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Several Combinatorial Inequalities Related to Squarefree
Monomial Ideals
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ABSTRACT. Let K be a field and S = K]lz1,..., 2], the ring of polynomials in n variables,
over K. Using the fact that the Hilbert depth is an upper bound for the Stanley depth of
a quotient of squarefree monomial ideals 0 C I C J C S, we prove several combinatorial
inequalities which involve the coefficients of the polynomial f(t) = (1 +¢ 4 --- 4+ tm~ )™,
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1. Introduction

Let K be a field and S = K]x1,...,x,] the polynomial ring over K. Let M be
a Z™-graded S-module. A Stanley decomposition of M is a direct sum D : M =
@D,_, m;K[Z;] as a Z"-graded K-vector space, where m; € M is homogeneous with
respect to Z"-grading, Z; C {x1,...,z,} such that m; K[Z;] = {um; : v € K[Z;]} C
M is a free K[Z;]-submodule of M. We define sdepth(D) = min;—; ., |Z;| and

sdepth(M) = max{sdepth(D)| D is a Stanley decomposition of M}.

The number sdepth(M) is called the Stanley depth of M.

Herzog, Vladoiu and Zheng show in [11] that sdepth(M) can be computed in a
finite number of steps if M = I/J, where J C I C S are monomial ideals. In [1], J.
Apel restated a conjecture firstly given by Stanley in [1(], namely that

sdepth(M) > depth(M),

for any Z™-graded S-module M. This conjecture proves to be false, in general, for
M = S/I and M = J/I, where 0 # I C J C S are monomial ideals, see [9], but
remains open for M = I. Another open question, proposed by Herzog [12], is the
following: Is it true that

sdepth(I) > sdepth(S/I) + 1,

for any monomial ideal I?

The explicit computation of the Stanley depth is a computational difficult task,
even in the very special case of the ideal m = (z1,...,2,), see [2]. This is one of
the reasons, a new invariant, associated to (multi)graded S-modules, called Hilbert
depth, was introduced, which gives a natural upper bound for the Stanley depth. See
[4] for further details.
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In [3], we proved a new formula for the Hilbert depth of J/I, where 0 A1 C J C S
are squarefree monomial ideals; see Section 2.

In this paper, our aim is to deduce several combinatorial inequalities, using the
fact that hdepth(J/I) > sdepth(J/I), in certain cases when sharp lower bounds for
sdepth(J/I) are known. We mention the fact that the inequalities involved in the
computation of Hilbert depth are related to the theory of hypergeometric functions;
see for instance [1, Remark 3.8] and [3, Lemma 3.8].

In Section 3, we consider the path ideal of length m of a path graph, i.e.

Inm = (1% -+ Ty T2Z3 - Ting 1y ooy Tp—mpl - L) C 5.

In Proposition 3.1 we show that the number of squarefree monomials of degree k
which do not belong to I, », is equal to

—k+1
(n ;_ ’ m> := the coefficient of ¥ in the expansion of (14-z4---4z™ 1) =k+L,
We mention that the above expansion was firstly studied by Euler [10]. For a modern
perspective, we refer the reader to [3, Page 77].

Using this, a formula for sdepth(S/I, ) and the fact that Hilbert depth is an
upper bound for Stanley depth, in Theorem 3.5 we prove that for n > m > 1 and

d:=pn,m)=n+1- [%J — [%—‘, we have that:

| %] k o _
> (=DF X (DRI () (3ong) s forall

(1) (D)t m) = ‘
=0 j=mt
<

§=0
0<k<d.
k . .
(2) 2 (=DFI () (™) >0, for all 0 < k < d.
§=0
Also, since I, ,, is minimally generated by n — m 4 1 monomials, using a result of
Okazaki [13], we show that for d := | 2™ | we have that:
k
—j(d—3\ (n—j+1, m n—d+k—1
(3) 320(_1)k T ( j? ) < (TR forall 0 < k< d.

Also, we particularize (1-3) for m = 2; see Corollary 3.6. In Remark 3.7 we translate
the inequalities from Corollary 3.6 in hypergeometric terms.

In Section 4, we consider the path ideal of length m of a cycle graph, i.e.

Jn,m = In,m + (xn—m+2 Tl .., Tl 'xm—l) C Sa
where n > m > 2 are some integers. In Proposition 4.1 we prove that
sdepth(Jy,m) > depth(Jy.m),
i.e. Jpm satisfies the Stanley inequality. In Corollary 4.2 we show that if m > 3, then
sdepth(Jy, m) > sdepth(S/Jp m) + 1,

i.e. Jp,m satisfies the Herzog inequality.

Let d:=n— LWL“ — mLH—‘ Using Proposition 4.1 and some other results about

sdepth(S/Jn m) and sdepth(Jp m/In.m), in Theorem 4.5 we prove that:
k . . 2m—2 R
_ —j - n—j+1, my _ m—1— n—,—_i ,m > 0, for a <
1 k=i (3 T 2m —1—0)(" 0, for all 0
§=0 =m

k<d.
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k—j

l=m

k _2m
(2) Z( 1)k- '(der*l*]) E (2m 1— E)(" = J;I m) >0, forall0 <k <d+m-—1.
k

2m—2
k- ~j —j+1, ——j+1, 2 |+k-1
(3) j;o( 1k (13129) <(" AL — pa) @m—1-0("" 7% m)) < (Lelhmy,
forall 0 < k < {%] In Corollary 4.6 we particularize (1-3) for m = 2 and in
Remark 4.7 we further translate them in hypergeometric terms.

2. Preliminaries

First, we fix some notations and we recall the main result of [3].

We denote [n] :={1,2,...,n} and S := Klz1,...,2y].

For two subsets C' C D C [n], we denote [C,D] :={A C [n] : C C AC D}, and
we call it the interval bounded by C' and D.

Let 0 C I € J C S be two squarefree monomial ideals. We let:

Pyr={CCln] : xC:ijGJ\I}Cﬂ"}

jec
T
A partition of Pj/; is a decomposition P : P;/;; = |J[Cy, Dy], into disjoint intervals.
i=1

If P is a partition of P;,r, we let sdepth(P) := mﬁngzl |D;|. The Stanley depth of

PJ/[ is
sdepth(P;/r) := max{sdepth(P) : P is a partition of P;,r}.
Herzog, Vladoiu and Zheng proved in [11] that sdepth(J/I) = sdepth(P /).

Let P := P/, where I C J C S are squarefree monomial ideals. For any 0 < k <
n, we denote Py :={A € P : |A| =k} and ag(J/I) = ax(P) = | Py |.

For all 0 < d <mnand 0 <k < d, we consider the integers

k
s/ = Y0 ()t (1)
=0
From (1) we can easily deduce that
Pfd—j d
o (J/T) = Z <k } j) BA(J/I), for all 0 < k < d. (2)
Also, we have that

81 = ooy - (1) asean - (3 ) st = (U5 st
3)

Theorem 2.1. ([3, Theorem 2.4]) With the above notations, the Hilbert depth of J/I

: hdepth(.J/I) := max{d : B¢(J/I) >0 for all 0 < k < d}.
As a basic property of the Hilbert depth, we state the following:
Proposition 2.2. Let I C J C S be two square-free monomial ideals. Then
sdepth(J/I) < hdepth(J/I).

We recall the following result:
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Theorem 2.3. ([13, Theorem 2.3]) Let I C S be a monomial ideal, minimally gen-
erated by m monomials. Then

sdepth(I) > max{1,n — {%J }.

As a direct consequence of Proposition 2.2 and Theorem 2.3 we obtain:

Corollary 2.4. Let I C S be a squarefree monomial ideal, minimally generated by
m monomials. Then

hdepth(I) > max{1l,n — {%J 1.

3. The m-path ideal of a path graph

Let n > m > 1 be two integers and

Inm = (Z1Z2 -+ Ty ToX3 - Tt 1, ooy Tt - Ty) C S,
be the m-path ideal associated to the m-path of length n — 1. We define:
o(n,m) i=n+1— “‘11” - m*;ﬂ (4)
According to [6, Theorem 1.3] we have that
sdepth(S/I, m) = depth(S/In.m) = ¢(n,m). (5)
Also, according to [7, Proposition 1.7], we have that
sdepth(Z, m) > depth(I, ) = ¢(n,m) + 1. (6)

Note that o (S/I,,m) counts the number of squarefree monomial of degree k which
do not belong to I, p,.

Proposition 3.1. With the above notations, ay(S/I,m) = (nkalgl, ™) = the coef
ficient of z* from the expansion (1 +z + --- 4 zm~H)n—k+l,
In particular oy (Ip,m) = (Z) _ (”*karl’ M).

Proof. Note that the coefficient of z*¥ from the expansion (1 +z + --- 4 g™~ 1)n—k+1
is equal to the number of sequences (a1, as,...,an_k+1) with a; € {0,1,...,m — 1}
forall 1 <i<n-—k+1, such that a; + az + -+ + ap_xr1 = k. Therefore, in order
to complete the proof, it is enough to establish a 1-to-1 correspondence with the set
of squarefree monomials u € S\ I,, ,,, of degree k.

Indeed, given a sequence a = (a1, asg,...,an—k+1) as above, we define a monomial
Ua as follows: We let A4; := Zle a; forall 1 <j<n-—k,and Ag = 0. We define
—k41
" ].7 a; = 0
Uy = H u;, where u; = .
pale} Tit A, Tit14+A; " Tita;—1+4;, @i >0

It is clear that deg(ua) = k and u ¢ I, ., since, by construction, there is no monomial
of the form z;x;41 - - T;ym—1 which divides u,.

Conversely, let u € S\ I, ,,, be a squarefree monomial of degree k. We can write u
as a product u = wyws - - - Wy, where w; = Ti;Tij41 0 Tijhb,—1 for all 1 < j <t such
that:

1< <ig < <y < Tlfbt+17 bi+---+b; = k and Z]+b] < ij+1 for all 1 <j<t-1.
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Note that, since u ¢ I, ,,, we have that b; = deg(w;) <m —1forall1l <j <t

We construct a sequence a = (ay, ..., an—g4+1) as follows:
We let a;; _j41 = b; for all 1 < j <t and a; = 0 whenever ¢ #1; —j+ 1 for all
1 < j <t It is easy to see that > .| F1a; =k and a; € {0,1,...,m — 1} for all

1<i<n-—k+1. Moreover, we have that % = ua. Hence, the proof is complete. [

Ezample 3.2. Let n =7, m = 3 and k = 4. According to Proposition 3.1, a4(S/I73) =
the coefficient of 2* in the expansion of (1 4+ x + 22)*. By straightforward computa-
tions, we get ay(S/I73) = 19. Let a = (0,1,1,2) be a sequence, as in the proof of
Proposition 3.1. The corresponding monomial is u = xex4zer7 € S\ I73. Similarly,
if ' = zyz32425 € S\ I3, then v = uy/, where a’ = (1,3,0,0).

Remark 3.3. Let n > m > 1 and m < k < n be some integers such that n > 2m. Let
Lo:=1I,mand L; := L;_q : 41 for 1 <i < m — 1. We consider the short exact
sequences:

0— S/L; =" S/Li g — 8)(Lic1, @p_ig1) = 0for 1 <i<m-—1.  (7)
We denote S; := K|x1,...,z;] for any 1 < j <n. We have that
S/(Li—1,Tn—it1) = S/ (In—i;mSs Tn—i+1) = (Sn—i/In—im)[Tn—it2, .-, Tl (8)
for 1<i<m—1. Also L;,—1 = (In—m,ms Tn—m+1) and therefore

S/mel = (Snfm/Infm,m)[xnfer% s 733n]- (9)
From (7), (8) and (9) it follows that
ak(S/In,m) = ak:(‘snfl/lnfl,m) + -+ akferl(Snfm/Infm,m)- (10)

Let N :=n — k+ 1. From Proposition 3.1 and (10) we reobtain the identity:

N,m_N—l,m+N—1,m+ +N—1,m
E ) k k—1 k—m+1)"
Lemma 3.4. (See also [3, Page 77]) Let n > m > 1 and 0 < k < n be some integers.
Then:
Lﬁ

() B )

Proof. We have that (14 ¢4 --- M= 1)n=k+l =

£=0

[I—

Identifying the coefficient of t* in (11) we deduce the required conclusion. O

We also recall the following combinatorial identity

For()0O-() e

which is a direct consequence of the Chu-Vandermonde summation.

Theorem 3.5. Let n > m > 1.
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(1) Let d = @(n,m) =n+1— [%11

| I

n+1 .
— [m—ﬂ—‘ We have that:

k ‘ : =] k ‘ ‘
—ifd—=3\(n—-5+1, m) _ ) —ifd=j\[(n—g+1)[n-—md
v <k—j)( )R m e () () ()
dz (d ><"j+1’m 0, forall 0 < k < d
an P . , forall 0 <k <d.

J

v

(3) Let d = | 2™ |. We have that:

k -
S (1 (d J)(n—ﬂflvm)g("‘dzk_1>,forauogkgd.

= J J

=0
Proof. (1) The equality follows immediately from Lemma 3.4.
From Proposition 2.2, Proposition 3.1, (1) and (5) it follows that

B/ Tnm) = jﬁ:o(—l)’“‘j (Z _ j) (n - ;L b m) >0,

for all 0 < k < d, as required.
(2) Note that the ideal I,, ,,, is minimally generated by n — m + 1 monomials and

n— "*T"MJ = ”*—mJ Hence, the conclusion follows from Proposition 2.2, Corollary
2.4, Proposition 3.1, (1) and (12). O
Corollary 3.6. (Case m = 2) Let n > 2 be an integer. We have that:
1 k k=3 ([31-7) (n—5+1 ] k k=i ([51-3y (n=i+1y (n—26y
@ R0 (B iy = Sy s (e (19 () (0220, for
7=0 =0 j=2¢
a}lﬁl 0<k<[2]
@) > (- (1) () > 0, forall 0 < k< [2].

@ L0 e < ), a0 <k < 341

Proof. (1) From Proposition 3.1, it follows that a(S/1,2) = ("jﬁf“) forall0 <k <
n. The conclusion follows from Theorem 3.5.

Ol

Remark 3.7. We consider the standard hypergeometric notation (cf. [15]), that is

ai,...,0a k? k
F|:b1,... s ] Zk' )Z ’

By straightforward computations, we have
k . .
_fd—j\(n—7+1 (d k-1 _mn _n
-1 k—j = (-1 k F T2 T2 T 2y
jzzjo( ) (ky>( J ) 1) (k)4 3{ —d,~1,-n ’

Therefore, from Corollary 3.6(2) it follows that

n

(-1) [—g% 3 24]>0fora110<k<[§—‘.

,— 1N



268 S. BALANESCU AND M. CIMPOEAS
Also, from Corollary 3.6(3) it follows that

k 1

(SDMFs| Tl B forall 0< k< | 5] +1.

4. The m-path ideal of a cycle graph

Let n > m > 2 be two integer and
Jn,m = In,m + (xn7m+2 o TpTly ..., Tl '.’L'm71) C S;

the m-path ideal associated to the cycle graph of length n. According to [5, Theorem
1.4] we have that

p(n,m) > sdepth(S/Jp,m) > depth(S/Jn.m) = ¢(n —1,m). (13)
Also, according to [5, Proposition 1.6] we have that
sdepth(Jy, m /In,m) > depth(Jp m/Inm) = ¢(n—1,m) +m — 1. (14)

Proposition 4.1. Let n > m > 2 be two integers. We have that:
(1) sdepth(Jp m) > min{e(n —1,m)+m —1, o(n,m)+ 1}.

(2) sdepth(Jp m) > depth(Jy.m) = @(n —1,m) + 1.

(3) If m > 3 then sdepth(Jy,, m) > @(n,m) + 1.

Proof. (1) We consider the short exact sequence

0—>In7m—>Jn,m—>J"—’m—>0.
From [14, Lemma 2.2], (6) and (14) we get the required result.
(2) It follows from (1) and (13), since ¢(n,m) > p(n — 1,m) and m > 2.
(3) Since m > 3, it follows that p(n—1,m)+m—1> p(n—1,m)+2 > p(n,m)+1,
hence, the first inequality follows from (1). O

Corollary 4.2. If m > 3 then sdepth(J,, ) > sdepth(S/Jp m) + 1.

Proof. Tt follows from (13) and Proposition 4.1(3). O
Proposition 4.3. With the above notations,
2m—2
n—0l—k+1, m
k(Jpm/Inm) = > (2m —1— E)( Ly )
l=m

Proof. As in the proof of Proposition 3.1, we put squarefree monomials of degree k
which are not in I,, ,,, in bijection with sequences of the form a = (a1,...,ap—g+1),
where a;’s are integers such that 0 < a; < m — 1 for all ¢ and Z?;lkﬂ a; = k.
Let w € Jym \ Inm such that deg(u) = k. Assume u = u, for a sequence a as
above. Since u € J, ., it follows that £ := a; + an—r+1 > m. On the other hand,
£<2(m—1)=2m—2. Also, for a given £ € {m,m+1,...,2m — 2} there are exactly
(2m—1—¢) pairs (a1, an—_k+1) such that a1+ a1 =€and 0 < ay,ap_11 < m—1.
Note that the sequence (ag, as, . . ., a,—x) has length n—k—1 and satisfy the conditions
0<a;<m-—1,forall2<i<n-—k, and Z;:Qkai:kfﬂ.
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Therefore, there are (”%;Zﬁl’ m) ways in which we can choose such sequences.

Since the monomial u is uniquely determined by the pair (ag,an—k+1) and the se-
quence (ag,as, .. .,an,—k) as above, we get the required conclusion. O

Proposition 4.4. Let n > m > 2 and 0 < k < n be some integers. We have that
2m—2
n—k+1, m n——0—k m
(1) (S Jnm) = (") = X @m -1,

=m
m—2

2
(2) O‘k(Jvz,m) = (:) - (nka]gl, m) + 42 (2m—1-1) (n Zkkzl m)
Proof. (1) It follows from Proposition 4.3, Proposition 3.1 and the obvious fact that
O‘k(s/‘]n,m) = ak(S/In,m) — Oék(Jn,m/[n,m)

(2) If follows from (1) and the fact that ay(Jnm) = (}) — ar(S/Jnm). O

Theorem 4.5. Let n > m > 2 be some integers. Let d :=n — {mﬁrlj — {L—‘ We
have t}?at: -
—i(d—j n—j+1, m = n— f +1 m
W £ ) (75 m = em -0 ) o
forall 0 <k <d.

@) S ) e 0 20

forallO<k<d-|-m_1
k : 2m—2 ) .
(3) ZO(—I)k—J([glij) <(ngJ;1, m) o z;ﬂ (2m _1 _g)(nfe;jj;, m)> < (ijzkﬂ),

j=

forall 0 <k < [%W

Proof. (1) As in the proof of Theorem 3.5, the conclusion follows from Proposition
2.2, Proposition 4.4(1), (4), (13) and (1).

(2) Tt follows from Proposition 2.2, Proposition 4.3, (4), (14) and (1).

(3) Tt follows from Proposition 2.2, Proposition 4.4(2), Proposition 4.1(2), (1) and
(12). O

Corollary 4.6. (Case m = 2) Let n > 3 be an integer. We have that:

(1) 5 (1 (510 ey > i(—l) (P () for all 0 < k<

k—j —Jj

k n .
@ R0 () 2 0ran 2 <k s [+52)
w gt & 2l k IR
(3) (L2l 1)—;@(4)“(%1/)( HDESE iy 3(I#1-9) (=) for a0 <
k<[3]
Proof. Tt follows immediately from Theorem 4.5. O

Remark 4.7. Similarly to Remark 3.7, we have that

k . .
_fd—j3\(n—j+1 d—2 2 —k, 50 2on
E _ 1)k - (_ T2 T2 .
= (k—j)( j-2 > (-1 <k )3F2[ 2-d1-n ]

Jj=2
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In particular, from Corollary 4.6(2) it follows that
2—k, 50, 20 n+2
|

(—1)F3F, 2 n;4 >0, forall2 <k <

2]

Other identities can be also derived from Corollary 4.6(1) and Corollary 4.6(3), but
we live them as an exercise for the reader.

5. Conclusion

Using the fact that Hilbert depth is a natural upper bound for the Stanley depth
and the new characterization of the Hilbert depth of a quotient of two squarefree
monomial ideals given in [3], we derived several combinatorial identities related to
the coefficients of the polynomial f(t) = (1 +¢+---+t™~1)" while, direct proofs of
those inequalities seems out of reach.

Our method is suitable to prove similar inequalities, using other squarefree mono-
mial ideals, and their quotient rings, for which the Stanley depth or a sharp lower
bound is known.
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