her food popula-
tion. To deepen our study, we will introduce a age structure in their resource which
is the zooplankton population. Note that our study will focus on a mathematical
age-structured PDE model that we will build starting from Lotka Volterra equations
on the predator-prey models[l, 9, 11, 17, 20]. It is about actually watching carefully
the effect of predation on the one hand and on the other hand looking at the effect
of the fishery regarding the dynamics of the population in order to take adequate
measures concerning the preservation of the species. In particular, the realistic case
of extinction of the population may occur. Indeed, we proved that, depending on
the age distribution of the fertility rate and of the mortality rate of the preys, the
total population tends to disappear[22, 23, 24, 25, 26]. This phenomenon happens
when a zooplankton will produce, in average, less than one direct offspring during its
lifespan, translated by Ry < 1 and Ry > 1. In fact, the mathematical and numerical
results prove that if Rg < 1, the equilibria without fishery is globally asymptomati-
cally stable. In the opposite case, when Ry > 1, we proved that under the assumption
that the initial zooplankton population is young enough then the total population is
uniformly weakly persistent with fishery[18, 29, 33, 34].

This work is structured as follows. In section 2, we present the mathematical model
which will be the subject of our study. Section 3 provides some mathematical re-
sults of the model in its general version. Also, we express some standard notions
from mathematical ecology by formulating the conditions of the solution persistence.
Computational simulations are performed in section 4 and finally, in the last section,
we end with some conclusion remarks and future works.
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2. Mathematical age-structured model formulation

In this section, a model is proposed for to describe the dynamics of the fish-zooplankton
system. We will take into account two fundamental ecological aspects, namely age
structured and fishing effect, in our modelling[1, 9, 11].

2.1. The food chain typology of the system. The aim is the formulation of some
prey-predator models to describe fish and zooplankton dynamics, with age-structure
of the zooplankton|[9, 22].

Let us consider u(t, a) the density of zooplankton at age a > 0 at time ¢ > 0. Note by
B(t), the total population of zooplankton at time ¢. This quantity can be written as
follows

+oo
B(t) = /o u(t,a)da

We consider the following functions:
e u(a) > 0 the basic mortality rate of the zooplankton at age a
e f((a, B(t)) > 0 the natural fertility rate of the zooplankton at age a.
The reproduction processes of the zooplankton population is given as follows:
+o00o

u(t,0) = B(a, B(t))u(t,a)da, (t,a) € RT x RT
0

The dynamics of the zooplankton at ¢ = 0 is given by
u(0,a) = wug(a), acRT.

So, the density of the zooplankton without the fish dynamic is modelled by the fol-
lowing PDE equation:

Ou(t,a) + Ogu(t,a) = —p(a)u(t,a), (t,a) € RT x RT
u(t,0) = fooo Bla, Bt))u(t,a)da, (t,a) € R* x RT (2.1)
u(0,a) = up(a), a€RT.

Now we are introduce in our modelling the fish dynamic take into account the fishing
effect in the fish population,[25, 28, 30]. Then, let us consider v(t) the density of the
fish population at time ¢. State model parameters are:
e ~y(a), the a age-dependent function that represent the predation rate of the fish
population on the zooplankton,
e a,€ (0,1) the constant parameters that denote the assimilation coefficient of
ingested zooplankton,
e (1, the constant parameter that denote the basic mortality rate of the fish pop-
ulation,
e g(a) > 0 the a age-dependent function that represent the fishing catchability at
age a,
e E(t) > 0 the time dependent function at time ¢ that represent the fishing effort
on the fish population.
The dynamics of zooplankton-fish system can be represented by the following figure:
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FiGURE 1. Compartmental representation for fish zooplankton
model with predator take into account fishing effort on the fish dy-
namics.

2.2. A age structured PDE model of the system. We develop the final PDE
model describing the zooplankton and fish dynamics,[9, 11, 15]. Then according to
the Figure 1, we obtain the following PDE system with ¢(0) = ¢o and E(0) = Ej:

Ot + Bl ) = L) st
V' (t) = av( fo u(t,a)da — aqv(t) — q(a)E(t)v(t),
= [, B(a,B (t,a)da, (t,a) € RT x RT
u(O,a) = uo(a), a€ R+ and v(0) = vy.

(2.2)

where
e peL®Ry), BeL>Ry) and veL®(Ry),
e >0, >0, a>0,
e e (0,1)

3. Main theoretical results

In all that follows, we assume the following on parameter u,q and E:
3 p>0,sach that p(a) > po,Va > 0,q(a) =q¢>0,Ya > 0,E(t) =FE > 0,Vt > 0, (
A consequence of (Hp) is that

/OO u(a)da

implying that l(a) = exp(— fo ) is a probability function, this latter describing
the survival untll age a.

3.1. Positivity and well posedness of the system. The solution of the problem
(2.2) is a function w defined by

In all that follows, consider the Banach space
X=L'R;)xR

Hy)
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with the product norm and his nonnegative cone defined by
X;=LL(Ry) xR

Let us consider the following differential operator,[9, 10, 29]
T:D(T)cX X

where

D(T) = {<¢w)eX¢eW11(R+ ) and (0 //3 } D6=-2_ 9

da
D
T = (0 —o —qE)

and the function @ : X — X given by
_( —r()e()
Q) =, i ohan)

so that the (2.2) rewrites as the following abstract Cauchy Problem :

d (u(t)) u(t)
at (v(t)) =T (U(t)> T Qu(®), v(t), (3.3)
(u(0),v(0)) = (uo(.),v0) € X

The nonlinear part @ of system (3.3) is quadratic,[9, 29]. So it is clearly a locally
Lipschitz continuous function on X. For every (ug(.),v9) € X, there exists tpq, < +00
such that system (3.3) has a unique mild solution w € C([0, tmaz (uo(.),v0)), X) where
tmaz (1o (.), vo) < oco. Furthermore, this solution is defined in a classical sense when-
ever (up(.),v9) € D(T).

We are proved that for any initial condition (ug(.),v9) € X4 the corresponding solu-
tion remains nonnegative on [0, t,,q,). Let us define

Am={(®¢)eX, [(¢¥)lx <m}, m>0.

Proposition 3.1. For every (up(.),vo) € X4, there exists tmar(uo,vo) < 00 such
that system (3.3) has a unique mild solution w € C([0, tmaz(uo(.),v0)), X1).

Proof. Let us consider m > 0 and A,, > m||v||L~(®,). We define the differential
operator
T,, =T — X, I and the function Q,, = Q+ A\,,,L
Then T, is the infinitesimal generator of a positive [29, 33] Co-semigroup {Re,, (t)}i>0
on X that satisfies
IR, (t)|x < e” Pt v >0,

Let us consider

rm = 2(uo,vo)lx sup [Rr,,(s)[| >0,
s€[0,1]
then suppose m large enough to haver r,, < m and we denote by
Xm o = XyNnA,, CA,

We consider A > 0 such that

1
A <min<1, JK =2 oo
: { SKrm + ) WD RTm<s>x} )
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The linear operator,[10, 14]

% : C([0,A],X) — C([0,A], X)

R(u(t,.),v(t)) = R, (t).wo + /0 R, (t — 5)Qmuw(s)ds

is a 1/2-shrinking operator on C([0, A], X') that preserves this latter space. The
Banach-Picard theorem,[26, 32, 33] and some classical time extending properties of
the solution then yield the proposition. O

The following result ensure the global existence of the system (3.3) solution.

Proposition 3.2. For every (ug,vo) € Xy, system (3.3) has a unique mild solution
w e C(RJ,_, X+)

Proof. Consider w € C([0,tmaz), X+), the solution of system (3.3) and suppose by
contradiction that ¢;q, < 0o. Let us first prove that for every t > 0, |lu(t,.)||lL1(®,)-
A direct consequence of the positivity is that

dwu(t,a) + dgu(t,a) < —pla)u(t,a).
By using the characteristics of the PDE equation, that an implicit formulation of the
solution of
Ou(t,a) + du(t,a) = —pla)u(t,a)
that satisfies the loopback boundary condition in (2.2) is given by
uola —t)e” Jiemds g > ¢
u(t,a) = . (3.4)
Bt —a)e” Jo r)ds g < ¢

where ®(t) = u(t, 0) verified

o(t) = fo Ot — i)e~ Jomdsqi 4 [ (5) (z —t)e i t+“(s)dsdz' (35)
= fo t—z) = Jo (s d5d2—|—f0 B+ t)ug(i)e =i n()ds g
Using the equation (3.0) we define two operators,[26, 27, 15]
T, :L'(0,t) - L'(0,¢), Ts:L'(Ry)— L'(0,?)
for any ® € L'(0,t),¢ € L'(Ry) and £€[0,¢] by
i) - [ “a(w)(e — v)e Mg,
Too€) = [ o+ o) KOy
Consequently we formally get thg following representation:
uo(a —t)e” Jan(s)ds a>t
u(t,a) = (3.6)

(I —T1) " Toug(t —a)eJo #&)ds g <t

The function u(t,a) define in (3.6) is well defined. According to the works in
[10, 14], Ty is a Volterra operator, then for all A € C\ {0} and ® € L!(0,¢) fixed, we
have a unique function

¢ € LY(0,t) such that (M —Ty)p =&
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Thus (I —T1)~ ! is well defined from L*(0,¢) to L(0,t). Since
up € LY(Ry) then (I —T;) 'Taoug € L*(0,1).

Consequently for all ¢ > 0 we have
t

Ju(t, . )llL &, ) g/ uo(a—t)da+/ (I—Tl)_1T2u0(a—t)da< s
¢ 0

Moreover, straightforward upper bounds imply that
V' (t) < OéCU(t)||"YHLoo(R+)Vt >0, where C= maxse[o,tm”]ﬂu(s, .)||L1(R+) < 00.
Thus 4 < 00, an integration of the differential inequality would lead to
v(t) < vpeClmazlliiee < o0,
implying a contradiction with the fact that we have either

imlu(s, e,y = o0 or - dim u(#)]] = oo

Thus ¢4 = 00 and the solution is global in time. O

Now our goal is to analyse the asymptotic behaviour of the solutions.

3.2. Asymptotic behaviour analysis of the solutions. Let us define

p1 =sup{a >0: |supp(y) ﬂ(O, a) =0} < o0

Consequently
P2
3 7% >0 and p2 >p; such that / ~v(a)da > y.
P1
The case p; > 0 translates the fact that the youngest zooplankton are not con-
sidered as a resource availability for the fish population. We define the following
thresholds,[22,

]
o0 a P1 “
Ro = ﬁ(a)e_ IS M(S)dsda and R, = / ﬁ(a)e_ Iy u(s)dsda
0 0
Let us consider the positive initial condition (ug,vo) € X% where
X} = {(uo,v0) € X4 : / up(a)da >0 and vy > 0}
0

Remark 3.1. Similarly to the basic reproductive number in the epidemiological case,
we have:
(a) The Rp value represents the average number of offspring that is produced over
the lifetime by one zooplankton and in a context with no predation.
(b) The R, value represents the offspring produced by one zooplankton from his
birth, until it begins to be hunted by the fish population.

Proposition 3.3. Concerning to the system (2.2) equilibria, we have:

(1) Ey = (0,0) is a unique trivial equilibrium if Rog <1 orif Rog>1 and
R, >1.

(2) Foralle € [0,00), E1. = (uj.,0)is an equilibrium if Ro=1 and R, <1
where  uj (a) =¢ce” o n(s)ds
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(3) If Ro=1 and R, =1, then foralle > 0,E;. and Ez. = (u3,€) are
equilibria of (2.2) with
o (a) = w3, (O)e Ve [ ),

—qF > o . -1
’U/S’E(O) = u |:/0 ’V(a)e_ fo p(s)ds—e fo "/(S)dsda

(4) If Ro>1 and R, <1, then besides the trivial equilibrium Eq there is a
positive non trivial equilibrium Eo = (u}, v*) = (ug,*, v*) with

[ tage v I gy < (37)
0
Proof. The point (u*,v*) € X is an equilibrium point if it is a solution of the system
(w)'(a) = —pla)u(a) —v*y(a)u’(a),
0 = fo ’y a)u*(a)da — a1v* — qgEv*,

w(0) = [ B(a)u*(a)da.
After an integration, we have the following system

(a) _ ( ) fo (s)ds—v™ foa v(s) ds

0) [1 =[5 u(s)ds—v* [ ’y( )dsda] =0,
v*[afooofy da—al—qE}—O

Let us define the following expression, [10, ]:
(1) The growth rate wo(T) of {Rr(t)}i>0 deﬁne by

() = (B} ) o= tim IR Ol)

t——+o00 t

(2) We consider K(X) C L(X) and define the following expression for all F € L(X),

. . ln R t €SS
| Eless := inf ||F—H|x and wess(T) = wess(R1(t)}i>0) :=  lim In(IRx(@)lless)
HeKX)

t—+400 t

the essential growth rate of {Rr()}i>0,

3.3. Stability of system equilibria. To perform the stability analysis of the sys-
tem (2.2), we exhibit some spectral properties,[22, 27] of the differential operator T
and of the semigroup {Rr(t)}1>0. For more details about spectral theory and stabil-
ity results we can look at [10, 11, 14]. For every equilibrium point F = (u*,v*) € X
the differential of @ at an equilibrium E can be written as

- _(=v*™y O 0 —u*y
DEQ - (DEQ)I + (DEQ)2 - ( 0 O) + (OéU*J,Y(.) afOOC v(a)u*(a)da.)
where J,, is the operator defined for some integrable function g on Ry by J, : g —

I 7 (a)g(a)da
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3.3.1. Stability of Ey study. The linearised system to study is X'(t) = TX (¢). The

differential of @ at the point Ej is the null matrix. Using [10, 14, 15] and since
wess(T) < 0, we just need to study eigenvalues of T. We thus try to solve the system
Owu(t,a) = —0qu(t,a) — pla)u(t,a),
V) = —arolt > — qBu(), (3.8)
u(t,0) = [7°Bla)u(t,a)da

Then the solutions of (3.8) take the following form:
u(t,a) = u(a)e”, ov(t) =ve” and peC.

So, according to the first equation of the system (3.8), we obtain the following ex-
pressions:

u(a) = u(0)e” 5 lo+n(s)ds
AU = —anT - qEw,
u0) = fooo u(a)p(a)da.

The second equation only admits —(« + ¢F) as eigenvalue, which is real and neg-
ative. Then, using the third equation, we obtain the following characteristic equation

/ ” Ba)e- S lernlas _ g
0

Consequently, we have the following proposition 3.4 concerning to the stability of Ey
[9, 10].

Proposition 3.4. The state Ey is globally asymptotically stable in X4 if Ry <1
and unstable if Ry > 1.

Proof. (1) Proof of Ey is globally asymptotically stable. Suppose that Ry < 1. We
have the real part of the characteristic equation:

/ Bla Pecos(—Im(p)a)e™ Jo #)dsqq = 1.

Then, if Re(p) > 0, we get Ry > 1 that is absurd, so wo(T) < 0, and Fjy is
locally exponentially asymptotically stable,[10, 11, 14]. Now we prove the global
stability. Let (ug,vo) € X4 be the initial condition then the solution of (2.2) at
time t is given by the Duhamel formula,[10,

(6)) = meor() - / rate s ()
‘We have

i [Re) (20)| =0 and i fuct )l =0
X

t—o0

From the second equation of (2.2), we get lim;_,o, v(¢) = 0 and the global stability
of Ey follows.

(2) Now we show that suppose that Ey is unstable if Ry > 1. In fact, under the
hypothesis Rg > 1, we define the following function

fip— / Bla)e Pre= Jo~ #e)ds gq
0
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It is clear to see that f is strictly decreasing and f(0) = Ry > 1. There conse-
quently exists p > 0 such that f(p) = 1, so we have wo(T) > 0. Since wess(T) < 0.
So Ey is unstable, [1, 2, 13, 10, 11, 14, 22].

O

3.3.2. Stability of Ey . study. The differential of @) at E . is given by
0 —ui Y
Dp,.Q@ =0 o [,° y(a)uf (a)da.

d
and the linearized at E; . is thus d—zf(t) = (T + Dpg, . Q)w(t)

Once again we just need to study eigenvalues of the operator T + Dg, ., so we study
the system

ua) = u(0)e WO —y(a)ui (a)o,

v = —oaq¥—qEv+av [ vl (a)y(a)da, (3.9)
W0) = [y a(a)Bla)da.

Proposition 3.5. The stability of E1 . is given by the following results.

(1) The equilibrium E; . is unstable if ae > (a1 + qF) [fooo y(a)e™ Jo u(s)dsda} B

(2) If e >0 then for any £ > 0 there exist €(§) such that E, ¢ € B(E1,§)

-1
Proof. (1) We suppose that as > (a1 + ¢F) Uo e~ Jo ns )dgda} and we use
the second equation of (3.9) for to get the followmg expression:
pU = (—Oq —qb+ a/ ey(a)e 0 “(S)dsda> v. Let us consider
0
p = —ag—qE+ a/ ey(a)e Jo 1) qg > 0.
0

According to the first and third equation of (3.9), we have
(1 7/0 Bla)e™ foa(“(s)ﬂ))dsda) +€v/ Bla y (s g, = 0.
We obtain directly that

/000 B(a)e™ o' 4P gy < Ry since 7> 0.

We know by definition of E; . that Rg = 1. Consequently

(1 —/ Bla)e” foa(“(s)ﬂ’)dsda) > 0.
0

—e fooo ’y(a)ﬂ(a)e— Iy /L(s)dsda
1— [7° Bla)e™ T3 (u()+p)ds g,

If v =1 and
u(0) =

So we define
t(a) = u(0)e” S0 T — y(a)u; (a).

So we find a positive eigenvalue and the equilibrium F . is unstable,[9, 10].
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(2) Let € > 0,€ > 0 and define € = ¢ + ug. We obtain Ey . € B(E1 ., §) since we
have

o0 o0
[E1z—Erellx = |luf == JlLie,) = E—¢ | / e Jo 1) g < €uo/ e Mg < €.
0 0

This latter inequality prevents all equilibria E; . for any € > 0 to be locally

asymptotically stable.
O

3.3.3. Stability of Eo study. The differential of @ at he equilibrium Fy = (uj,v*) is
given by

—vy —uyy
Dp,Q = (om*J,y(.) ag + qE>

X
The equation d dt(t) = (T+ Dg,Q)X () is the linearised system,[11, 29]. We consider
the following system:
w(a) = [p+pa)+vy(a)]ula) - y(a)uz(a)v,
pv =  av* fo u(a)y(a)da, (3.10)
u(0) = fo a)p(a)da.

If we consider -
My =1 / Bla)e- I3 (s ko (@) ds gy,
0

E [ee] o ) . X i a
- % / Bla)e= Ji o™ (s))ds / 5 (w)e="@=") duda,
0 0

—— av*/ y(@)e= 8w oo (e ds gg.
0

Moy = —p — %/ v(a)e™ foa[u(s)-i-v*v(s)]ds/ ’y(w)e_p(a_w)dwda
0 0
with

0= / ) y(a)e™ Jo & +vT(Nds gg,
0

We finally have to solve the system MU =V where

mi1 mio 0 ﬂ(O)
M = Moy Mo | V=1o and U = 7 |-

We can compute the eigenvalues in the specific case where +y is constant.

Proposition 3.6. If there exist vy such that y(a) = o for all a > 0, then p =
£/ v*y0 (a1 + qF).

Proof. We need to have det(M) = 0 to get a non zero solution of the system MU = V.

Yomi1(oq + ¢F)

det(M) =0 = mume = moma = M=
abp

~Yomai (o1 + gF)

and Moo = aep
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So we obtain

* 2 ee} e e}
_ (a +qE)oryp ( / o [ u(s) v volds g / o JETu(8)F0 0+ plds da) _
pd 0 0

(Oll + qE)’U*’Yg /oo e foa[u(s)—i-v*'yg—i-p]dsda.
po 0
(o1 +gE)v* 0
p

We finally get —p = according to the expression of 6. O

3.4. Persistence of the solution analysis. Her, express some standard notions
from mathematical ecology by formulating, in the context of (2.2), the definition of
persistence,[9, 11, 14, 15].

We assume the the following hypothesis:

(Hi): 3 k1 >0, 3 0<a<a<oo

such that ((a) > k1 for almost every (f.a.e) a € (a,a)

ta
(H2): 3 ke>0, T 0<t1<ty<a: /uo(a)daZKsz.

t1
Without lost of generality, we assume that | ¢; —t2 |<| a —@ | even if we reduce ka.

Remark 3.2. On the zooplankton population, in the biological point of view we have
the following observations:
(a) The hypothesis (H;) means that the zooplankton population of a certain range
of age have a high ability to reproduce.
(b) The hypothesis (Hs) together with property (H;) means that there is initially a
high enough quantity of young zooplankton that will be able to reproduce later.

Proposition 3.7. [10, 11, 14] For any initial condition (ug,vo) € Xu, and if R, > 1,
then zooplankton population and fish population explode with Xp, = {(ug,vo) € X7 :
that satisfies Hs}.

Proof. We have the following equation
Opu(t,a) + Ouu(t,a) = —(u(a) + v(t)y(a))u(t,a), Vt>0, Va>0.
This equation leads to:

wo(a — £ S B Folaton(©)ds o5y

u(t,a) > (3.11)
B(t — a)e Jo (W) toli—ats)y(o)ds g < ¢,

e We prove firstly that there exists t* such that ®(¢t) > 0,Vt € [t*,t* + p1]. We
know that
to
d(t)> [ Blw+ t)ug(w)e” It Kt gy, vt e [a —t1,a — to].
t1
where K = max,c[0,z—t,] v(w) < 0o. So under the hypothesis (H;) and (H>),
we have

@(t) >0y = K1K267(HHHL°°+KH'Y”L°°)(67t2)7 Vit € [Q* t,a — tﬂ.
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Either @ — to — (@ — ¢1) > p1 and this step is done, or we continue by defining
€€ (0,a —te — (@—t1)). Then we prove that

B(t) > 09 = K101ty — 11 )e~ (Il TR INI)2T—t2—0)

YVt € [2a —t1 +€,a—t2 — €, K= max .
we[0,2a—to—e€]
So, ifa—ty— (a—t1)+ (@—a—€) > p; we stop, else we continue. Since we get
each time a bigger interval on which ® is positive then we get what we wanted.
e Now, we can prove that ®(t) > 0,Vt > t*. Indeed, since R, > 0, there exist

P1
€ € (0,p1) such that B(w)dw > 0.

Then Ve € [0, €], we have

t*+p1 . B
O(t* +p1 +€) > / O (w)B(t* + p1 + € —w)e ¢ Fortemwlinliie gy, 5 0,
trte
So, we have ®(t) > 0,V¢ > t*.
e We prove that lim;_,, ®(t) = co. Note that

O(t* 4+ p1) > PR, with @)= min P(w).
WE[t*,t*+p1]

Moreover for every [ > 0 we have

Ot +p1+1) >R, min O(w) > ()R,
wE[t*+1,t*+a1+1]

Then, we have

P(t* 4+ 2p1 +1) > R, min d(w) > ¢(H)R2, VI > 0.
WEt* +p1+1,t*+2p1+1]

e We have
u(t,a) = ®(t —a)e  Jo #)% forany  a€[0,p1] and Vi> a.
Then lim;_, o u(t,a) = 0o, Va € [0, p1]. Consequently we have
T [u(t, )l ) = o0

Now, let us suppose that there exists K > 0 such that for every ¢ > 0 we have
v(t) < K. Then a lower bound of (2.2) gives for every ¢t > 0

uo(a — t)e_(H,“'HLOQ+KH'YHL°°)t’ a Z t
ult,a) >
Bt — a)e-Unls+Elnliee, o < ¢

We have lim;_, o, ®(t) = co and so for every K > 0, there exist t* > 0 such that
®(t) > K for any t > t*. Consequently, we can write
u(t,a) > Ke Il +KlvllLer: — K6 vt > t* 4 p,  and every a € (py, pa).
We can deduce from (2.2) that
P2 o o
V' (t) > [a/ v(a)u(t,a)da — oy — qE | v(t) > [ay — KS — aq — qEJu(t) =: Sv(t),

P1
Vi Z t + P2
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Taking K big enough, we get S > 0. Finally, an integration of the latter equation
gives
v(t) > vt + Pz)e_g(t*+pz)e§t — 00, where t— o0, Vt>1t*+ po

which is a contradiction with the fact that v is bounded.
e Consequently there exists an increasing sequence (¢, )nen such that
lim ¢, =oco = lim v(t,).
n—oo n— oo

Thus for every M > 0, there exists n* € N such that v(t,) > M, Vn > n*.
Suppose that v(t) does not go to co when ¢ goes to co. Then there would exists
e > 0 such that for every n € N, there exists t > ¢, that verifies v(f) < e.
Obviously there exists n* € N such that meaning that

t € [ty tn=+1], meaning that v(t,+) > K, o) <e, v(tpy1) > K.
Let
K > M := eel@rtaB)p2=r1)  gince v'(t) > —(a1 + qE)v(t),
and by using the continuity of v, we can find an interval
[t*,t* + (p2 — p1)] C [tns,tn=+1] such that o' (t* + (p2 — p1)) <0
and v(t) < M,Vt € [t*,t* + (p2 — p1)]-

Moreover, by definition of p;, we can find ps such that ps — p1 < p; even if we
reduce 4. Since we have

lim u(t,a) =00, Va € [0,p1],
n—oo
then there exists £ > 0 such that
ayeu(t,a) > (o + qE)e(PQ_pl)(”HHLQO+KH'YHL°°),Vt > tVa € [p1 — (p2 — p1), p1)-
We consider n big enough such that t* > t. Consequently we get the
avu(t* +(p2 = p1),a)] = (a1 +qE) Va € [p1 — (p2 — p1), p1]

and then  v/(t* + (p2 — p1)) > 0. So we have lim,_,o, v(t) = .
O

Proposition 3.8. If Rg>1and R, <1, then the total population of zooplank-
ton and the total population of fish are uniformly weakly persistent.

Proof. e Since we have

Ry > 1, then there exists a* >0 such that P ::/ B(x)e~ Jo mo)ds o > 1.
0

Let us consider

Pe(1,P) anddefine K = !

———(In(P) —In(P)) > 0

s (n(P) ~ n(P)
Consider € small enough, then leads to v(t) < K, for every t > £ big enough.
Moreover v is bounded by a positive constant K and, using the last proof, we
obtain ®(t) > 0,V¢ > ¢*. Consequently, defining

t = maz{t*,T}, we obtain ®(t+a*) > ®(t)P where ®()=P min B(w).

we[t,t+a*]
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Using the last proof with respectively t,a*, P instead of ¢, p1, Ry: we get
lim;_, oo ®(t) = 00. So we have

Jim [lu(t, )iz, = 00, Jlim o(t) = oo

since v is bounded, which is a contradiction,[10, 14]. Thus we get the persistence
result for the zooplankton.
e Taking € > 0 small enough we get

E _
ot b for all ¢ >t bigenough, sothat lim v(t) =0

u(t,. 1 <
ot sy < 2L lim

using the second equation of (2.2) and we then get a contradiction by using the
first point.
(]

4. Numerical simulations

In this section, we present a series of numerical simulations of the (2.2) model. The
main objective is to understand the fishing effect which are the main factors in-
fluencing the stability of the system. To do this, we will vary some values of the
fishing effort coefficients F and the capturability coefficient ¢, in accordance with the
mathematical study, to look at the impact on population. The following numerical
simulations, that are performed using the finite volume method, aim at investigat-
ing other behavior of the dynamical system (2.2) under some biologically reasonable
parameters,[1, 2, 8, 12, 28, 30].
The parameters used are given in the following tables:

4.1. The numerical scheme. We define the intervals a € [0, amqz] and t € [0,7]
then we note Aa and At respectively the age and the time steps. We define

ajr12=JNa, t" =nAt and K; :(ajfé,ajJr%)

for j,n € N.
We denote by uj the approximation of the average of u(t", a) over K; and we compute
the initial states

1

1
uj & Na /Kj u(t", a)da, uf = Aa /Kj up(a)da and v° = vy, Vj > 1.

We then set o, 1,9, £ > 0 and once 3, i,y are chosen, we compute the data:
1 1 1
;= —— d = —— d dpu; =-— d
B; a /Kj B(a)da, ~v; o /KJ v(a)da and p; a /Kj u(a)da
We define
Up(1+ a A tr(yu™))
14+ (a1 + ¢E)At

, VYn>0 where 7(yu")= AaZ’yju?.
Jj=1

Un+1 =

Integrating the first equation of (2.2) regarding a over K; and supposing x regular
enough, we get

O /K u(t,a)da +u(t,a; 1) —u(t,a;_1) = — /K (u(a) + v(t)y(a))u(t, a)da.

J J
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Then, an Euler’s scheme,[8, 12, 28, 30] and the integrals estimates give us
At n+1
u, , + =u"
e Y0, Wn>1,
1 + Aa + Atﬂ]-i,-l + At’l}n+1’yj+1

n+1 __
J+1

up™ = Na > ojs1 Bjuf, Vn > 1.

4.2. Numerical results. Let us use the following functions:

p(a) = po + llf(;s with o >0 and seRY,
pa) = po + 111)(;5 with o >0 and seRY,

v(a) = v0(1 — ape'™P*)  with 49 > 0,p > 0.

For our simulations we take the parameters values in the following Table 1.

Parameters | Value | Reference
Umaz 20.00 | [2, 8]
Aa 0.1 [8, 11]
a 0.70 [1, 8]
aq 0.10 [ s ]
Ho 0.05 [ ’ ]
Yo 0.50 [ ) ]
s 1.00 [2, 12]
c 1.00 [2, 8]
p 0.25 [12, 28]
q 1.00 [6, 11]
PO 150 [ ) }
FO 100 [ ’ }

TABLE 1. Parameters values for the numerical simulation of the system.

We represent the trajectory of the solution with on the z-axis the quantity of the
fish population and on the y-axis the total quantity ||u||y: of zooplankton population.
Firstly we confirm the existence of positive component equilibria. we examine the
behavior of the system by varying the mortality values due to fishing. We consider
q and E. But as the mortality due to fishing depends on ¢ and E, we will consider
the catchability coefficient ¢ = 1 and making vary the value of the fishing effort. Our
aim of this experiment is to understand how the zooplankton-fish dynamics system
behaves. Figures 2 shows the stability of the positive equilibrium. If Rg > 1 and
R, < 1, then the total population of zooplankton and the total population of fish
are uniformly weakly persistent. We take Sy = 7 in the Figure 2. Then the simula-
tions make us suppose that the solution is bounded for any positive initial conditions
(ug,v0) € Xp,. Moreover the hypothesis (H;) — (Hs) is verified. Consequently of
Proposition 3.8, the total populations are uniformly weakly persistent and the solu-
tion will either converge to the equilibrium FE5. The existence of centers confirms the
existence of the fish population despite the predation and the fishing in the area. We
can still have an equilibrium. Thus, we talk about the phenomenon of subsistence.
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FIGURE 2. The phase portrait of the system (2.2) when Sy = 7
and £ = 0.2. We take her Rg = 2.82 > 1 and R, = 0.56 < 1
and bounded positive initial conditions (ug,v9) € Xg,. The total
populations are uniformly weakly persistent and the solution will
either converge to Fs.

We continuous our numerical analysis by considering now, the population evolve in
the area with £ = 0.2 and we consider Sy = 4 in the Figure 3. Then the simula-
tions make us suppose that the solution is bounded for any positive initial conditions
(ug,v0) € Xp,. Moreover the hypothesis (Hy) — (Ha) is verified. Consequently of
Proposition 3.8, the total populations are uniformly weakly persistent and the solu-
tion will either converge to the periodic function.

In the Figure 4, we show the convergence to Ey = (0,0) for any initial condition
(up,vp) € x4. We take Sy = 1 and E = 0.2, we have Rg = 0.32 < 1, so by the
Proposition 3.4 the solution will converge to Ey = (0,0). Now the question that
arises is: what can unbalanced the system? To answer this question, we continue
our simulation by considering areas in which we allocate values related to the fishing
effort.

All the last cases, we have studied numerically the behaviour using all parameters
in the Table 1. In fact, we have use the fishing effort £ = 0.2 in the all numerical
results. Now, we are going to use different exploited area for to look at the behaviour
of the system zooplankton-fish population according to the mathematical analysis.
We consider 8y = 7 in the Figure 5. Then the simulations make us suppose that
the solution is bounded for any positive initial conditions (ug,vo) € Xm,. Moreover
the hypothesis (Hy) — (Hz) is verified. Consequently of Proposition 3.8, the total
populations are uniformly weakly persistent and the solution will either converge
to the periodic function. The figure presented to illustrate the behaviour of the
system zooplankton-fish population are: E = 0.34(Fig5,a); F = 0.43(Fig5,b); E =
0.63(Figh,c); E =0.84(Fig5,d); E = 1.42(Figb,e); E = 1.72(Fig5, f).

Those results allow us to say that even if the area is exploited with such a value
for the fishing effort, despite predation, we can see that the observed dynamics is
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FIGURE 3. The phase portrait of the system (2.2) when By = 4
and F = 0.2. We take her Rop = 2.82 > 1 and R, = 0.56 < 1
and bounded positive initial conditions (ug,vo) € Xg,. The total
populations are uniformly weakly persistent and the solution will
either converge to the periodic function.
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FIGURE 4. The phase portrait of the system (2.2) when Sy = 1 and
FE =0.2. We take Rg = 0.32 < 1 and R, = 0.56 < 1 and bounded
positive initial conditions (ug,vg) € X4. The solution will converge
to E() = (07 0)

very close to the one encountered in the case of a fish population living in an pristine
areal28, 30]. It allows us to say that if the zone is exploited with such a value of
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FIGURE 5. The phase portrait of the system (2.2) when Gy = 7. We
take Rg = 2.82 > 1 and R, = 0.56 < 1 and bounded positive ini-
tial conditions (ug,vo) € Xm,. The total populations are uniformly
weakly persistent and the solution will either converge to the periodic
function. Different cases are presented: E = 0.34(Figh,a) — E =
0.43(Figh,b) — E = 0.63(Fighb,c) — E = 0.84(Figh,d) — FE =
1.42(Fig5,e) — E = 1.72(Fig5, f).

fishing effort, the fish populations are not at risk. The persistence of the convergence
towards a center of those dynamics, despite fishing shows that the area is normally
exploited.

Remark 4.1. [28, 30] We have the following observation:

(a) Even if there is the predation in the fish population and if the area is exploited
with a value of fishing effort less than or equal to E < 0.5, there is no risk for
the fish population. We are talking about a normally exploited area.

(b) In such cases of the area is exploited with E > 0.5 (figure 4), an efficient man-
agement policy of fishing must be urgently adopted , otherwise there is a real
risk for the fish population.

5. Conclusion

In this paper we dealt with the fish population dynamics under a diet on a zooplank-
ton base. The mathematical model associated with this dynamics is based on PDE
systems. The mathematical study allowed us to show that despite predation on fish
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population, positive component equilibria exist and its persist weakly. We can say
that predation does not negatively influence the aquatic ecosystem. Additionally, the
simulations allowed us to have an idea about the behaviour of the dynamics based
on different values of the fishing effort. We could observe through those numerical
results that when the area is exploited with some fishing effort values, an efficient
management policy must be adopted otherwise it is likely to be catastrophic for the
fish population.

In our future works, we will continue our study, focusing on the impact of the
diffusion on the fish-zooplankton dynamics.
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