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I-Convergence of Fractional Difference Sequences of
Bi-complex Numbers

Tapasi Deb and Binod Chandra Tripathy

Abstract. This study uses the fractional difference operator ∆α for α /∈ {0,−1,−2, ...} to
establish new classes of fractional difference sequences Z[BC, I,∆α, ‖·‖BC] for Z ∈ {c0, c, `∞}.
Solidity and other properties are examined. The spaces have Schauder bases and are BC-
submodules. To investigate their topological properties and other characteristics, we employ

the generalized fractional difference operators ∆(α̃) and ∆(−α̃), for a positive proper fraction

α̃. Metrix transformations between the spaces Z[BC, I,∆(α̃), ‖ · ‖BC], for Z ∈ {c0, c, `∞} and
the basic sequence spaces Z[BC, I] for Z ∈ {c0, c, `∞} are also explained.
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1. Introduction

1.1. Bi-complex Numbers. For many years, bi-complex numbers have been the
focus of in-depth investigation and analysis. The project probably started with the
work of the Italian schools of Segre [15], Spampinato [16], and Dragoni [6]. Price [12]
conducted the most thorough analysis of bi-complex numbers. Srivastava and Srivas-
tava [17], Wagh [20], Rochan and Shapiro [13], Kumar and Tripathy [11], and numer-
ous others have conducted subsequent research on sequences of bi-complex numbers.
Segre [15] provided the following definition of the bi-complex number ξ:

ξ = z1 + i2z2,

= (a1 + i1a2) + i2(a3 + i1a4),

= a1 + i1a2 + i2a3 + i1i2a4,

where, z1, z2 ∈ C. i1 and i2 are two distinct imaginary units of BC and
i21 = i22 = −1; i1i2 = i2i1.
BC (or C2) denotes the set of all bi-complex numbers, defined as

BC = {z1 + i2z2 : z1, z2 ∈},
where, C = {a1 + i1a2 : a1, a2 ∈ R}. The following are the definitions of the three
conjugation types in BC:
1. i1− conjugation ξ∗ : ξ∗ = z̄1 + i2z̄2,
2. i2−conjugation ξ̄ : ξ̄ = z1 − i2z2, and
3. i1i2−conjugation ξ

′
: ξ
′

= z̄1 − i2z̄2, z̄ is conjugate of z in C.
In BC the only idempotent elements are 0, 1, 1+i1i2

2 and 1−i1i2
2 .

1+i1i2
2 , and 1−i1i2

2 are denoted by e1 and e2 and they satisfies: e1 + e2 = 1, e1e2 = 0.
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Furthermore, every bi-complex number ξ = z1 + i2z2 ∈ BC, can be expressed as
ξ = µ1e1 + µ2e2, where µ1 = z1 − i1z2 and µ2 = z1 + i1z2 and BC can be represented
as

BC = A1(i1)e1 +A2(i1)e2,

where, A1(i1) = {z1 − i1z2 : z1, z2 ∈ C} and A2(i1) = {z1 + i1z2 : z1, z2 ∈ C}.
The Euclidean norm ‖ · ‖BC on BC is defined as

‖ξ‖BC =
√
a2

1 + a2
2 + a2

3 + a2
4.

Let ξ, µ ∈ BC, then ‖ξ · µ‖BC ≤
√

2‖ξ‖BC · ‖µ‖BC.
One may refer to [12] for the details on BC.

Here, ω(BC) is for all sequences of BC. A subspace of ω(BC) is a sequence space.
The bounded, convergent, and null sequence spaces of BC are `∞(BC), c(BC), and
c0(BC), respectively, and are normed by

‖ξ‖∞ = sup
k
‖ξk‖BC.

Kizmaz proposed the concept of difference sequence spaces [9] as follows:

Z(∆) = {(xk) ∈ ω : (∆xk) ∈ Z}

where, ∆xk = xk−xk+1, for all n ∈ N. He has studied different properties of difference
sequence spaces `∞(∆), c(∆), and c0(∆).

Fractional difference operator, introduced by P. Baliarsingh [1], denoted by ∆α, is
defined as

∆αxk =

∞∑
i=1

(−1)i
Γ(α+ 1)

i!Γ(α− i+ 1)
xk+i, ∀ n ∈ N, α ∈ Q.

1.2. Ideal Convergence. Schoenberg [14] and Fast [7] each introduced the idea of
statistical convergence independently. Afterward, it was examined in more detail out
of the perspective of sequence space and connected to the Summability theory by Bera
and Tripathy [4], and numerous others. A generalization of statistical convergence is
I−convergence. Kostyrko, Šalát, and Wilczyński were the first to present it [10].

Let I ⊆ 2X , X 6= φ. Then I is called an ideal if
1. If A ∈ I, B ⊆ A, =⇒ B ∈ I.
2. If A,B ∈ I, =⇒ A ∪B ∈ I.

I is a nontrivial ideal if I 6= 2X . An ideal I( 6= φ) is admissible ideal {x} ∈ I for each
x ∈ X. If F ⊂ 2X is closed under finite intersections and supersets and excludes the
empty set, then F is filter.
For every I there is a F(I) corresponding to I, such that F(I) = {K ⊆ N : N\K ∈ I}.

Example 1.1. Here are some examples of ideals: :
1. The class If of all finite subsets of 2N is admissible ideal of natural numbers, which
is non trivial.
2. Let Iδ = {N ∈ 2N : δ(N) = 0}. Hence Iδ is an admissible ideal of natural numbers,
which is non trivial, where δ is the statistical density of sequences.
3. let Id = {N ∈ 2N : d(N) = 0}. Hence, Id is an ideal of N, where d is the
logarithmic density of sequences.
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Ideals and filters are interconnected due to their complementary nature. Specifi-
cally, given a filter, an ideal can often be constructed, and vice versa. One may refer
to [10] for the details on ideals.

Definition 1.1. [5] ξ = (ξk) ∈ ω(BC) is called I−convergent to ζ ∈ BC, if for every
ε > 0,

{k ∈ N : ‖ξk − ζ‖BC ≥ ε} ∈ I,
and written as I − lim ξk = ζ.

Definition 1.2. [5] ξ = (ξk) ∈ ω(BC) is called I-null if ζ = 0 and it is written as
I − lim ξk = 0.

Definition 1.3. [5] ξ = (ξk) ∈ ω(BC) is called I-bounded if there exists M > 0 such
that

{k ∈ N : ‖ξk‖BC > M} ∈ I.

Definition 1.4. [5] Let ξ = (ξk), µ = (µk) ∈ ω(BC). We say ξk = µk for almost all
k relative to I(a.a.k.r.I), if

{k ∈ N : ξk 6= µk} ∈ I.

In [5], the I convergent sequence spaces of bi-complex numbers are defined as:

c[BC, I] = {(ξk) ∈ ω(BC) : (ξk) is I − convergent sequence of bi-complex numbers}
c0[BC, I] = {(ξn) ∈ ω(BC) : (ξn) is I − null sequences of bi-complex numbers}
`∞[BC, I] = ((ξk) ∈ ω(BC) : ξn) is I − bounded sequences of bi-complex numbers}

`p[BC, I] = {(ξn) ∈ ω(BC) :

∞∑
i=1

‖ξki‖
p
BC <∞, for some {k1 < k2 < · · ·} ∈ F(I)}

cs[BC, I] = {(ξn) ∈ ω(BC) :

∞∑
i=0

ξi is I−convergent, for some {k1 < k2 < · · ·} ∈ F(I)}

2. New classes of fractional difference sequence spaces of bi-complex num-
bers

The classes of new sequence spaces are defined in this section as

`∞[BC, I,∆α, ‖ · ‖BC], c[BC, I,∆α, ‖ · ‖BC], and c0[BC, I,∆α, ‖ · ‖BC]

as I− bounded, I− convergent, and I− null fractional difference sequences of bi-
complex numbers using fractional difference operator ∆α. These sequence spaces are
defined as:

`∞[BC, I,∆α, ‖ · ‖BC] = {ξ = (ξk) ∈ ω(BC) : (∆αξk) ∈ `∞[BC, I]},
c[BC, I,∆α, ‖ · ‖BC] = {ξ = (ξk) ∈ ω(BC) : (∆αξk) ∈ c[BC, I]}, and

c0[BC, I,∆α, ‖ · ‖BC] = {ξ = (ξk) ∈ ω(BC) : (∆αξk) ∈ c0[BC, I]}.

where, ∆αξk =
∞∑
i=1

(−1)i Γ(α+1)
i!Γ(α−i+1)ξk+i

Theorem 2.1. The classes of sequences Z[BC, I,∆α, ‖ ·‖BC] are subspaces of ω(BC),
for Z ∈ {`∞, c, c0}.
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Proof. Let ξ = (ξk), η = (ηk) ∈ c[BC, I,∆α, ‖ · ‖BC] and a, b ∈ F.
Therefore,

(∆αξk), (∆αηk) ∈ c[BC, I]

for some ideals I1 and I2 respectively.
So,

I1 = {k ∈ N : ‖(∆αξk)− ζ1‖BC ≥ ε} ∈ I.
I2 = {k ∈ N : ‖(∆αηk)− ζ2‖BC ≥ ε} ∈ I.

Therefore,

I = I1 ∪ I2 = {k ∈ N : ‖(∆αξk + ∆αηk)− (ζ1 + ζ2)‖BC ≥ ε} ∈ I.
Now,

∆α(aξ + bη) = ∆α(aξk + bηk)

= ∆α(aξk) + ∆α(bηk)

= a∆α(ξk) + b∆α(ηk) ∈ c[BC, I].

Therefore, aξ + bη ∈ c[BC, I,∆α, ‖ · ‖BC], is a subspace of ω(BC)
Similarly, we can show that the classes of sequences c0[BC, I,∆α, ‖ · ‖BC] and

`∞[BC, I,∆α, ‖ · ‖BC] are subspaces of ω(BC). �

Theorem 2.2. The sequence spaces Z[BC, I,∆α, ‖ · ‖BC] are BC− submodule for
Z ∈ {`∞, c, c0}.
Proof. Let ξ = (ξk) ∈ c[BC, I,∆α, ‖ · ‖BC].

Therefore, (∆αξk) ∈ c[BC, I] and

I = {k : ‖∆αξk − ζ‖BC ≥ ε} ∈ I.
Let a ∈ BC, then (∆αaξk) = a(∆αξk) and for all k in I,

‖∆αaξk − aζ‖BC ≥ ε
or, I − lim

k→∞
∆αaξk = aζ.

Hence, c(BC, I,∆α, ‖ · ‖BC) is the BC− submodule.
The remaining claims can be proven in a similar manner. �

Remark 2.1. The sequence spaces Z[BC, I,∆α, ‖ · ‖BC] are not BC−solid, for Z ∈
{`∞, c, c0}.

Example 2.1. The sequence space c0[BC, I,∆α, ‖ · ‖BC] is not BC−solid. Let ξ =
(ξk) ∈ ω(BC) defined as

ξk =

{
e1e2, if k = i2, i ∈ N;
e1 + e2, otherwise.

∆ξk =

 e1 + e2, if k = i2 − 1, i ∈ N;
−(e1 + e2), k = i2, i ∈ N;
e1e2, otherwise.

So (∆ξk) ∈ Z[BC, I] and (ξk) ∈ c0[BC, I,∆, ‖ · ‖BC] with respect to I = Iδ.
Let, (ηk) ∈ ω(BC), defined as

ηk =

{
e1e2, if k = i2, i ∈ N;
(−1)k(e1 + e2), otherwise.



I-CONVERGENCE OF FRACTIONAL DIFFERENCE SEQ. OF BI-COMPLEX NUMBERS 127

Therefore, (∆ηk) = {−(e1 + e2), 2(e1 + e2),−(e1 + e2), (e1 + e2),−2(e1 + e2), 2(e1 +
e2),−2(e1 + e2),
(e1 + e2),−(e1 + e2), 2(e1 + e2),−2(e1 + e2), ....} which is not I− convergent.

Therefore, η /∈ c0[BC, I,∆, ‖ · ‖BC].
But ‖ηk||BC ≤ ‖ξk‖BC for a.a.k.r.I. So, c0[BC, I,∆α, ‖ · ‖BC] is not BC-solid.

Example 2.2. The sequence spaces c[BC, I,∆α, ‖ · ‖BC] and `∞[BC, I,∆α, ‖ · ‖BC]
are not BC-solid.
ξ = (ξk) ∈ Z[BC, I,∆, ‖ · ‖BC] for Z ∈ {c, `∞} is defined as

ξk =

{
e1e2, if k = i3, i ∈ N;
k i1i2, otherwise.

and η = (ηk) ∈ ω(BC) defined as

ηk =

{
e1e2, if k = i3, i ∈ N;
(−1)k k i1i1, otherwise.

Here, ‖ξk‖BC ≤ ‖ηk‖BC for all k. Now

∆ξk =

 −(k + 1) i1i2, if k = i3, i ∈ N;
k i1i2, if k = i3 − 1, i ∈ N;
−i1i2, otherwise.

and so ∆ξk is I-convergent to −i1i2 and I-bounded with respect to I = Iδ. Now,

∆η = (∆ηk)

= {−2i1i2, 5i1i2,−7i1i2, 9i1i2,−11i1i2, 13i1i2,−7i1i2, 9i1i2,−19i1i2, 21i1i2, ...}
/∈ Z[BC, I]forZ ∈ {c, `∞}

and so η /∈ Z[BC, I,∆, ‖ · ‖BC], for Z ∈ {c, `∞}.
Therefore, Z[BC, I,∆, ‖ · ‖BC] is not BC-solid Z ∈ {c, `∞}.

The following is the decomposition theorem.

Theorem 2.3.

Z[BC, I,∆α, ‖ · ‖BC] = Z[A1(i1), I,∆α, ‖ · ‖BC] + Z[A1(i2), I,∆α, ‖ · ‖BC]

where, Z ∈ {`∞, c, c0}.
Proof. Let ξ = (ξk) ∈ Z[BC, I,∆α, ‖ · ‖BC] for Z = c0.
Then (∆αξk) ∈ c0[BC, I]. Now, ξk = µke1 + µke2.
As ∆α has linearity, so

∆αξk = ∆αµke1 + ∆αµke2.

∆α(ξk) ∈ c0[BC, I], so (∆αµ1k) and (∆αµ2k) are also ideal convergent sequences of
bi-complex numbers and therefore belong to A1(i1) and A1(i2), respectively.
Hence, the theorem is proved. �
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3. Matrix Representation

Baliarsingh and Dutta [3, 2] introduced a generalized fractional difference operators
∆(α̃) and its inverse ∆(−α̃) for a positive proper fraction α̃. as

∆(α̃)xk =

∞∑
i=1

(−1)i
Γ(α̃+ 1)

i!Γ(α̃− i+ 1)
xk−i,

∆(−α̃)xk =

∞∑
i=1

(−1)i
Γ(−α̃+ 1)

i!Γ(−α̃− i+ 1)
xk−i, respectively.

It is more convenient to express ∆(α̃) as a infinite lower triangular matrix,

∆
(α̃)
nk =

{
(−1)n−k Γ(α̃+1)

(n−k)!Γ(α̃−n+k+1) , if 0 ≤ k ≤ n;

0, if k > n.

or,

∆(α̃) =


1 0 0 0 · · ·
−α̃ 1 0 0 · · ·

α̃(α̃−1)
2! −α̃ 1 0 · · ·

− α̃(α̃−1)(α̃−2)
3!

α̃(α̃−1)
2! −α̃ 1 · · ·

...
...

...
...

. . .


And the inverse matrix ∆

(−α̃)
nk is

∆
(−α̃)
nk =

{
(−1)n−k Γ(−̃α+1)

(n−k)!Γ(−̃α−n+k+1)
, if 0 ≤ k ≤ n;

0, if k > n.

or,

∆(α̃) =


1 0 0 0 · · ·
α̃ 1 0 0 · · ·

α̃(α̃+1)
2! α̃ 1 0 · · ·

α̃(α̃+1)(α̃+2)
3!

α̃(α̃+1)
2! α̃ 1 · · ·

...
...

...
...

. . .


Dutta and Baliarsingh [1] proved some equalities:

∆(α̃) ◦ ∆(β̃) = ∆(α̃+β̃ ) = ∆(β̃) ◦ ∆(α̃).

Considering the identity operator as I∆, we get

∆(α̃) ◦ ∆(−α̃) = ∆(−α̃) ◦ ∆(α̃) = ∆(α̃−α̃ ) = I∆.

Theorem 3.1. The classes of sequences Z[BC, I,∆(α̃), ‖·‖BC] for Z ∈ {`∞, c, c0} are
sequence spaces of ω(BC), where

Z[BC, I,∆(α̃), ‖ · ‖BC] = {ξ = (ξk) ∈ ω(BC) : (∆(α̃)ξk) ∈ Z[BC, I]}.

Proof. Here, Z[BC, I,∆(α̃), ‖ · ‖BC] = {ξ = (ξk) ∈ ω(BC) : (∆(α̃)ξk) ∈ Z[BC, I]} ⊂
ω(BC).
Let, ξ = (ξk), η = (ηk) ∈ `∞[BC, I,∆(α̃), ‖ · ‖BC], a ∈ F.
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So, (∆(α̃)ξk), (∆(α̃)ηk) ∈ `∞[BC, I].
Then combine

sup
k∈K1∈F(I)

‖∆(α̃)ξk‖BC ≤ ∞, and

sup
k∈K2∈F(I)

‖∆(α̃)ξk‖BC ≤ ∞

with the facts

‖ξk + ηk‖BC ≤ ‖ξk‖BC + ‖ηk‖BC and linearity of ∆(α̃),

we have

sup
k∈K1∈F(I)

‖∆(α̃)(aξ+η)‖ ≤ sup
k∈K1∩K2∈F(I)

‖∆(α̃)ξk‖BC+ sup
k∈K1∩K2∈F(I)

‖∆(α̃)ηk‖BC ≤ ∞.

Therefore,

(∆(α̃)(aξ + η)) ∈ `∞[BC, I]→ (aξ + η) ∈ `∞[BC, I,∆(α̃), ‖ · ‖BC].

That is, `∞[BC, I,∆(α̃), ‖ · ‖BC] is a subspace of ω(BC).
Similarly, we can show that c[BC, I,∆(α̃), ‖ · ‖BC] and c0[BC, I,∆(α̃), ‖ · ‖BC] are also
sequence spaces of ω(BC). �

Theorem 3.2. Define the function d`∞[BC,I] by

d`∞[BC,I] : `∞[BC, I,∆(α̃), ‖ · ‖C2
]× `∞[BC, I,∆(α̃), ‖ · ‖BC]→ [0,∞),

d`∞[BC,I](ξ, η) = sup
k∈K∈F(I)

‖∆(α̃)ξk −∆(α̃)ηk‖BC. (1)

Then, (`∞[BC, I,∆(α̃), ‖ · ‖BC], d`∞[BC,I]) is a complete metric space.

We have (c[BC, I,∆(α̃), ‖ · ‖BC], d`∞[BC,I]) and (c0[BC, I,∆(α̃), ‖ · ‖BC], d`∞[BC,I]) are
also complete metric spaces.

Proof. One can easily show that d`∞[BC,I]) is a metric on the space `∞[BC, I,∆(α̃), ‖ ·
‖BC].
To show `∞[BC, I,∆(α̃), ‖ · ‖BC] is complete. Let (ξn) ∈ `∞[BC, I,∆(α̃), ‖ · ‖BC], be
an arbitrary Cauchy sequence for
(ξn) = (ξnk )k∈N. So, ∃K ∈ F(I) such that

sup
k∈K∈F(I)

‖∆(α̃)ξnk −∆(α̃)ξrk‖BC ≤ ε, ∀n, r ∈ K.

Then for any fixed k ∈ K,

‖∆(α̃)ξnk −∆(α̃)ξrk‖BC ≤ ε, ∀n, r ∈ K.

In this case, for any fixed k, (∆(α̃)ξ1
k, ∆(α̃)ξ2

k, ∆(α̃)ξ3
k, · · ·,∆(α̃)ξrk , · · ·) is a Cauchy

sequence, so it converges to a point say ∆(α̃)ξ∗k.
Define

(∆(α̃)ξ∗k) = (∆(α̃)ξ∗1 , ∆(α̃)ξ∗2 , ∆(α̃)ξ∗3 , ...)

with infinitely many limits ∆(α̃)ξ∗1 , ∆(α̃)ξ∗2 , ∆(α̃)ξ∗3 , ... and show (∆(α̃)ξ∗k) ∈ `∞[BC, I]
and
so (ξ∗k) ∈ `∞[BC, I,∆(α̃), ‖ · ‖BC], and (ξnk )→ (ξ∗k) as n→∞, n ∈ K ∈ F(I).
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Taking limit as r →∞ and fixing k, using the continuity of Euclidian norm func-
tion, we get ∀n ∈ K, we get

‖∆(α̃)ξnk −∆(α̃)ξ∗k‖BC ≤ ε

and so,

d`∞[BC,I](ξ
n, ξ∗) = sup

k∈K∈F(I)

‖(∆(α̃)ξnk )− (∆(α̃)ξ∗k)‖BC ≤ ε.

Therefore, (ξnk ) ∈ `∞[BC, I,∆(α̃), ‖ · ‖BC] converges to (ξ∗k) ∈ ω(BC).

On the other hand, since (ξnk ) ∈ `∞[BC, I,∆(α̃), ‖ · ‖BC] for each n ∈ N, ∃tn ∈ (0,∞),
such that

‖∆(α̃)ξnk ‖BC ≤ tn,∀k, n ∈ K,
where, n is independent of k.
Hence

(ξ∗k) ∈ `∞[BC, I,∆(α̃), ‖ · ‖BC].

This completes the theorem.
Similarly, we can show that (c[BC, I,∆(α̃), ‖ · ‖BC], d`∞[BC,I]) and

(c0[BC, I,∆(α̃), ‖ · ‖BC], d`∞[BC,I]) are also complete metric spaces. �

Theorem 3.3. `∞[BC, I,∆(α̃), ‖·‖BC], c[BC, I,∆(α̃), ‖·‖BC] and c0[BC, I,∆(α̃), ‖·‖BC]
are complete normed spaces with norm

‖ξ‖`∞[BC,I] = ‖(ξk)‖`∞[BC,I] = sup
k∈K∈F(I)

‖∆(α̃)ξk‖BC.

Proof. This proof is immediate from the above theorem 5. �

Theorem 3.4. `∞[BC, I,∆(α̃), ‖·‖BC], c[BC, I,∆(α̃), ‖·‖BC] and c0[BC, I,∆(α̃), ‖·‖BC]
are BK-spaces where the norm is defined by

‖ξ‖`∞[BC,I] = ‖(ξk)‖`∞[BC,I] = sup
k∈K∈F(I)

‖∆(α̃)ξk‖BC.

Proof. Let ‖ξn − ξ‖`∞[BC,I] is I−convergent to 0, as n→∞, n ∈ K ∈ F(I).
Then for given ε > 0,

‖ξn − ξ‖`∞[BC,I] < ε, ∀n ∈ K, K ∈ F(I),

=⇒ sup
k∈K, K∈F(I)

‖ξnk − ξk‖BC < ε, ∀n ∈ K, K ∈ F(I),

=⇒ ‖ξnk − ξk‖BC, ∀n ∈ K ∈ F(I)

Therefore, ‖ξnk − ξk‖BC is I− convergent to 0, as k tends to 0, ∀n ∈ K ∈ F(I) �

Theorem 3.5. The sequence spaces c0[BC, I,∆(α̃), ‖ · ‖BC], c[BC, I,∆(α̃), ‖ · ‖BC] and
`∞[BC, I,∆(α̃), ‖ · ‖BC] are isomorphic to c0, c and `∞ respectively.

Proof. We will demonstrate the outcome for the space c0[BC, I,∆(α̃), ‖ · ‖BC]. Other
results can be obtained similarly.
We define a mapping

T : c0[BC, I,∆(α̃), ‖ · ‖BC]→ c0, by ξ → η = Tξ.
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Now, for Tξ = (0, 0, 0, ...), ξ = (0, 0, 0, ...) as T is linear. Thus, T is injective.
Let η ∈ c0 and using the inverse operator ∆(−α̃), we define ξ = (ξk) = (∆(−α̃)ηk),
where

(∆(α̃)ξk) = (

∞∑
i=1

(−1)i
Γ(α̃+ 1)

i!Γ(α̃− i+ 1)
(∆(−α̃)ηk−i)) = (ηk).

As, η ∈ c0, and η = (ηk) = (∆(α̃)ξk). Therefore,

ξ ∈ c0[BC, I,∆(α̃), ‖ · ‖BC].

Thus T is surjective.
Therefore, c0[BC, I,∆(α̃), ‖ · ‖BC] is isomorphic to c0. �

Schauder Basis: A Schauder basis is a sequence (xk) of a normed space (X, ‖ · ‖)
if there is a distinct sequence of scalars (ak) for each u ∈ X such that

lim
n→∞

∥∥∥∥u− n∑
k=1

akxk

∥∥∥∥ = 0.

Define the sequence (k)γ∆(−α̃)

= ((k)γ∆(−α̃)

n )n∈N defined by

(k)γ∆(−α̃)

=

{
(−1)n−k Γ(−α̃+1)

(n−k)!Γ(−α̃−n+k+1) , if 0 ≤ k ≤ n;

0, if k > n.

Theorem 3.6. The sequence ((k)γ∆(−α̃)

) is Schauder basis for c0[BC, I,∆(α̃), ‖ · ‖BC]
and every ξ ∈ c0[BC, I,∆(α̃), ‖ · ‖BC] has a distinc way of expressing in the form

ξ =
∑
k

λ∆(α̃)

k
(k)γ∆(−α̃)

where,

λ∆(α̃)

k = (∆(α̃)ξ)k , for each k ∈ N.

Proof. Applying the definition of ∆(α̃) and (k)γ∆(−α̃)

we get

∆(α̃)(k)γ∆(−α̃)

= e(k) ∈ c0.
Now, set {e(k) : n ∈ N} is the basis for c0. As c0[BC, I,∆(α̃), ‖ · ‖BC] is isomorphic to
c0, and T : c0[BC, I,∆(α̃), ‖ · ‖BC]→ c0 is by ξ → η = Tξ is onto, the basis of
c0[BC, I,∆(α̃), ‖ · ‖BC] is the inverse image of the basis of c0. i.e

lim
n→∞

∥∥∥∥ξ − n∑
k=1

λ∆(α̃)

k
(k)γ∆(−α̃)

∥∥∥∥
`∞[BC,I]

= 0,

ξ ∈ c0[BC, I,∆(α̃), ‖ · ‖BC].

Uniqueness: Let us assume that ξ =
∑
k β

∆(α̃)

k
(k)γ∆(−α̃)

, then

(∆(α̃)ξ)k = (∆(α̃)
∑
k

β∆(α̃)

k
(k)γ∆(−α̃)

)k

=
∑
k

β∆(α̃)

k (∆(α̃)(k)γ∆(−α̃)

)k

=
∑
k

β∆(α̃)

k e(k) = β∆(α̃)

k ,
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which contradicts our assumption that λ∆(α̃)

k = (∆(α̃)ξ)k, for each k ∈ N. �

4. Dual Properties

Theorems establishing the α−, β−, and γ− duals of the ideal convergent fractional
differences of bi-complex numbers are developed and proven in this section. For
α−duals, the notation α differs from the operator ∆(α̃). Initially, the study on dual
computation was started by Köthe and Toeplitz [8] and got the α−dual whose ele-
ments can be represented as sequences. The duals of the new spaces will be obtained
using the following results (Lemma 4.1 to Lemma 4.4) attributed to Stielglitz and
Tietz [18]. Here, S stands for the collection of all finite subsets of N.

Lemma 4.1. A = (anm) ∈ (c0, `1) = (c, `1) if and only if

sup
M∈S

∑
n

∣∣ ∑
m∈M

anm
∣∣ <∞ (2)

Lemma 4.2. A = (anm) ∈ (c0, c) if and only if

sup
n∈N

∑
m

|anm| <∞, and (3)

lim
n→∞

anm exists, for any m ∈ N. (4)

Lemma 4.3. A = (anm) ∈ (c0, `∞) = (c, `∞) = (`∞, `∞) if and only if Equation (3)
holds.

Lemma 4.4. A = (anm) ∈ (c, c) if and only if Equation (2) and (3) hold and
lim
n→∞

∑
m
anm exists.

Theorem 4.5. Let

U∆(−α̃)

1 =
{

(µk) ∈ ω(BC) :

sup
K∈S∩2F(I)

∑
n

∥∥∑
k∈K

n∑
j=k

(−1)n−k
Γ(−α̃+ 1)

(n− j)!Γ(−α̃− n+ j + 1)
µk
∥∥
BC <∞

}
,

then,

c0[BC, I,∆(α̃), ‖ · ‖BC]α = c[BC, I,∆(α̃), ‖ · ‖BC]α = U∆(−α̃)

1 .

Proof. Let, (µn) ∈ ω(BC) and ξ = (ξn) is defined as (ξn) = (∆(−α̃)ηn), Then

µnξn =

n∑
i=0

n∑
j=i

(−1)n−i
Γ(−α̃+ 1)

(n− j)!Γ(−α̃− n+ j + 1)
µnηi = (U∆(−α̃)

ηn), for each n ∈ N.

where, U∆(−α̃)

= (µ∆(−α̃)

nk ) is a matrix defined by

µ∆(−α̃)

nk =


n∑
j=k

(−1)n−k Γ(−α̃+1)
(n−j)!Γ(−α̃−n+j+1)µn, if 0 ≤ k ≤ n;

0, if k > n.

Therefore, we conclude that

µξ = (µnξn) ∈ `1[BC, I], whenever ξ ∈ Z[BC, I,∆(α̃), ‖ · ‖BC] for Z ∈ {c0, c}
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if and only if

(U∆(−α̃)

ηn) ∈ `1[BC, I], whenever y ∈ Z[BC, I], for Z ∈ {c0, c}.

Therefore, (µn) ∈ Z[BC, I,∆(α̃), ‖ · ‖BC] for Z ∈ {c0, c} if and only if

U∆(−α̃)

∈ (co[BC, I], `1[BC, I]) = (c[BC, I], `1[BC, I]).

Thus by using 4.1, we get

c0[BC, I,∆(α̃), ‖ · ‖BC]α = c[BC, I,∆(α̃), ‖ · ‖BC]α = U∆(−α̃)

1 .

�

Theorem 4.6. Define the sets U∆(−α̃)

2 , U∆(−α̃)

3 , and U∆(−α̃)

4 by

U∆(−α̃)

2 =
{

(µk) ∈ ω(BC) : sup
n∈N∩K, K∈F(I)

∑
k∈K∈F(I)

‖a∆(−α̃)

nk ‖BC <∞
}

;

U∆(−α̃)

3 =
{

(µk) ∈ ω(BC) : lim
n→∞,n∈N∩K, K∈F(I)

a∆(−α̃)

nk exists, for all k ∈ K ∈ F(I)
}

;

U∆(−α̃)

4 =
{

(µk) ∈ ω(BC) : lim
n→∞,n∈N∩K, K∈F(I)

∑
k∈K∈F(I)

a∆(−α̃)

nk exists
}
,

where,

A∆(−α̃)

= a∆(−α̃)

nk =


n∑
j=k

(−1)n−k Γ(−α̃+1)
(n−j)!Γ(−α̃−n+j+1)µn, if 0 ≤ k ≤ n;

0, if k > n.

Then,

c0[BC, I,∆α, ‖ · ‖BC]β = U∆(−α̃)

2 ∩ U∆(−α̃)

3 and

c[BC, I,∆α, ‖ · ‖BC]β = U∆(−α̃)

2 ∩ U∆(−α̃)

3 ∩ U∆(−α̃)

4 .

Proof. For the space c0[BC, I,∆(α̃), ‖ · ‖BC], we will demonstrate the result.
Let, (µk) ∈ ω(BC) and ξ = (ξk) be as (ξk) = (∆(−α̃)ηk), then we have

n∑
k=0

µkξk =

n∑
k=0

µk

k∑
i=0

k∑
j=i

(−1)k−i
Γ(−α̃+ 1)

(k − j)!Γ(−α̃− k + j + 1)
ηi

=

n∑
k=0

[ k∑
i=0

k∑
j=i

(−1)k−i
Γ(−α̃+ 1)

(k − j)!Γ(−α̃− k + j + 1)
µi
]
ηk

= (A∆(−α̃)

η)n, for each n ∈ N.

Hence, µξ = (µkξk) ∈ cs[BC, I] whenever (ξk) ∈ c0[BC, I,∆(α̃), ‖ · ‖BC] if and only if

A∆(−α̃) ∈ (c0[BC, I], c[BC, I]).

Then using Lemma 4.2, we can conclude c0[BC, I,∆(α̃), ‖·‖BC] = U∆(−α̃)

2 ∩ U∆(−α̃)

3 . �

Theorem 4.7. c0[BC, I,∆(α̃), ‖ · ‖BC]γ = c[BC, I,∆(α̃), ‖ · ‖BC]γ = U∆(−α̃)

2 .

Proof. Following a similar process and using lemma 4.2, one can easily prove the
theorem. �
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5. Conclusion

This article extends existing findings on fractional order difference sequence spaces of
bi-complex numbers to I−convergent Fractional order sequence spaces of bi-complex
numbers. The findings in this publication offer a fresh viewpoint in addition to gen-
eralizing the earlier research conducted by other authors ([1], [2], [3]).
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