
Annals of the University of Craiova, Mathematics and Computer Science Series
Volume 53(1), 2026, Pages 136–144, DOI: 10.52846/ami.v53i1.2113
ISSN: 1223-6934

Local Metric Dimension of Cayley Graphs of Commutative
Rings
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Abstract. Let p and q be prime numbers. In this paper, for a positive integer n, we in-
vestigate the local metric dimension for Cayley graphs Cay(Zqpn , Z∗(Zqpn )) in the case that

q ∈ {p, 2, 3}, where Z∗(Zqpn ) is the set of all non-zero zero-divisor of Zqpn .
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1. Introduction

Cayley graphs are one of the oldest and most important algebraic graphs that have
established a suitable link between algebraic structures and graph theory. Let Ω be
a finite group with identity element e and S be a non-empty subset of Ω such that
e /∈ S and S = S−1 = {s−1 | s ∈ S}. Then the Cayley graph of Ω with respect to
S, denoted by Cay(Ω, S) is a simple graph with the vertex set Ω and two distinct
vertices x and y are adjacent if and only if x−1y ∈ S. Moreover, if S is finite, then
Cay(Ω, S) is |S|-regular.

Let R be a finite commutative ring with non-zero identity. To study the algebraic
properties of R, some researchers focus on Cayley graph Cay((R,+), S), where S is an
special subset of R. For instance, whenever S = U(R) is the set of all unit elements
of R, the graph Cay((R,+), U(R)), is called the unitary Cayley graph of R. For more
information on unitary Cayley graphs, we refer the reader to [20, 5, 23, 24] and [1].
Also for more information about this context and related graphs, see [13, 10, 11, 33,
21, 9, 22, 18].

Another direction is that whenever we put S = Z∗(R), the set of all non-zero
zero-divisor of R. In this situation, the Cayley graph Cay((R,+), Z∗(R)), is called
the Cayley graph of R with respect to its zero-divisors (see [2] and its introduction).

On the other hand, the concept of metric dimension was introduced by Slater [32],
and Harary and Melter [19]. Let G be a simple, and connected graph with the vertex
set V (G) and the edge set E(G). For any two distinct vertices x and y in V (G), the
distance dG(x, y) (or d(x, y) for short) between x and y is the length of a shortest
path between them. We say that the vertices x, y ∈ V (G) are distinguished by a
vertex w ∈ V (G) if d(x,w) 6= d(y, w). A subset W ⊆ V (G) is a metric generator for
G if every pair of vertices of G can be distinguished by some vertex in W . A metric
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generator of minimum cardinality is a metric basis, and its cardinality is the metric
dimension of G, denoted by dim(G). Now, suppose that W = {w1, w2, · · · , w`} is an
ordered set of vertices of G. For any vertex x of G, the metric representation r(x|W )
of x with respect to W is the `-tuple (d(x,w1),d(x,w2), · · · ,d(x,w`)). Thus, W is
a metric generator for G if and only if, for every pair of distinct vertices x and y
of G, we have r(x|W ) 6= r(y|W ). It is usually not necessary to distinguish all pairs
of vertices, but only adjacent pairs. For this reason, the local metric dimension was
introduced in [28]. A subset W of V (G) is called a local metric generator for G if,
for every adjacent vertices x and y of G, we have r(x|W ) 6= r(y|W ). The local metric
dimension of G, denoted by dim`(G), is the smallest order of a local metric generator
for G.

For a positive integer m, assume that Zm is the ring of integers modulo m. In [30],
the second present author together with A. Rezaei and M. Afkhami proved that

dim`(Cay(Zn, {±1,±3})) =

{
2 if n > 7 and n ≡ 1, 3, 5 mod 6,
1 if n > 7 and n ≡ 0, 2, 4 mod 6.

Several papers are devoted to the study of metric dimensions of algebraic graphs.
We refer the reader to [29, 17, 4, 30] for the metric dimension of various types of
Cayley graphs and to [15, 25, 14, 26, 3, 16, 27] for the metric dimension of some other
algebraic graphs.

Additionally, the concept of total graphs was introduced in [6]. Let R be a com-
mutative ring with non-zero identity. The total graph of R, denoted by T (Γ(R)) is an
undirected graph with vertex setR and two vertex x and y are adjacent if x+y ∈ Z(R).
Note that, in general, T (Γ(R)) is not regular. By using a method similar that they
used in [31, Theorem 5], one can show that, for even positive integer m, the Cay-
ley graph Cay(Zm, Z∗(Zm)) is isomorphic to T (Γ(Zm)). Clearly, for even number
m = 2α1pα2

2 · · · p
αt
t , the Jacobson radical of Zm is equal to J =< 2p2 · · · pt >. Hence,

in view of [15, Theorem 2.6], we have dim(Cay(Zm, Z∗(Zm))) = (|J | − 1)|Zm/J |.
Let p be a prime number and q be a positive integer. In this paper, we determine

local metric dimension of the unitary Cayley graph Cay(Zqpn , Z∗(Zqpn)) with respect
to its zero-divisors in the following situations:

dim`(Cay(Zqpn , Z∗(Zqpn))) =

 pn+1 − p if q = p,
p− 1 if q ∈ {2, 3} and n = 1,
qpn − qp if q ∈ {2, 3} and n > 2.

Now, we recall some basic definitions and notations on graph theory from [7]. Let G
be a simple finite graph with the vertex set V (G) and the edge set E(G). For any two
distinct vertices x and y in V (G), the adjacency of x and y will be denoted by x ∼ y.
The diameter of G, denoted by diam(G), is

diam(G) = Sup{d(x, y) : x and y are distinct vertices of G}.

The neighbourhood of a vertex x of G, denoted by N(x), is defined to be

{y | y ∈ V (G) and y ∼ x }.

For a subset A of V (G), by G[A], we mean the subgraph of G induced by A. A subset
H of V (G) is called a clique if G[H] is a complete graph. Also, we use the notation Kn

to denote the complete graph with n vertices. Suppose that, for each 0 ≤ i ≤ n, Gi
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is an induced subgraph of G such that {V (G1), · · · , V (Gn)} is a partition for V (G).

Then we denote G by G =
⋃̇

0≤i≤nGi.
For a commutative ring R, we denote the unitary Cayley graph of R with respect

to its zero-divisors briefly by CR. Finally, we use N0 and N to denote the sets of
non-negative integers and positive integers, respectively.

2. Local metric dimension of CZpn

Recall that for a disconnected graph G with components G1, · · · , Gt, and T isolated
vertices of G, we have dim`(G) =

∑t
i=1 dim`(Gi) and

dim(G) =

t∑
i=1

dim(Gi) +

{
0 if T = ∅,
|T | − 1 otherwise.

Also we have that dim`(Kn) = n− 1.
We begin with the following theorem.

Theorem 2.1. Assume that p ≥ 2 is a prime number and n is a positive integer with
n > 1. Then dim(CZpn

) = dim`(CZpn
) = pn − p.

Proof. Clearly Z∗(Zpn) = {rp | 1 6 r 6 pn−1 − 1}. Hence |Z∗(Zpn)| = pn−1 − 1.
Now, for each i ∈ N with 0 ≤ i ≤ p− 1, we put

Xi := {pk + i | k ∈ N and 0 ≤ pk + i ≤ pn − 1}.

It is easy to see that |Xi| = pn−1 and that X0, X1, · · · , Xp−1 provide a partition for
Zpn . Moreover, for each 0 ≤ i, j ≤ p− 1 with i 6= j, we have the following facts:

(i) C[Xi] ∼= Kpn−1 because, for every distinct vertices pk + i and pk′ + i in Xi, we
have

pk + i− (pk′ + i) = p(k + k′) ∈ Z∗(Zpn).

(ii) There is no edge in CZpn
with one end in Xi and the other end in Xj .

Thus CZpn
=
⋃̇

0≤i≤p−1C[Xi]. Hence

dim`(CZpn
) =

p−1∑
i=0

dim`(Xi) = p dim`(Kpn−1) = p(pn−1 − 1) = pn − p.

�

Remark 2.1. Since, for a prime number p, Zp is a field, the graph CZp
consists of p

isolated vertices. Hence dim(CZp
) = p− 1 and dim`(CZp

) = 0.

3. Local metric dimension of CZ2pn

Throughout this section, we shall assume that p > 2 is a prime number. Let n be
a positive integer. In this section, for convenience, we shall use A and B to denote
the sets of odd and even integers in Z2pn , respectively. Clearly, for any two distinct
vertices x and y in A (or B), we have x ∼ y in CZ2pn

. Hence we have the following
lemma.

Lemma 3.1. The graphs CZ2pn
[A] and CZ2pn

[B] are cliques.
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Proposition 3.2. Let x and y be two arbitrary distinct vertices in CZ2pn
. Then

d(x, y) =

 1 if x, y ∈ A or x, y ∈ B,
1 if x ∈ A and y ∈ B (or y ∈ A and x ∈ B) and p|x− y,
2 otherwise.

Proof. The first claim follows from Lemma 3.1. So, without loss of generality, we may
assume that x ∈ A and y ∈ B. Now, we consider the following two cases:

Case 1. p | x− y. Then x ∼ y in CZ2pn
, and so d(x, y) = 1.

Case 2. p - x − y. Hence d(x, y) 6= 1. In the following, we determine a common
neighbourhood for x and y. To achieve this, we consider the following three situations:

(1) If y < pn, then y + pn < 2pn. Hence x ∼ (y + pn) ∼ y, and so d(x, y) = 2.
(2) If y > pn, then 0 < y − pn < 2pn. Hence x ∼ (y − pn) ∼ y, and so d(x, y) = 2.
(3) If y = pn, then x 6= 0 because p - x− y. Hence x ∼ 0 ∼ y, and so d(x, y) = 2.

�

Proposition 3.3. Assume that p > 2 is a prime number and that x ∈ N0 with
0 ≤ x ≤ 2p − 1. Then, for any even number k with 0 ≤ x + kp ≤ 2pn − 1, in graph
CZ2pn

, we have that N(x) = N(x+ kp).

Proof. Suppose that k is an even number with 0 ≤ x + kp ≤ 2pn − 1. Then y ∈
N(x+ kp) if and only if p | x+ kp− y or 2 | x+ kp− y (or both of them). Since k is
even, we can conclude that y ∈ N(x + kp) if and only if p | x− y or 2 | x− y. Thus
y ∈ N(x+ kp) if and only if y ∈ N(x), and so N(x+ kp) = N(x). �

Theorem 3.4. Suppose that p > 2 is a prime number and n ≥ 2 is an integer. Then
dim`(CZ2pn

) = 2pn − 2p.

Proof. For any integer x with 0 ≤ x ≤ 2p− 1, we put

Yx := {x+ kp | k is an even number with 0 ≤ x+ kp ≤ 2pn − 1}.

Clearly |Yx| = pn−1. It is easy to see that {Y0, Y1, Y2, · · · , Y2p−1} forms a partition
for Z2pn . We put

W :=

2p−1⋃
x=0

(Yx\{x}).

Then |W | = 2p(pn−1 − 1) = 2pn − 2p.
Now, we show that W is a local metric generator for CZ2pn

. To do this, suppose
that x and y are two arbitrary adjacent vertices in CZ2pn

. Without loss of generality,
we may assume that x, y /∈ W and that x < y. Hence 0 ≤ x < y ≤ 2p − 1. Since
x ∼ y, we have p | y − x or 2 | y − x.

First assume that p | y − x. Since 0 ≤ x < y ≤ 2p − 1, we have y − x = p. Then
x ∼ x + 2 and y 6∼ x + 2. Since Yx’s form a partition for Z2pn , there exists w ∈ W
such that N(w) = N(x+ 2). Hence, by Proposition 3.2, d(x,w) = 1 and d(y, w) = 2.
Thus r(x|W ) 6= r(y|W ).

Now, suppose that 2 | y − x. Since 0 ≤ x < y ≤ 2p − 1, we have y − x = 2α, for
some integer α < p. Then x ∼ x+p and y 6∼ x+p. Again, since Yx’s form a partition
for Z2pn , there exists w ∈W such that N(w) = N(x+ p). Hence, by Proposition 3.2,
d(x,w) = 1 and d(y, w) = 2. Thus r(x|W ) 6= r(y|W ).

Theses imply that W is a local metric generator for CZ2pn
.
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Now, we assume that W ′ is a local metric generator for CZ2pn
with |W ′| < 2pn−2p,

and we seek a contradiction. Since |W ′| < 2pn − 2p and Yx’s form a partition for
Z2pn , in view of Proposition 3.3, there exist 0 ≤ x ≤ 2p − 1 and y, y′ ∈ Yx\W ′ such
that N(y) = N(y′). Hence y ∼ y′ and d(y, w) = d(y′, w) for all w ∈ W ′. Thus
r(y|W ′) = r(y′|W ′) which is a contradiction. Hence

dim`(CZ2pn
) = |W | = 2pn − 2p.

�

Theorem 3.5. Suppose that p > 2 is a prime number. Then dim`(CZ2p
) = p− 1.

Proof. In view of Proposition 3.2, it is easy to see that, for any vertex a in A, there
exists unique vertex b in B such that d(a, b) = 1.

We claim that W = {2k | k = 0, 1, · · · , p− 2} is a local metric generator for CZ2p .
To achieve this, we suppose that x and y are two adjacent vertices in CZ2p . Without
loss of generality, we may assume that x, y /∈ W and that x ∈ A and y ∈ B. Hence
x = 2p− 2. So, for all w ∈W , d(x,w) = 1 and d(y, w) = 2. Thus r(x|W ) 6= r(y,W ).
Hence dim`(CZ2p

) ≤ |W | = p− 1.
Now, we assume that W ′ ⊆ CZ2p

with |W ′| < p − 1 is a local metric generator
for CZ2p and we seek a contradiction. Then, in view of Proposition 3.2, there exist
x′, y′ ∈ A\W ′ and x′′, y′′ ∈ B\W ′ such that x′ ∼ x′′ and y′ ∼ y′′. Therefore, for
all w ∈ W ′

⋂
A and w′ ∈ W ′

⋂
B, we have d(x′′, w) = 2 = d(y′′, w) and d(x′′, w′) =

1 = d(y′′, w′). Note that x′′ ∼ y′′. So r(x′′|W ′) = r(y′′|W ′) which is a contradiction.
Thus

dim`(CZ2p) = |W | = p− 1.

�

4. Local metric dimension of CZ3pn

In this section, we determine the local metric dimension of CZ3pn
, where p is a prime

with p > 3. At first, we assume that n 6= 1.

Theorem 4.1. Suppose that p > 3 is a prime number and n > 1 is an integer. Then
dim`(CZ3pn

) = 3pn − 3p.

Proof. For any integer i with 0 ≤ i ≤ p− 1, we consider the following sets:

Ai := {3i+ 3`p | ` ∈ N0 and 3i+ 3`p < 3pn},
Bi := {1 + 3i+ 3`p | ` ∈ N0 and 1 + 3i+ 3`p < 3pn},
Ci := {2 + 3i+ 3`p | ` ∈ N0 and 2 + 3i+ 3`p < 3pn}.

Clearly |Ai| = |Bi| = |Ci| = pn−1. Suppose that A = ∪p−1i=0A
i, B = ∪p−1i=0B

i and

C = ∪p−1i=0C
i. Then |A| = |B| = |C| = pn. It is easy to see that the induced

subgraphs CZ3pn
[A], CZ3pn

[B] and CZ3pn
[C] are cliques.

On the other hand, |Z∗(Z3pn)| = pn−1(p + 2) − 1. Hence the graph CZ3pn
is

(pn−1(p+ 2)− 1)-regular.
We have the following two situations:
(I) p ≡ 1 mod 3. Hence p = 3k + 1 for some natural number k. Thus, for any

integer i with 0 6 i 6 p− 1, the sets Ai , Bk+i and C2k+i from the complete graph
K3pn−1 in which the subscripts in k + i and 2k + i are real modulo p.
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(II) p ≡ 2 mod 3. Hence p = 3k + 2 for some natural number k. Thus, for any
integer i with 0 6 i 6 p− 1, the sets Ai , B2k+1+i and Ck+i from the complete graph
K3pn−1 in which the subscripts in 2k + 1 + i and k + i are real modulo p.

Now, we put

W := Z3pn − {3i, 3i+ 1, 3i+ 2 | i = 0, 1, · · · , p− 1}.
Then |W | = 3pn − 3p. We claim that W is a local metric generator for CZ3pn

. To
achieve this, we suppose that x and y are two adjacent vertices in CZ3pn

. Without
loss of generality, we may assume that x, y /∈W . So we have the following two cases:

Case 1. x, y ∈ A. (The case in which x, y ∈ B or x, y ∈ C has quite similar
argument and we omit them.) Since we only removed one member from each Ai, does
not exist i with 0 6 i 6 p− 1 such that x, y ∈ Ai. Hence there exist 0 6 i, j 6 p− 1
with i 6= j such that x ∈ Ai and y ∈ Aj . Now, in view of (I) and (II), there
exists 0 6 t 6 p − 1 such that Ai ∪ Bt is a clique. But there is not any adjacency
between vertices in Aj and vertices in Bt. These imply that d(x,w) 6= d(y, w) for all
w ∈W ∩Bt, and so r(x|W ) 6= r(y|W ).

Case 2. x ∈ A and y ∈ B. (The case in which x ∈ A, y ∈ C or x ∈ B,
y ∈ C has quite similar argument and we omit them.) By (I) and (II), there exists
w ∈ (A ∩W )\Ai such that d(x,w) = 1 and d(y, w) = 2. Hence r(x|W ) 6= r(y|W ).

Thus W is a local metric generator for Z3pn .
Now, we assume that W ′ ⊆ Z3pn with |W ′| < 3pn − 3p is a local metric generator

for CZ3pn
and we seek a contradiction. Then there exists i with 1 ≤ i ≤ p − 1 such

that one of the following inequalities holds:
(i) |Ai ∩W ′| ≤ pn−1 − 2,
(ii) |Bi ∩W ′| ≤ pn−1 − 2,

(iii) |Ci ∩W ′| ≤ pn−1 − 2.
So, without loss of generality, we may assume that x, y ∈ Ai\W ′. Thus x ∼ y
and N(x) = N(y). Therefore r(x|W ′) = r(y|W ′) which is a contradiction. Hence
dim`(CZ3pn

) = |W | = 3pn − 3p. �

Now we focus on determining dim`(CZ3p
), where p > 3 is a prime number. Through-

out the rest of this section, assume that

A := {0, 3, 6, · · · , 3(p− 1)},
B := {1, 4, 7, · · · , 3(p− 1) + 1} and

C := {2, 5, 8, · · · , 3(p− 1) + 2}.

Also we assume that p ≡ s mod 3, where s ∈ {1, 2}. Hence there exists k ∈ N such
that p = 3k + s.

Lemma 4.2. There exist p triangles T in CZ3p such that

|T ∩A| = |T ∩B| = |T ∩ C| = 1.

Proof. Clearly, for any integer i with 0 ≤ i ≤ p− 1, subgraph

Ti := {3i, 3(k + i) + s, 3(2k + i) + 2s}
is a triangle and

|T ∩A| = |T ∩B| = |T ∩ C| = 1.

All these members are real modulo 3p. �
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Note that the other triangles in CZ3p
consist entirely of elements A (B or C).

Remark 4.1. Assume that u and v are two adjacent vertices in CZ3p . Then we have
one of the following cases:
(i) {u, v} ⊆ A;

(ii) {u, v} ⊆ B;
(iii) {u, v} ⊆ C;
(iv) There exists an integer i with 0 ≤ i ≤ p− 1 such that {u, v} ⊆ Ti.
Moreover, for any arbitrary vertex α in CZ3p , there exists a unique integer i with
0 ≤ i ≤ p− 1 such that α ∈ Ti.

Theorem 4.3. Suppose that p > 3 is a prime number. Then dim`(CZ3p
) = p− 1.

Proof. We put

W := {3i, 3(k + j) + s, 3(2k + `) + 2s| i = 0, 1, · · · , k − 1, j = k, · · · , 2k − 1,

` = 2k, · · · , 3k + s− 2}.
All these members are real modulo 3p. It is easy to see that for any integer i with
0 ≤ i ≤ p− 2, |W ∩ Ti| = 1 and that W ∩ Tp−1 = ∅.

We claim that the set W is a local metric generator for CZ3p
. To achieve this, we

assume that x and y are two adjacent vertices in CZ3p
and that x, y /∈ W . We have

the following different cases:
Case 1. x, y ∈ A. (The case in which x, y ∈ B or x, y ∈ C has quite similar

arguments and we omit them.) Hence there exist distinct integers i and i′ with
0 ≤ i, i′ ≤ p− 1 such that x ∈ Ti and y ∈ Ti′ . Without loss of generality, we may
assume that Ti ∩W 6= ∅. Suppose that w ∈ Ti ∩W . Then d(x,w) = 1 6= d(y, w), and
so r(x|W ) 6= r(y|W ), and so W is a local metric generator for CZ3p

.
Case 2. {x, y} ⊆ Ti for some integer i with 0 ≤ i ≤ p− 1. Without loss of

generality, we may assume that x ∈ A and y ∈ B. (The other cases have quite similar
arguments and we omit them.) Choose w ∈W ∩A. Then d(x,w) = 1 6= d(y, w), and
so r(x|W ) 6= r(y|W ). Hence W is a local metric generator for CZ3p

.
Thus dim`(CZ3p

) ≤ |W | = p− 1.
Now, we assume that |W ′| < p− 1 is a local metric generator for CZ3p , and we seek

a contradiction. By Lemma 4.2, there exist two distinct integers i′ and j′ such that
0 ≤ i′, j′ ≤ p− 1 and that Ti′ ∩W ′ = ∅ = Tj′ ∩W ′. Clearly, 3i′ ∈ Ti′ and 3j′ ∈ Tj′
and that 3i′ ∼ 3j′. Then we have the following facts:

(i) For all w′ ∈W ′ ∩A, d(3i′, w′) = 1 = d(3j′, w′);
(ii) For all w′ ∈W ′ ∩B, d(3i′, w′) = 2 = d(3j′, w′);

(iii) For all w′ ∈W ′ ∩ C, d(3i′, w′) = 2 = d(3j′, w′).
Hence r(3i′|W ′) = r(3j′|W ′) which is a contradiction. Therefore

dim`(CZ3p
) = p− 1.

�
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