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1. Introduction

A quantum field theory is a special relativistic platform for the study of interact-
ing physical systems with infinite degrees of freedom where quantum fields describe
fermions and bosons which can be created or annihilated. The method of Feynman
path integral is applied to formulate a quantum field theory in terms of towers of a
certain class of n-correlated functions such that the interaction part of the Lagrangian
generates (divergent) perturbative series of powers of coupling constants together with
momentum integrals as their coefficients [26]. These perturbative series are known as
Green’s functions [10, 41, 42] such that Feynman rules enable us to combinatorially
represent them in terms of formal expansions of higher loop order Feynman diagrams
[28, 29, 33]. The power of coupling constant in each terms of these expansions de-
termines the loop number of 1PI Feynman diagrams as the coefficients of that term
where the computational complexities of 1PI Green’s functions increase in terms of
growing the number of higher loop order Feynman diagrams in each term [35, 55].
The most difficult challenge is dealing with divergent perturbative series which con-
tribute to 1PI Green’s functions and solutions of their fixed point equations under
strong coupling constants. In this situation, perturbation theory fails to generate any
information and we need to apply non-perturbative methods.

The large N method modifies the validity domain of the approximations of reducing
an interacting physical theory to a free fermion theory with self-consistently deter-
mined parameters where for fields with N components, in the large N limit composite
fields could have small fluctuations. In this setting, an effective scalar theory should
be constructed where by integrating out the degrees of freedom, an interacting theory
with O(N) or U(N) symmetries on large N limit and in 1/N expansion are expected
to be solved. The Borel resummation method replaces divergent perturbative series
with Borel sums which might have singularities on the positive real axis in the Borel
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plane. The lattice methods describe passing from perturbation to non-perturbation
regimes on the basis of the continuum limit of discrete approximations of space-time
generated by finite lattices such that their number of nodes tend to infinity. The
AdS/CFT correspondence applies the assumption of the zero beta function to de-
scribe non-perturbative quantum field theory in terms of perturbative string theory
[ y 0y 2y sy 2V, 20, Ody Oy Iy DO, 9, U,y L, ey JY, ]

Graphons, as a class of dense graphs, are combinatorial tools for the presentation
of graph limits of sequences of finite weighted graphs with increasing vertex sets. The-
ory of graphons has been developed in terms of combinatorial and measure theoretic
settings to search for random nature of models of complex networks in Computer
Science and Applied Mathematics [1, 5, 6, 7, 10, 11, 12, 20, 36]. In this regard, the
method of Feynman graphons, which formulates graphon representations for graph
limits of sequences of Feynman diagrams with increasing loop orders [43, 48, 50], as-
signs a statistical model to non-perturbative domain of a quantum field theory [44].
The Banach space of stretched Feynman graphons led us to define the notion of Kol-
mogorov complexity for solutions of fixed point equations of (1PI) Green’s functions in
a quantum field theory [17, 51]. This research work proceeds the method of Feynman
graphons to formulate processes of graphon / random graphs which restore informa-
tion from divergent perturbative series which contribute to 1PI Green’s functions and
their corresponding fixed point equations in a quantum field theory.

1.1. Quantum field theory via renormalization Hopf algebra. Quantum fields
are operator-valued distributions which cannot be evaluated at a single point and they
do make sense over regions of space-time. Localized measurements in regions of space-
time give information of quantum fields. The N-point correlation functions are given
by
iS[e]
#6(21)...6(2n)DIe] "
J Do)
such that S[¢] = So[¢] + cSint[¢] is the time-integral of the Lagrangian with the in-
teraction part Sint[¢] and the (running) coupling constant c¢. The infinite dimensional
Lebesgue-Feynman measure D is a measure on the space of all possible trajectories,
which can be traveled by an elementary particle, between the initial state at position

21 and time ¢; and the final state at position z,, and time t,. The Taylor expansions
iS[9]

Gn(xl, 73;77,) = fe

of e7n in (1) generate perturbative series of powers of coupling constants together
with iterated ill-defined momentum integrals, namely (1PI) Green’s functions. Feyn-
man rules replace these perturbative series of integrals with polynomials of powers
of coupling constants with higher loop order Feynman diagrams as their coefficients
where Feynman diagrams encode interactions of quantum fields in a bounded region
of space-time [26, 40, 41].

Definition 1.1. e A Feynman diagram I' is a space-time diagram. It is a finite
decorated weighted graph with a vertex set ') and an edge set T[!]. Edges in I'l!]
represent elementary particles such that vertices in 'l represent interactions.
The subset I‘g(]t C T of external edges, which contains edges with beginning
or ending vertex, represents elementary particles with the assigned momenta.
Each external edge is a half-edge. The subset Fl[yt C Tl of internal edges, which
contains edges with beginning and ending vertices, represents virtual particles.
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FEach internal edge is a pair of two half-edges. The law of the conservation of
momenta is valid in each vertex of I' and for the whole graph.

e [ is called 1PI, if it remains a connected graph after removing a single edge.

e A subgraph « in I' is a graph such that ,y[l] C I’i[rll]t, A0 € T and for each

int
v E ’7[0],

res,(v) == {ecyt) 1 vee}={ eTH . vee} :=resp(v) (2)
[ ) ) ? ]

The momentum integral corresponding to a Feynman diagram could have (nested)
divergences in terms of the momentum variable which varies from zero to infin-
ity. These divergences are represented by nested loops in Feynman diagram. The
Bogoliouv—Zimmermann’s forest formula provides a recursive process to remove these
loops where the regularization techniques such as dimensional regularization (i.e.
D — D — z) or momentum cut-off (i.e. 0 + A) enable us to replace divergent
sub-integrals with some analytic series. Then a renormalization schemes such as min-
imal subtraction (ie. > o apz" +— Z;ifm anz™) is required to extract finite
renormalized values [3, 21, 22, 62].

The BPHZ perturbative renormalization has been reformulated in terms of the
theory of Hopf algebras and Riemann—Hilbert problem [15, 16] where the space of
Feynman diagrams of a quantum field theory ® can be equipped with a graded com-
mutative non-cocommutative Hopf algebra Hra(®) = B,,~¢ Hn)(®) over the field
Q or R [3, 32]. This Hopf algebra, known as Connes-Kreimer renormalization Hopf
algebra, is free generated by 1PI Feynman diagrams and graded by loop number. For
each n, H,(®) is the vector space of 1PI n-loop Feynman diagrams and products
of 1PI Feynman diagrams with the overall loop number n. For each I' € Hpg (), its
coproduct is given by

AM)=T@I+I®T+Y y®I/y (3)
v
such that the sum is taken over all disjoint unions of superficially divergent subgraphs
of I' called Feynman subdiagrams. The insertion operator x on the space of Feynman
diagrams recovers the gluing of factorized components generated by the coproduct
(3). For 1PI Feynman diagrams I'1,I's, the insertion of I'y into I';, presented by
T’y 'y, is the sum over all possible bijections between sets

resr, (v) = {e € 1"[11] cv€Eer,veE I‘[lo] (4)

and 1"[21’13“ such that topologically different graphs are generated once. The insertion
operator, as a bilinear map from 1PI Feynman diagrams to 1PI Feynman diagrams,
defines a pre-Lie algebra structure on the space of Feynman diagrams in ®. The
commutator
[Fh FQ] = Fl * Fg — FQ * Fl (5)
defines a graded Lie algebra structure Lg such that the graded dual of the universal
enveloping algebra of Lg reconstructs the renormalization Hopf algebra Hrg(®) [3,
) b ]'
Feynman rules of ® is encoded by a certain class of elements of the complex Lie
group Gg(Aqr) = Hom(Hpg(P), Aqr) such that Ag, is the algebra of Laurent series
with finite pole parts [4]. Let A* be an infinitesimal punctured disk around z = 0 in
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the complex plane. The dimensional regularization replaces a Feynman rules character
¢ to ¢* which sends each Feynman diagram I' to ¢*(I') = I§ € Aq,. Thanks to
the renormalization coproduct (3), and the existence of the Birkhoff factorization
(p7,p7) for ¢*, the BPHZ renormalization of I' is reformulated by the recursive
equations

¢ = o (70 + 0 ()T ) (6)

97 (0) =" (T) + 9= (T) + >_ > (1)@*(T/7) (7)

such that ¢* = (¢2)* 7' x 07, ©* : Hpg(®) — Aar,—, ¢5 : Hra(®) — Aary,
Agr = Aar,— @ Aar+, and Ry @ Agr = Agr is the minimal subtraction map which
sends each Laurent series onto its pole parts. The convolution coproduct * is defined
in terms of the renormalization coproduct (3), namely

() T x i (D) =

= (@) M) @M+ (92) MM @i (M) + > (¥2) M3 T/)  (38)

[7 ? ’ ]

A gauge field theory, as a quantum field theory with a Lagrangian invariant under a
symmetry group, is formulated on the basis of a certain class of identities between its
Feynman diagrams, namely Ward—Takahashi or Slavnov—Taylor identities for abelian
or non-abelian gauge field theories, respectively [24, 61]. The Ward-Takahashi or
Slavnov-Taylor elements generate Hopf ideals Iwr or Igr of the renormalization
Hopf algebra. The compatibility of quantum gauge symmetries with the Hopf al-
gebraic renormalization is encoded by the quotient Hopf algebras Hyg (QED)/Iwr or
Hrc(QCD)/Igt [58, 59]. In addition, fixed point equations of (1PI) Green’s functions
in the physical theory, which recover quantum motions, can be reformulated in terms
of a certain class of recursive Hochschild equations [3, 29, 31] such that their compat-
ibility with the BPHZ renormalization have been recovered by the renormalization
Hopf algebra [47, 52, 53, 54].

The combinatorial representation of the renormalization Hopf algebra has been
formulated in terms of the Connes—Kreimer Hopf algebra of non-planar rooted trees
Hck defined on the polynomial algebra of non-planar rooted trees. This is a free
commutative non-cocommutative Hopf algebra which is graded by the vertex number.
Its coproduct is given by

Ack(t)=t®1+1®@t+» Re, @ P, 9)

Ct

such that the sum is taken over all non-trivial admissible cuts in ¢t. An admissible cut
¢ is a collection of edges of ¢ such that any path between the root of ¢t and each of
its (vertices or) leaves has at most one element of ¢;. An admissible cut ¢; divides
t into two separated parts. The subtree R., has the root of ¢ and P, is a forest of
subtrees as the rest of . The grafting operator Bt recovers the recursive nature of
Ack. It sends a forest of trees ti...t, to a new non-planar rooted tree t by adding a
new vertex r; as the root of ¢ and n edges between r; and roots ry,, ..., 7, . The pair
(Hck, BT) is the universal object in a category of pairs (H, Ly) of (a commutative
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Hopf algebra, a Hochschild one-cocycle). This universal object recovers the BPHZ
perturbative renormalization independent of physical theories [3, 21, 22, 30, 32].

2. From topological completion of the space of graphs to Feynman gra-
phons. Graphons, as generalizations of graphs, are weighted graphs with the ver-
tex set [0,1] or 2 C [0,00). They have been introduced and developed to pro-
vide representations for the graph limits of sequences of finite weighted dense or
sparse graphs in terms of a certain class of metrics [14, 19, 36]. For the Lebesgue
measure space ([0,1],m), a graphon is a Lebesgue measurable symmetric function
W :[0,1] x [0,1] — [0,1]. For any invertible m-measure preserving transformation p
on [0,1], Wr(x,y) = W(p(z), p(y)) is a labeled graphon. Graphons Wi, Wy are called
weakly isomorphic (i.e. Wi ~ Wa) iff there exist Lebesgue measure preserving trans-
formations pi, p2 on [0,1] and a graphon W such that W; = Wrt and Wy = W*2
almost everywhere with respect to the Lebesgue measure. The function

W l]eut := supa o, W (2, y)dzdy (10)
AxXB
defines a semi-norm on the space of graphons such that the supremum is taken over

Lebesgue measurable subsets A, B of [0,1]. It determines a pseudo-metric
dewt (VW) = inf, o [|[VT = W |yt (11)

such that the infimum is taken over invertible Lebesgue measure preserving transfor-
mations on [0, 1]. Up to the weakly isomorphic relation, d.. is a metric on the space
of weakly isomorphic classes

(Wl :={W* : p€ Ap1)m} (12)
such that A 1),m is the semi-group of Lebesgue measure preserving transformations

n [0,1]. The quotient space Wx (0] m)([ 1]) of these weakly isomorphic classes is
a compact complete Hausdorff metric space. The graph limits of Cauchy sequences
of finite weighted dense graphs with respect to the metric (11) are represented by
elements in W™ ([0, 1)) [14, 19, 30].

Graph limits of Cauchy sequences of sparse graphs with respect to the metric (11)
converges to the zero graphon. It is possible to generate non-zero graph limits in terms
of rescaling or stretching processes. One way is formulating stretched graphons on a
o—finite measure space (2 C [0,00), x) which are bounded symmetric p-measurable
real valued functions defined on 2 x 2. The quotient space W (C[0.00). )(R) is a
complete Hausdorff metric space. For a given graphon W e W01l m)([0, 1]), its
corresponding stretched / rescaled versions are given by

1/2

(—275,—575) » 0<zy<||W]|;
Ws(x,y) _ { W1l Wl 7 (13)
0 , otherwise
W, =% or W, = % such that
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Consider the renormalization Hopf algebra of Feynman diagrams Hpg(®) of a
quantum field theory ®. There exists an injective homomorphism of Hopf algebras
from Hpg(®) to Hek(®) such that the vertex set of each non-planar rooted tree
is decorated by (1PI) primitive Feynman diagrams. For each Feynman diagram I’
without overlapping loop and with the loop number |T'| = n, ¢r is a decorated non-
planar rooted tree with n vertices. If I' has overlapping loops, then i1 is a linear
combination of decorated non-planar rooted trees [3, 30,

Definition 1.2. e For the Lebesgue measure space ([0,1],m), the adjacency ma-
trix of tr, |tr| = n, defines the symmetric Lebesgue measurable function
PZ 2[0,1] x [0,1] = [0,1] , (z,y) € I; x I; = a;; € Ad(tr) (15)

such that o = {Iy, ..., I, } is a partition of [0,1]. If m(J;) = 1 for 1 <i < n, then
Py is called the canonical Feynman graphon associated to T'.

e For any invertible Lebesgue measure preserving transformation p on [0, 1], P;.” is
called a labeled Feynman graphon associated to I'. Up to the weakly isomorphic
relation, Wr := [P{.]~ is the unique Feynman graphon associated to I' [50, 49].

Let there exist additional weighting information {a;}"7_;, as € R, on the vertex set
of tr, and additional weighting information {f;;}, 8;; € R, B8;; = B;i, on the edge
set of tr. We replace the partition o with a partition o/ = {J1, ..., J, } for [0,1] with

m(Jg) = Zia |‘a > and define the function
Ptlla : [07 1] X [0, 1] - R, (I,y) el; x [j — ﬁijaij. (16)
Up to the weakly isomorphic relation, Wr := [P, ']« is the unique Feynman graphon

I~
associated to I'. For a o-finite measure space (Q C [0,00), i), Wr is called stretched
J

Feynman graphon associated to I' [13, 18, 50,

1.3. Achievement. The topological Hopf algebra of renormalization is considered
to associate a category of random graphs to a quantum field theory. It leads us to
assign renormalized values to graph limits of sequences of higher loop order Feynman
diagrams in terms of processes of random graphs. From the perspective of the topolog-
ical Hopf algebra of renormalization, 1PI Green’s functions and their corresponding
fixed point equations can be described as the graph limits of Cauchy sequences of
finite partial expansions of higher loop order 1PI Feynman diagrams with respect to
the cut-distance topology or its LP-modifications for p > 1 [43, 45, 47, 49]. We pro-
ceed this setting to associate processes of random graphs to divergent perturbative
series which contribute to 1PI Green’s functions and their corresponding fixed point
equations. The homomorphism density of Feynman graphons, as continuous func-
tionals on the space of stretched Feynman graphons associated to Feynman diagrams
of a quantum field theory, are applied to associate expectation values, in the context
of Fisher information, to solutions of fixed point equations of 1PI Green’s functions.

2. Topological Hopf algebra of renormalization

The renormalization Hopf algebra is not rich enough to recover the renormalization of
1PI Green’s functions and solutions of their fixed point equations under strong (run-
ning) coupling constants. A certain class of graphons, namely (stretched) Feynman
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graphons, enables us to study 1PI Green’s functions as graph limits for sequences of
higher loop order Feynman diagrams with increasing loop numbers with respect to the
metric (11). This graph limit setting can recover a non-perturbative generalization of
the BPHZ program [47, 48, 49, 52].

Let Sg(&gpgl’f;’“)’@(ﬂ%) C Wgzg[o,m),p)(R> be the subspace of stretched Feynman
graphons associated to Feynman diagrams in ®. Up to the weakly isomorphic relation
with respect to p-measure preserving transformations, it is a complete Hausdorff
topological space with respect to the metric structure

/AXB <erf (z,y) — Wﬁj(x,y))dzdy' . (7)

dcut(WF1 ) Wl"z) = infﬂlapfz SupPy pco

The subspace Sé[o’l]’m)’@([O, 1)) C W(N[O’l]’m)([O, 1]) is a compact complete Hausdorff

raphon,~ ~
metric space [48, 50].
§(OC[0,00),m) @
graphon,~
corresponding Feynman graphons in Séﬁ’;})lﬁ?f(]l%) by applying Lebesgue measure

preserving and affine transformations on the real line. For p > 1, elements of

Stretched Feynman graphons in (R) can be projected onto their

Sg(g;i;nn)f (R) are also LP-Feynman graphons which means that
1/p
il = ([ Wepdsdy) <. (18)
[0,1]x[0,1]
and the distance function
dp,Cut(WFuWFz) = infﬂl»ﬂz leell - WI%HP (19)
defines a complete Hausdorff metric space Ségg;ﬂl;ﬁ)f o(R). It leads us to define a new
distance function on the space of Feynman diagrams in ® given by
dcut (Fh FQ) = dcut(WFl 5 WFQ) or (20)
dp7cut (Fla FQ) = dp,cut(WF17 Wrz) (21)

[5, 9, 44].

Lemma 2.1. There exists a category of random graphs associated to the space of
Feynman diagrams in a quantum field theory.

Proof. Let T be a 1PI Feynman diagram without overlapping loops, the loop number

IT'| = nr, the rooted tree representation ¢r and Feynman graphon representation Wr €

S([Ovl]vm)vq)

graphon,~

SP c [0,1) with np = |V (tr)| nodes by an embedding 6. Define a new random graph
1

Ry wy with the vertex set SZ such that with the probability W|Wp(xi,xj)|,

(R). The vertex set V (tr) as an ordered set can be projected onto a subset

there exists an edge between z; and x; in Ry wr..
Thanks to Sampling Lemmas for Graphs / Graphons [10, 11, 12, 30], with the
probability 1 — exp(ﬁ), we have
20
Viognr
Therefore if the loop number |I'| = oo, then deys(tr, Roo,wr) = 0 which means that
tr and R w, are weakly isomorphic.

dcut (t[‘, Rnp,Wp) = dcut(WF; WR"FJ/VF) S (22)
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Define a new category C® . such that its objects are random graphs Ry wy.-
Homomorphisms of Feynman diagrams in hom(I';,I'y) determine homomorphisms of
random graphs in mor(Ry., wr,» Rup, wr,) € Cinngom- 1f hom(T'y,y) = 0, then
mor (R wr, s B, Wi, ) = . O

Definition 2.1. A sequence {I',}, of Feynman diagrams in & is convergent with

flow I 10
the metric space Séii}[g)io 1% (R) is convergent to a non-trivial stretched Feynman

graphon with respect to the metric (17) when n tends to infinity.

respect to the metric (20) when n tends to infinity iff the sequence {pri

Following Definition 2.1, a convergent sequence {T',,},, of Feynman diagrams can
be described in terms of the asymptotic densities of the sequence {tr, }, of rooted
tree representations and its graph limit ¢, where rooted trees with different densities
might have a similar structure. Following Definition 1.2, W € [P;_]~ recovers the
graph limit X for {[',},, which is called large Feynman diagram such that Wy is
weakly isomorphic to W. In other words, [Wx|~ = [P:_]~

Lemma 2.2. (1) Any sequence {T'y}, of Feynman diagrams in ® with increasing
loop number has a convergent subsequence with respect to the metric (20).

(2) The graph limit X of any Cauchy sequence {T'y},, of Feynman diagrams in ® is
representable by a random graph.

Proof 1. Following [19, 36, 47, 48, 50] leads us to show that for the sequence {Wr, },
Séiﬁg;io i oH); (I)(R), there exists a subsequence {ani }i>1 and a stretched Feynman

graphon W such that
lim; s codeut (Wr,,,, W) =0 . (23)

2. Thanks to Definition 2.1, we know that

Wr

=Ty 24
[ 2y
with respect to the metrics (17) and (20), respectively. Following proof of Lemma
2.1, for each n consider the random graph R, wy, corresponding to the Feynman
diagram T',, with the loop number ar,. The vertex set V(tr,) as an ordered set
can be projected onto a subset ng C 2 C [0,00) with ar, = |V (tr, )| nodes by an

lim, Iy, = X < lim,_ s

embedding 6,,. The random graph Ray wr, is defined on the vertex set ng such
that with the probability HWr I -[Wr, (xs;, 2s,)|, there exists an edge between z,
and s, .

By tending n to infinity, the vertex set V(¢r_ ) as an ordered set can be projected
onto a subset Sg("" C Q C [0,00) with infinite countable nodes by an embedding
0o = Upb,. The random graph R w, is defined on the vertex set Sgg’" such that
with the probability HWX%|WX(3% ,Ts, )|, there exists an edge between z, and z; .
Thanks to the inequality (22), we have deus(tx, Roo,wy ) = 0 which means that ¢x is

representable by Reo wy - O
The space S(&Cph%r?ol’“) Q(R) as a closed subspace of WEEL0:20)1) (R), is a complete

([0,1),m),
Hausdorft metric space, and Sgraphon iy

space with respect to the distance function (17).

([0,1]) is a compact complete Hausdorff metric
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S(Qg[ovoo)vﬂ)v(b

Lemma 2.3. araphon,~

(R) topologically completes Hpg (P).

Proof. Let pu(§2) < oo and I' be a Feynman diagram with overlapping loops, the loop
number |I'| = n and the rooted forest representation tr = ¢181 + ... + ¢, S, as a linear
combination of non-planar rooted trees such that |s;| = n for each 1 < j < n. The
stretched Feynman graphon Wr is defined as a certain direct sum Wr = Wy, + ... +
Wsn ]

Wr: | |G | |G =R, Wrle, =W, (25)
Jj=1 Jj=1
such that (i) For 1 < j <n, W, : C; x C; — R is a stretched Feynman graphon with
w(Cy) = %M(Q) for ¢; > 0, (ii) For ¢; < 0, =W, : Cj x C; — R is considered
with u(C;) = %M(Q), and (i) ;N C; = 0 for [ # ¢.

Following Definition 2.1, let X be a large Feynman diagram as the graph limit of
the sequence {I'y, },,. The renormalization coproduct (3) can be extended to X where
A(X) is defined as the limit of the sequence {A(T,,)},. It leads us to topologically
complete the renormalization Hopf algebra to achieve the topological Hopf algebra
HEE(®) with the coproduct A @ HEF(®) — HEE(P) @ HEE(®). A, as a linear
bounded operator between Banach spaces with respect to the cross-norm on Hgl (®)®
HEE(®), is continuous.

Thanks to the recursive equations (6) and (7), the renormalized value corresponding
to the renormalization of X is given by

ren(X) = limy, o7 (I'y) - (26)
O

S(QC[0.00).),@
graphon,~

Proposition 2.4. The space
Hopf algebra structure.

(R) can be equipped with a topological

Proof. Let Hg, (®) be the free commutative algebra generated by Wr € Séii%gi)’g? ;’”)’Q(R)
corresponding to 1PI Feynman diagrams in ®. It is a graded vector space such that
for each n, Hg, is the vector space of stretched Feynman graphons corresponding to
1PI Feynman diagrams with the loop order n or products of 1PI Feynman diagrams
with the overall loop number n. The algebra Hy, (®) = @, Hp, is equipped with

the coproduct

Ag(Wr) = Wr @ Wi+ Wi @ Wr + YW, @ Wr, (27)
Wy
such that the sum is taken over all stretched Feynman graphons W, where v con-
tributes to the renormalization coproduct of I'. The antipode is given by

Ser(Wi) = Wi, See(Wr) = =Wr = > Ser (W) Wr (28)
W’Y

with respect to the coproduct (27). The map I' — Wr provides an injective homo-
morphism of Hopf algebras from Hpg(®) to Hg (D).
This Hopf algebra can be topologically enriched. Let {Wr }, be a sequence in

Hg, (®) which converges to W € S(ng’m)’”)’@(R). Agr (W) is defined as the limit of

graphon,~
the sequence {Ag (Wr, )}, with respect to the metric (17). The resulting topological
Hopf algebra is presented by Hg‘r“(@). O
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Corollary 2.5. Renormalized values associated to large Feynman diagrams can be
recovered by processes of random graphs.

Proof. We apply Lemmas 2.2, 2.3 and Proposition 2.4. Let X be a large Feynman
diagram with Wx € S (lg;})lor;l):b( ). Consider the sequence {Rqr, wr, }n of random

graphs (generated by {Wr, },) which converges to Roowy. For each n > 1, the
homomorphism density of I',, with respect to Wx is given by

t(Tn, Wx) :=t(tr,, Wx) & (29)

1
e, W) = | I Wxlwnay) (30)

[0,1)!'T ! ei;€E(tr,) ||WX||Cut
1
H (1_W|Wx(xz,x])|>d$1dl'trn

ei; E(tr, ) X |lcut
such that (X, Wy ) = 1. It determines the probability that the Wx-random graph of
order |tr, | is isomorphic to tr, . Thanks to [36, 50], if tr = s1 + ... + s be a forest of

decorated non-planar rooted trees, then we have
t(tr,Wx) :t(Sl,Wx)...t(Sk,WX) . (31)

For any fixed Feynman diagram I' € Hpg(®), the functional W +— ¢(T', W) is
a continuous map on Sg[r(;;})l’olz)f) (R) with respect to the metric (17). For a dimen-
sionally regularized Feynman rules character ¢* € Hom(Hpg(®), Adr), consider its

corresponding character ¢* € Hom(Hg, (®), Aar). We have
ren(X) = lim, @7 (I'y) © ren(Wx) = lim,, 05 (Wr,) (32)

& ren(Roo wy ) = limy, 50 @3 (Rar, Wi, ) -
O

Corollary 2.6. e For 1PI Feynman diagrams I', 'y, 'y with nested loops without
overlapping loops and |T'| = n, we have

[H(0, Wry) — 0, We,)| < (0 — Ddens(T1, T) - (33)

e (Consider large Feynman diagrams X,Y with Wx, Wy € Sgg;;h’olﬁ)j)( ) and a 1PI

Feynman diagram I with nested loops without overlapping loops and |I'| = n, we
have

(I, Wx) — (L, Wy)| < (n = Ddewt(Wx, Wy) . (34)

o Forn > 2, let R, wy and Ry, w, be finite random graphs with the vertex sets
Vo.x, Vay uniformly independent selected from [0,1) such that |V, x| = [Vo v|.
Define

1
dvar(Rn,WxaRn,Wy) = 5 Z |t(F7 WX) - t(Fv WY)| (35)

I,|IT|=n
such that the sum is taken over all 1PI Feynman diagrams with nested loops
without overlapping loops with the loop order n. Then we have

2
dvar(Rn,WX 9 Rn,Wy) S 2n dcut (WXa WY) . (36)

Proof. This is the result of Lemma 2.2, the homomorphism density (30) and Counting
Lemmas for Graphs / Graphons [10, 11, 12, 306]. O
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3. Applications to Green’s functions

Let Ag = {v;,e; : 4,7} be the collection of types of elementary particles e; and types
of interactions v; between them in a quantum field theory ®. For a Feynman diagram
T, res(T") is a graph generated by shrinking all internal edges of T' into a vertex
or edge such that external edges are attached to it. For a primitive 1PI Feynman
diagram ~ with res(y) = r € Agp and with the associated Feynman integral [ I, its
corresponding 1PI Green’s function G” is given by

GT:1ic/]v+02/17/ly+c3/17/17/17+...
1ic/17(1ic/Iﬁc?/Ly/Iﬁ...) (37)

such that 1 is a Feynman diagram without loop, res(1) = r and G" = 1+ ¢ [ I,G".
By setting F(G) = 1+c¢ [ I,G", we have the fixed point equation F(G") = G" which
is known as Dyson—Schwinger equation, quantum equation of motion or quantum
motion. Solutions of Dyson—Schwinger equations under strong coupling constants,
which encode non-perturbative aspects of a gauge field theory, have been studied by
certain types of analytic and numerical techniques [2, 13, 17, 23, 24, 25, 29, 28, 33,

, 51, 53, 54]. Feynman rules of ® replaces the integral presentation (37) with its
combinatorial version r

ro__ I
Gr=1+ > lsyT(r)’ (38)
Tres(I")=r

such that [.| is the loop number value. The renormalization Hopf algebra describes
fixed point equations associated to (38) in terms of a certain class of recursive Hochschild
equations with the general form

X =1+ c"w,BJ (X" (39)

n>1

with respect to a family {7, }»>1 of primitive (1PI) Feynman diagrams with res(vy, ) =
7. The linear operator BY : Hpg(®) — Hpce(®) inserts T' into 7, in terms of types
of the vertices of 7, and types of external edges of I'. It is observed that

+ _ pt : +
ABJ = B ®I+ (id ® B%)A . (40)

The equation (39) is called combinatorial Dyson—-Schwinger equation such that its
solution X =) -, ¢"X,, is given by the recursive relations

n
R D (D DI ey (1)
j=1

ki+...+kjr1=n—j, k;>0

such that Xy = [. Each X, is built by applying the grafting operators on the lower
order components X, j < n, which contributes to the order n of the equation [3, 24,

) ) ) ) ]

For sufficiently small values of the coupling constants ¢ < 1, 1PI Green’s func-
tions G" are convergent perturbative series such that solutions of their correspond-
ing fixed point equations are handled by perturbation theory. However, when ¢ >
1, perturbative series which contribute to 1PI Green’s functions and their corre-
sponding fixed point equations are divergent. Extracting some information from
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these divergent perturbative series is the main scope of non-perturbative methods

[ ) ) 3

The space Ség%}[g)ﬁ? ;’m)’@(R) of stretched Feynman graphons, which topologically
completes the renormalization Hopf algebra, enables us to study divergent 1PI Green’s

functions in terms of processes of random graphs.

3 7 7 ) ) ) ) ) ) ]'

Theorem 3.1. FEach 1PI Green’s function G" and its corresponding fized point equa-
tions have well-defined Feynman graphon representations.

Proof. We apply Definition 2.1, Lemmas 2.2, 2.3 and Proposition 2.4 together with

[43, 49, 51].

1PI Green’s functions. For the 1PI Green’s function (38), consider its partial
sums

=G+ G 21 (42)
such that for each 1 < k </,
I
T T4 E m__ = 4
G “ Sym(T) (43)

IT|=k , res(T")=r

The stretched Feynman graphon WGZ : UCr x UCr — R corresponding to G, is a
direct sum of stretched Feynman graphons Wr : Cr x Cr — R with m(Cr) = Syka(F)

such that Cr, N Cr, = 0 for T'; # T's and Wer|r = Wr, m-almost everywhere. The
stretched Feynman graphon Wer, : UEr X UEp — R corresponding to G, is a

direct sum of stretched Feynman graphons Wr : Er X Er — R with m(Er) = sy%r(‘r)

such that Er, N Er, = () for T’y # 'y and Wer,Ir,;rj=« = War|r = Wr, m-almost
everywhere. When £ tends to infinity, the sequence {VVgr< [}g is convergent, with

respect to the metric (17), to a new stretched Feynman graphon Wgr : [0,00) X
[0,00) — R. It is a direct sum of stretched Feynman graphons Wr : Jr x Jp — R

. IT| . .
with m(Jr) = SyCT(F) such that {Jr}reg- is a partition for [0, 00), and War|r rj=r =
War|r = Wr, m-almost everywhere.

Thanks to the Cauchy property of the sequence {Wgr e}g, for each € > 0 there
exists some order N, such that for any £ > N, N

dcut(WG WGTSK) <e€. (44)

- )
<41

In other words, for enough large orders M > N., Wgr

<M1 <
isomorphic. Therefore, when £ tends to infinity, sequences {Wgr }r and {Wgr}y

and Wgr =~ are weakly

behave similar in convergent to Wgr with respect to the metric (17).
Fixed point equations. For the equation (39) with the solution X = 3" _, ¢"X,,,
consider the partial sums of X given by a

Y, =I+cXi+...+"X,,, m>1, (45)

such that the sequence {Y;,},, is convergent to X with respect to the metric (20)
or (21). The stretched Feynman graphon Wy, : UA; x UA; — R is the direct sum
of stretched Feynman graphons WXi : A; x A; = R with m(/L) = ¢! such that
A;nA; =0 for i # j and Wy, | i = Wx,, m-almost everywhere. This leads us to

define a new stretched Feynman graphon Wy : [0,00) x [0,00) — R as the direct
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sum of stretched Feynman graphons V~in : B; x B; — R with m(Bi) = ¢! such that
{Bi}32, is a partition for [0,00) and Wx |z = Wx,, m-almost everywhere.
For each n > 1, and

val(T') := max {t > 1: I' € D Hy&(®)}, (46)

1>t
consider the n-adic distance
agic (X, T) = 27¥I(Xn=D) — g=n (47)

as the weight of X,,. If we apply the Lebesgue measure preserving transformation
Ton @ @ +— 2"z, (mod 1), then W}Z is weakly isomorphic to Wy, such that VT/)T(ZH
is a stretched Feynman graphon of 2™ x 2" copies of Wxn with weights 27", If
we apply affine transformations of the real line and Lebesgue measure preserving

transformations = — nz, (mod 1), then Wx € Sﬂi&‘fgf‘lq’

(R) can be projected

onto Wx € Sg(g;})l;n ., (R) where the partition {Bi}i:1 is replaced with the partition

{B} , for [0,1) such that for ¢ < 1, m(B;) = ¢27% and for ¢ > 1, m(B;) =
(¢)2” O

Theorem 3.1 shows that for any amplitude r, Wgr associates an infinite set A,
which has infinitesimally small measure, to each z € 2 C [O 00) such that there exists
a random graph between A, and A, with the density HWGr Wer (z,9)|.

Corollary 3.2. There exists processes of random graphs which recover the divergent
perturbative series of Feynman diagrams which contribute to fized point equations of
1PI Green’s functions in ® under coupling constants ¢ > 1.

[leut

Proof. We apply Lemma 2.2, Corollary 2.6 and Theorem 3.1.
For the equation (39) with the solution X = 3" ., ¢"X,,, consider the partial sums
of X given by -
Y, =I+cXi+...+MX,,, m>1 (48)

such that the sequence {Y;,},, is convergent to X with respect to the metric (20)
r (21). For each k, let tx, be the rooted tree or forest representation for X} such
that its vertex set V(tx, ), decorated in terms of (1PI) primitive Feynman subgraphs
of X}, as an ordered set, can be projected onto a subset S% C [0,1) with |V (tx, )|
nodes by an embedding ;. For m > 1, the vertex set V(ty,,) = U7,V (tx,) of the
rooted forest representation of Y,,, as an ordered set, can be projected onto a subset
SE=be = m S0 [0,1) with ap, == > 1w, |V (tx, )| nodes.
Define a random graph Ry, wy, with the vertex set S®=1% guch that with

the probability p——— [Wy,, (xi,x;)|, there exists an edge between z; and z; in

ut
Rq,, wy,, - When m |tlends to infinity, the vertex V(tx) of the rooted forest rep-
resentation of X, as an ordered set, can be projected onto a subset S®r=1%x —=
Lpe % < [0,1) with infinite countable nodes. The sequence {Rq,, wy. }m of ran-
dom graphs converges to the random graph R, w, such that with the probability
W (x;,2;)|, there exists an edge between z; and z; in R w,. Therefore

1
HWX ‘ ‘cut
we have

hmm—moRam,Wym = Roo,WX = limm_ﬂ)OWym = WX <~ hmm_moYm =X. (49)



A RANDOM GRAPH REPRESENTATION FOR GREEN’S FUNCTIONS 85

Thanks to the homomorphism density (30) and [50], the probability distribution of
the partial sum Y,, in W is given by integrating over all possible choices of z1, ..., x,
with respect to Wx, namely

t(Ym, Wx) Z:t(tym, Wx) <~ (50)

(¥ W) = [ [T o Wxo)

002 oy IV leut

1
H (1 - |Wx(xi,xj)|> dzr...dz,,, . (51)
ei;EE(ty,,) ||WXcht

m

Let T be a Feynman diagram with nested loops but without overlapping loops and
res(T") = r. The homomorphism density (30) together with Sample Concentration for

Graphs/Graphons [5, 7, 10, 11, 36] lead us to show that for each 0 < € < 1,
ay,
P |t(r, Ram’WX) — t(r, WX)| > € S 26Xp - W . (52)
r

Here R,,, wy is arandom graph with the vertex set S, defined by choosing uniformly
am nodes from [0, 1) such that for u;, u; € S,,, with the probability mmfx(ui, uj)|
there exists an edge between u; and u; in Ry, wy - O

Corollary 3.3. Let {X"™}, be a sequence of large Feynman diagrams which con-

tribute to solutions of combinatorial Dyson—Schwinger equations DSE,,, n > 1. Let
Wxr W € Sg;’;ﬁ;ﬁ?f([o, 1]). For any 1PI Feynman diagram I with nested loops
without overlapping loops, when n tends to infinity, the sequence {t(T', Wxrn)}n con-

verges to t(T', W) iff {dewt(Wxrn, W)} converges to zero.

Proof. If {dewt(Wxrn, W)}, converges to zero, then for each ¢ > 0 there exists some
order N, such that for any m > N,, we have dey(Wxrm, W) < €. Thanks to Corollary
2.6, for any m > N, we have

[H(0, Wiern) — H(0, W) < (] = Ddewe (W, W) < ([0 = )¢ (53)

which means that the sequence {¢(T', Wxrx )}, converges to t(I', W).
If the sequence {t(I", Wxra ) }, converges to ¢(I", W), then for each € > 0 there exists
some order M, such that for each m > M., we have

[t(T, Wxrm ) —t(T,W)| < €. (54)
Thanks to Inverse Counting Lemma [10, 11, 36], by setting € = 2"”27 we can get the
inequality
50
dewt(Wrm , W) < ———  m > M, . (55)
In|T|
Therefore, by choosing those I' with the loop numbers larger than exp((%)Q), we have
dent Wxrm , W) < €, (56)
which means that the sequence {deys(Wxrn, W)}, converges to zero. O

Corollary 3.4. The homomorphism density (30) characterizes quantum motions in
.
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Proof. For combinatorial Dyson-Schwinger equations DSE,. , DSE,, with the corre-

sponding solutions X", X" and Wxw,Wxr € S(r(;;}),g;l)?( ), Corollary 2.6 and
Sampling Distance between Graphs / Graphons [10, 11, 36] show that if for T' €
Hpg(®),
22 [tr|— 1|t(F Wxr) — (T erz Z 2% var (R Wt , Ry erz) =0, (57
r k=1
then
dvar(Roc,WXrl s ROO7WX7‘2) =0 X"~ X" (58)

O

Homomorphism densities of Feynman graphons are applied to describe the struc-
ture of the Gibbs probability measure on the space of 1PI Green’s functions to asso-
ciate a statistical manifold to a quantum field theory [16]. Geodesics in this manifold
are candidates to recover the notion of information entropy between quantum motions.

Corollary 3.5. The homomorphism density of Feynman graphons associates expec-
tation values to solutions of quantum motions as observed information of a quantum
field theory.

Proof. For a combinatorial Dyson—Schwinger equation DSE with the solution X =
Yoo o™X, and the sequence {Y,},, of its partial sums, and a random variable u
chosen from a compact interval J C [1,00), define
X=X =Yg = Y X, (59)
n=[u]+1

such that u — [u] is the ceiling function. The homomorphism density of the stretched
S(0.D.m).®

eraphon,~ (R) determines a distribution

Feynman graphon Wx €

(u, X1 = Tpsp(u) =1 — (Y, Wx) | (60)
, conditioned on u, with the corresponding Gibbs measure
1 .
P () = 5 0xp ~ Tosi(u)) (61)

such that
201 = [es(isiel +i [iwotwa®s) Dl (62)

is the partition function with respect to the source field j. The probability measure
P, (1) describes the probability that we observe a (non-)perturbative solution X *1
of the equation DSE such that these probability values are conditioned on the random
variable w.

The probability distribution P : (Wx, u) — Py, (1) on Sér(;pl})lg?j) (R) determines
the Fisher information

/ ( ;ulogP(WX, ))2P(Wx,u)du (63)

as the expectation value of X generated by the distribution ¢(X [ul, Wx). (|
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4. Conclusion

This research work presented a new application of the method of Feynman graphons
to quantum field theory. It is explained that perturbative series of higher loop or-
der Feynman diagrams which contribute to 1PI Green’s functions or solutions of
their corresponding fixed point equations can be described by graph limits generated
by processes of random graphs. Thanks to the homomorphism density of Feynman
graphons together with the Gibbs measure mechanism, expectation values are as-
signed to solutions of combinatorial Dyson—Schwinger equations.

4.1. A comparison. The method of Feynman graphons has some advantages in
comparison to other non-perturbative methods. In this methods, non-perturbative
series of 1PI Green’s functions and their corresponding fixed point equations are
replaced with stretched Feynman graphons as some bounded symmetric (Lebesgue)
measurable functions in contrast to the Borel resummations which deal with the
challenge of singularities and summability [27, 34]. As it is shown in this research
work, these Feynman graphon representations are reliable to show the importance of
randomness in the core-stone of non-perturbative aspects of a quantum field theory. In
addition, (non-)perturbative solutions of quantum motions in a quantum field theory
can be recovered by the geometry of a separable Banach space of stretched Feynman
graphons without any discretization of space-time [19, 50]. This is in contrast to lattice
models or large N limits [18, 37, 39, 57, 60]. Furthermore, the method of Feynman
graphons addresses the existence of intermediate phases in non-perturbative domain
a quantum field theory such that phase transitions and equilibrium states can be
described in terms of a statistical model [14, 49].
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