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ABSTRACT. In this work, we explore the existence and uniqueness of solutions to the Darboux
problem for partial differential equations (DPPDEs) involving the right partial Caputo -
fractional derivative. The Ulam-Hyers stability (UHS) of DPPDE is also studied by using a
generalized Gronwall inequality. Finally, we illustrate our results by an example.
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1. Introduction

Fractional calculus is a powerful tool used to investigate a wide range of fields in
science and engineering. It has numerous applications across various disciplines, in-
cluding mathematical physics, biology, economics, statistical mechanics, biophysics,
control theory, and more [1, 2, 3, 4, 5].

In recent years, significant work has been done on both ordinary and partial Frac-
tional Differential Equations (FDEs). For instance, the case of ordinary FDEs with
Caputo derivative is explored in the works [6, 7]. Additionally, Almeida in [8] has
studied the existence of solutions for FDE with respect to another function. Regard-
ing Caputo fractional-order partial differential equations, the research by authors in
[9, 10, 11, 12] provides valuable insights. Furthermore, Arfaoui and Ben Makhlouf in
[13] investigated Caputo-Hadamard partial fractional differential equations. In this
study, our focus centers on investigating the existence, uniqueness, and stability of
solutions associated with fractional partial differential systems given by the following
form:

DU (v, w) = F (v,m, U(v,®@),  (v,w)€J=lar,bi] X [ag,ba], (1)
U(v,b2) = ¢(v), wvEla,b],
U, w) = Y(w), wEe [az,bs], (2)

(b)) = v(b2),
where § = (51,62) € (0, 1)2, b= (bl,bg) € R2, Y = (191,192) with 191 S Cl([ahbl],R)
and ¥9 € C1([ag,bz],R) are positive, increasing functions, CDgf9 is the right partial
Caputo ¥-fractional derivative of order § and F : J X R = R, ¢ : [a1,b1] = R and
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¥ : [ag, bo] — R are given continuous functions.

The remainder of the paper involves Section 2, presenting various definitions and
preliminaries, followed by Section 3, where the proofs for existence, uniqueness, and
stability results are demonstrated.

2. Preliminarily

Definition 2.1. Let § = (01,d2) € RY x R%. The right partial Riemann-Liouville
Y-fractional integral of order & for ¥(v,w) € L'(J) with respect to ¥; and ¥, is
defined as

b1 b2
() e = o ] L BEnO 0 - nw)

X (D9(t) — V9o(w))?2 7" V(s, t)dtds.
Definition 2.2. Let 6 = (d1,d2) € (0,1] x (0,1]. The right partial Riemann-Liouville

J-fractional derivative of order & for ¥(v,w) € L'(J) with respect to 1 and ¥ is
defined as

(D)’ v) (=) = (Plady="v) (v,m)
by bo
S —51)1r(1 752)173“/1} / 9 (s)95(1) (91(s) — ¥ (v) ™"
x (D5(t) — 92(m)) %2 V(s, t)dtds,
where

1 o2
(DY, V) (v,w) = ( o)) Bodm q/) (v, @).

Definition 2.3. Let § = (d1,02) € (0,1]x (0, 1]. The right partial Caputo J-fractional
derivative of order § for V(v,w) € L'(J) with respect to ¥; and 5 is defined as

(CD;}%/) (v, @) = ngﬁ(w(u,w) — V(v,by) — V(by, @) + V(b bg)).

Lemma 2.1. If p1,pue € (—1,00) and § = (61,02) € (0,00) x (0,00), then for all
(v,w) € J, we have

L7 (91(br) = 91(0))"" (9(bs) — V2())")

I(p1 + 1) (p2 +1)

) _ v O1+p1 . - Sotpio
014+ p + DT (02 +p1 +1) (F1(b1) = V1 (v)) (V2(b2) — V2(w)) )

Lemma 2.2. Let § = (61,02),0 = (01,03) € (0,00) x (0,00) and V(v,w) € L'(J).
Then, the following property is satisfied

(Ig’,ﬂflfiﬂﬂ/) (v,w) = (Ig;ﬁlg’,ﬂ‘l/) (v, ) = (Igfg’ﬁfV) (v,w). (Semi group property)
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Proof. We have

by pba
(17 57) %) = 55505 | /w 0950 (91(5) = 1 (0))" "
X (D2 () — Da(w))?>™ (1;2%/) (s, t)dtds
b

b2
W4 ()95 (8)97 ()05 (C)
1

,_.

1 by 2 b
~ T(6)r(@ o g<o>/ A "
X (91(s) = 91(0))" " (92(¢) — Da(e0))"*"
X (92(7) = ()" (92(¢ ’

By using Fubini’s theorem, we obtain

by ba
(R ) ) = (62)1” )(02) | [ aenoveo
L (

F
x / 0 ()05 (t) (V1(s) — 91 ()" (D(t) — Do ()"
(5 5 ( ()72 dtdsd¢dr

[remnoveo
. / V1(s) (91(s) — 191(”))51_1 91 (1) — 191(5))01_1 ds

¢) = 92(0)7 " V(r, Q) d¢drdtds.

UC J 1 1
x / (1) (D2(t) — D))~ (9a(C) — Da(t))™ " dt | dCdr.
0—"1(v)

By using the following change of variables ¥1(s) = o,92(t) = v, = TP )

and 7 = 192'&;9215 =y and by using the fact that Jy (@ =r)*"'rf=1dr = B(a, ) and

B(a, B) = BB e gt

T(a+p) ?
by bo
() ) = ?(52);(01)%) [ mmsereo
o) (0— 91 (0)™ 7 (91(r) — 0)* " do

92(¢)
x /ﬂ (v — Da(@)) ™ (9(C) — >”“du}d<d7

by bo
/ /
(51 52 J1 02/ / {ﬂ (T)y2(¢

191( 1+U1* ZU )52+02 1 (V(’T, C)

/ 551 o7 e / b2=1 (1 — )72t dn] d¢dr
ba
:I‘((51+01+1) L0z +02+1) / /w {

X (01(1) = 91(0)) T (02(C) — V()T W( <>}d<dT
= (Igj'd’ﬂ‘l/> (v, ™).

O
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Lemma 2.3. Let é = (61,d2) € (0,1]x(0,1] and V(v,w) € C(J). Then, the following
property is satisfied

(D;j?fjf q/) (v, @) = V(v, ).
Proof. From Definition 2.2 and Lemma 2.2 we get
5,0 78,0 85,0 76,0
(Db, Al q/) (v,w) = (DI I=%"1 q/) (v, @)

vwtp—
= (Dl ;”v)< )
= Y(v,w).
O
Proposition 2.4. Let 6 = (01,02) € (0,1] x (0,1]. The right partial Caputo V-

(0
fractional derivative of order § for V(v,w) € AC(J) with respect to ¥1 and Uy is
given by

(CDgLﬂ'V> (v,w) = (Ibl, ‘WDQ9 ‘V) (v, @)

b1 pba
N F(l—al)lm_az)/v / 01 (8)05(t) (V1(s) — 91 (v))

w

X (92(t) — V2(w)) ™" (D2, W) (s, t)dtds,

where D?_ is defined as in definition 2.2.

Lemma 2.5. Let § = (61,d2) € (0,1] x (0,1] and V(v,w) € AC(J). Then, the
following property is satisfied

(Ilf’? CD;}?fV) (v, @) = V(v, ) — V(v,bs) — V(br, @) + V(bi, bo).

Definition 2.4. [15] Let m € N*, «a;, 8;,z,w € C, such that R(«a;),R(8;) > 0 for
je€{1,2,...,m}. The generalized Mittag-Leffler function is defined by

(W), 2"
E. ((aj7 ﬁj)j:l,m’ ) Z m F(K,Oé] + /8]) !’

where
r
(w),{:w(w—i—l)...(w—i—m—l):(l:u((‘u—’—)m).
In this specific instance, when m = 2 and w = 1, we get
+o0 oK

Eq ((Oéj’ﬁj)jzla2 ; (Z)) =B ((Oéj’ﬁj)jﬂ’2 ; (Z)) B ,;0 T'(kay + B1)T(kas + f2)

The motivation behind the Lemma below stems from Theorem 1 in [14].

Lemma 2.6. Suppose U(v,w) and H (v, w) are two non-negative integrable functions,
and G(v,w) is a continuous function on J. Additionally, assume that G(v,w) is a
non-negative and non-increasing on J. If

b2
/ 9, (5)95(8) (91 (5) — 0 ()" "

(D2(t) — O2(w))* " (s, t)dtds,

by
U(v,wm) < ﬂ(v,w)—k@(v,w)/
X

3)
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then
b1 by © (g(u7w)r(51)1—‘(62))k
U(v,w) < H(v,w) +/v /w ; T (ké1) T (ké2)
x 9, (s)0%(t) (91(s) — D1 (0))" 7 (Fa(t) — 9o (@) "> #(s, t)dtds,

(4)
where (81,85) € (0,1)°. Furthermore, if # exhibits non-increasing with respect its
variables, therefore:

Uv,w) < (@) E((01,1),(021):6 (v,)
XL (61)T (82) (91(b1) = V1 (v)”" (9 (b2) — 9a())™ ).

Proof. Define the operator 4 by

()

by ba
Www) = G o) / / 9,(5)95(t) (91 (5) — (1))
X (D9(t) — 95(w))*2 " V(s, t)dtds.
So,
U (0, ) < H (v, @) + A0 (v, @),

moreover,
(v, @) <Zﬁlk )+ AU (v, @),
Now, we use the mathematical 1nduct10n method to prove the following inequality

by ba
)—192(72))"52 (s, t)dtds.
(6)

for n = 1 the inequality (6) is holds. Now we suppose that (6) is holds for n = k and
we prove that (6) is holds for n = k + 1. We have

A (v, @) = ﬂ(ﬂk}[(v,w))
ba
=) [ [ HEn0 00 - nw)
2<w))52—1 (ak3 (s,1)) dtds
b b2 51—1
LOO)) ¢ (v, @) / 9, ()9) () (91(s) — 01 (1))

IN
X @

IN

IN

1(s>>‘“” (19 <<> 02( ))’“52 H(r, C)dCdrdtds.
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By using Fubini’s theorem, we obtain

(D(51)T(82))" b rba
Akt (v,w) < W GH( / /w 9 ( 7,¢)
x / 0 (8)05(t) (V1(s) — 91(0)" " (Wa(t) — Do ()"
X (V1) = ¥a(s DNETE (05(C) — 9a(2))*2 1dtdsd§d7-
(D(81)(82))" ¥ Pl ay
< W k+ (v, @) A [19 )5 ( 7,¢)
x [ 9i(s) (191(5)—191(1)))51 Y (01(r) — V(s ))k‘Sl Lds
e
[ 95(t) (92(t) — Do (@) (W2(C) — Wa(1))"*> " dt | dCdr.

By using the following change of variables 91 (s) = p,92(t) = v, = 191?719711(911}27)) and

1
n = Wﬁ,&(w) and by using the fact that A (1—r)*"'+P~1ldr = B(a, B) and

B(a, B) = HLB) e ot

T(a+pB) ?
ﬂk—H-{]‘[(U,w) (FF;; 1)) (k52 k+1 / / |: ) (T C)

« 61 1( ( ) )kél ldQ
19 )

X / (v — 92(@))2 7 (92(¢) — v)F2 7t du} dcdr
TGIT(5))" e

T UEs) N I AGTAG

(k+1)61—1 (k+1)62—1

*(92(7) = 1(0)) (92(0) = v1(=)) 9(7,0)

1
/ -9 g / n‘sz—l(l—n)““dn}dwf
) 0

(D(51)0(02))" b1y b ba .
~ T((k+1)d)r ((/(<+1)52)g (v, )/U é%[sﬁii )95(C)
92(¢) — 0r()) a(r, g)} dcdr.

x(0am) - )

Then, (6) is holds for n = k 4 1. Hence (6) is proved. Moreover

n n(F(al)F((;Q))n b b2 / / . nd1—1
A (v,w) < M 7%51)%52)/0 [ 06050 01(5) = 91 (w) -

X (92(t) — 9o(@))™2 7 #(s, t)dtds.

Since 6™ (v, w) is continuous on J = [a1, b1] X [az, b2] . Then, we can see
lim A"# (v,ww) = 0. Therefore, the inequality (4) is proved. Furthermore, if #

n—oo
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exhibits non-increasing with respect its variables, we get

ot °° @) T (5) T (52))"
Uv,w) < H(v,w)+ H(v,w) / / /{:61) (75
x 9 (s)9(t) (91(s) — ’“51 1@9 (t) — Da(w))** L dtds
- d1) T (82))"
= ( +kz k51+1 T (kos + 1)
< (01(01) = 91(0)™ (Da(tr) = va())** )
= (0@ E((01,1),(52,1); 6 (0,%) T (51) T (32)
X (91(b1) = 91 (1)) (2(b2) = 92()) ).
Therefore, the inequality (5) is proved. U

3. Main results

To begin, we will first establish the following:
Lemma 3.1. U € C(J) is a solution of (1)-(2) if and only if
Uv, @) =) +¢ (@) —ob)+ L7 F (v,@,Uv,®)). (8)

Proof. Suppose U solves the integral equation (8). Applying CDgLﬁ and utilizing
Lemma 2.3, we deduce that U satisfies (1). Considering that the integral vanishes
when v = by or @ = by, the initial conditions in (2) are fulfilled. Therefore, U satisfies

(1)-(2).
Conversely, if U satisfies (1)-(2), and let
h(v,w) = F(v,w,U(v,w))
= Dl‘j’ﬁ [ru(v, w) — U(v,by) — U(by,w) + U(b1, bg)] )
9 pl-60
= Dvwlb— |:’U(U,w) — ‘U(U, bz) — ‘U(bl,w) + ‘U(bl,bg)] .
Applying the operator I;fg to (9), we get
IYh(v,w) =177 [ru(v,w) — (v, by) — U(by, @) + U(by, bQ)].
Applying the operator D1 37 to the last equation, we obtain
Uv,w) = Uv,bs)+ Uy, @) — Ubr,bs) + Dy " I h (v, w)
U(v, by) + U(by, @) — U(br,bo) + DI I I h (v, @)
= U(v,bo) + Ubr, @) — U1, b2) + I h (v, ).
U

Let’s consider the hypothesis:
(H1) There exist 7 and A in C' (J,R;) such that:

|F (v, @, W) < 9 (v,w)+N(v,@)|U|, V(v,w) e J, UEeR.



GENERALIZATION OF RIGHT FRACTIONAL ORDER DERIVATIVES AND THE DARBOUX97
(H2) There is Ly > 0 such that
|F (v,w,U) = F (v,w, V)| < Ly |u—-v|, V(v,w) e J, U,V cR.

Theorem 3.2. If (H1) is assumed to hold true, then the problem (1)-(2) possesses
at least one solution.

Proof. Define 4: C (J,R) — C(J,R) b

b1 ba
(1) (0.%) = T+ ey [ 00 @1 = )
192(@)

x (U2(t) — )72 7hF (5,1, U (s, 1)) dtds,
(10)
where the function 7 is defined for every (v, w) € J as follows:
T (v,@) =¢ )+ (@) —p(b). (11)

Obviously, 4 is continuous. Now, we show that bounded sets in C(J,R) are
mapped by 4 into bounded sets of C (J,R). To do so, we prove that for any R > 0,
there is L > 0 such that for every 4 € 8 = {ue C(J,R),||U| ., < R}, we obtain
|lau||,, < L. Let U € Bg and (v,w) € J, we get

by bs
() (v, )| < \T(U,W)Hm / / 9,(5)95(t) (91(s) — 01 (1))
X (2(t) — 92(@))2 7 |F (s,t, U (s, t))| dtds,

From (H1), we find

A\

by bo
(au) (v, )| < ||fr||oo+m / / 9, (5)95(t) (91 (5) — 01 (0)" "

w

X (W2(t) = 92())™* 1 (9(5,8) + A5, 1) | (s, 1) ) dtds

191(b1 192(b2) 6 _1 6 1
< Tl + o o /ﬂ() (5= 91.(0)) 1 (¢ — Ba(e)) " dtds
02
< Tl + g (92(00) 1) (2(b2) ~ va(2)) .

(7 lloo + 117C] o B)

where M = (51T (6)

. Then, for any U € Bp there exists

L=|T|+ %(ﬁl(bl) - 191(611))61 (192(52) - 192(a2))527

such that ||4u|| < L
Secondly, we prove that bounded sets in C' (J, R) are mapped by 4 into equicontinuous
sets in C (J,R). Let (v1,w1), (v2,w2) € J such that v;1 < vy and w; < ws and
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U € Bg. Then, from (H1) we get

|(at) (v1, @1) — (AU) (v2, @2
<|T (v1,@1) = T (v2, @2)|

by bo
ar / i ()050)((91(5) — 01(02)" ™ (9a(0) — D (2)) ™
~(91(8) = 91(0))" " (D2(0) = Da(w1)) " ) dtds

by wo
+M/ / 19/1(8)19/2(t) (191(8) - 191(1)1))6171(192(?5) — 192(@1))

%=L dtds

Vo bo
+M/ / 9, (5)95(£) (91(s) — 91 (v1)) "~ (Va(t) — Va(w1)) ™ dtds

-I-M /U2 - 19’1 (8)19/2@) (?91(8) — 191(1)1))61_1 (ng(t) — 192(@1))62_1dtd8

< T (v2, @) = T (01, 51)]| + — [2((01@1)_191(1}1))51(192(@)_192(721))52

t 50
5 5
+ (91 (v2) — V1 (v1)) " (V2(b2) — Pa(w@1)) 2)}
As v1 = v9 and w1 — wa, the RHS of the inequality obtained herein above goes to
Zero.

Thirdly, we prove a priori bounds. Let ¢ € C (J,R) such that U = A4 (U) for some
A €(0,1). Then, for any (v,w) € J, we have

by bo
(=) < \‘T(U,W)H—m/ / 91 (5)05 (1) (01 (s) — 03 (v)) ™

x (D2(t) — 92(w)) 1 |F (s,t, U (s, 1)) dtds,
From (H1), we find
U (v, @)
by 22
<17+ 5 . L HOBO@E) ~ 0w)"

x (92(1) = 02())"* " (9(5,8) + Alls, ) [ (s, 1) ) dts

Sl + e [ 90 0106) - 90" 0200 D) s
bl [ 0 0106) ~ 020" 0300 o) et s
< I + 52 (1(00) = 01(0)” (Oa(0n) — Da()™

n r(%ﬁ@) /Ubl wb 9 ()95 (1) (91(s) — 01 ()™ " (Wa(t) — V() " | (s, 1)) dids.
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In view of Lemma 2.6 we get,

1711 5 5

u <[(||T x Y1(by) — ¥ Pa(bo) — ¥

(0.2 = (Il + 5 53 (01 = 910)” (92(ta) = ()

E((91,1) (62, 1)5 1800 o0 (91.(61) = 92(0))" (Va(b2) = d2()) ™)
Ilso 51 52
< <||‘1'|oo + 7] (191(191) — 191(@1)) (192(52) — 192(@2)) )

[(01 + 102 +1)
E<(517 1), (62, 1) 10 oo (91(b1) — 91(a1)) " (Do (b2) — Va(az))

")
(ﬁl(bl) - ?91(611)) (192(b2 — o a2 )

Take
_ K4
M = (“T“oo TG+ DI+ 1)
E((81,1), (82, 1) |10 (91(b1) = D1(an))" (92(b2) — 92(a2))™),
and let

w={ueC(JR), |ul,<M+1},
then, one can not find 4 € W s.t. U = A4 (U), for any A € (0,1). It yields from
Theorem 2.8 in [9] that 4 has a fixed point which is solution of (1)-(2). O

Theorem 3.3. If (H2) is assumed to hold true, then the problem (1)-(2) possesses a
unique solution.

Proof. We know that if (H2) is holds then, (H1) is holds so, the problem (1)-(2) has
at least one solution. It remains to prove the uniqueness of solution, to this end we
suppose that (1)-(2) has tow solutions U (v, w) and ¥ (v, w) then,

U (v, @) =V (v, @)

by ba
< m/ﬂ /w 19,1(8)19/2@) (91(s) — 191(1}))6171
X (D9(t) — 92(@))2 | F (5,8, U(s,t)) — F (s, 1,V (s,t))| dtds
b1 pba
< m/v /w 19,1(8)19/2@) (91(s) — 191(’0))61_1
X (V2(t) = 02(w))™ 7 U (s, ) = ¥ (s, )| dtds,

it follows from Lemma 2.6 that U (v,w) = ¥ (v, w) Hence, the problem (1)-(2) has a
unique solution. O

4. Ulam stability

We consider the following inequality
CDgLﬁ’V(v,w) —F (v,w, VY (v,w))| <e¢, fore>0, and (v,w) € J. (12)

Definition 4.1. Eq. (1) is Ulam-Hyers stable if there is C' > 0 such that for every
e > 0, and for all ¥ € C (J,R) a solution of the inequality (12), there is ¥ € C (J,R)
a solution of (1) such that

|V (v, w) — U(v,w)| < Ce, (v,w) € J. (13)
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We have the following remark:

Remark 4.1. Let 7 be a solution of the inequality (12) then ¥ is a solution of the
following integral inequality

by bo
Y (0,%) — K (v, ) W / /w 9,(5)95(t) (91(5) — D1 (1))

x (95(t) — Vo(w))2 1 F (s,t, U (s, 1)) dtds

€

[0 + 1) (02 + 1)

s s
(91(b1) = F1(v))™ (V2(b2) — V2(w)) ™,
where X (v, w) is given by
?((v,w) = 'V(U, bg) + ’V(bl,w) - 'V(bl7 b2) .
Theorem 4.1. Assume that (H2) is satisfied. Then (1) is Ulam-Hyers stable.

Proof. Let 7 be a solution of (12) and U the unique solution of the following Cauchy
problem

Dl uw,w) = F(w U w), @) e =]a,b]x [a,bs],
‘U(U,bg) = rV(U,bg) ,U € [al,bl],
‘U(bl,w) = ‘V(bl,w),wé [ag,bg],
Therefore,
by bo
U.w) = %)+ [ #enm i) - nw)

X (D) = 92(@)) 7 F (5,1, U (s, 1)) dids,
From Remark 4.1 and (H2) we find,
|’V(’U,W) - ‘Zl(v,w)|

by bo
s\v/(v,w)—vc(v,w)—m / /w 9, (5)95(t) (91 () — 9 (0))"*

X (D9(t) — 92())2 " F (s,t,V (s, 1)) dtds

1 b1 pb2 , ) .
Tl U ARCE GO,
X (05(t) — 9a(@))2 7 | F (5,8, 9 (s,8)) — F (s,t, U(s,t))| dtds

((51+ (62 + 1) (ﬁl(bl)_ﬁ (U)) (ﬁz(bQ) Oa(w ))6

b b2 / / 61—1
52//19 Y4 (2) (91 (s) — 91 (1))
x (Wa(t) — V(@)™ 7" [V (s,1) — U (s, 1)| dtds.
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By using Lemma 2.6 we obtain
|{V(U,W) - ﬂ(U,W)|

€

o1 59
< T6 T OrE, 1) () — i) 7 (92(b2) — 0a(w))

E( (01,1), (62,1); Ly (91(b1) — 1 (U))61 (92(b2) — 192(“))62)

€ 5 N
< 16, T rE, ) b)) — Vi) (9a(b2) — V2(a2)

E( (61, 1) y (62, 1) 5 Lgr (ﬁl(bl) - 191((11))51 (192(()2) - 192((12))62)

= C,
where
c = L (ﬂl(bl) 7’!91(0,1))51 (ﬂg(bg) 7’[92((12))52
(6 + 1) (02 + 1)
51 62
E( (61,1),(02,1); Ly (91(b1) — V1(a1))™" (92(b2) — F2(az)) )’

so, the equation (1) is Ulam-Hyers stable. O
5. Example

Example 5.1. Let us consider the following problem

CDMu(v,w) = F(vw, Uvw),wvw) et=1[0,2]x][0,],
U(v, %) = sin(v),ve[0,%5], (14)
T, w ) = exp(v)—1l,we [O, %] ,

u(
whereb = (5,%),6 = (3,3), 9 = (¥1,92) with (91 (v) , 92 (@)) = (exp(v), exp(w))
and 7 (v,w, U) = sin (v + @) + tan (U) .

For all 4, € R and (v, @) € [0, %] x [0, Z], we have

| (0,0, W)| < sin (v+ @) + 2],

|T(v,w, ‘Zl)fjf(v,w,‘l/ﬂ §2|‘U7‘V|.

Hence, the assumptions (#;) and (#4) are satisfied. As a consequence of Theorem 3.2
and Theorem 4.1 we deduce that the (IVP) (14) has a unique solution on [0, F] x

[0, %] and it is Ulam-Hyers stable.

6. Conclusion

In conclusion, this work provides a comprehensive analysis of the existence and unique-
ness of solutions to the DPPDEs involving the right partial Caputo 9J-fractional deriv-
ative. Additionally, we investigate the UHS of DPPDEs using a generalized Gronwall
inequality, offering insights into the stability of the solutions. To demonstrate the
applicability of our theoretical results, we present an example that illustrates the key
findings of our study. The combination of these approaches contributes to a deeper
understanding of DPPDEs with fractional derivatives and their stability properties.
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