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resentations for divergent perturbative series of higher loop order Feynman diagrams which

contribute to 1PI Green’s functions and their corresponding fixed point equations in a quantum

field theory.
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1. Introduction

A quantum field theory is a special relativistic platform for the study of interact-
ing physical systems with infinite degrees of freedom where quantum fields describe
fermions and bosons which can be created or annihilated. The method of Feynman
path integral is applied to formulate a quantum field theory in terms of towers of a
certain class of n-correlated functions such that the interaction part of the Lagrangian
generates (divergent) perturbative series of powers of coupling constants together with
momentum integrals as their coefficients [26]. These perturbative series are known as
Green’s functions [40, 41, 42] such that Feynman rules enable us to combinatorially
represent them in terms of formal expansions of higher loop order Feynman diagrams
[28, 29, 33]. The power of coupling constant in each terms of these expansions de-
termines the loop number of 1PI Feynman diagrams as the coefficients of that term
where the computational complexities of 1PI Green’s functions increase in terms of
growing the number of higher loop order Feynman diagrams in each term [35, 55].
The most difficult challenge is dealing with divergent perturbative series which con-
tribute to 1PI Green’s functions and solutions of their fixed point equations under
strong coupling constants. In this situation, perturbation theory fails to generate any
information and we need to apply non-perturbative methods.

The large N method modifies the validity domain of the approximations of reducing
an interacting physical theory to a free fermion theory with self-consistently deter-
mined parameters where for fields with N components, in the large N limit composite
fields could have small fluctuations. In this setting, an effective scalar theory should
be constructed where by integrating out the degrees of freedom, an interacting theory
with O(N) or U(N) symmetries on large N limit and in 1/N expansion are expected
to be solved. The Borel resummation method replaces divergent perturbative series
with Borel sums which might have singularities on the positive real axis in the Borel
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plane. The lattice methods describe passing from perturbation to non-perturbation
regimes on the basis of the continuum limit of discrete approximations of space-time
generated by finite lattices such that their number of nodes tend to infinity. The
AdS/CFT correspondence applies the assumption of the zero beta function to de-
scribe non-perturbative quantum field theory in terms of perturbative string theory
[17, 23, 24, 25, 26, 28, 31, 34, 37, 38, 39, 40, 41, 42, 55, 56].

Graphons, as a class of dense graphs, are combinatorial tools for the presentation
of graph limits of sequences of finite weighted graphs with increasing vertex sets. The-
ory of graphons has been developed in terms of combinatorial and measure theoretic
settings to search for random nature of models of complex networks in Computer
Science and Applied Mathematics [1, 5, 6, 7, 10, 11, 12, 20, 36]. In this regard, the
method of Feynman graphons, which formulates graphon representations for graph
limits of sequences of Feynman diagrams with increasing loop orders [43, 48, 50], as-
signs a statistical model to non-perturbative domain of a quantum field theory [44].
The Banach space of stretched Feynman graphons led us to define the notion of Kol-
mogorov complexity for solutions of fixed point equations of (1PI) Green’s functions in
a quantum field theory [47, 51]. This research work proceeds the method of Feynman
graphons to formulate processes of graphon / random graphs which restore informa-
tion from divergent perturbative series which contribute to 1PI Green’s functions and
their corresponding fixed point equations in a quantum field theory.

1.1. Quantum field theory via renormalization Hopf algebra. Quantum fields
are operator-valued distributions which cannot be evaluated at a single point and they
do make sense over regions of space-time. Localized measurements in regions of space-
time give information of quantum fields. The N -point correlation functions are given
by

Gn(x1, ..., xn) =

∫
e
iS[φ]

~ φ(x1)...φ(xn)D[φ]∫
e
iS[φ]

~ D[φ]
(1)

such that S[φ] = S0[φ] + cSint[φ] is the time-integral of the Lagrangian with the in-
teraction part Sint[φ] and the (running) coupling constant c. The infinite dimensional
Lebesgue–Feynman measure D is a measure on the space of all possible trajectories,
which can be traveled by an elementary particle, between the initial state at position
x1 and time t1 and the final state at position xn and time tn. The Taylor expansions

of e
iS[φ]

~ in (1) generate perturbative series of powers of coupling constants together
with iterated ill-defined momentum integrals, namely (1PI) Green’s functions. Feyn-
man rules replace these perturbative series of integrals with polynomials of powers
of coupling constants with higher loop order Feynman diagrams as their coefficients
where Feynman diagrams encode interactions of quantum fields in a bounded region
of space-time [26, 40, 41].

Definition 1.1. • A Feynman diagram Γ is a space-time diagram. It is a finite
decorated weighted graph with a vertex set Γ[0] and an edge set Γ[1]. Edges in Γ[1]

represent elementary particles such that vertices in Γ[0] represent interactions.

The subset Γ
[1]
ext ⊆ Γ[1] of external edges, which contains edges with beginning

or ending vertex, represents elementary particles with the assigned momenta.

Each external edge is a half-edge. The subset Γ
[1]
int ⊆ Γ[1] of internal edges, which

contains edges with beginning and ending vertices, represents virtual particles.
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Each internal edge is a pair of two half-edges. The law of the conservation of
momenta is valid in each vertex of Γ and for the whole graph.

• Γ is called 1PI, if it remains a connected graph after removing a single edge.

• A subgraph γ in Γ is a graph such that γ
[1]
int ⊆ Γ

[1]
int, γ

[0] ⊆ Γ[0], and for each

v ∈ γ[0],

resγ(v) := {e ∈ γ[1] : v ∈ e} = {e′ ∈ Γ[1] : v ∈ e′} := resΓ(v) (2)

[29, 30, 31, 32].

The momentum integral corresponding to a Feynman diagram could have (nested)
divergences in terms of the momentum variable which varies from zero to infin-
ity. These divergences are represented by nested loops in Feynman diagram. The
Bogoliouv–Zimmermann’s forest formula provides a recursive process to remove these
loops where the regularization techniques such as dimensional regularization (i.e.
D 7→ D − z) or momentum cut-off (i.e. 0 7→ Λ) enable us to replace divergent
sub-integrals with some analytic series. Then a renormalization schemes such as min-
imal subtraction (i.e.

∑
n≥−m anz

n 7→
∑−1
n=−m anz

n) is required to extract finite

renormalized values [3, 21, 22, 62].
The BPHZ perturbative renormalization has been reformulated in terms of the

theory of Hopf algebras and Riemann–Hilbert problem [15, 16] where the space of
Feynman diagrams of a quantum field theory Φ can be equipped with a graded com-
mutative non-cocommutative Hopf algebra HFG(Φ) =

⊕
n≥0H(n)(Φ) over the field

Q or R [3, 32]. This Hopf algebra, known as Connes–Kreimer renormalization Hopf
algebra, is free generated by 1PI Feynman diagrams and graded by loop number. For
each n, H(n)(Φ) is the vector space of 1PI n-loop Feynman diagrams and products
of 1PI Feynman diagrams with the overall loop number n. For each Γ ∈ HFG(Φ), its
coproduct is given by

∆(Γ) = Γ⊗ I + I⊗ Γ +
∑
γ

γ ⊗ Γ/γ (3)

such that the sum is taken over all disjoint unions of superficially divergent subgraphs
of Γ called Feynman subdiagrams. The insertion operator ? on the space of Feynman
diagrams recovers the gluing of factorized components generated by the coproduct
(3). For 1PI Feynman diagrams Γ1,Γ2, the insertion of Γ2 into Γ1, presented by
Γ1 ? Γ2, is the sum over all possible bijections between sets

resΓ1(v) = {e ∈ Γ
[1]
1 : v ∈ e} , v ∈ Γ

[0]
1 (4)

and Γ
[1]
2,ext such that topologically different graphs are generated once. The insertion

operator, as a bilinear map from 1PI Feynman diagrams to 1PI Feynman diagrams,
defines a pre-Lie algebra structure on the space of Feynman diagrams in Φ. The
commutator

[Γ1,Γ2] := Γ1 ? Γ2 − Γ2 ? Γ1 (5)

defines a graded Lie algebra structure LΦ such that the graded dual of the universal
enveloping algebra of LΦ reconstructs the renormalization Hopf algebra HFG(Φ) [3,
29, 30, 32].

Feynman rules of Φ is encoded by a certain class of elements of the complex Lie
group GΦ(Adr) = Hom(HFG(Φ), Adr) such that Adr is the algebra of Laurent series
with finite pole parts [4]. Let ∆∗ be an infinitesimal punctured disk around z = 0 in
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the complex plane. The dimensional regularization replaces a Feynman rules character
ϕ to ϕz which sends each Feynman diagram Γ to ϕz(Γ) = IzΓ ∈ Adr. Thanks to
the renormalization coproduct (3), and the existence of the Birkhoff factorization
(ϕz−, ϕ

z
+) for ϕz, the BPHZ renormalization of Γ is reformulated by the recursive

equations

ϕz−(Γ) = −Rms

(
ϕz(Γ) +

∑
γ

ϕz−(γ)ϕz(Γ/γ)

)
, (6)

ϕz+(Γ) = ϕz(Γ) + ϕz−(Γ) +
∑
γ

ϕz−(γ)ϕz(Γ/γ) (7)

such that ϕz = (ϕz−)∗−1 ∗ ϕz+, ϕz− : HFG(Φ) → Adr,−, ϕz+ : HFG(Φ) → Adr,+,
Adr = Adr,− ⊕ Adr,+, and Rms : Adr → Adr is the minimal subtraction map which
sends each Laurent series onto its pole parts. The convolution coproduct ∗ is defined
in terms of the renormalization coproduct (3), namely

(ϕz−)∗−1 ∗ ϕz+(Γ) =

= (ϕz−)∗−1(Γ)⊗ ϕz+(I) + (ϕz−)∗−1(I)⊗ ϕz+(Γ) +
∑
γ

(ϕz−)∗−1(γ)ϕz+(Γ/γ) (8)

[3, 15, 16, 32].
A gauge field theory, as a quantum field theory with a Lagrangian invariant under a

symmetry group, is formulated on the basis of a certain class of identities between its
Feynman diagrams, namely Ward–Takahashi or Slavnov–Taylor identities for abelian
or non-abelian gauge field theories, respectively [24, 61]. The Ward–Takahashi or
Slavnov–Taylor elements generate Hopf ideals IWT or IST of the renormalization
Hopf algebra. The compatibility of quantum gauge symmetries with the Hopf al-
gebraic renormalization is encoded by the quotient Hopf algebras HFG(QED)/IWT or
HFG(QCD)/IST [58, 59]. In addition, fixed point equations of (1PI) Green’s functions
in the physical theory, which recover quantum motions, can be reformulated in terms
of a certain class of recursive Hochschild equations [3, 29, 31] such that their compat-
ibility with the BPHZ renormalization have been recovered by the renormalization
Hopf algebra [47, 52, 53, 54].

The combinatorial representation of the renormalization Hopf algebra has been
formulated in terms of the Connes–Kreimer Hopf algebra of non-planar rooted trees
HCK defined on the polynomial algebra of non-planar rooted trees. This is a free
commutative non-cocommutative Hopf algebra which is graded by the vertex number.
Its coproduct is given by

∆CK(t) = t⊗ 1 + 1⊗ t+
∑
ct

Rct ⊗ Pct (9)

such that the sum is taken over all non-trivial admissible cuts in t. An admissible cut
ct is a collection of edges of t such that any path between the root of t and each of
its (vertices or) leaves has at most one element of ct. An admissible cut ct divides
t into two separated parts. The subtree Rct has the root of t and Pct is a forest of
subtrees as the rest of t. The grafting operator B+ recovers the recursive nature of
∆CK. It sends a forest of trees t1...tn to a new non-planar rooted tree t by adding a
new vertex rt as the root of t and n edges between rt and roots rt1 , ..., rtn . The pair
(HCK, B

+) is the universal object in a category of pairs (H,LH) of (a commutative
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Hopf algebra, a Hochschild one-cocycle). This universal object recovers the BPHZ
perturbative renormalization independent of physical theories [3, 21, 22, 30, 32].

1.2. From topological completion of the space of graphs to Feynman gra-
phons. Graphons, as generalizations of graphs, are weighted graphs with the ver-
tex set [0, 1] or Ω ⊆ [0,∞). They have been introduced and developed to pro-
vide representations for the graph limits of sequences of finite weighted dense or
sparse graphs in terms of a certain class of metrics [14, 19, 36]. For the Lebesgue
measure space ([0, 1],m), a graphon is a Lebesgue measurable symmetric function
W : [0, 1]× [0, 1] → [0, 1]. For any invertible m-measure preserving transformation ρ
on [0, 1], W ρ(x, y) = W (ρ(x), ρ(y)) is a labeled graphon. Graphons W1,W2 are called
weakly isomorphic (i.e. W1 ≈ W2) iff there exist Lebesgue measure preserving trans-
formations ρ1, ρ2 on [0, 1] and a graphon W such that W1 = W ρ1 and W2 = W ρ2

almost everywhere with respect to the Lebesgue measure. The function

||W ||cut := supA,B⊂[0,1]

∣∣∣∣ ∫
A×B

W (x, y)dxdy

∣∣∣∣ (10)

defines a semi-norm on the space of graphons such that the supremum is taken over
Lebesgue measurable subsets A,B of [0, 1]. It determines a pseudo-metric

dcut(V,W ) := infτ,ψ‖V τ −Wψ‖cut (11)

such that the infimum is taken over invertible Lebesgue measure preserving transfor-
mations on [0, 1]. Up to the weakly isomorphic relation, dcut is a metric on the space
of weakly isomorphic classes

[W ]≈ := {W ρ : ρ ∈ A[0,1],m} (12)

such that A[0,1],m is the semi-group of Lebesgue measure preserving transformations

on [0, 1]. The quotient space W([0,1],m)
≈ ([0, 1]) of these weakly isomorphic classes is

a compact complete Hausdorff metric space. The graph limits of Cauchy sequences
of finite weighted dense graphs with respect to the metric (11) are represented by

elements in W([0,1],m)
≈ ([0, 1]) [14, 19, 36].

Graph limits of Cauchy sequences of sparse graphs with respect to the metric (11)
converges to the zero graphon. It is possible to generate non-zero graph limits in terms
of rescaling or stretching processes. One way is formulating stretched graphons on a
σ−finite measure space (Ω ⊆ [0,∞), µ) which are bounded symmetric µ-measurable

real valued functions defined on Ω × Ω. The quotient space W(Ω⊆[0,∞),µ)
≈ (R) is a

complete Hausdorff metric space. For a given graphon W ∈ W([0,1],m)([0, 1]), its
corresponding stretched / rescaled versions are given by

Ws(x, y) =

{W ( x

||W ||1/2
1

, y

||W ||1/2
1

) , 0≤x,y≤||W ||1/21

0 , otherwise

, (13)

Wr = W
||W ||cut

or Wr = W
||W ||p such that

||W ||p =

(∫
Ω×Ω

|W (x, y)|pdxdy
)1/p

, p ≥ 1 (14)

[6, 8, 9, 12].
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Consider the renormalization Hopf algebra of Feynman diagrams HFG(Φ) of a
quantum field theory Φ. There exists an injective homomorphism of Hopf algebras
from HFG(Φ) to HCK(Φ) such that the vertex set of each non-planar rooted tree
is decorated by (1PI) primitive Feynman diagrams. For each Feynman diagram Γ
without overlapping loop and with the loop number |Γ| = n, tΓ is a decorated non-
planar rooted tree with n vertices. If Γ has overlapping loops, then tΓ is a linear
combination of decorated non-planar rooted trees [3, 30, 32].

Definition 1.2. • For the Lebesgue measure space ([0, 1],m), the adjacency ma-
trix of tΓ, |tΓ| = n, defines the symmetric Lebesgue measurable function

PσtΓ : [0, 1]× [0, 1]→ [0, 1] , (x, y) ∈ Ii × Ij 7→ aij ∈ Ad(tΓ) (15)

such that σ = {I1, ..., In} is a partition of [0, 1]. If m(Ii) = 1
n for 1 ≤ i ≤ n, then

PσtΓ is called the canonical Feynman graphon associated to Γ.
• For any invertible Lebesgue measure preserving transformation ρ on [0, 1], Pσ,ρtΓ is

called a labeled Feynman graphon associated to Γ. Up to the weakly isomorphic
relation, WΓ := [PσtΓ ]≈ is the unique Feynman graphon associated to Γ [50, 49].

Let there exist additional weighting information {αi}ns=1, αs ∈ R, on the vertex set
of tΓ, and additional weighting information {βij}, βij ∈ R, βij = βji, on the edge
set of tΓ. We replace the partition σ with a partition σ′ = {J1, ..., Jn} for [0, 1] with

m(Js) = |αs|∑n
i=1 |αi|

, and define the function

P
′,σ′

tΓ : [0, 1]× [0, 1]→ R , (x, y) ∈ Ii × Ij 7→ βijaij . (16)

Up to the weakly isomorphic relation, WΓ := [P
′,σ′

tΓ ]≈ is the unique Feynman graphon
associated to Γ. For a σ-finite measure space (Ω ⊆ [0,∞), µ), WΓ is called stretched
Feynman graphon associated to Γ [43, 48, 50, 49].

1.3. Achievement. The topological Hopf algebra of renormalization is considered
to associate a category of random graphs to a quantum field theory. It leads us to
assign renormalized values to graph limits of sequences of higher loop order Feynman
diagrams in terms of processes of random graphs. From the perspective of the topolog-
ical Hopf algebra of renormalization, 1PI Green’s functions and their corresponding
fixed point equations can be described as the graph limits of Cauchy sequences of
finite partial expansions of higher loop order 1PI Feynman diagrams with respect to
the cut-distance topology or its Lp-modifications for p ≥ 1 [43, 45, 47, 49]. We pro-
ceed this setting to associate processes of random graphs to divergent perturbative
series which contribute to 1PI Green’s functions and their corresponding fixed point
equations. The homomorphism density of Feynman graphons, as continuous func-
tionals on the space of stretched Feynman graphons associated to Feynman diagrams
of a quantum field theory, are applied to associate expectation values, in the context
of Fisher information, to solutions of fixed point equations of 1PI Green’s functions.

2. Topological Hopf algebra of renormalization

The renormalization Hopf algebra is not rich enough to recover the renormalization of
1PI Green’s functions and solutions of their fixed point equations under strong (run-
ning) coupling constants. A certain class of graphons, namely (stretched) Feynman
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graphons, enables us to study 1PI Green’s functions as graph limits for sequences of
higher loop order Feynman diagrams with increasing loop numbers with respect to the
metric (11). This graph limit setting can recover a non-perturbative generalization of
the BPHZ program [47, 48, 49, 52].

Let S(Ω⊆[0,∞),µ),Φ
graphon,≈ (R) ⊂ W(Ω⊆[0,∞),µ)

≈ (R) be the subspace of stretched Feynman
graphons associated to Feynman diagrams in Φ. Up to the weakly isomorphic relation
with respect to µ-measure preserving transformations, it is a complete Hausdorff
topological space with respect to the metric structure

dcut(WΓ1 ,WΓ2) = infρ1,ρ2 supA,B⊆Ω

∣∣∣∣ ∫
A×B

(
W ρ1

Γ1
(x, y)−W ρ2

Γ2
(x, y)

)
dxdy

∣∣∣∣ . (17)

The subspace S([0,1],m),Φ
graphon,≈ ([0, 1]) ⊂ W([0,1],m)

≈ ([0, 1]) is a compact complete Hausdorff

metric space [48, 50].

Stretched Feynman graphons in S(Ω⊆[0,∞),m),Φ
graphon,≈ (R) can be projected onto their

corresponding Feynman graphons in S([0,1),m),Φ
graphon,≈ (R) by applying Lebesgue measure

preserving and affine transformations on the real line. For p ≥ 1, elements of

S([0,1],m),Φ
graphon,≈ (R) are also Lp-Feynman graphons which means that

||WΓ||p =

(∫
[0,1]×[0,1]

|W (x, y)|pdxdy
)1/p

<∞ , (18)

and the distance function

dp,cut(WΓ1 ,WΓ2) = infρ1,ρ2 ||W
ρ1

Γ1
−W ρ2

Γ2
||p (19)

defines a complete Hausdorff metric space S([0,1],m),Φ
graphon,≈,p(R). It leads us to define a new

distance function on the space of Feynman diagrams in Φ given by

dcut(Γ1,Γ2) := dcut(WΓ1
,WΓ2

) or (20)

dp,cut(Γ1,Γ2) := dp,cut(WΓ1
,WΓ2

) (21)

[8, 9, 48].

Lemma 2.1. There exists a category of random graphs associated to the space of
Feynman diagrams in a quantum field theory.

Proof. Let Γ be a 1PI Feynman diagram without overlapping loops, the loop number
|Γ| = nΓ, the rooted tree representation tΓ and Feynman graphon representationWΓ ∈
S([0,1],m),Φ

graphon,≈ (R). The vertex set V (tΓ) as an ordered set can be projected onto a subset

SθΓ ⊂ [0, 1) with nΓ = |V (tΓ)| nodes by an embedding θ. Define a new random graph
RnΓ,WΓ

with the vertex set SθΓ such that with the probability 1
||WΓ||cut

|WΓ(xi, xj)|,
there exists an edge between xi and xj in RnΓ,WΓ .

Thanks to Sampling Lemmas for Graphs / Graphons [10, 11, 12, 36], with the
probability 1− exp( −nΓ

2lognΓ
), we have

dcut(tΓ, RnΓ,WΓ) = dcut(WΓ,WRnΓ,WΓ
) ≤ 20√

lognΓ
. (22)

Therefore if the loop number |Γ| = ∞, then dcut(tΓ, R∞,WΓ) = 0 which means that
tΓ and R∞,WΓ

are weakly isomorphic.
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Define a new category CΦ
random such that its objects are random graphs RnΓ,WΓ

.
Homomorphisms of Feynman diagrams in hom(Γ1,Γ2) determine homomorphisms of
random graphs in mor(RnΓ1

,WΓ1
, RnΓ2

,WΓ2
) ∈ CΦ

random. If hom(Γ1,Γ2) = ∅, then

mor(RnΓ1
,WΓ1

, RnΓ2
,WΓ2

) = ∅. �

Definition 2.1. A sequence {Γn}n of Feynman diagrams in Φ is convergent with

respect to the metric (20) when n tends to infinity iff the sequence { WΓn

||WΓn ||cut
}n in

the metric space S(Ω⊆[0,∞),µ),Φ
graphon,≈ (R) is convergent to a non-trivial stretched Feynman

graphon with respect to the metric (17) when n tends to infinity.

Following Definition 2.1, a convergent sequence {Γn}n of Feynman diagrams can
be described in terms of the asymptotic densities of the sequence {tΓn}n of rooted
tree representations and its graph limit t∞ where rooted trees with different densities
might have a similar structure. Following Definition 1.2, W ∈ [Pt∞ ]≈ recovers the
graph limit X for {Γn}n which is called large Feynman diagram such that WX is
weakly isomorphic to W . In other words, [WX ]≈ = [Pt∞ ]≈.

Lemma 2.2. (1) Any sequence {Γn}n of Feynman diagrams in Φ with increasing
loop number has a convergent subsequence with respect to the metric (20).

(2) The graph limit X of any Cauchy sequence {Γn}n of Feynman diagrams in Φ is
representable by a random graph.

Proof. 1. Following [19, 36, 47, 48, 50] leads us to show that for the sequence {WΓn}n
in S(Ω⊆[0,∞),µ),Φ

graphon,≈ (R), there exists a subsequence {WΓni
}i≥1 and a stretched Feynman

graphon W such that

limi→∞dcut(WΓni
,W ) = 0 . (23)

2. Thanks to Definition 2.1, we know that

limn→∞Γn = X ⇔ limn→∞
WΓn

||WΓn ||cut
= WX (24)

with respect to the metrics (17) and (20), respectively. Following proof of Lemma
2.1, for each n consider the random graph RαΓn ,WΓn

corresponding to the Feynman
diagram Γn with the loop number αΓn . The vertex set V (tΓn) as an ordered set

can be projected onto a subset SθnΓn
⊂ Ω ⊆ [0,∞) with αΓn = |V (tΓn)| nodes by an

embedding θn. The random graph RαΓn ,WΓn
is defined on the vertex set SθnΓn

such

that with the probability 1
||WΓn ||cut

|WΓn(xsi , xsj )|, there exists an edge between xsi
and xsj .

By tending n to infinity, the vertex set V (tΓ∞) as an ordered set can be projected

onto a subset Sθ∞X ⊂ Ω ⊆ [0,∞) with infinite countable nodes by an embedding

θ∞ = tnθn. The random graph R∞,WX
is defined on the vertex set Sθ∞X such that

with the probability 1
||WX ||cut

|WX(xsi , xsj )|, there exists an edge between xsi and xsj .

Thanks to the inequality (22), we have dcut(tX , R∞,WX
) = 0 which means that tX is

representable by R∞,WX
. �

The space S(Ω⊆[0,∞),µ),Φ
graphon,≈ (R), as a closed subspace ofW(Ω⊆[0,∞),µ)

≈ (R), is a complete

Hausdorff metric space, and S([0,1),m),Φ
graphon,≈ ([0, 1]) is a compact complete Hausdorff metric

space with respect to the distance function (17).
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Lemma 2.3. S(Ω⊆[0,∞),µ),Φ
graphon,≈ (R) topologically completes HFG(Φ).

Proof. Let µ(Ω) <∞ and Γ be a Feynman diagram with overlapping loops, the loop
number |Γ| = n and the rooted forest representation tΓ = c1s1 + ...+ cnsn as a linear
combination of non-planar rooted trees such that |sj | = n for each 1 ≤ j ≤ n. The
stretched Feynman graphon WΓ is defined as a certain direct sum WΓ = Ws1 + ...+
Wsn ,

WΓ :

n⊔
j=1

Cj ×
n⊔
j=1

Cj → R , WΓ|Cj = Wsj (25)

such that (i) For 1 ≤ j ≤ n, Wsj : Cj ×Cj → R is a stretched Feynman graphon with

µ(Cj) =
cj∑n
k=1 ck

µ(Ω) for cj > 0, (ii) For cj < 0, −Wsj : Cj × Cj → R is considered

with µ(Cj) =
|cj |∑n
k=1 |ck|

µ(Ω), and (iii) Cl ∩ Ct = ∅ for l 6= t.

Following Definition 2.1, let X be a large Feynman diagram as the graph limit of
the sequence {Γn}n. The renormalization coproduct (3) can be extended to X where
∆(X) is defined as the limit of the sequence {∆(Γn)}n. It leads us to topologically
complete the renormalization Hopf algebra to achieve the topological Hopf algebra
Hcut

FG (Φ) with the coproduct ∆ : Hcut
FG (Φ) → Hcut

FG (Φ) ⊗ Hcut
FG (Φ). ∆, as a linear

bounded operator between Banach spaces with respect to the cross-norm on Hcut
FG (Φ)⊗

Hcut
FG (Φ), is continuous.
Thanks to the recursive equations (6) and (7), the renormalized value corresponding

to the renormalization of X is given by

ren(X) = limn→∞ϕ
z
+(Γn) . (26)

�

Proposition 2.4. The space S(Ω⊆[0,∞),µ),Φ
graphon,≈ (R) can be equipped with a topological

Hopf algebra structure.

Proof. LetHgr(Φ) be the free commutative algebra generated byWΓ ∈ S(Ω⊆[0,∞),µ),Φ
graphon,≈ (R)

corresponding to 1PI Feynman diagrams in Φ. It is a graded vector space such that
for each n, Hn

gr is the vector space of stretched Feynman graphons corresponding to
1PI Feynman diagrams with the loop order n or products of 1PI Feynman diagrams
with the overall loop number n. The algebra Hgr(Φ) =

⊕∞
n=0H

n
gr is equipped with

the coproduct

∆gr(WΓ) = WΓ ⊗WI +WI ⊗WΓ +
∑
Wγ

Wγ ⊗WΓ/γ (27)

such that the sum is taken over all stretched Feynman graphons Wγ where γ con-
tributes to the renormalization coproduct of Γ. The antipode is given by

Sgr(WI) = WI , Sgr(WΓ) = −WΓ −
∑
Wγ

Sgr(Wγ)WΓ/γ (28)

with respect to the coproduct (27). The map Γ 7→ WΓ provides an injective homo-
morphism of Hopf algebras from HFG(Φ) to Hgr(Φ).

This Hopf algebra can be topologically enriched. Let {WΓn}n be a sequence in

Hgr(Φ) which converges to W ∈ S(Ω⊆[0,∞),µ),Φ
graphon,≈ (R). ∆gr(W ) is defined as the limit of

the sequence {∆gr(WΓn)}n with respect to the metric (17). The resulting topological
Hopf algebra is presented by Hcut

gr (Φ). �
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Corollary 2.5. Renormalized values associated to large Feynman diagrams can be
recovered by processes of random graphs.

Proof. We apply Lemmas 2.2, 2.3 and Proposition 2.4. Let X be a large Feynman

diagram with WX ∈ S([0,1),m),Φ
graphon,≈ (R). Consider the sequence {RαΓn ,WΓn

}n of random

graphs (generated by {WΓn}n) which converges to R∞,WX
. For each n ≥ 1, the

homomorphism density of Γn with respect to WX is given by

t(Γn,WX) :=t(tΓn ,WX)⇔ (29)

t(Γn,WX) =

∫
[0,1)|tΓn |

∏
eij∈E(tΓn )

1

||WX ||cut
|WX(xi, xj)| (30)

∏
eij 6∈E(tΓn )

(
1− 1

||WX ||cut
|WX(xi, xj)|

)
dx1...dx|tΓn |

such that t(X,WX) = 1. It determines the probability that the WX -random graph of
order |tΓn | is isomorphic to tΓn . Thanks to [36, 50], if tΓ = s1 + ...+ sk be a forest of
decorated non-planar rooted trees, then we have

t(tΓ,WX) = t(s1,WX)...t(sk,WX) . (31)

For any fixed Feynman diagram Γ ∈ HFG(Φ), the functional W 7→ t(Γ,W ) is

a continuous map on S([0,1),m),Φ
graphon,≈ (R) with respect to the metric (17). For a dimen-

sionally regularized Feynman rules character ϕz ∈ Hom(HFG(Φ), Adr), consider its
corresponding character ϕ̃z ∈ Hom(Hgr(Φ), Adr). We have

ren(X) = limn→∞ϕ
z
+(Γn)⇔ ren(WX) = limn→∞ϕ̃

z
+(WΓn) (32)

⇔ ren(R∞,WX
) = limn→∞ϕ̃

z
+(RαΓn ,WΓn

) .

�

Corollary 2.6. • For 1PI Feynman diagrams Γ,Γ1,Γ2 with nested loops without
overlapping loops and |Γ| = n, we have

|t(Γ,WΓ1
)− t(Γ,WΓ2

)| ≤ (n− 1)dcut(Γ1,Γ2) . (33)

• Consider large Feynman diagrams X,Y with WX ,WY ∈ S([0,1),m),Φ
graphon,≈ (R) and a 1PI

Feynman diagram Γ with nested loops without overlapping loops and |Γ| = n, we
have

|t(Γ,WX)− t(Γ,WY )| ≤ (n− 1)dcut(WX ,WY ) . (34)

• For n ≥ 2, let Rn,WX
and Rn,WY

be finite random graphs with the vertex sets
Vn,X , Vn,Y uniformly independent selected from [0, 1) such that |Vn,X | = |Vn,Y |.
Define

dvar(Rn,WX
, Rn,WY

) :=
1

2

∑
Γ,|Γ|=n

|t(Γ,WX)− t(Γ,WY )| (35)

such that the sum is taken over all 1PI Feynman diagrams with nested loops
without overlapping loops with the loop order n. Then we have

dvar(Rn,WX
, Rn,WY

) ≤ 2n
2

dcut(WX ,WY ) . (36)

Proof. This is the result of Lemma 2.2, the homomorphism density (30) and Counting
Lemmas for Graphs / Graphons [10, 11, 12, 36]. �
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3. Applications to Green’s functions

Let AΦ = {vi, ej : i, j} be the collection of types of elementary particles ej and types
of interactions vi between them in a quantum field theory Φ. For a Feynman diagram
Γ, res(Γ) is a graph generated by shrinking all internal edges of Γ into a vertex
or edge such that external edges are attached to it. For a primitive 1PI Feynman
diagram γ with res(γ) = r ∈ AΦ and with the associated Feynman integral

∫
Iγ , its

corresponding 1PI Green’s function Gr is given by

Gr = 1± c
∫
Iγ + c2

∫
Iγ

∫
Iγ + c3

∫
Iγ

∫
Iγ

∫
Iγ + ...

= 1± c
∫
Iγ

(
1± c

∫
Iγ + c2

∫
Iγ

∫
Iγ + ...

)
(37)

such that 1 is a Feynman diagram without loop, res(1) = r and Gr = 1 ± c
∫
IγG

r.
By setting F(G) = 1± c

∫
IγG

r, we have the fixed point equation F(Gr) = Gr which
is known as Dyson–Schwinger equation, quantum equation of motion or quantum
motion. Solutions of Dyson–Schwinger equations under strong coupling constants,
which encode non-perturbative aspects of a gauge field theory, have been studied by
certain types of analytic and numerical techniques [2, 13, 17, 23, 24, 25, 29, 28, 33,
39, 51, 53, 54]. Feynman rules of Φ replaces the integral presentation (37) with its
combinatorial version

Gr = I±
∑

Γ,res(Γ)=r

c|Γ|
Γ

Sym(Γ)
, (38)

such that |.| is the loop number value. The renormalization Hopf algebra describes
fixed point equations associated to (38) in terms of a certain class of recursive Hochschild
equations with the general form

X = I +
∑
n≥1

cnωnB
+
γn(Xn+1) (39)

with respect to a family {γn}n≥1 of primitive (1PI) Feynman diagrams with res(γn) =
r. The linear operator B+

γn : HFG(Φ) → HFG(Φ) inserts Γ into γn in terms of types
of the vertices of γn and types of external edges of Γ. It is observed that

∆B+
γn = B+

γn ⊗ I + (id⊗B+
γn)∆ . (40)

The equation (39) is called combinatorial Dyson–Schwinger equation such that its
solution X =

∑
n≥1 c

nXn is given by the recursive relations

Xn =
n∑
j=1

ωjB
+
γj

( ∑
k1+...+kj+1=n−j, ki≥0

Xk1
...Xkj+1

)
(41)

such that X0 = I. Each Xn is built by applying the grafting operators on the lower
order components Xj , j < n, which contributes to the order n of the equation [3, 24,
28, 29, 30, 31, 33].

For sufficiently small values of the coupling constants c � 1, 1PI Green’s func-
tions Gr are convergent perturbative series such that solutions of their correspond-
ing fixed point equations are handled by perturbation theory. However, when c ≥
1, perturbative series which contribute to 1PI Green’s functions and their corre-
sponding fixed point equations are divergent. Extracting some information from
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these divergent perturbative series is the main scope of non-perturbative methods
[2, 13, 17, 23, 24, 25, 28, 29, 33, 38, 39, 40, 43, 44, 45, 46, 47, 49, 50, 51].

The space S(Ω⊆[0,∞),m),Φ
graphon,≈ (R) of stretched Feynman graphons, which topologically

completes the renormalization Hopf algebra, enables us to study divergent 1PI Green’s
functions in terms of processes of random graphs.

Theorem 3.1. Each 1PI Green’s function Gr and its corresponding fixed point equa-
tions have well-defined Feynman graphon representations.

Proof. We apply Definition 2.1, Lemmas 2.2, 2.3 and Proposition 2.4 together with
[43, 49, 51].

1PI Green’s functions. For the 1PI Green’s function (38), consider its partial
sums

Gr≤` = Gr1 + ...+Gr` , ` ≥ 1 (42)

such that for each 1 ≤ k ≤ `,

Grk = I±
∑

|Γ|=k , res(Γ)=r

c|Γ|
Γ

Sym(Γ)
. (43)

The stretched Feynman graphon WGrk
: tCΓ × tCΓ → R corresponding to Grk is a

direct sum of stretched Feynman graphons WΓ : CΓ ×CΓ → R with m(CΓ) = ck

Sym(Γ)

such that CΓ1
∩ CΓ2

= ∅ for Γ1 6= Γ2 and WGrk
|Γ = WΓ, m-almost everywhere. The

stretched Feynman graphon WGr≤`
: tEΓ × tEΓ → R corresponding to Gr≤` is a

direct sum of stretched Feynman graphons WΓ : EΓ ×EΓ → R with m(EΓ) = c|Γ|

Sym(Γ)

such that EΓ1
∩ EΓ2

= ∅ for Γ1 6= Γ2 and WGr≤`
|Γ,|Γ|=k = WGrk

|Γ = WΓ, m-almost

everywhere. When ` tends to infinity, the sequence {WGr≤`
}` is convergent, with

respect to the metric (17), to a new stretched Feynman graphon WGr : [0,∞) ×
[0,∞) → R. It is a direct sum of stretched Feynman graphons WΓ : JΓ × JΓ → R
with m(JΓ) = c|Γ|

Sym(Γ) such that {JΓ}Γ∈Gr is a partition for [0,∞), and WGr |Γ,|Γ|=k =

WGrk
|Γ = WΓ, m-almost everywhere.

Thanks to the Cauchy property of the sequence {WGr≤`
}`, for each ε > 0 there

exists some order Nε such that for any ` ≥ Nε,

dcut(WGr≤`+1
,WGr≤`

) < ε . (44)

In other words, for enough large orders M ≥ Nε, WGr≤M+1
and WGr≤M

are weakly

isomorphic. Therefore, when ` tends to infinity, sequences {WGr≤`
}` and {WGr`

}`
behave similar in convergent to WGr with respect to the metric (17).

Fixed point equations. For the equation (39) with the solutionX =
∑
n≥1 c

nXn,
consider the partial sums of X given by

Ym := I + cX1 + ...+ cmXm , m ≥ 1 , (45)

such that the sequence {Ym}m is convergent to X with respect to the metric (20)

or (21). The stretched Feynman graphon W̃Ym : tÃi × tÃi → R is the direct sum

of stretched Feynman graphons W̃Xi : Ãi × Ãi → R with m(Ãi) = ci such that

Ãi ∩ Ãj = ∅ for i 6= j and W̃Ym |Ãi = W̃Xi , m-almost everywhere. This leads us to

define a new stretched Feynman graphon W̃X : [0,∞) × [0,∞) → R as the direct
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sum of stretched Feynman graphons W̃Xi : B̃i × B̃i → R with m(B̃i) = ci such that

{B̃i}∞i=1 is a partition for [0,∞) and W̃X |B̃i = W̃Xi , m-almost everywhere.
For each n ≥ 1, and

val(Γ) := max {t ≥ 1 : Γ ∈
⊕
l≥t

H
(l)
FG(Φ)} , (46)

consider the n-adic distance

dadic(Xn, I) = 2−val(Xn−I) = 2−n (47)

as the weight of Xn. If we apply the Lebesgue measure preserving transformation
τ2n : x 7→ 2nx, (mod 1), then W̃ τ2n

Xn
is weakly isomorphic to W̃Xn such that W̃ τ2n

Xn

is a stretched Feynman graphon of 2n × 2n copies of W̃Xn with weights 2−n. If
we apply affine transformations of the real line and Lebesgue measure preserving

transformations x 7→ nx, (mod 1), then W̃X ∈ S([0,∞),m),Φ
graphon,≈ (R) can be projected

onto WX ∈ S([0,1),m),Φ
graphon,≈ (R) where the partition {B̃i}∞i=1 is replaced with the partition

{Bi}∞i=1 for [0, 1) such that for c ≤ 1, m(Bi) = ci2−i and for c > 1, m(Bi) =
( 1
c )i2−i. �

Theorem 3.1 shows that for any amplitude r, WGr associates an infinite set Ax,
which has infinitesimally small measure, to each x ∈ Ω ⊆ [0,∞) such that there exists
a random graph between Ax and Ay with the density 1

||WGr ||cut
|WGr (x, y)|.

Corollary 3.2. There exists processes of random graphs which recover the divergent
perturbative series of Feynman diagrams which contribute to fixed point equations of
1PI Green’s functions in Φ under coupling constants c ≥ 1.

Proof. We apply Lemma 2.2, Corollary 2.6 and Theorem 3.1.
For the equation (39) with the solution X =

∑
n≥1 c

nXn, consider the partial sums
of X given by

Ym := I + cX1 + ...+ cmXm , m ≥ 1 (48)

such that the sequence {Ym}m is convergent to X with respect to the metric (20)
or (21). For each k, let tXk be the rooted tree or forest representation for Xk such
that its vertex set V (tXk), decorated in terms of (1PI) primitive Feynman subgraphs
of Xk, as an ordered set, can be projected onto a subset Sθk ⊂ [0, 1) with |V (tXk)|
nodes by an embedding θk. For m ≥ 1, the vertex set V (tYm) = tmk=1V (tXk) of the
rooted forest representation of Ym, as an ordered set, can be projected onto a subset
S⊕

m
k=1θk = tmk=1S

θk ⊂ [0, 1) with am :=
∑m
k=1 |V (tXk)| nodes.

Define a random graph Ram,WYm
with the vertex set S⊕

m
k=1θk such that with

the probability 1
||WYm ||cut

|WYm(xi, xj)|, there exists an edge between xi and xj in

Ram,WYm
. When m tends to infinity, the vertex V (tX) of the rooted forest rep-

resentation of X, as an ordered set, can be projected onto a subset S⊕
∞
k=1θk =

t∞k=1S
θk ⊂ [0, 1) with infinite countable nodes. The sequence {Ram,WYm

}m of ran-
dom graphs converges to the random graph R∞,WX

such that with the probability
1

||WX ||cut
|WX(xi, xj)|, there exists an edge between xi and xj in R∞,WX

. Therefore

we have

limm→∞Ram,WYm
= R∞,WX

⇔ limm→∞WYm = WX ⇔ limm→∞Ym = X . (49)



A RANDOM GRAPH REPRESENTATION FOR GREEN’S FUNCTIONS 85

Thanks to the homomorphism density (30) and [50], the probability distribution of
the partial sum Ym in WX is given by integrating over all possible choices of x1, ..., xam
with respect to WX , namely

t(Ym,WX) :=t(tYm ,WX)⇔ (50)

t(Ym,WX) =

∫
[0,1)am

∏
eij∈E(tYm )

1

||WX ||cut
|WX(xi, xj)|

∏
eij /∈E(tYm )

(
1− 1

||WX ||cut
|WX(xi, xj)|

)
dx1...dxam . (51)

Let Γ be a Feynman diagram with nested loops but without overlapping loops and
res(Γ) = r. The homomorphism density (30) together with Sample Concentration for
Graphs/Graphons [5, 7, 10, 11, 36] lead us to show that for each 0 < ε < 1,

P

(
|t(Γ, Ram,WX

)− t(Γ,WX)| > ε

)
≤ 2exp

(
− ε2am

8|tΓ|2

)
. (52)

Here Ram,WX
is a random graph with the vertex set Sam defined by choosing uniformly

am nodes from [0, 1) such that for ui, uj ∈ Sam with the probability 1
||WX ||cut

|WX(ui, uj)|
there exists an edge between ui and uj in Ram,WX

. �

Corollary 3.3. Let {Xrn}n be a sequence of large Feynman diagrams which con-
tribute to solutions of combinatorial Dyson–Schwinger equations DSEn, n ≥ 1. Let

WXrn ,W ∈ S([0,1),m),Φ
graphon,≈ ([0, 1]). For any 1PI Feynman diagram Γ with nested loops

without overlapping loops, when n tends to infinity, the sequence {t(Γ,WXrn )}n con-
verges to t(Γ,W ) iff {dcut(WXrn ,W )}n converges to zero.

Proof. If {dcut(WXrn ,W )}n converges to zero, then for each ε > 0 there exists some
order Nε such that for any m ≥ Nε, we have dcut(WXrm ,W ) < ε. Thanks to Corollary
2.6, for any m ≥ Nε, we have

|t(Γ,WXrm )− t(Γ,W )| ≤ (|Γ| − 1)dcut(WXrm ,W ) < (|Γ| − 1)ε (53)

which means that the sequence {t(Γ,WXrn )}n converges to t(Γ,W ).
If the sequence {t(Γ,WXrn )}n converges to t(Γ,W ), then for each ε > 0 there exists

some order Mε such that for each m ≥Mε, we have

|t(Γ,WXrm )− t(Γ,W )| < ε . (54)

Thanks to Inverse Counting Lemma [10, 11, 36], by setting ε = 2−|Γ|
2

, we can get the
inequality

dcut(WXrm ,W ) ≤ 50√
ln|Γ|

, m ≥Mε . (55)

Therefore, by choosing those Γ with the loop numbers larger than exp((50
ε )2), we have

dcut(WXrm ,W ) < ε , (56)

which means that the sequence {dcut(WXrn ,W )}n converges to zero. �

Corollary 3.4. The homomorphism density (30) characterizes quantum motions in
Φ.
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Proof. For combinatorial Dyson–Schwinger equations DSEr1 ,DSEr2 with the corre-

sponding solutions Xrr , Xr2 and WXr1 ,WXr2 ∈ S([0,1),m),Φ
graphon,≈ (R), Corollary 2.6 and

Sampling Distance between Graphs / Graphons [10, 11, 36] show that if for Γ ∈
HFG(Φ),∑

Γ

2−|tΓ|−1|t(Γ,WXr1 )− t(Γ,WXr2 )| =
∞∑
k=1

1

2k
dvar(Rk,WXr1

, Rk,WXr2
) = 0 , (57)

then

dvar(R∞,WXr1
, R∞,WXr2

) = 0⇔ Xr1 ≈ Xr2 . (58)

�

Homomorphism densities of Feynman graphons are applied to describe the struc-
ture of the Gibbs probability measure on the space of 1PI Green’s functions to asso-
ciate a statistical manifold to a quantum field theory [46]. Geodesics in this manifold
are candidates to recover the notion of information entropy between quantum motions.

Corollary 3.5. The homomorphism density of Feynman graphons associates expec-
tation values to solutions of quantum motions as observed information of a quantum
field theory.

Proof. For a combinatorial Dyson–Schwinger equation DSE with the solution X =∑∞
n=0 c

nXn and the sequence {Ym}m of its partial sums, and a random variable u
chosen from a compact interval J ⊂ [1,∞), define

Xdue := X − Ydue =

∞∑
n=due+1

cnXn (59)

such that u 7→ due is the ceiling function. The homomorphism density of the stretched

Feynman graphon WX ∈ S([0,1),m),Φ
graphon,≈ (R) determines a distribution

(u,Xdue) 7→ TDSE(u) := 1− t(Ydue,WX) , (60)

, conditioned on u, with the corresponding Gibbs measure

PTDSE(u) =
1

Z[j]
exp

(
− jTDSE(u)

)
, (61)

such that

Z[j] =

∫
exp

(
iS[φ] + i

∫
j(v)φ(v)dDv

)
D[φ] (62)

is the partition function with respect to the source field j. The probability measure
PTDSE

(u) describes the probability that we observe a (non-)perturbative solution Xdue

of the equation DSE such that these probability values are conditioned on the random
variable u.

The probability distribution P : (WX , u) 7→ PTDSE
(u) on S([0,1),m),Φ

graphon,≈ (R) determines
the Fisher information ∫

J

(
∂

∂u
logP(WX , u)

)2

P(WX , u)du (63)

as the expectation value of X generated by the distribution t(Xdue,WX). �
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4. Conclusion

This research work presented a new application of the method of Feynman graphons
to quantum field theory. It is explained that perturbative series of higher loop or-
der Feynman diagrams which contribute to 1PI Green’s functions or solutions of
their corresponding fixed point equations can be described by graph limits generated
by processes of random graphs. Thanks to the homomorphism density of Feynman
graphons together with the Gibbs measure mechanism, expectation values are as-
signed to solutions of combinatorial Dyson–Schwinger equations.

4.1. A comparison. The method of Feynman graphons has some advantages in
comparison to other non-perturbative methods. In this methods, non-perturbative
series of 1PI Green’s functions and their corresponding fixed point equations are
replaced with stretched Feynman graphons as some bounded symmetric (Lebesgue)
measurable functions in contrast to the Borel resummations which deal with the
challenge of singularities and summability [27, 34]. As it is shown in this research
work, these Feynman graphon representations are reliable to show the importance of
randomness in the core-stone of non-perturbative aspects of a quantum field theory. In
addition, (non-)perturbative solutions of quantum motions in a quantum field theory
can be recovered by the geometry of a separable Banach space of stretched Feynman
graphons without any discretization of space-time [49, 50]. This is in contrast to lattice
models or large N limits [18, 37, 39, 57, 60]. Furthermore, the method of Feynman
graphons addresses the existence of intermediate phases in non-perturbative domain
a quantum field theory such that phase transitions and equilibrium states can be
described in terms of a statistical model [44, 49].
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