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1. Introduction

Fractional calculus is a powerful tool used to investigate a wide range of fields in
science and engineering. It has numerous applications across various disciplines, in-
cluding mathematical physics, biology, economics, statistical mechanics, biophysics,
control theory, and more [1, 2, 3, 4, 5].

In recent years, significant work has been done on both ordinary and partial Frac-
tional Differential Equations (FDEs). For instance, the case of ordinary FDEs with
Caputo derivative is explored in the works [6, 7]. Additionally, Almeida in [8] has
studied the existence of solutions for FDE with respect to another function. Regard-
ing Caputo fractional-order partial differential equations, the research by authors in
[9, 10, 11, 12] provides valuable insights. Furthermore, Arfaoui and Ben Makhlouf in
[13] investigated Caputo-Hadamard partial fractional differential equations. In this
study, our focus centers on investigating the existence, uniqueness, and stability of
solutions associated with fractional partial differential systems given by the following
form:

CDδ,ϑ
b− U (υ,$) = F (υ,$,U (υ,$)) , (υ,$) ∈ J = [a1, b1]× [a2, b2] , (1)

U (υ, b2) = ϕ (υ) , υ ∈ [a1, b1] ,

U (b1, $) = ψ ($) , $ ∈ [a2, b2] ,

ϕ (b1) = ψ (b2) ,

(2)

where δ = (δ1, δ2) ∈ (0, 1)
2
, b = (b1, b2) ∈ R2, ϑ = (ϑ1, ϑ2) with ϑ1 ∈ C1([a1, b1],R)

and ϑ2 ∈ C1([a2, b2],R) are positive, increasing functions, CDδ,ϑ
b− is the right partial

Caputo ϑ-fractional derivative of order δ and F : J × R → R, ϕ : [a1, b1] → R and
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ψ : [a2, b2]→ R are given continuous functions.
The remainder of the paper involves Section 2, presenting various definitions and
preliminaries, followed by Section 3, where the proofs for existence, uniqueness, and
stability results are demonstrated.

2. Preliminarily

Definition 2.1. Let δ = (δ1, δ2) ∈ R∗+ × R∗+. The right partial Riemann-Liouville
ϑ-fractional integral of order δ for V (υ,$) ∈ L1(J) with respect to ϑ1 and ϑ2 is
defined as(

Iδ,ϑb− V
)

(υ,$) =
1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 V (s, t)dtds.

Definition 2.2. Let δ = (δ1, δ2) ∈ (0, 1]× (0, 1]. The right partial Riemann-Liouville
ϑ-fractional derivative of order δ for V (υ,$) ∈ L1(J) with respect to ϑ1 and ϑ2 is
defined as(
Dδ,ϑ
b− V

)
(υ,$) =

(
Dϑ
υ$I

1−δ,ϑ
b− V

)
(υ,$)

=
1

Γ(1− δ1)Γ(1− δ2)
Dϑ
υ$

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
−δ1

× (ϑ2(t)− ϑ2($))
−δ2 V (s, t)dtds,

where (
Dϑ
υ$V

)
(υ,$) =

(
1

ϑ′1(υ)ϑ′2($)

∂2

∂υ∂$
V
)

(υ,$).

Definition 2.3. Let δ = (δ1, δ2) ∈ (0, 1]×(0, 1]. The right partial Caputo ϑ-fractional
derivative of order δ for V (υ,$) ∈ L1(J) with respect to ϑ1 and ϑ2 is defined as(

CDδ,ϑ
b− V

)
(υ,$) = Dδ,ϑ

b−

(
V (υ,$)− V (υ, b2)− V (b1, $) + V (b1, b2)

)
.

Lemma 2.1. If µ1, µ2 ∈ (−1,∞) and δ = (δ1, δ2) ∈ (0,∞) × (0,∞), then for all
(υ,$) ∈ J , we have

Iδ,ϑb− ((ϑ1(b1)− ϑ1(υ))
µ1 (ϑ2(b2)− ϑ2($))

µ2)

=
Γ(µ1 + 1)Γ(µ2 + 1)

Γ(δ1 + µ1 + 1)Γ(δ2 + µ1 + 1)
(ϑ1(b1)− ϑ1(υ))

δ1+µ1 (ϑ2(b2)− ϑ2($))
δ2+µ2 .

Lemma 2.2. Let δ = (δ1, δ2) , σ = (σ1, σ2) ∈ (0,∞) × (0,∞) and V (υ,$) ∈ L1(J).
Then, the following property is satisfied(
Iδ,ϑb− I

σ,ϑ
b− V

)
(υ,$) =

(
Iσ,ϑb− Iδ,ϑb− V

)
(υ,$) =

(
Iδ+σ,ϑb− V

)
(υ,$). (Semi group property)
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Proof. We have(
Iδ,ϑb− I

σ,ϑ
b− V

)
(υ,$) =

1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1

(
Iσ,ϑb− V

)
(s, t)dtds

=
1

Γ(δ1)Γ(δ2)Γ(σ1)Γ(σ2)

∫ b1

υ

∫ b2

$

∫ b1

s

∫ b2

t

ϑ′1(s)ϑ′2(t)ϑ′1(τ)ϑ′2(ζ)

× (ϑ1(s)− ϑ1(υ))
δ1−1

(ϑ2(t)− ϑ2($))
δ2−1

× (ϑ1(τ)− ϑ1(s))
σ1−1

(ϑ2(ζ)− ϑ2(t))
σ2−1 V (τ, ζ)dζdτdtds.

By using Fubini’s theorem, we obtain(
Iδ,ϑb− I

σ,ϑ
b− V

)
(υ,$) =

1

Γ(δ1)Γ(δ2)Γ(σ1)Γ(σ2)

∫ b1

υ

∫ b2

$

ϑ′1(τ)ϑ′2(ζ)V (τ, ζ)

×
∫ τ

υ

∫ ζ

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

(ϑ2(t)− ϑ2($))
δ2−1

× (ϑ1(τ)− ϑ1(s))
σ1−1

(ϑ2(ζ)− ϑ2(t))
σ2−1

dtdsdζdτ

=
1

Γ(δ1)Γ(δ2)Γ(σ1)Γ(σ2)

∫ b1

υ

∫ b2

$

[
ϑ′1(τ)ϑ′2(ζ)V (τ, ζ)

×
∫ τ

υ

ϑ′1(s) (ϑ1(s)− ϑ1(υ))
δ1−1

(ϑ1(τ)− ϑ1(s))
σ1−1

ds

×
∫ ζ

$

ϑ′2(t) (ϑ2(t)− ϑ2($))
δ2−1

(ϑ2(ζ)− ϑ2(t))
σ2−1

dt

]
dζdτ.

By using the following change of variables ϑ1(s) = %, ϑ2(t) = ν, ξ = %−ϑ1(υ)
ϑ1(τ)−ϑ1(υ)

and η = ν−ϑ2($)
ϑ2(ζ)−ϑ2($) and by using the fact that

∫ 1

0
(1− r)α−1

rβ−1dr = B(α, β) and

B(α, β) = Γ(α)Γ(β)
Γ(α+β) , we get(

Iδ,ϑb− I
σ,ϑ
b− V

)
(υ,$) =

1

Γ(δ1)Γ(δ2)Γ(σ1)Γ(σ2)

∫ b1

υ

∫ b2

$

[
ϑ′1(τ)ϑ′2(ζ)V (τ, ζ)

×
∫ ϑ1(τ)

ϑ1(υ)

(%− ϑ1(υ))
δ1−1

(ϑ1(τ)− %)
σ1−1

d%

×
∫ ϑ2(ζ)

ϑ2($)

(ν − ϑ2($))
δ2−1

(ϑ2(ζ)− ν)
σ2−1

dν

]
dζdτ

=
1

Γ(δ1)Γ(δ2)Γ(σ1)Γ(σ2)

∫ b1

υ

∫ b2

$

[
ϑ′1(τ)ϑ′2(ζ)

× (ϑ1(τ)− ϑ1(υ))
δ1+σ1−1

(ϑ2(ζ)− ϑ1($))
δ2+σ2−1 V (τ, ζ)

×
∫ 1

0

ξδ1−1 (1− ξ)σ1−1
dξ

∫ 1

0

ηδ2−1 (1− η)
σ2−1

dη

]
dζdτ

=
1

Γ(δ1 + σ1 + 1)Γ(δ2 + σ2 + 1)

∫ b1

υ

∫ b2

$

[
ϑ′1(τ)ϑ′2(ζ)

× (ϑ1(τ)− ϑ1(υ))
δ1+σ1−1

(ϑ2(ζ)− ϑ1($))
δ2+σ2−1 V (τ, ζ)

]
dζdτ

=
(
Iδ+σ,ϑb− V

)
(υ,$).

�
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Lemma 2.3. Let δ = (δ1, δ2) ∈ (0, 1]×(0, 1] and V (υ,$) ∈ C(J). Then, the following
property is satisfied (

Dδ,ϑ
b− I

δ,ϑ
b− V

)
(υ,$) = V (υ,$).

Proof. From Definition 2.2 and Lemma 2.2 we get(
Dδ,ϑ
b− I

δ,ϑ
b− V

)
(υ,$) =

(
Dϑ
υ$I

1−δ,ϑ
b− Iδ,ϑb− V

)
(υ,$)

=
(
Dϑ
υ$I

1,ϑ
b− V

)
(υ,$)

= V (υ,$).

�

Proposition 2.4. Let δ = (δ1, δ2) ∈ (0, 1] × (0, 1]. The right partial Caputo ϑ-
fractional derivative of order δ for V (υ,$) ∈ AC(J) with respect to ϑ1 and ϑ2 is
given by(

CDδ,ϑ
b− V

)
(υ,$) =

(
I1−δ,ϑ
b− Dϑ

υ$V
)

(υ,$)

=
1

Γ(1− δ1)Γ(1− δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
−δ1

× (ϑ2(t)− ϑ2($))
−δ2 (Dϑ

stV
)

(s, t)dtds,

where Dϑ
υ$ is defined as in definition 2.2.

Lemma 2.5. Let δ = (δ1, δ2) ∈ (0, 1] × (0, 1] and V (υ,$) ∈ AC(J). Then, the
following property is satisfied(

Iδ,ϑb−
CDδ,ϑ

b− V
)

(υ,$) = V (υ,$)− V (υ, b2)− V (b1, $) + V (b1, b2).

Definition 2.4. [15] Let m ∈ N∗, αj , βj , z, ω ∈ C, such that <(αj),<(βj) > 0 for
j ∈ {1, 2, . . . ,m}. The generalized Mittag-Leffler function is defined by

Eω
(

(αj , βj)j=1,m ; (z)
)

=

+∞∑
κ=0

(ω)κ∏m
j=1 Γ(καj + βj)

zκ

κ!
,

where

(ω)κ = ω (ω + 1) . . . (ω + κ− 1) =
Γ (ω + κ)

Γ (ω)
.

In this specific instance, when m = 2 and ω = 1, we get

E1

(
(αj , βj)j=1,2 ; (z)

)
= E

(
(αj , βj)j=1,2 ; (z)

)
=

+∞∑
κ=0

zκ

Γ(κα1 + β1)Γ(κα2 + β2)
.

The motivation behind the Lemma below stems from Theorem 1 in [14].

Lemma 2.6. Suppose U(υ,$) and H (υ,$) are two non-negative integrable functions,
and G(υ,$) is a continuous function on J . Additionally, assume that G(υ,$) is a
non-negative and non-increasing on J . If

U (υ,$) ≤ H (υ,$) + G (υ,$)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 U(s, t)dtds,

(3)
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then

U (υ,$) ≤ H (υ,$) +

∫ b1

υ

∫ b2

$

∞∑
k=1

(G (υ,$) Γ (δ1) Γ (δ2))
k

Γ (kδ1) Γ (kδ2)

×ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
kδ1−1

(ϑ2(t)− ϑ2($))
kδ2−1 H (s, t)dtds,

(4)

where (δ1, δ2) ∈ (0, 1)
2
. Furthermore, if H exhibits non-increasing with respect its

variables, therefore:

U (υ,$) ≤ H (υ,$)E
(

(δ1, 1) , (δ2, 1) ; G (υ,$)

×Γ (δ1) Γ (δ2) (ϑ1(b1)− ϑ1(υ))
δ1 (ϑ2(b2)− ϑ2($))

δ2
)
.

(5)

Proof. Define the operator A by

AV (υ,$) = G (υ,$)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 V (s, t)dtds.

So,

U (υ,$) ≤ H (υ,$) + AU (υ,$) ,

moreover,

U (υ,$) ≤
n−1∑
k=0

AkH (υ,$) + AnU (υ,$) ,

Now, we use the mathematical induction method to prove the following inequality

AnH (υ,$) ≤ (Γ(δ1)Γ(δ2))
n

Γ(nδ1)Γ(nδ2)
Gn (υ,$)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
nδ1−1

× (ϑ2(t)− ϑ2($))
nδ2−1 H (s, t)dtds.

(6)
for n = 1 the inequality (6) is holds. Now we suppose that (6) is holds for n = k and
we prove that (6) is holds for n = k + 1. We have

Ak+1H (υ,$) = A
(

AkH (υ,$)
)

≤ G (υ,$)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 (AkH (s, t)

)
dtds

≤ (Γ(δ1)Γ(δ2))
k

Γ(kδ1)Γ(kδ2)
G (υ,$)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 Gk (s, t)

×
∫ b1

s

∫ b2

t

ϑ′1(τ)ϑ′2(ζ) (ϑ1(τ)− ϑ1(s))
kδ1−1

× (ϑ2(ζ)− ϑ2(t))
kδ2−1 H (τ, ζ)dζdτdtds

≤ (Γ(δ1)Γ(δ2))
k

Γ(kδ1)Γ(kδ2)
Gk+1 (υ,$)

∫ b1

υ

∫ b2

$

∫ b1

s

∫ b2

t

ϑ′1(s)ϑ′2(t)ϑ′1(τ)ϑ′2(ζ)

× (ϑ1(s)− ϑ1(υ))
δ1−1

(ϑ2(t)− ϑ2($))
δ2−1

× (ϑ1(τ)− ϑ1(s))
kδ1−1

(ϑ2(ζ)− ϑ2(t))
kδ2−1 H (τ, ζ)dζdτdtds.
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By using Fubini’s theorem, we obtain

Ak+1H (υ,$) ≤ (Γ(δ1)Γ(δ2))
k

Γ(kδ1)Γ(kδ2)
Gk+1 (υ,$)

∫ b1

υ

∫ b2

$

ϑ′1(τ)ϑ′2(ζ)H (τ, ζ)

×
∫ τ

υ

∫ ζ

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

(ϑ2(t)− ϑ2($))
δ2−1

× (ϑ1(τ)− ϑ1(s))
kδ1−1

(ϑ2(ζ)− ϑ2(t))
kδ2−1

dtdsdζdτ

≤ (Γ(δ1)Γ(δ2))
k

Γ(kδ1)Γ(kδ2)
Gk+1 (υ,$)

∫ b1

υ

∫ b2

$

[
ϑ′1(τ)ϑ′2(ζ)H (τ, ζ)

×
∫ τ

υ

ϑ′1(s) (ϑ1(s)− ϑ1(υ))
δ1−1

(ϑ1(τ)− ϑ1(s))
kδ1−1

ds

×
∫ ζ

$

ϑ′2(t) (ϑ2(t)− ϑ2($))
δ2−1

(ϑ2(ζ)− ϑ2(t))
kδ2−1

dt

]
dζdτ.

By using the following change of variables ϑ1(s) = %, ϑ2(t) = ν, ξ = %−ϑ1(υ)
ϑ1(τ)−ϑ1(υ) and

η = ν−ϑ2($)
ϑ2(ζ)−ϑ2($) and by using the fact that

∫ 1

0

(1− r)α−1
rβ−1dr = B(α, β) and

B(α, β) = Γ(α)Γ(β)
Γ(α+β) , we get

Ak+1H (υ,$) ≤ (Γ(δ1)Γ(δ2))
k

Γ(kδ1)Γ(kδ2)
Gk+1 (υ,$)

∫ b1

υ

∫ b2

$

[
ϑ′1(τ)ϑ′2(ζ)H (τ, ζ)

×
∫ ϑ1(τ)

ϑ1(υ)

(%− ϑ1(υ))
δ1−1

(ϑ1(τ)− %)
kδ1−1

d%

×
∫ ϑ2(ζ)

ϑ2($)

(ν − ϑ2($))
δ2−1

(ϑ2(ζ)− ν)
kδ2−1

dν

]
dζdτ

≤ (Γ(δ1)Γ(δ2))
k

Γ(kδ1)Γ(kδ2)
Gk+1 (υ,$)

∫ b1

υ

∫ b2

$

[
ϑ′1(τ)ϑ′2(ζ)

×
(
ϑ1(τ)− ϑ1(υ)

)(k+1)δ1−1(
ϑ2(ζ)− ϑ1($)

)(k+1)δ2−1

H (τ, ζ)

×
∫ 1

0

ξδ1−1 (1− ξ)kδ1−1
dξ

∫ 1

0

ηδ2−1 (1− η)
kδ2−1

dη

]
dζdτ

≤ (Γ(δ1)Γ(δ2))
k+1

Γ((k + 1)δ1)Γ((k + 1)δ2)
Gk+1 (υ,$)

∫ b1

υ

∫ b2

$

[
ϑ′1(τ)ϑ′2(ζ)

×
(
ϑ1(τ)− ϑ1(υ)

)(k+1)δ1−1(
ϑ2(ζ)− ϑ1($)

)(k+1)δ2−1

H (τ, ζ)

]
dζdτ.

Then, (6) is holds for n = k + 1. Hence (6) is proved. Moreover

AnH (υ,$) ≤ Mn (Γ(δ1)Γ(δ2))
n

Γ(nδ1)Γ(nδ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
nδ1−1

× (ϑ2(t)− ϑ2($))
nδ2−1 H (s, t)dtds.

(7)

Since Gn (υ,$) is continuous on J = [a1, b1]× [a2, b2] . Then, we can see
lim
n→∞

AnH (υ,$) = 0. Therefore, the inequality (4) is proved. Furthermore, if H
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exhibits non-increasing with respect its variables, we get

U (υ,$) ≤ H (υ,$) + H (υ,$)

∫ b1

υ

∫ b2

$

∞∑
k=1

(G (υ,$) Γ (δ1) Γ (δ2))
k

Γ (kδ1) Γ (kδ2)

×ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
kδ1−1

(ϑ2(t)− ϑ2($))
kδ2−1

dtds

≤ H (υ,$)

(
1 +

∞∑
k=1

(G (υ,$) Γ (δ1) Γ (δ2))
k

Γ (kδ1 + 1) Γ (kδ2 + 1)

× (ϑ1(b1)− ϑ1(υ))
kδ1 (ϑ2(b1)− ϑ2($))

kδ2

)
:= H (υ,$)E

(
(δ1, 1) , (δ2, 1) ; G (υ,$) Γ (δ1) Γ (δ2)

× (ϑ1(b1)− ϑ1(υ))
δ1 (ϑ2(b2)− ϑ2($))

δ2
)
.

Therefore, the inequality (5) is proved. �

3. Main results

To begin, we will first establish the following:

Lemma 3.1. U ∈ C (J) is a solution of (1)-(2) if and only if

U(υ,$) = ϕ (υ) + ψ ($)− ϕ (b1) + Iδ,ϑb− F (υ,$,U (υ,$)) . (8)

Proof. Suppose U solves the integral equation (8). Applying CDδ,ϑ
b− and utilizing

Lemma 2.3, we deduce that U satisfies (1). Considering that the integral vanishes
when υ = b1 or $ = b2, the initial conditions in (2) are fulfilled. Therefore, U satisfies
(1)-(2).

Conversely, if U satisfies (1)-(2), and let

h (υ,$) = F (υ,$,U (υ,$))

= Dδ,ϑ
b−

[
U(υ,$)− U(υ, b2)− U(b1, $) + U(b1, b2)

]
= Dϑ

υ$I
1−δ,ϑ
b−

[
U(υ,$)− U(υ, b2)− U(b1, $) + U(b1, b2)

]
.

(9)

Applying the operator I1,ϑ
b− to (9), we get

I1,ϑ
b− h (υ,$) = I1−δ,ϑ

b−

[
U(υ,$)− U(υ, b2)− U(b1, $) + U(b1, b2)

]
.

Applying the operator D1−δ,ϑ
b− to the last equation, we obtain

U(υ,$) = U(υ, b2) + U(b1, $)− U(b1, b2) +D1−δ,ϑ
b− I1,ϑ

b− h (υ,$)

= U(υ, b2) + U(b1, $)− U(b1, b2) +Dϑ
υ$I

δ,ϑ
b− I

1,ϑ
b− h (υ,$)

= U(υ, b2) + U(b1, $)− U(b1, b2) + Iδ,ϑb− h (υ,$) .

�

Let’s consider the hypothesis:
(H1) There exist J and N in C (J,R+) such that:

|F (υ,$,U)| ≤ J (υ,$) + N (υ,$) |U| , ∀ (υ,$) ∈ J , U ∈ R.
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(H2) There is LF > 0 such that

|F (υ,$,U)− F (υ,$,V )| ≤ LF |U − V | , ∀ (υ,$) ∈ J , U,V ∈ R.

Theorem 3.2. If (H1) is assumed to hold true, then the problem (1)-(2) possesses
at least one solution.

Proof. Define A : C (J,R)→ C (J,R) by

(AU) (υ,$) = T (υ,$) +
1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 F (s, t,U (s, t)) dtds,

(10)
where the function T is defined for every (υ,$) ∈ J as follows:

T (υ,$) = ϕ (υ) + ψ ($)− ϕ (b1) . (11)

Obviously, A is continuous. Now, we show that bounded sets in C (J,R) are
mapped by A into bounded sets of C (J,R). To do so, we prove that for any R > 0,
there is L > 0 such that for every U ∈ BR = {U ∈ C (J,R) , ‖U‖∞ ≤ R} , we obtain
‖AU‖∞ ≤ L. Let U ∈ BR and (υ,$) ∈ J , we get

|(AU) (υ,$)| ≤ |T (υ,$)|+ 1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 |F (s, t,U (s, t))| dtds,

From (H1), we find

|(AU) (υ,$)| ≤ ‖T ‖∞ +
1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1

(
J (s, t) + N (s, t) |U(s, t)|

)
dtds

≤ ‖T ‖∞ + M
∫ ϑ1(b1)

ϑ1(υ)

∫ ϑ2(b2)

ϑ2($)

(s− ϑ1(υ))
δ1−1

(t− ϑ2($))
δ2−1

dtds

≤ ‖T ‖∞ +
M
δ1δ2

(
ϑ1(b1)− ϑ1(υ)

)δ1(
ϑ2(b2)− ϑ2($)

)δ2
,

where M =

(
‖J‖∞ + ‖N ‖∞R

)
Γ(δ1)Γ(δ2)

. Then, for any U ∈ BR there exists

L = ‖T ‖∞ +
M
δ1δ2

(
ϑ1(b1)− ϑ1(a1)

)δ1(
ϑ2(b2)− ϑ2(a2)

)δ2
,

such that ‖AU‖∞ ≤ L.
Secondly, we prove that bounded sets in C (J,R) are mapped by A into equicontinuous
sets in C (J,R). Let (υ1, $1), (υ2, $2) ∈ J such that υ1 < υ2 and $1 < $2 and
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U ∈ BR. Then, from (H1) we get

|(AU) (υ1, $1)− (AU) (υ2, $2)|
≤ |T (υ1, $1)− T (υ2, $2)|

+M
∫ b1

υ2

∫ b2

$2

ϑ′1(s)ϑ′2(t)
((
ϑ1(s)− ϑ1(υ2)

)δ1−1(
ϑ2(t)− ϑ2($2)

)δ2−1

−
(
ϑ1(s)− ϑ1(υ1)

)δ1−1(
ϑ2(t)− ϑ2($1)

)δ2−1
)
dtds

+M
∫ b1

υ2

∫ $2

$1

ϑ′1(s)ϑ′2(t)
(
ϑ1(s)− ϑ1(υ1)

)δ1−1(
ϑ2(t)− ϑ2($1)

)δ2−1
dtds

+M
∫ υ2

υ1

∫ b2

$2

ϑ′1(s)ϑ′2(t)
(
ϑ1(s)− ϑ1(υ1)

)δ1−1(
ϑ2(t)− ϑ2($1)

)δ2−1
dtds

+M
∫ υ2

υ1

∫ $2

$1

ϑ′1(s)ϑ′2(t)
(
ϑ1(s)− ϑ1(υ1)

)δ1−1(
ϑ2(t)− ϑ2($1)

)δ2−1
dtds

≤ |T (υ2, $2)− T (υ1, $1)|+ M
δ1δ2

[
2
((
ϑ1(b1)− ϑ1(υ1)

)δ1(
ϑ2($2)− ϑ2($1)

)δ2
+
(
ϑ1(υ2)− ϑ1(υ1)

)δ1(
ϑ2(b2)− ϑ2($1)

)δ2)]
.

As υ1 → υ2 and $1 → $2, the RHS of the inequality obtained herein above goes to
zero.
Thirdly, we prove a priori bounds. Let U ∈ C (J,R) such that U = λA (U) for some
λ ∈ (0, 1) . Then, for any (υ,$) ∈ J , we have

|U (υ,$)| ≤ |T (υ,$)|+ 1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t)
(
ϑ1(s)− ϑ1(υ)

)δ1−1

×
(
ϑ2(t)− ϑ2($)

)δ2−1 |F (s, t,U (s, t))| dtds,

From (H1), we find

|U (υ,$)|

≤ ‖T ‖∞ +
1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t)
(
ϑ1(s)− ϑ1(υ)

)δ1−1

×
(
ϑ2(t)− ϑ2($)

)δ2−1
(

J (s, t) + N (s, t) |U(s, t)|
)
dtds

≤ ‖T ‖∞ +
‖J‖∞

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t)
(
ϑ1(s)− ϑ1(υ)

)δ1−1(
ϑ2(t)− ϑ2($)

)δ2−1
dtds

+
‖N ‖∞

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t)
(
ϑ1(s)− ϑ1(υ)

)δ1−1(
ϑ2(t)− ϑ2($)

)δ2−1 |U(s, t)| dtds

≤ ‖T ‖∞ +
‖J‖∞

Γ(δ1 + 1)Γ(δ2 + 1)

(
ϑ1(b1)− ϑ1(υ)

)δ1(
ϑ2(b2)− ϑ2($)

)δ2
+

‖N ‖∞
Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t)
(
ϑ1(s)− ϑ1(υ)

)δ1−1(
ϑ2(t)− ϑ2($)

)δ2−1 |U(s, t)| dtds.
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In view of Lemma 2.6 we get,

|U (υ,$)| ≤
(
‖T ‖∞ +

‖J‖∞
Γ(δ1 + 1)Γ(δ2 + 1)

(
ϑ1(b1)− ϑ1(υ)

)δ1(
ϑ2(b2)− ϑ2($)

)δ2)
× E

(
(δ1, 1) , (δ2, 1) ; ‖N ‖∞

(
ϑ1(b1)− ϑ1(υ)

)δ1(
ϑ2(b2)− ϑ2($)

)δ2)
≤
(
‖T ‖∞ +

‖J‖∞
Γ(δ1 + 1)Γ(δ2 + 1)

(
ϑ1(b1)− ϑ1(a1)

)δ1(
ϑ2(b2)− ϑ2(a2)

)δ2)
× E

(
(δ1, 1) , (δ2, 1) ; ‖N ‖∞

(
ϑ1(b1)− ϑ1(a1)

)δ1(
ϑ2(b2)− ϑ2(a2)

)δ2)
,

Take

M =

(
‖T ‖∞ +

‖J‖∞
Γ(δ1 + 1)Γ(δ2 + 1)

(
ϑ1(b1)− ϑ1(a1)

)δ1(
ϑ2(b2)− ϑ2(a2)

)δ2)
×E
(

(δ1, 1) , (δ2, 1) ; ‖N ‖∞
(
ϑ1(b1)− ϑ1(a1)

)δ1(
ϑ2(b2)− ϑ2(a2)

)δ2)
,

and let

W =
{

U ∈ C (J,R) , ‖U‖∞ < M + 1
}
,

then, one can not find U ∈ ∂W s.t. U = λA (U) , for any λ ∈ (0, 1) . It yields from
Theorem 2.8 in [9] that A has a fixed point which is solution of (1)-(2). �

Theorem 3.3. If (H2) is assumed to hold true, then the problem (1)-(2) possesses a
unique solution.

Proof. We know that if (H2) is holds then, (H1) is holds so, the problem (1)-(2) has
at least one solution. It remains to prove the uniqueness of solution, to this end we
suppose that (1)-(2) has tow solutions U (υ,$) and V (υ,$) then,

|U (υ,$)− V (υ,$)|

≤ 1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 |F (s, t,U (s, t))− F (s, t,V (s, t))| dtds

≤ LF

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 |U (s, t)− V (s, t)| dtds,

it follows from Lemma 2.6 that U (υ,$) = V (υ,$) Hence, the problem (1)-(2) has a
unique solution. �

4. Ulam stability

We consider the following inequality∣∣∣CDδ,ϑ
b− V (υ,$)− F (υ,$,V (υ,$))

∣∣∣ < ε, for ε > 0, and (υ,$) ∈ J. (12)

Definition 4.1. Eq. (1) is Ulam-Hyers stable if there is C > 0 such that for every
ε > 0, and for all V ∈ C (J,R) a solution of the inequality (12), there is U ∈ C (J,R)
a solution of (1) such that

|V (υ,$)− U (υ,$)| ≤ Cε, (υ,$) ∈ J. (13)
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We have the following remark:

Remark 4.1. Let V be a solution of the inequality (12) then V is a solution of the
following integral inequality∣∣∣∣∣V (υ,$)− K (υ,$)− 1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 F (s, t,U (s, t)) dtds

∣∣∣∣∣
≤ ε

Γ(δ1 + 1)Γ(δ2 + 1)

(
ϑ1(b1)− ϑ1(υ)

)δ1(
ϑ2(b2)− ϑ2($)

)δ2
,

where K (υ,$) is given by

K (υ,$) = V (υ, b2) + V (b1, $)− V (b1, b2) .

Theorem 4.1. Assume that (H2) is satisfied. Then (1) is Ulam-Hyers stable.

Proof. Let V be a solution of (12) and U the unique solution of the following Cauchy
problem

CDδ,ϑ
b− U (υ,$) = F (υ,$,U (υ,$)) , (υ,$) ∈ J = [a1, b1]× [a2, b2] ,

U (υ, b2) = V (υ, b2) , υ ∈ [a1, b1] ,

U (b1, $) = V (b1, $) , $ ∈ [a2, b2] ,

Therefore,

U (υ,$) = K (υ,$) +
1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 F (s, t,U (s, t)) dtds,

From Remark 4.1 and (H2) we find,

|V (υ,$)− U (υ,$)|

≤
∣∣∣∣V (υ,$)− K (υ,$)− 1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 F (s, t,V (s, t)) dtds

∣∣∣∣
+

1

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 |F (s, t,V (s, t))− F (s, t,U (s, t))| dtds

≤ ε

Γ(δ1 + 1)Γ(δ2 + 1)

(
ϑ1(b1)− ϑ1(υ)

)δ1(
ϑ2(b2)− ϑ2($)

)δ2
+

LF

Γ(δ1)Γ(δ2)

∫ b1

υ

∫ b2

$

ϑ′1(s)ϑ′2(t) (ϑ1(s)− ϑ1(υ))
δ1−1

× (ϑ2(t)− ϑ2($))
δ2−1 |V (s, t)− U (s, t)| dtds.
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By using Lemma 2.6 we obtain

|V (υ,$)− U (υ,$)|

≤ ε

Γ(δ1 + 1)Γ(δ2 + 1)

(
ϑ1(b1)− ϑ1(υ)

)δ1(
ϑ2(b2)− ϑ2($)

)δ2
×E
(

(δ1, 1) , (δ2, 1) ;LF
(
ϑ1(b1)− ϑ1(υ)

)δ1(
ϑ2(b2)− ϑ2($)

)δ2)
≤ ε

Γ(δ1 + 1)Γ(δ2 + 1)

(
ϑ1(b1)− ϑ1(a1)

)δ1(
ϑ2(b2)− ϑ2(a2)

)δ2
×E
(

(δ1, 1) , (δ2, 1) ;LF
(
ϑ1(b1)− ϑ1(a1)

)δ1(
ϑ2(b2)− ϑ2(a2)

)δ2)
:= Cε,

where

C =
1

Γ(δ1 + 1)Γ(δ2 + 1)

(
ϑ1(b1)− ϑ1(a1)

)δ1(
ϑ2(b2)− ϑ2(a2)

)δ2
×E
(

(δ1, 1) , (δ2, 1) ;LF
(
ϑ1(b1)− ϑ1(a1)

)δ1(
ϑ2(b2)− ϑ2(a2)

)δ2)
,

so, the equation (1) is Ulam-Hyers stable. �

5. Example

Example 5.1. Let us consider the following problem
CDδ,ϑ

b− U (υ,$) = F (υ,$,U (υ,$)) , (υ,$) ∈ J =
[
0, π4

]
×
[
0, π4

]
,

U
(
υ, π4

)
= sin(υ), υ ∈

[
0, π4

]
,

U
(
π
4 , $

)
= exp(υ)− 1, $ ∈

[
0, π4

]
,

(14)

where b =
(
π
4 ,

π
4

)
, δ =

(
1
2 ,

1
2

)
, ϑ = (ϑ1, ϑ2) with (ϑ1 (υ) , ϑ2 ($)) = (exp(υ), exp($))

and F (υ,$,U) = sin (υ +$) + tan (U) .
For all U,V ∈ R and (υ,$) ∈

[
0, π4

]
×
[
0, π4

]
, we have

|F (υ,$,U)| ≤ sin (υ +$) + 2 |U| ,

|F (υ,$,U)− F (υ,$,V )| ≤ 2 |U − V | .
Hence, the assumptions (H1) and (H2) are satisfied. As a consequence of Theorem 3.2
and Theorem 4.1 we deduce that the (IVP) (14) has a unique solution on

[
0, π4

]
×[

0, π4
]

and it is Ulam-Hyers stable.

6. Conclusion

In conclusion, this work provides a comprehensive analysis of the existence and unique-
ness of solutions to the DPPDEs involving the right partial Caputo ϑ-fractional deriv-
ative. Additionally, we investigate the UHS of DPPDEs using a generalized Gronwall
inequality, offering insights into the stability of the solutions. To demonstrate the
applicability of our theoretical results, we present an example that illustrates the key
findings of our study. The combination of these approaches contributes to a deeper
understanding of DPPDEs with fractional derivatives and their stability properties.
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