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A frictionless contact problem with adhesion and damage
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ABSTRACT. We consider a quasistatic frictionless contact problem for viscoelastic material
with damage. The contact is modelled with normal compliance condition. The adhesion of
the contact surfaces is considered and is modelled with a surface variable, the bonding field
whose evolution is described by a first order differential equation. We establish a variational
formulation for the problem and prove the existence and uniqueness result of the solution. The
proofs are based on time-dependent variational equalities, a classical existence and uniqueness
result on parabolic equations, differential equations and fixed-point arguments.
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1. Introduction

The damage subject is extremely important in design engineering, since it affects
directly the useful life of the designed structure or component. There exists a very
large engineering literature on it. Models taking into account the influence of the
internal damage of the material on the contact process have been investigated math-
ematically. General novel models for damage were derived in [9, 10] from the virtual
power principle. Mathematical analysis of one-dimensional problems can be found
in [11]. In all these papers the damage of the material is described with a damage
function «, restricted to have values between zero and one. When o = 1 there is
no damage in the material, when o = 0 the material is completely damaged, when
0 < a < 1 there is partial damage and the system has a reduced load carrying capac-
ity. Quasistatic contact problems with damage have been investigated in [13,14,17].
In this paper, the inclusion used for the evolution of the damage field is

a—kAa+0pg(a)d dle(n),a),

where K denotes the set of admissible damage functions defined by

K={cHY(Q) /0<£<1 ae. in Q)
k is a positive coefficient, d¢ - represents the subdifferential of the indicator function
of the set K and ¢ is a given constitutive function which describes the sources of the

damage in the system. A general viscoelastic constitutive law with damage is given
by

o = Ae()) + G(e(u), a),
where A is a nonlinear viscosity function and G is a nonlinear elasticity function which
depends on the internal state variable describing the damage of the material caused
by elastic deformations and the dot above represents the time derivative.
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The adhesive contact between bodies, when a glue is added to keep the surfaces
from relative motion, is receiving increasing attention in the mathematical literature.
Analysis of models for adhesive contact can be found in [2,3,4,6,12,15,20]. The
novelty in all the above papers is the introduction of a surface internal variable, the
bonding field, denoted in this paper by 3, it describes the pointwise fractional density
of active bonds on the contact surface, and sometimes referred to as the intensity of
adhesion. Following [7, 8], the bonding field satisfies the restrictions 0 < 8 < 1, when
[ =1 at a point of the contact surface, the adhesion is complete and all the bonds
are active, when (3 = 0 all the bonds are inactive, severed, and there is no adhesion,
when 0 < § < 1 the adhesion is partial and only a fraction § of the bonds is active.
We refer the reader to the extensive bibliography on the subject in [16,18,19] .

In this paper we study a quasistatic problem of frictionless adhesive contact. Here
we model the material behavior with a viscoelastic constitutive law with damage
and the contact with normal compliance with adhesion. We derive a variational
formulation and prove the existence and uniqueness of the weak solution.

The paper is organised as follows. In section 2 we present the notation and some
preliminaries. In section 3 we present the mechanical problem, we list the assumptions
on the data and give the variational formulation of the problem. In section 4 we state
and prove our main existence and uniqueness result, Theorem 4.1. The proof is
based on arguments of time-dependent nonlinear equations with monotone operators,
a fixed-point argument and a classical existence and uniqueness result on parabolic
equations.

2. Notation and preliminaries

In this short section, we present the notation we shall use and some preliminary
material. For more details, we refer the reader to [5].

We denote by S; the space of second order symmetric tensors on R (d = 2,3),
while (.) and | . | represent the inner product and the Euclidean norm on Sy and R9,
respectively. Let Q € R? be a bounded domain with a regular boundary I' and let v
denote the unit outer normal on I". We shall use the notation

H= A" = {u=(u) [ w € Q) },
HZ{O’Z(Uz‘j)/UijZUjiELQ(Q) }7
Hy={u=(u;)€H /elu)eH},

Hi={oceH /DiveoecH},

where € : H] — 'H and Div : Hy — H are the deformation and divergence operators,
respectively, defined by

() = (e (), () = (g +uz0), Dive = (15,).

Here and below, the indices ¢ and j run between 1 to d, the summation convention
over repeated indices is used and the index that follows a comma indicates a partial
derivative with respect to the corresponding component of the independent variable.

The spaces H, H, H; and H; are real Hilbert spaces endowed with the canonical
inner products given by
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(u,v)H:/uivi dx Yu,veH,
Q
(UaT)H:/UijTij dx Vo, €H,
Q
(u7 V)Hl = (u7V)H + (e(u)75(v))H VH,V € H17

(o, 7)1, = (o, 7)) + (Div o, Div 7)g VY o, T € Hy.

The associated norms on the spaces H, H, Hy and H; are denoted by | . |, | . |,
| . |z, and | . |3, respectively.

Let Hr = H%(F)d and let v : Hy — Hr be the trace map. For every element
v € H;, we also use the notation v to denote the trace yv of v on I' and we denote by
v, and v, the normal and the tangential components of v on the boundary I" given
by

Vy = V.V, Vo =V — U, l. (2.1)

Similarly, for a regular (say C') tensor field o : Q — Sy we define its normal and
tangential components by

o, = (ov)w, 0, =0V —0o,V, (2.2)

and we recall that the following Green’s formula holds:

(o,e(v))n + (Div o, v)g = /Fau .vda Vv e H. (2.3)

Finally, for any real Hilbert space X, we use the classical notation for the spaces
LP(0,T; X) and W¥*P(0,T;X), where 1 < p < +oco and k > 1. We denote by
C(0,T;X) and C'(0,T; X) the space of continuous and continuously differentiable
functions from [0, 7] to X, respectively, with the norms

f = f(t
| £ [cio,7:x) tlef[l(%]\ ) |x,

f = £(t (¢
| £ e (o,7:x) max, | £(t) [x +t§3§] | £(t) |x,

respectively. Moreover, we use the dot above to indicate the derivative with respect
to the time variable and, for a real number r, we use r; to represent its positive
part, that is 7 = max{0,r}. Finally, for the convenience of the reader, we recall the
following version of the classical theorem of Cauchy-Lipschitz (see, e.g., [21, p. 60]).

Theorem 2.1. Assume that (X, | . |x) is a real Banach space and T > 0. Let F(t,.) :
X — X be an operator defined a.e. on (0,T) satisfying the following conditions:

1- 3 Lrp > 0 such that | F(t,z) — F(t,y) |x< Lrp | z —y |x Vz,y € X, ae.
te(0,7T).

2- 3 p > 1 such that t — F(t,z) € LP(0,T;X) Vz € X.

Then for any zo € X, there exists a unique function = € Wt P(0, T; X) such that

z(t) = F(t,z(t)) a.e. t € (0,7),
x(0) = xo.

Theorem 2.1 will be used in section 4 to prove the unique solvability of the inter-

mediate problem involving the bonding field.
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Moreover, if X; and X5 are real Hilbert spaces then X; x X5 denotes the product
Hilbert space endowed with the canonical inner product (.,.)x, x x,-

3. Problem statement

We consider a viscoelastic body which occupies the domain Q@ C R? with the
boundary I' divided into three disjoint measurable parts I'y,I's and I's such that
meas(T'y) > 0. The time interval of interest is [0,7] where T > 0. The body
is clamped on I'y and so the displacement field vanishes there. A volume force of
density fo acts in 2x (0,7) and surface tractions of density fa act on T'yx (0,7).
We assume that the body is in adhesive frictionless contact with an obstacle, the
so called foundation, over the potential contact surface I's. Moreover, the process
is quasistatic, i.e the inertial terms are neglected in the equation of motion. We
use a viscoelastic constitutive law with damage to model the material’s behavior
and an ordinary differential equation to describe the evolution of the bonding field.
The mechanical formulation of the frictionless problem with normal compliance is as
follows.

Problem P. Find a displacement field u : Qx [0,T] — R?, q stress field o : Qx
[0,T] — S4 , a damage field o : Q x [0,T] — R and a bonding field 3 : T3x [0,T] —
R such that

o = As(t) + G(e(u), @), (3.1)
d—k N a4+ 0pg(a) 3 ¢le(u),a), (3.2)

Div o +f,=0in Q x (0,7T), (3.3)
u=0onT; x (0,7), (3.4)

ov =1, onTy x (0,T), (3.5)

—0,, = pu(w) = 7,02 (—R(uy))+ on Ty x (0,T), (3.6)
o, =0o0nT3x(0,7), (3.7)
%zOoan(O,T), (3.8)

B = —[Bl(=R(w,))+]* = eal+ on Ty x (0,7), (3.9)
u(0) = ug, a(0) = ap in Q, (3.10)

B(0) = B, on T3. (3.11)

The relation (3.1) represents the nonlinear viscoelastic constitutive law with dam-
age; the evolution of the damage field is governed by the inclusion given by the
relation (3.2), where ¢ is the mechanical source of the damage growth, assumed to
be rather general function of the strains and damage itself, dp - is the subdifferential
of the indicator function of the admissible damage functions set K. (3.3) represents
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the equilibrium equation, (3.4) and (3.5) are the displacement and traction bound-
ary conditions, respectively, (3.6) represents the normal compliance condition with
adhesion in which ~, is a given adhesion coeflicient and R is the truncation operator
defined by

—L ifs<-—L,
R(s)=14( s if |s| < L, (3.12)
L if s > L.

Here L > 0 is the characteristic length of the bond, beyond which it does not offer
any additional traction. The introduction of R is motivated by the mathematical
arguments but it is not restrictive for physical point of view, since no restriction on the
size of the parameter L is made in what follows. Also, p, is a given positive function
which will be described below. In this condition the interpenetrability between the
body and the foundation is allowed, that is u, can be positive on I's. The contribution
of the adhesive to normal traction is represented by the term v, 3%(—R(u,))+, the
adhesive traction is tensile, and is proportional, with proportionality coefficient v,,
to the square of the intensity of adhesion, and to the normal displacement, but as
long as it does not exceed the bond length L. The contact condition (3.6) was used
in various papers, see e.g. [2,3] and the references therein. Condition (3.7) represents
the frictionless contact condition and shows that the tangential stress vanishes on
the contact surface during the process. (3.8) represents a homogeneous Newmann
boundary condition where g—‘j represents the normal derivative of a. Next, equation
(3.9) represents the ordinary differential equation which describes the evolution of the
bonding field and it was already used in [2], see also [19] for more details. Here 7,
and €, are a given adhesion coefficients which may depend on x € I'3 and R is the
truncation operator given by (3.12). Notice that in this model once debonding occurs

bonding cannot be reestablished since, as it follows from (3.9), 8 < 0. In (3.10),
we consider the initial conditions where ug is the initial displacement, and aq is the
initial damage. Finally, (3.11) is the initial condition, in which 3, denotes the initial
bonding field. Let Z denote the bonding field set

Z={pel>®Ts)/0<F<1ae. onls},
and for displacement field we need the closed subspace of H; defined by
V={veH /v=0onTi}.

Since meas(I';) > 0, Korn’s inequality holds and there exists a constant Cj, > 0 which
depends only on  and I'; such that

| e(V) 1> Cr | v |y, Vv eV.

On V we consider the inner product and the associated norm given by

(w,v)y = (e(u),e(v)), |V ]y =[e(v)|n Yu,veV.

It follows from Korn’ inequality that | . |z, and | . | are equivalent norms on V' and
therefore (V,| . |v) is a real Hilbert space. Moreover, by the Sobolev trace theorem
there exists a constant C, depending only on €2 , I'; and I's, such that

| v |L2(F3)d < Cy ‘ v |V YvelV. (313)

In the study of the mechanical problem (3.1)-(3.11), we make the following assump-
tions. The viscosity operator A : Q x S; — Sy satisfies
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(a) There exists a constant L4 > 0 such that
| A(x, &) — AXx, &) [S Lal & — & | V€,&; € Sq,ae. x €
(b) There exists m_4 > 0 such that
(A(x,&1) — A(x,€3))-(§1 — &) =2 ma | € — & |2 V€1, &y € Sq, ae. x €L
(¢) The mapping x — A(x, &) is Lebesgue measurable on 2 for any & € Sy.
(d) The mapping x — A(x,0) € H.
(3.14)
The elasticity operator G : 2 x S3 x R — S, satisfies

(a) There exists a constant Lg > 0 Such that
| G(x,&1,00) = G(x,85,02) [ Lg(| & — & | + a1 —az )
VE€1,€5 € S4, YVai, a0 € R ae. x € Q.
(b) For any £ € Sg and o € R, x — G(x, £, @) is Lebesgue measurable on Q.
(¢) The mapping x — G(x,0,0) € H.
(3.15)
The damage source function ¢ : 2 x S; x R — R satisfies

(a) There exists a constant L > 0 such that

| p(x,€1,01) — d(x,€p,02) [SL(| & — & [+ ] a1 — a2 )

VE€,,€y € Sq, Yag,as € Rae. x €.
(b) For any & € Sy and o € R, x — ¢(x, €, «) is Lebesgue measurable on (.
(¢) The mapping x — ¢(x,0,0) € H.

(3.16)
The normal compliance function p, : I's x R — R satisfies
(a) There exists a constant L, > 0 such that
| po(x,71) —pu(X,72)| < Ly |r1 —ra|  Vri,re €R, ae. x €T3 (3.17)
(b) The mapping x — p,, (x,r) is measurable on I's, V r € R. '
(¢) The mapping x — p,(x,7) =0 for all r <0, a.e. x € ['s.
The adhesion coefficient and the limit bound satisfy
Y S LOO(F:;),’)/D > 0, Eq € LOO(Fg),Ea > 0. (318)
We also suppose that the body forces and surface traction have the regularity
fo € C(0,T; H) , fy € C(0,T; L*(I'y)%). (3.19)
Finally we assume that the initial data satisfy the following conditions
u €V, (3.20)
ay €K, (3.21)
B, € Z. (3.22)
We define the bilinear form a : H'(Q)? x H'(Q)¢ — R by
a(g, ) = k/ VEN dx. (3.23)
Q

Next, we denote by f : [0,7] — V the function defined by
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(f(t),v)v = / fo(t).v dzx —|—/ f2(t)vda VveV, ae te(0,T). (3.24)
Q Iy
The adhesion functional j,q : L®(I's) x V x V' — R defined by
Jaa(B,,v) = — /71,52(—R(u,,))+v1, da. (3.25)
Is

In addition to the functional (3.25), we need the normal compliance functional j,.
:V x V — R given by

Jne(u,v) = /py(uy)vl, da. (3.26)
I's
Keeping in mind (3.18)-(3.19), we observe that integrals (3.25) and (3.26) are well
defined and we note that conditions (3.19) imply

£feC0,T:V). (3.27)

Using standard arguments based on Green’s formula (2.3) we can derive the following
variational formulation of the frictionless problem with normal compliance (3.1)-(3.11)
as follows.

Problem PV. Find a displacement field u : [0,T] — V, a stress field o : [0,T] —
H, a damage field o : [0,T] — H*(Q) and a bonding field B : [0,T] — L*°(T'3) such
that

o (t) = Ae(u(t)) + G(e(u(?)), a(t)), a.e. t € (0,T), (3.28)
a(t) € K forall t € [0,T], (a(t),§ — a(t)) 2 ) + ala(t), £ — al(t))
)

> (¢(e(u(t)), a(t), € — a(t)) 2 ) V€ € K, (3.29)

(a(t),e(V))n + Jaa(B(t), u(t), v) + Jne(u(t), v)

= (F(),v)y Vv € V,¥t € [0, T], (3.30)
B(t) = =17, B (—R(un () 4] — el 4 ace. t € (0,7), (3.31)
u(0) = ug, a(0) = ag , 4(0) = By. (3.32)

We notice that the variational problem PV is formulated in terms of displacement,
stress field, damage field and bonding field. The existence of the unique solution of
problem PV is stated and proved in the next section. To this end, we consider the
following remark whose estimates will be used in different places of the paper.

Remark 3.1. sFrom (5.31) we obtain that B(x,t) < By(x), since By(x) € Z then
B(x,t) <1 forallt >0, a.e. onTs. If B(x,tg) =0 fort =ty it follows from (3.31)
that B(x,t) = 0 for all t > to, therefore B(x,t) = 0 for t > to. We conclude that
0<8(x,t)<1Vte[0,T]ae xel}s.

In the sequel we consider that C' is a generic positive constant which depends on
Q,I'1,I's,v, , L and may change from place to place. First, we remark that j,q and
Jne are linear with respect to the last argument and therefore

Jad(Bs 0, =V) = —Jaa (B, 0, V), Jne(W, —=v) = —jinc(u, v). (3.33)
Next, using (3.25) as well as the properties of the operator R, (3.12), we find
jad(ﬁla up, V) - jad(ﬂ% ug, V)
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- / 7 B~ R(uz)) s — (—R(un))+Jow da

s

+ / 7, (B2 — B)[(~R(uz,)) 4]0, da

I's
sc/wl—ﬂzuvma,
Ir's

and from (3.13) we obtain
Jad(B1,01,V) = jad(B2,u2,V)

SC| By =By lr2ryl viv . (3.34)
Now, we use (3.26) to see that

o1, V) = jne(uz, v)| < / 1w () — po (uzw)| [vw] da,
I's

3.13) imply

ez, V) < C =g v] v |y (3.35)

and therefore (3.17)(a) and (

|Jne(uy, v)
The inequalities (3.34)-(3.35) combined with equalities (3.33) will be used in various
places in the rest of the paper.

4. Well posedness of the problem

The main result in this section is the following existence and uniqueness result.

Theorem 4.1. Assume that (3.14)-(5.22) hold. Then problem PV has a unique
solution (u, o, B, «) which satisfies

ucCH0,T;V),
o €C(0,T;Hy),
Be Wh(0,T; L™(T3)),
ac WhH2(0,T; L3(Q)) N L*(0,T; H'()). (4.1)

A quadruplet (u, o, 3, ) which satisfies (3.28)-(3.32) is called a weak solution to
the compliance contact problem P. We conclude that under the stated assumptions,
problem (3.1)-(3.11) has a unique weak solution satisfying (4.1). We turn now to the
proof of Theorem 4.1 which carried out in several steps. To this end, we assume in
the following that (3.14)-(3.22) hold. Below, C' denotes a generic positive constant
which may depend on 2, I'y, I's, A, v,, L and T but does not depend on ¢ nor of
the rest of input data, and whose value may change from place to place. Moreover,
for the sake of simplicity, we suppress, in what follows, the explicit dependence of
various functions on x €QUI". The proof of Theorem 4.1 will be carried out in several
steps. In the first step we solve the differential equation in (3.31) for the adhesion
field, where u is given, and study the continuous dependence of the adhesion solution
with respect to u.
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Lemma 4.1. For every u € C(0,T;V), there exists a unique solution
B, € WHe(0,T; L>=(T'3))
satisfying
/gu(t) = _[’YVﬁu(t)[(_R(uV(t»)Jr]Q - Ea]Jr a.e t € (O7T)7

Moreover, 3,(t) € Z fort € [0,T], a.e. onT's, and there exists a constant C > 0,
such that, for all ui,us € C(0,T;V),

t
B0 (®) = B (0) ey < C [ 1 wa(s) —ualo) [ ds Ve € 0.7,
0

Proof. Consider the mapping F : [0,T] x L*>(T's) — L>°(T'3) defined by

F(t,8) = ~[1,B0)[(~R(uw () +]* — eal+

YVt € [0,T]) and 8 € L>(I'3). It follows from the properties of the truncation operator R
that F is Lipschitz continuous with respect to the second argument, uniformly in time.
Moreover, for any 8 € L>°(T'3), the mapping t — F'(¢, §) belongs to L>°(0,T; L>°(T'3)).
Thus, the existence and the uniqueness of the solution 3, follows from the classical
theorem of Cauchy-Lipschitz given in Theorem 2.1. Notice also that the argument
used in Remark 3.1 shows that 0 < §,,(¢t) <1 for all ¢ € [0,T], a.e. on I's. Therefore,
from the definition of the set Z, we find that 3,(t) € Z for all ¢t € [0,7], which
concludes the proof of the Lemma. Now let u;,us € C(0,7;V) and let ¢ € [0,T]. We
have, for i =1, 2,

Bu,(t) = By — / 0B, ($)[(—R(uin (s))) 41> — eal 4 ds,
0
and then
| Buy (t) = Buy (8) [L2(ry)

<c / | B (=Rt (8)) 412 — Buy (5)[(— Rtz ()4 ]2 |12(rs) ds.
0

Using the definition of the truncation operator R given by (3.12) and considering
ﬁul = ﬁul - ﬂ'ua +/8u2 we find

t t
| Buy (1) =B, (t) [L2(ry) < C(/ | Buy (8)=Bu, (8) [L2(rs) ds+/ | w1 (s)—u2(s) |r2(ry) ds).
0 0

Applying Gronwall’s inequality, it follows that

t
| B (8) = By () Bagey < C / 1 (5) — us(5) o, ds,
0

and using (3.13) we obtain the second part of lemma 4.2. I

Now we consider the following viscoelastic problem and we prove an existence and
uniqueness result for (3.28), (3.29) and (3.30) with the corresponding initial condition.

Problem QV. Find a displacement field u: [0,T] — V, a damage field o : [0,T] —
HY(Q) and a stress field o : [0,T] — H satisfying (3.28), (5.29) and

(0(t),e(V))n + Jaa(Bu (1), u(t), v) + jne(u(t), v)
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= (f(t),v)v Vv eV, Vt € [0, 7], (4.2)

u(0) = ug, @(0) = ap. (4.3)
Let n € C(0,T;H), and consider the following variational problem.

Problem QV;. Find a displacement field u, : [0,T] — V and a stress field o, :
[0,T] — H such that

o y(t) = As(ay, (1)) +n(1), (4.4)

(09 (1),e(V)) 1 + Jad(By, (8), 1y (£), V) + jne(y(t), v)
=(f(t),v)y Yv eV, Vte[0,T], (4.5)

u,(0) = uy. (4.6)
To solve problem QV,, we consider 8 € C(0,7;V) and we construct the following
intermediate problem.
Problem QVyg. Find a displacement field u,g : [0,T] — V and o : [0,T] — H
such that

& golt) = Ac(ia (1)) + (), (47)
(0 p(t),e(v))n + (B(t),v)y = (f(t),v)y Yv eV, ¥Vt € [0,T], (4.8)
u,6(0) = up. (4.9)

Lemma 4.2. There exists a unique solution (W9, 0r9) of problem QV,g which satis-
fies uyg € CH0,T;V), op9 € C(0,T;Hy).

Proof. We define the operator A: V — V by
(Au,v)y = (Ae(u),e(v))y Yu,v € V. (4.10)

Using (3.14), it follows that A is a strongly monotone Lipschitz operator, thus A is
invertible and A= : V — V is also a strongly monotone Lipschitz operator. It follows
that there exists a unique function v,¢ which satisfies

vy € C(0,T;V), (4.11)
Avyg(t) = hye(t), (4.12)
where h,y € C(0,T;V) is such that
(hyo(t), v)y = (E(1), V) — (0(t),=(v))e — (1), V) ¥v €V, t€[0,T].  (4.13)
Let uyp : [0,7] — V be the function defined by

ung(t) = /0 Vng(S)dS +ug Vt € [O,T} (414)

It follows from (4.14), (4.11) and (4.12) that u,p € C*(0,T;V). Consider o,y
defined in (4.7), since n € C(0,T;H), u, € C*(0,7;V) and from the relation (3.14)
we deduce that o9 € C(0,T;H). Since Div 0,9 = —fy € C(0,T; H), we further have
on9 € C(0,T;H1). This concludes the existence part of lemma 4.3. The uniqueness
of the solution follows from the unique solvability of the time-dependent equation
(4.12). Finally (u,g,0,) is the unique solution of problem QV;¢ obtained in lemma
4.3, which concludes the proof. I
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Let AB(t) denote the element of V' defined by
(AO(1),V)v = Jad(Bu,, (1) tno(t), V) + jne(Uyo(t), v) v €V, t € [0,T].  (4.15)
We have the following result.

Lemma 4.3. For each 8 € C(0,T;V) the function A@ : [0,T] — V belongs to
C(0,T;V). Moreover, there exists a unique element 8* € C(0,T;V) such that A@" =
0.

Proof. Let 8 € C(0,T;V) and let t1, t2 € [0,T]. Using (3.34), (3.35) and (4.15) we
obtain

| AB(t1) —AOB(t2) |v< C(] By, (t1) = Bu,,(2) [L2(rg) + | ane(tr) —upe(te) |v). (4.16)

By lemma 4.3, u,p € C*(0,T;V), then we deduce from inequality (4.16) that A@ €
C(0,T;V). Let now 61,0, € C(0,7;V) and denote u,g, = u;, Upg; = Vy9; = v; and
Buye., = Bu, for i =1,2. Using again the relations (3.34), (3.35) and (4.15) we find

| A1 () = AO(1) [< C(] By, (1) = By () [Ty + [t —wa(t) ). (4.17)

Then by lemma 4.2, we have

| A1 () — AB>(1) [< C(| wi(t) — ua(t) |5 +/0 | ui(s) —uz(s) i ds)

¢
< C’/ | vi(s) —va(s) |3 ds te€[0,T). (4.18)
0
Moreover, from (4.8) it follows that
(.AE(Vl) — AS(VQ),&‘(Vl) — 6(V2))H + (01 — 02,V1—V2)V =0on (O,T) . (419)

Hence
| Vl(s) — VQ(S) |V§ C ‘ 91(8) - 02(5) |V Vs € [O,T] (420)
Now from the inequalities (4.18) and (4.20) we have

| A0 (t) — AG(1) 2 < c/ot | 04(s) — 02(s) 2 ds vt € [0,T).

Reiterating this inequality n times yields

(cr"
n!

‘ A"0, — A" %(O,T;V)S | 0, — 6 |ZC(0,T;V)7

which implies that for n sufficiently large a power A™ of A is a contraction in the
Hilbert space C(0,7;V). Then, there exists a unique 8* € C(0,7;V) such that
A"0* = 6" and 0" is also the unique fixed-point of A. I

Lemma 4.4. There exists a unique solution of problem QV,, satisfying u,, € c0,T;V),
o, € C(0,T;H1).

Proof. Let 0" € C(0,T;V) be the fixed-point of A, lemma 4.3 implies that (u,g~, oyg~) €
C*(0,T;V)xC(0,T;Hy) is the unique solution of QV,¢ for @ = 0*. Since A@* = 6" and
from the relations (4.15), (4.7), (4.8) and (4.9), we obtain that (u,, o) = (u,g~, oo~ )
is the unique solution of @QV,,. The uniqueness of the solution is a consequence of the
uniqueness of the fixed-point of the operator A given in (4.15). I
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Let w € C(0,T; L?(2)). We suppose that the assumptions of Theorem 4.1 hold and
we consider the following intermediate problem for the damage field.

Problem PV,,. Find a damage field «, : [0,T] — HY(Q) such that a,(t) € K, for
all t € [0,T] and

(0w(t), € — aw(t))r2() + alow(t), § — aw(t))
> (w(t), € —au(t))2@) VE € K ae. t e (0,T), (4.21)
a,(0) = ap. (4.22)
Lemma 4.5. Problem PV, has a unique solution o, such that
a, € WH0,T; L2(Q)) N L2(0,T; H(Q)). (4.23)

Proof. We use (3.21), (3.23) and a classical existence and uniqueness result on para-
bolic equations (see for instance [1 p. 124]). 1

As a consequence of the problems @V, and PV,,, we may define the operator
L:C0,T;H x L*(Q)) — C(0,T;H x L*(Q)) by

L(n,w) = (G(e(uy), o), d(e(uy), aw)), (4.24)
for all (n,w) € C(0,T;H x L*(£2)). Then we have.
Lemma 4.6. The operator L has a unique fized-point
(",w") € C(0, T3 H x L3(9)).

Proof. Let (n,w1), (ny,w2) € C(0,T;H x L?(2)), let t € [0,T] and use the notation
u, =u;, 1'1,]1_ =V, =V; and o, = «; for ¢ = 1, 2. Taking into account the relations
(3.15), (3.16) and (4.24), we deduce that

| L(n1,w1) = LMy w2) [Hxr2(@)

< O(lui(t) —ue(t) lv + [ aa(t) — a2(t) [L2(o)- (4.25)
Moreover, using (4.5) we obtain

(As(vi) — Ae(va),e(vi) — e(v2))n = Jad(Buy> U2, V1 — V2) = Jad(By,, U1, V1 — V2)

Fine(U2, vi —va) = jne(1, vi —va) + (My—n1,e(v1) —e(va))x ae. t € (0,T). (4.26)
Keeping in mind (3.34), (3.35) and (3.14) we find

[ vi(t) = va(t) [F< C(1 Bu, ()=Bu, (1) 2y + [ (t)—uz(t) [ + | nl(t)—nz(t() 1%)-
4.27)
By lemma 4.2, we obtain

| vi(t) = va(t) [ < C(| my(t)—m2(t) [y + [ wi(t)—ua(t) [§
4 [ Tws)—ualo) f ds) < CUmO-m0) B+ [ 1 vals)-valo) - ds). (1.28)
0 0
Applying Gronwall inequality yields
[ vi(t) = va(t) < C I my(t)=ma(t) 5 - (4.29)
Since 1 (0) = uz(0) we have
) = a(0) < [ v = valo) Iy ds

From the two previous inequalities we find

i (1) — ua(t) [y < C / | 7,(5) =, (5) | ds. (4.30)
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From (4.21) we deduce that
(a1, a2 —aq)r2() + alar, as — ap)
> (w1, 00 — 1) 2 a-e. t € (0,7),
and,
(d2, a1 — @2)r2(0 ) + alag, a1 — az)
> (WQ7OZ1 — O[Q)Lz(g) a.e. t € (07T) .
Adding the previous inequalities we obtain
(1 — dg, 1 — ag)p2(q ) +alar — ag, a1 — az)
< (wl — W, 0] — OzQ)L2(Q) a.e. t € (O,T) s
which implies that
(a1 —ag, 01 — )20 ) +alar — az, 01 — @)
<] wy —ws |L2(Q)‘ o] — Qo ‘L2(Q) ae. t€(0,7T).
Integrating the previous inequality on [0,¢], after some manipulations we obtain
1 t
5 [ aa(t) —ao(t) 7209 < C/O | wi(s) —wa(s) |r2)| a1(s) — a2(s) |12 ds
t
+C [ aas) = as(s) e d.
0

Applying Gronwall’s inequality to the previous inequality yields

¢
| a1(t) — aa(t) |2 < C/ | w,(8) —w,(5) [L2( ) ds. (4.31)
0
Substituting (4.30) and (4.31) in (4.25), we obtain

| L0y, w1) — L(M2,w2) [Hxr20)

t
<C [ 1,00() = (ow2)(s) hixrao ) ds. (432
0
Lemma 4.7 is a consequence of the result (4.32) and Banach’s fixed-point Theorem. |

Now, we have all the ingredients to solve QV'.

Lemma 4.7. There exists a unique solution {u,o,a} of problem QV satisfying u €
CY0,T;V), 0 € C(0,T;Hy), a € WH2(0,T; L*(Q2)) N L2(0, T; H (Q)).

Proof. Let (n*,w*) € C(0,T; HxL*(Q)) be the fixed-point of £ given by (4.24), by
lemma 4.5, we conclude that {un,an} = {ung*,ane*} € CH0,T;V) x C(0,T; Hy)
is the unique solution of QV,. Since L(n*,w*) = (n*,w*), from the relations (4.4),
(4.5), (4.6) and lemma 4.6 we obtain that {u, o,a} = {u,¢-, T e Qo } is the unique
solution of QV. The regularity of the solution follows from lemma 4.5 and lemma 4.6.
The uniqueness of the solution results from the uniqueness of the fixed-point of the
operator L. i

Theorem 4.1 is now a consequence of lemma 4.2 and lemma 4.8.
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