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ABSTRACT. In this paper we develope the correspondence between quadratic differentials de-
fined on a Klein surface , its double covering
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1. Introduction

For all notions and properties, not explained in this paper we will refer to [R]. In
the beginning we will review the main notions and notations which will be used in
this paper.

A Klein surface is a pair (X, A) , where X is a surface and A is a maximal
dianalytic atlas on X, such that A does not contain any analytic subatlas. In this
paper, we will consider nonorientable Klein surfaces and without border, as such
is specified in N. Alling and N.Greenleaf papers, which are nonorientable Riemann
surfaces in Teichmuller's meaning, without specifying these characteristics all the time

Let Os be a Riemann surface. A mapping k : Os — O, with property k o k = Id,
where Id is the identity of Os, is an involution of Os,.

A symmetric Riemann surface is a pair (Oq, k), consisting of a Riemann ( ori-
entable) surface Oy and an antianalytic involution, k : @2 — Qs having no fixed
points.

2. Results

Let (X,.A) be a Klein surface and (Os, k) the symmetric Riemann surface associ-
ated to X which is the double covering of X. Then (X, .4) is dianalytic equivalent
with Oz /H, where H is the group generated of k, with respect to the composition
of functions. Let B; the maximal analytic atlas on Oy and By the maximal analytic
atlas on k(Os3). k(0O3) is Oz endowed with the second orientation. Then k : Oy —
k(O3) is an antianalytic isomorphism. So Oz = (Og, B;1) and k(O2) = (02, B2).

Thus the canonical projection ¢ : Os — X is a dianalytic mapping which mix the
two structures on Oq. Indeed, if P € Oz, then its H- orbit consists of two elements
P and k(P). Then, P = PUk(P) and the mapping { P, k(P) } — P is a dianalytic
isomorphism between Oy/H and X. Thus X can be identified with Oy/H, up to a
dianalytic isomorphism.
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Let X be a Klein surface. Then there is a simply connected Riemann surface X
and a covering transformation 7 : X — X (see [F], pg.32; [BG], pg. 7). Also X satisfy
the universal property (see [F], pg.31], so 7 is the universal covering of X.

Let G be the covering transformatlons group of 7. Because X is nonorlentable g
will contain analytic automorphisms of X and antianalytic automorphisms of X. Let
G1 be the subgroup of the analytic automorphisms of G. Then G is a subgroup of G
and for every Seg\G,G=G usgl, G1NSG; =0, where SG; = {SoT |T € G1}.
IfPe X then we denote with P (respectively P ) its G- orbit ( respectively its Gq-
orbit ). So

P={G(P)|Geg} and P={T(P)|TcG}.

The quotient space X / G = {P \ P e X } has a Klein surface structure and the
covering prOJectlon X - X /G, PT5 Pisa dianalytic covering mapping, by the
definition of P.

We can identify in a topologlcal way X with X /G, by the homeomorphlbm a
X — X/G, such that for every P € X, if P € 7~(P) then a(P) = P.

Theorem 2.1. Let X a Klein surface,  : X — X the universal covering of X and
G the covering transformations group of w. If Oy = X /Gy, then Oz has a Riemann
surface structure.

Proof. Because k(P) # P, for every P € O, then exists Ua parametric disk of
X, small enough such that q_l(l}) U1UUs, where {U;}cq1,2;are open sets of Oy,
UiNUy =0, because {S(P )| S e G\GIT(P)| T € G} =0 and such that the
mappings q/U; : U; — U,ic€ {1, 2}are homeomorphisms and also Us = k(Uy),
because ¢ = q o k.

We denote Uy= U, so Uy = k(U).

Then p~1(U) = {ﬁj}je], where ﬁjare open sets of X, for every j € Jand the
mappings p/ ﬁj : ﬁj — Uare homeomorphisms.

Let Ube a fixed element of {ﬁj}je}and (T([A]),ET’ﬁ,VTVﬁ), (S(ﬁ),ﬁsﬁ, Vg i) the
corresponding maps on X , where T € Giand S € G\ G;. We will use the following no-
tations : pry = (p/T(ﬁ))OE;}ﬁand ps,U:(p/S(U))OEEﬁ, withT € Giand S € G\Gy.
If T € Gy, then (p/T(U))(T(U))= Uandif S € G\Gy, then (p/S(U))(S(U))=k(U).Therefore
(U, pilw Vi g)and (U, pg’lUO(k/U), Vs @), where T € Giand S € G \ G, are maps
on Os.

Thus

BT:{( vaU7 )|T€gl,U€U} and

B; = {(U.p5l 0 (K/U), Vs ) | S €G\GLU €U,
where Ubelong to the family Uof sets Uof the previous type, are analytic atlases on
Indeed, let U € Uand P= T(]31) with T' € Gjand 131 S (7( a fixed element of the
family {17 }jes)- Then, by the definition of P, P = P;and (p/T(ﬁ))(ﬁ)z(p/ﬁ)(ﬁl),by
the deﬁmtlon of p, for every P, € Uand T € Gywith P = T(]S) Therefore,
p/T(U) = (p)U) o (T/U), for every T € G.
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For a fixed set U, it is easy to check that the maps (U, pilU, Vr o), where T' € Gy ,are
analytically compatible.. ’

For Uy, Usof the previous type, with U1NUs # @and T1,T> € Gp, the maps (Uq,
pi{U17 VTlﬁl)and (Us, p}zl,Uz, Vi, » m)are analytically compatible, because if Uis a
connected component of U; N Uy, then we can apply, for U, the previous results. If
for an initial Uwe fixed Q then we do all the other choices such that to remain on the
same analytic atlas on X.

Therefore, Biis an analytic atlas on Os.

By analogy, B3is also an analytic atlas on Oa.

In the same way, we can verify that maps (U, pilU,VTf]) € Biand (U, pg,lU o
(k/U), Vs i) € Biare antianalytic compatible.

Let Bj(respectively Bz) the maximal analytic atlases on O, which contains Bj(
respectively Bj). Bjdetermine the analytic structure on Osand Bathe analytic struc-
ture on k(O2). k(Os)is then the surface Ozprovided with its second orientation.
Then k :05—k(05)is an antianalytic isomorphism. Thus, ¢ : O — Xis a dian-
alytic mapping, which mixed the structures of Osand k(O3). Then Oy3=(0s, B7),
k(02)=(02, B3).

We denote with Hthe group consists of kand Id, with respect of the composition
of functions. It is easy to see that

Theorem 2. Oz /H is dianalytic equivalent with X.
For proof see[R].

Theorem 3. Let (O2,k) be a symmetric Riemann surface . Then the covering
projection q : Oy — Oy /H induce o structurda de suprafata Klein pe O/ H.

Proof. Let (Os,k) be a symmetric Riemann surface, then Os is a Riemann surface
and k : Oy — O3 is an homeomorphism for which we have:kok = Id, k(P) # P, for
every P € Oy and @) o ko p~! is antianalytic, for every pair of maps (U, ¢, V) € B,
(U1, ¢1, V1) € B of Oy which satisty the condition k(U) C Uy, where B = {(U;, v;, Vi) |
i € I} is an analytic atlas on Oz.Let X = Oy/{Id, k}, the orbits space of Oy, with
respect to the group ({Id,k}, o) and ¢q : O3 — Os/H the covering projection, such
that ¢(P) = {P,k(P)}, for every P € O,.

Then O,/H has a dianalytic structure. We denote with U = {q(U;) | i € I}.
Because ¢ o k = ¢, we can suppose that for every U, = q(U;) € u ., q_l(l}i) =
U;Uk(U;), with U;Nk(U;) = 0, because k doesn’t have fixed points and q/U; - U; — U,
and q/k(U;) : k(U;) — U; are homeomorphisms. We consider (Uj,¢;,V;) € B and
(Ui, ¢, Vi) € B, i, j € I with U; enough small such that k(U;) C U; and we denote
the restriction at k(U;), corresponding to ¢; with ¢f; and on of;(k(U;)) with V5 .
We define h; = ¢; 0 (¢/U;)™* : Uy — V; and g; = okio (q/k(U;)) - U; — Vi, for
every ¢ € I . B N

Let A; = { (Uz,hz,‘/@) | 1€ I} and Ay = { (Ui,gi,Vik) | 1€ I}, where ‘/Z-k = VZ]]C s
with j € I a fixed element. Then A = A; U A, is a dianalytic atlas on Oy/H. Then
the following diagram is commutative :
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Ui -5 Vi
q/U;
N\ /!
k| U;
gi
N
q/k(Us)
k(U;) — Vi
S"?j

If we consider Bj, B; the analytic atlases on Oz, we can define a dianalytic structure
on Oy /H, dianalytical equivalent with X :

Let U = {q(U) | U eU}. U €U, ¢ *(U) = UUK(U), with U Nk(U) = 0 then
q/U : U — U and q/k(U) : k(U) — U are homeomorphisms.

For every T € Gy, we define hyy = (q/U opry) ' : U— Vg » where the set U
from the definition of pry is a fixed component of p~*(U), such that p/ﬁ U U
is an homeomorphism

For each S € G\G1, we define g5y = (¢/k(U) opsy) ™t : U — Vg Let

Al = {(ﬁ,hT,U,vTﬁ) \Uel,Te gl}
and
A = {(U7gs’U,VSﬁ) Uecld,Se g\gl}

Then, A" = A} U Aj is an antianalytic atlas on X.

For U; € U, i € {1,2} we used the notations ¢~ (U;) = U; Uk(U;) and p(U;) = U;
for every i € {1,2}.

For the notations and definitions about meromorphic quadratic differential ® on
O see [R].

Let X be a Klein surface and A = {(U}, hi, Vi) |ie€ I} the induce atlas on X and

®isa N- meromorphic quadratic differential, respectively holomorphic, on X .

Let Q?(X) be the vectorial space of N- meromorphic quadratic differentials on X,
with respect with C.

Let V and f(V) the images through the corresponding charts of the parametric
disks U, respectively k(U). Because k is an antianalytic involution it results that f is
an antianalytic involution. We will use z, like local parameter on U and w, like local
parameter on k(U).

Theorem 4. There is an isomorphism q, between Q*(O2) and Q*(X).
Proof. Let ¢ : Oy — Oy/H , q(P) = P , for every P € O, , the canonical
projection. The mapping ¢ : Q%(02) — Q?(X) is defined by :

@ +Pok) = ®, for every ® € Q*(0s),
where ®*/U = ®* /U + (® o k)*/U and ¢~ }(U) = {U,k(U)}, for every parametric
disk U of X.
Let ® € Q%(0,) with the local representation:

" /U UK(U) = { &ﬁi%ﬁf; wze€f<VV> v
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where ¢ and @ are meromorphic functions on V, respectively f(V). If ¢ is not

holomorphic, that is it has at least a pole, by z € V we means that z is not a pole of
©.

Then, the symmetry k will induce the isomorphism K : Q?(0s) — Q2%(0O>) defined
as (see [R]):

. B .  p(f(2))dE(2)?, daca z €V
K(®)*/UUKkU)=(®ok)* /UUK((U) = { o(E(w))dE(w)?,  daci w € £(V) (2)
Then o

B /U = p(=)d2 + B(E(2) )df (22,
where we consider a map from A}, therefore z = h(]s) = z is the local parameter
corresponding to U, ¢~ '(P) = {P,k(P)} ; ¢ and $ are meromorphic functions in
the local parameters z, respectively f(z).
q 1s well defined.
Because the maps on X are of two types, we have to study the following maps :

a1) Let (U, hru, Vi) € A}, then if V = Vi o we define

$1/U =¢/Voprio(g/U)~" and 3/U = 3/£(V) o pgys o (a/k(U))™" (3)

B1/0 = (rohth) (O and /T = (Zaoh7h) DA . ()
So & /U = ®* /U + (Do k)" /U = ¢(2) dz2 + @(£(2))df(2)* = &} /U+ ®3/U , for
every P € U with % = hT7U(ﬁ) = pilU(P) =2, T € G. because ® € Q?(O3), the
function @,/ Uo h;’lU = ¢/V is a meromorphic function. By the invariant condition
for @, if 2z si 2 are parametric values corresponding to the same point of X through
two maps of A, we have p(2)dz? = g (20)dz3, where g is the local representation
of ® with respect to the parameter zg and thus the parametric representations of )
with respect to z and zp are the same on every connected component of the common
region. So , ®; € Q%(0,). Analogous, F/Uo h;lU = @/f(V) o pglU o k/U o
p;}U = pof is an antimeromorphic function, therefore o/f(V)o p§,1(JO k/U is an
antimeromorphic mapping on (Oq, Bf). By theorem 2.1., if ® € Q?(O3), then ® o k
is an antimeromorphic quadratic differential on (O, B}), therefore @5 € Q%(O5).

az) Let (U, gs,u, Vg ) € Aj, then if £(V) = Vg 5 we define

&1/U = 3/f(V)opgy o (¢/k(U)) 'and &»/U = ¢/V o pryy o (¢/U)™H  (5)

/0 = (Zrog5) (B2 and 83/0 = (320 g51)()dE()? (6)
Thus ®*/U = ®*/k(U) + (® o k)*/k(U) = G(w)dw? +o(f(w)) df(w)? = &7/U +
@3 /U, for every P € U, where Z = gg,y(P) = pgy (k(P)) = f(2) = w, S € G\Gi. The
function 3, /U o g;}J = p/f(V) is a meromorphic function and because ® € Q?(0s),
it results that if wy and w are parametric values corresponding to the same point of X,
through two maps of A} then @(w)dw? = Po(wo) dw?, where @y is the representation
of ® with respect to the parameter wy and thus the parametric representations of &)1
with respect to w and wq are the same on every connected component of the common
region. , So, &)1 doesn't change with the conform parameter, therefore &)1 € Q*(0y)
and we have ®y € Q2(0,). Thus a) condition is satisfied.
To prove b) we study the two cases in which the transition function is analytical.
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Let Ul, hr, vy, Vi UQ, hr, u,, V. be two maps of A}, such that Ul
T U T>,U. U,

Us 75 0 and U C U;NUs, U is a connected component. Then, if Voo, =V V0, =

Vo and &% /Uy = (®})*/U; + (®4)* /Uy and &* /Uy = ( ®Y)* /Uy + ( ®Y4)* /Uy are the
local representations of ® corresponding to the two maps, by using the same kind of
maps like in (3) and (4), we have 3} /U = ¢ o pz}; o (¢/U) "' = & /U and @,/U = &
o pglU o (q/k(U))™' = @4 /U, where U C O, q(U) = U , ¢ and $ are meromorphic
functions in the parameter z, respectively f(z), so by) is satisfied.

2) Let (Ul,gs1 Ul,VS1 Ul) (U27932 vs» Vs, 7,) Pe two maps of Aj, such that U N

Us # () and U C U, NUs, U a connected component. Then, if Vo o, =V, Vg, 5, =

Vs by using the same kind of maps like in (5) and (6), we have &, /U = @ o p;lU o
(a/%(U)) " = &/T and §/T = ¢ o prly o (¢/U)"" = #/T, where U C O and
q(U) = U, so by) is satisfied.

The transition mapping is antianalytical if we consider the maps ([71, hry vy VT U)

e A, and (U, gs,.0,, Vs o) € Aj, such that UyNUy # 0. Let U C Uy NUy, U
is a connected component then, using the same notations like in (2), (3), (4) and
(5) it results that /U = ¢ o pilU o(q/U)™" = @ /U and analogous @,/U =
(popSU (q/k(U))™L = &/U. So by) is satisfied.

q s a morphism of vectorial spaces .

By (3), (4), (5) and (6) it results that the local components of ¢[(® + ¥) + (P+
U)ok and g(® + ® ok) + ¢(¥ + ¥ ok) are the same, for every ®, ¥ € Q*(0z), so ¢
[(@+Pok) + (V+Pok)] =qg(®+ Pok) + q(V + ¥ok).

Analogous, gA(® + ® o k)] = A ¢(® + ® o k), for every A € C and ® € Q*(03).

q 1s bijective.

Let ® + ® ok € Q%(0,), such that §(® + ®ok) = & = 0. By definition of ® it
results ®,/U = ®,/U = 0, for every (U,h,V) € A. So by (3), (4), (5) and (6) it
results that ®/U = 0 and (® o k)/U = 0, for every parametric disk U of Oz. Thus
P+ Pok=0.

Let ® € Q*(X ) and U C Oy be a parametric disk such that ¢(U) = U. Let ®3/U
= p1(z )dz and ®%/U = @y(f(2))df(2)? the local components of ® with respect to
the map (U, hru, Vg = =V) e A]. We define

©* /U Uk(U) —{ g(gji‘% wzeef(VW ’ ?

for every U C O,. By condition a) of a N -meromorphic quadratic differential def-
inition, it results that ® € Q%(Oz) and by definitions of ® and ¢ we have ¢(® +
3 o k) =5.

Corollary. By analogy exists an isomorphism between the vectoarial spaces Q%(Os)

and Q*(0y).

We can associate to a meromorphic quadratic differential on Oy a meromorphic
quadratic differential on X.

Let ® € Q%(O2). We denote with > , the meromorphic quadratic differential on
X associated with ®. By definition disa family of meromorphlc functions (@;)ier
in local parameters z; of the analytical structure on X such that if P, = (]32), then
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we have :
Gi(2)dz} = 3;(2)dZ; = ¢ilz)d2, (8)
for every parametric values z; and z; which correspond to the same point Pof X ,

where @; and @, are the local representations of d in parameter z;, respectively Zj,
and ¢; is the local representation of ® in z;, the image of P; by the associated map.

Let Q2 ()? ) be the vectorial space of the meromorphic quadratic differentials on X ,
over C.

Theorem 6.There is an isomorphism p, between the vectorial spaces Q*(0s) and
Q*(X).

Proof. Let ® € Q2(03), P € X and (U, h, V) a map of X such that P € U and
h(P) = 2. We consider U = p(U). Then p/U : U — U is an analytical homeomor-
phism and if T' € Gy, (p/T(U O))(T(U)) =U and if S € G\G1, (p/SU ))(S(U)) =k(U).
Let P = p(P) = p(T(P)). Then we can define ® € QZ( X) with CIJ*/U = p(z )dz

the local representation of ® on U, such that 3/V o ho (p/U)™t = ¢/V o pT7U.
Because ® € Q%(03), it results that /V is a meromorphlc function and by (6) we
obtain that §(2)dz? = ¢(2)dz* = $o(%0))dz3, for every Zp and Z parametric values

associated to the same point of X , where @ is the local representation of ® in the
parameter zy. Therefore p : Q2(02) Q*(X), p(®) = ® is well define. Evident p is

an isomorphism.

Let Q%G) = {d+®oS | & € Q*X), S € G\Gi} the vectorial space of the
meromorphic quadratic differential on X associated to the group G, with respect to
addition and multiplication with scalars, where ® o S is the meromorphic quadratic
differential , that is the family ($s)seg\g, of meromorphic functions, where @g is the

representation of ® in parameter Zg = (lAzS goSo E’l)(E) and S € G\G;.

Remark. The definition of &+ o S does not depend of S € G\G.

Proof. Let ® € QQ()/(:), @ = S(lg)7 Pe (7, @(w)dw? be the local representation of
® in S(U) and 8’ € G\Gy, S # S such that Q = S'(P). Then Q' = (5" 0 S~1) (Q)
and because S’ 0 S™! € G; it results that

P()dn® = @' (I (@))dh' (@) = @' (@')d",

where @' is the local representation of ® in S’(U) and ' = h 508 oS5t

C:W

Proposition 2.1. The elements of Q*(G) are automorphic with respect to G.

The elements of Q*(G) are automorphic with respect to G.

Proof. Let ® + ® o S € Q%(G). By the previous remark ® + ® o S doesn't depend
on choosmg S. If T € Gy, using analogue notations with the above one it results that
U + (20 9)/U = §(2)dz* + $s(25))d3% = $r(Br)dir® + Psor(Bsr)dZsr® =
(<I>oT) /U + (<I>oSoT) /U If 8" € G\Gy, then <I>*/U + (<I>oS) /U = gp( )d22A+
Ps(25)d2s® = Psos: (Fsos)dZhos + P (Bs)dZE = (Do (S0 8')*/U+ (@0 5)*/U,
We used the local representations of ® and the fact that S’0S~! € G; and S0’ € G;.



86 M. ROSIU AND P. KESSLER

Theorem 2.2. There is an isomorphism between the vectorial spaces Qz()/(\') and

Q*(9).
There is an isomorphism between the vectorial spaces (> ()A() and Q*(G).

Proof. et F : Q2(X) — Q%*(G) be such that : E(@) =+ Do, for every D e
Q?*(X). By the above remark , we deduce that F is well defined. Evident F is an
isomorphism. (I

Remark 2.1. By the previous isomorphisms, there is an isomorphism II between the
vectorial spaces Q*(G) and Q?*(X) such that the following diagram is commutative..

Q*(X) - Q*(9)
p1 . | II

QRO 5 o)) L @Qx)

By the previous isomorphisms, there is an isomorphism IT between the vectorial
spaces Q?(G) and Q?(X) such that the following diagram is comutative.

Q*(X) - Q*(9)
Pl o Ln

QX0 K Qo) L Q)
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