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Approximation properties: Modified Szasz-Durrmeyer Type
Operators via General-Appell Polynomials
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ABSTRACT. We present a new sequence of modified Szdsz-Durrmeyer type of sequence of oper-
ators via general-Appell Polynomials to investigate the approximation properties of Lebesgue
integrable functions (L1[0,00)). In addition, we are study estimates in view of test functions
and central moments. Next, convergence rate is discussed using the Korovkin theorem and
Voronovskaja type theorem. Moreover, direct approximation results via modulus of continu-
ity of first and second order, Peetre’s K-functional, Lipschitz type space, and the " order
Lipschitz type maximal functions are investigated. In subsequent section, we present weighted
approximation results and statistical approximation theorems are discussed.
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1. Introduction

Approximation theory has been a cornerstone of mathematical analysis for a long time,
its influence extending across pure mathematics, computational science, and practical
domains such as engineering and computer graphics. Weierstrass (1885) [1] formulated
a pivotal and widely recognized result in this field, the Weierstrass approximation
theorem, which demonstrates that any continuous function defined on a closed interval
can be uniformly approximated using polynomials. In 1912, Bernstein [2] devised a
remarkable and elegant proof of Weierstrass’s approximation theorem using a sequence
of polynomials. The emergence of fractional calculus has brought a trans-formative
perspective to operator theory within the realm of approximation. The convergence of
fractional calculus and operator theory constitutes an expanding area of research with
applications that extend beyond the field of pure mathematics into interdisciplinary
fields such as quantum mechanics, control theory, signal processing, and material
science.

Szdsz in 1950 [3], introduced a sequence of operators over the infinite length of
interval, i.e., [0, 00) as:

Pa(giu) = ig () pesto (1)

—Ku ("ﬂu)l
il

where u € [0,00), g € C[0,00) and p, ;(u) =e
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In 1962, Schurer [4] constructed a new sequence of Bernstein operators [2] which
is denoted as B4 : C[0,1+ 1] — C[0,1] and defined by:

Pei@ =35 (L) ("7 ) wa-wue o ®)

- K
j=0

where [ € NU {0} and g € C[0,1 +[]. But these sequences of operators given in (2)
are restricted to C[0,1+ 1.

The classical Szdsz-Schurer operators are linear positive operators and approxi-
mate the continuous functions over the positive semi axises. Several mathematicians
have constructed several generalizations of these sequences of operators to provide
flexibility in rate of convergence and order of approximation, e.g., Raza et al. ([5],

[6]), Aslan et al. ([7], [3]), Ozger et al. ([9], [10]), Cai et al. ([11], [12]), Braha et al.
([13], [14]), Ayman Mursaleen et al. ([15]-[17]), Khursheed et al. ([18], [19]), Mohi-
uddine et al. ([20], [21]), Mursaleen et al. ([22], [23]), Khan et al. [24], Nasiruzzaman
et al. ([25], [20]), Rao et al. ([27], [28]) and Jha et al. [29] provided a number of

generalizations for these kinds of sequences to investigate flexibility in approximation
properties across several functional spaces.

Recently, Raza et al. [30] provided a class of sequence of operators G a(.;.), k €
N, given by the formula

e—nu

L > Ay (ku, h) _ v "
gn,A(gvu)_ Q(l)i&(h, 1)1/2:;) o g(/{)’ EROJr’ (3>

where A, , is the two variable Appell polynomials (see [30]).

The sequence presented by (3) are positive and linear. The basic information about
positive linear operators, including their modifications and applications can be found
in [31].

As the operators described in (3) are limited for continuous function only, we
present a sequence of positive linear operators to provide approximations in the larger
class of functions, which is termed as modified Szasz-Durrmeyer operators in context
of general Appell Polynomials as:

Rf+l(§; ZA” /1+luh/ aWaly)dy,  for uweRy,  (4)
v=0 0

where
—(k+Du A, l ,h
AP((k + Du, h) = Qil)zﬁ(h 3 P, ((ﬁ;!r Ju, h)

AL
and Q) (y) = %

with I' (Gamma) function which is given as:

11«%)\67(N+l)y7

I'm = /sm_le_sds, I'm=m-1I'(m-1)=(m-1).
0

Lemma 1.1. The sequence of operators introduced in (4) are linear.
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Proof. In view of (4) and for A1, A2 € R, we have

oo

Rf+l()‘1§1 -I—)\ng;u) = ZAP I<E+l U h / )\191 + )\292)( )dy
= 0

—Alep ﬁ+luh/ w1y )dy
0

v=0
Jr)ngAp /<;+luh/ vy dy
v=0 0
= )\1Ré+l(§1; u) + /\2Rn+l(92; u).
O
Lemma 1.2. As discussed by Raza et al. in [30], we can have the following equalities:
oo
A, (ku, h ~ ~
3 Aol l) _ Ga)ereiin, 1)
v=0 :

Lemma 1.3. Let Go(y) = v°, 6 € {0,1,2} be the test functions by (3). Then, we

have
Rm-&-l(l u) = 17
A . _ 1 1[} (hv]-) Q/ 1)
Ripg(ysu) = u+/@+l{)\+ ) + a1 +11;
A 2. _ 2 1 J)/(h’ 1)
Rig(yu) = w+ )2 [(n+l)(2>\+4)u+(2(m+l)u+2/\+4){ NITRY
S0y A U R0 AL B |
Q(1) $(h, 1)Q1)  P(h, Q(1)
for each u € R{.
Proof. In the direction of (4), we have
R (G5 ) ZAP (5 +Du, h) / w1y dy.

v=0 0
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Now, for 6 =0,
Rm—l(l u) = ZAP /@+luh/ w1y
v=0 0

o0

1/+/\+1

— P v+, —(k+)y
ZAV((“"'I)U ( +>\+1 /y e dy
0

= ZA{j((Fa +u,h) =1.
v=0
For 0 =1,

oo

Riau) = 3 Ax (s + D) [ Qoalw)udy

v=0 0

(H + l)u+)\+1 / 3
_ P v+A+1 RY
Z AP((k 4+ Du )7( ey Y e Yy
0
1 e~ (rtDu i Ay ((k+ Du, h)
S v
KELQ)Y(h,1) 2= v

A1\ et Z0 A, L ((k+ Du, h)
() smion o

1 [¢'(h1) Q@) o
pry [q;(h,l) a0 +1+A} = Vnit (Say)

= u—‘,—

For 0 =2

RAL (%) = S A((s+ D, h) / QY (w)dy
= 0

— EOO AP((HJFZ)U h)( )V+>\+1 7yu+>\+2e(n+l)ydy
e T4+ A+1)
= 0

1

= (K+ZQZV2AP (5 + Du, h)—l—(

A2 43042
AP
+( (k+1)2 )Z )

o~ (r+Du

- <>w<h1{n+ 222 o

22 +3 Ap L ((k+Du, h)
+((m)?)z” %

v=0

(?:;’2) S v AR((k + L, h)

v=0

)u h)
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N (A?(:iAl; 2) i": Ap,y((nj Du, h)}

v=0
_ 2 1 d'(h1)  Q(1)
= u’+ CENIE |:(I€ +D@A+du+ 2k +Du+2X + 4){ D) + a0 }
+2¢~(h’1)9 W - w: (1) - Q”(U + A2 +3/\+2}
P(h,1)QI) (k1) Q1)
Hence, proof of Lemma 1.3 is completed. O

Lemma 1.4. Let v5(y) = (y —u)?, § = 0,1,2. Then, for the operators (4), we have
central moments Ri;(vo(y),u) as:

Ri(o),u) = L

R - w ((Z,1> . g(<11)> a1,

R (va(y)u) = - i e 2u(k +1) + (2\ + 4){ 12((::11)) n g((ll))} +
2 3&(11)) y %’(&1)) § %<(1>) sy

for each u € ]Rg.

Proof. With the aid of the Lemma 1.3 and linearity property, we can easily complete
the proof of Lemma 1.4. O

In the following sections, we examine the convergence rate of operators and their
approximation order. Specifically, we discuss direct results both globally and locally
in several spaces. In the final section, we explore some results of the A-Statistical
approximation in various functional spaces.

2. Uniform Rate of Convergence and Order of Approximation

Definition 2.1. [31] The modulus of smoothness for g € C[0, c0) is given by
w(g;6) = sup |g(u1) — g(uz)], u1, uz € [0,00).
[ur—uz2|<6

Theorem 2.1. Let R ,(.;.) be a operators described in Eq. (4). Then, on each

bounded and closed interval of [0, 00), R?H(g; ) =g, for all g € Cp[0,00), where the
symbol = denotes uniform convergence.

Proof. Considering the classical Korovkin theorem [33], which characterizes the uni-
form convergence for the sequence of positive linear operators, it is enough to note
that

. A (= 0
KILI{:ORNH(gggu) =u’, 6=0,1,2,

uniformly on all bounded and closed subsets of [0,00). We can easily establish this
result with the help of Lemma 1.3. (|
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Now, we show that Voronovskaja-type asymptotic approximation theorem for the
R2,,(55.) given in (4).
Theorem 2.2. Let g € Cp[0,00) and §',§" exist at a fized point u € [0,00). Then,
one has

. ~ ~ J(ha 1) Q/(l) P
lim (k+ 1) (R, —g(u)) =3 (u)| = +=——+1+A| +u
Jim (5 + 1) (R4 (g5 1) — g(u)) = ' (u) TRV 7" (u).

Proof. In accordance with Taylor’s formula for the function g, we get

. . - 1 .
3(y) = g(w) + (y —w)g' (w) + 5y — w)*5" (w) + t{y, u)(y — w)*, (5)
where t(y,u) is Peano remainder and
lim #(y, u) = 0.

Applying operators on both the sides in (5), we yield
. - . 1.
(Rip(@5w) = §(w) = § @R ((y — u)u) + 59"(U)Rf+z((y —u)?;u)
R (t(y, w)(y — u)?5 ).

+

In view of Lemma 1.4

_ _ d'(h1) | Q1)
( + DR G5) — () = g<u>[A o +Q(1)+1]
u Py 9
+ Lo ol GRE+
( ) (1) P (k1) Q”(1) 32 43
FTSmam e e TR
+ (R DRy, w)(y — u); ).
Operate the limits on both the sides of the above expression, we get
. _ _ [P0 2@ i
tim 4 DRE ) ~30) = 70| S T 1] g

£l (s DR () — )5 u).
Now, we need to show that

. A N2 —
Jim (r + DR (Hy, w)(y —u)%5u) = 0.

In view of Cauchy-Schwarz inequality, we calculate last term of above expression can
be written as:

(5 + DR (1 ) (y ) < RAL(E (. u) /(s + DR ((y —w)h ). (6)
We see that t2(u,u) = 0 and t2(y,u) € Cp[0,00). Thus we have
i R (B u)s) = () = 0 G

From (6) and (7) it follows that
lim (k + DR (Hy, w)(y — w)*5u) = 0.
K—00



MODIFIED SZASZ-DURRMEYER TYPE OPERATORS 151

Hence, the proof is completed. O

According to Shisha et al. [32], order of convergence relative to Ditzian-Totik
modulus of continuity can easily be proved.

Theorem 2.3. Consider j € Cp[0,00) and for the operators Ri:, (.;.) presented in
Eq. (4), we acquire

[Rita(3:w) = §(u)] < 20(3:9),
where § = \/RKH —u)?u).
Proof. In accordance with Lemma 1.3, 1.4 and Cauchy-Schwartz inequality, we have

IRA,(Giu) — gw)| < RA,(13(y) — §(u)];u)

< RKH((H 'y;“')w@,a);u)
1 A ~
< (1 Ry — ulv) fw(g,0)
1 -
< (1 + g\/RﬁH((y - U)Q;u)>W(g, 9).
By selecting § = \/’RHH —u)?%;u), we obtained the desired proof. O

3. Locally Approximation Results

We recall a few functional spaces and functional relations in this part as: Cg[0,c0):
Denotes a real valued functional space which acquires bounded and continuous func-

tions. Now, Peetre’s K-functional [31] is defined as
K5(§,8) = inf g—h + 8||h" 00}7
2.0 =it 1Bl -+ 617 o0

where C%[0,00) = {h € Cp[0,00) : h', " € Cp[0,00)} associated with norm ||g|| =

sup |g(y)| and second order Ditzian-Totik modulus of smoothness is presented by
0<y<o0o

wa(g; Vo) = sup  sup |[g(y+2k) —23(y + k) + §(y)].
0<k<+v6 y€[0,00)

As described in ([31] by DeVore and Lorentz on page no. 177, Theorem 2.4) as
K5 (§;6) < Cun(; V), (®)

where C is an absolute constant. To establish the next result, we consider the auxiliary
operator defined as:

~

5 o ( PRI 0
Réﬂ( u) = Rm—l( )Jrg(u)g( +l{(l€+l) w(h71)+ﬂ(1)+1+)\}> (9)

where g € Cp[0,00), u > 0 and k > 1. From Eq. (9), one can yield
Ria(lu) =1, Rty(n(y)iw) = 0 and [R2, (G5 w)| < 3]|3]l- (10)
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Lemma 3.1. Ifu > 0, one has

[Rita(F3w) = §(u)] < O)]3"]l,
where § € C}[0,00) and ©(u) = RE, (n (y);u) + (RE, (1 (v);w)*.
Proof. For g € C%[0,00) and by Taylor expansion, we get

y
30) = 3() + (5 = 0 () + [ (v = 0 (), ()
u
Implementing the auxiliary operators 7@:‘“(.; .) introduced in Eq.(9) to Eq. (11), we
get

~

RA(Gu) —gu) = F@RA,(n(y); +Rm v)dviu).

\c@

Using the Eqs. (10) and (11), one yield
y

R (@) - 300 = R ([ 0)g" w)dvi)

u

y
R—H/ —0)g"( dvu)

Yt ~ ~
1 Y (h,1) Q1) 1
- / ( {(ﬁ—l—l)u—&-)\—&- a0 ) + o) +1} —v)g (v)dv,

/

Vi1 - .
Fny Q) ,
+ / <K l[(n+l) + a0 ) + o) +1+)\} v)g (v)dv|. (12)
Since,
/ (v — 0)§" (0)dv| < (y —w)? || 7" Il (13)
then
" F @)
(n l{(n—l—l)u—l— ﬁ(h,,l) + a0 —l—l—i—)\] —v) §"(v)dv
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In accordance with (12), (13) and (14), we acquire

~

SA [~ ~ S5A . (0 (h, 1) Ql(l) ~11

R u350) — )| < {Rn+l<72<y>,u> E (Hl R A +A]> }n H
ou)lg"|-

This proves the required result. O

Theorem 3.2. For j € C%[0,00), there corresponds a non-negative constant C>0
such that

| Ra(F5u) = §u) |< Cwn(§: VO (W) + w(@; Ridir(m(y); w),
where ©(u) is given by in Lemma 3.1.

Proof. Let h € C3[0,00) and § € Cp[0,00). Then, by definition of RK_H( .) given in
(9), we get
Rt (@iw) — §()] < [Ria(@ — hiw)] +1(3 — W) (w)] + R (G:w) — (w)]

h)
J iy, Q) |) -t

sy T an

According to Lemma 3.1 and inequalities mentioned in Eq. (10), we acquire
Rt (G5 ) — §(u)| S 4GBl +IRE (5 w) — §(u)]
o (e HD L B0 )
< 41§ = Rl + O@)IR"|| +w (5 Ritaly — wiw)).
Using Eq. (8), we established the required result. O

+ g(ﬂil[( +Du+ A+

+

Further, we address the next result in Lipschitz type space presented by [34] as:

ly—ul"

C1.¢2 R 2g(y)—g [
Lip;°*(n) = {9 € C[0,00) - |g(y) g(u)|SM(erClquCW)g

: u,ye((),oo)},

where M > 0,0 <n<1and ¢;,( > 0.

Theorem 3.3. Consider sequence of linear positive operators in (4) and § € sz<1 2 (n),
one obtain
_ ~ Au) ?
R —gw)| < 2 ) 15
R 3i0) — g0 < (Clumuz) (19

where 0 <n <1, (1,(2 € (0,00) and A(y) = Rf+l(72(y);u),
Proof. For n =1 and u > 0, one get
[Ria(3w) = g()] < Ryt (1a(y) = g w)

y ly — ul
< MRA su .
" ((y +GQu+ Gu?)s




154 N. K. JHA, N. RAO, AND B. K. SINHA

1 1

< , for each u € (0, 00), we acquire
y+GutQur - Gu+ Gu? (0, 00) a

Since

M 1

IR (Fiw) — G(u)] < m(Rerz(’h(y);U)E
~ Au) :
SM<C1U+42U2> ’

which indicates that the Theorem 3.3 is valid for = 1. Next, we examine the case
where 1 € (0,1) and in accordance with Holder’s inequality by selecting p = % and

q= ﬁ, we obtain

n

RALG:w) — §(w)] < (IRAL(5(y) — §(w)| 7)) 2

[ A ly—ul* !
SM<RH+I<(ZJ+C1U+CQU2)7U>> .

1
for all u € (0,00), one get

< )
Y+ Gu+Gu?  Gu+ Gu?

A (RA G — gy — w0\ aw 3
Ric1(g5u) = g(u)] < M( o+ Cou? = M(m) -

Since

Thus, we yield the desired result. U

Further, we address the local approximation in terms of the rt* order modulus of
smoothness, followed by the Lipschitz-type function introduced by Lenze [34] as:

- wp 1) =30

——, u € [0,00) and r € (0, 1]. (16)
y#u,y€(0,00) |y - u‘

Theorem 3.4. Assume § € Cg[0,00) and r € (0,1]. Then, for every u € [0,00), we
have

[Rik(5w) = §)] < Gn(Gw) (M)
Proof. 1t can be observed that
R (3 w) = 3] < Ritlg(y) — §(w)]w)-
Using Eq. (16), one get
[Ria(91) = §(w)] < Ba(G )Ry =l w).
Then by employing Holder’s inequality with p = % and q = %, we obtain

r

Rt (95 u) — 9(w)] < (35 0) (R (Jy — ul?u)*.

Thus, we conclude the proof. O
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4. Approximation Properties Globally

Consider v(u) = 1+ u?,0 < u < oo as weight function. Then, B,[0,00) = {g(u) :

G(u)| < Myz(1 + u?), here the constant M; depends on § and C, [0, 00) represents
the continuous functional space in B, [0, c0) along with the norm |||, = sup If/’ EZ;‘
u€|[0,00

and C’f [0,00) ={g € C,[0,00) : hm ggu) = k, where constant & depends on g}.
If ¢ is a function defined on [0 b] where b > 0. Then, Ditzian-Totik modulus of
continuity is given by

wp(g,0) = sup  sup |g(y) — g(u)l. (17)
ly—u| <8 u,ye[0,b]

It is straightforward to observe that for § € C,[0,00), the modulus of continuity
defined in Eq. (17) tends to zero.

Theorem 4.1. Let § € C,[0,00) and wpy1(g;9) denote the modulus of smoothness
defined on [0,b+ 1] C [0,00). Then, for y € [0,b], we obtain
95 (b)

”Ré-&-l('; D =dllcpoy < AM;(1 + b?) + 2wy 41(§; /05 (b)),
where 6,(8) = max Ry (2 w).

Proof. For any u € [0,b] and y € [0,00), we have

19(y) — g(uw)| < 4Mg(1 + b2)(y — u)2 + (1 4 ly

—u :
|)wb+1(9; 5).
Implementing operator RZ,(.;.) on both the sides, we acquire

‘Rm+l(§;u) _g U’)l S 4M~( +b2)Rn+l(72, )

R —ul;u _
+ <1+"“(|y5 Y ))wb+1(g;5)-

Now, in accordance with Lemma 1.4 and = € [0, b], one has
. - 9 V/05(b) .
Riti(5.) = 1 < AMa(1+b)d,(b) + | 1+ o wp+1(; 6)-

By selecting 6 = d4(b), desired result can easily be obtained. O

Remark 4.1. In this article, we employ the test function defined by
99(:'-/) = yga e {Oa 172}

Theorem 4.2. ([35], [36]) Assume that the sequence of linear positive operators
(Li+1)w>1 mapping from C,[0,00) to B,[0,00) meets the conditions

lim ||Lx+1(Go;-) — Goll, =0, where 6 =0,1,2,
K— 00
thus, for g € C,’:“ [0,0), we get
T [[L -+ (G ) — 31l = 0.
Theorem 4.3. Let g € Cl’:“ [0,00). Then, we obtain
. A (=N
Jim (R, (35) = dlly = 0.
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Proof. To prove the result of Theorem 4.3, it is enough to verify that
lim [|R2,,(Gs;-) — Gslle =0, for 6 =0,1,2.
K—> 00

Considering the Lemma 1.3, one can see |RZ,,(jo;.) — 1||, = 0, here k — oo, also

1 {Ji(h,n +Q (1)

1
HR? (gl;') 7§1||Vu = Sup
+l (w) u€[0,00) V(u)

+1+)\]

Q
] sp L
u€[0,00) 1+ u? .

_ 1 {
S RtlLg(R1) Q0

)
For a large value of , we get |RZ2,,(91;.) — g1ll, — 0.
Also,

2 [ N
Kk +114p(h, 1)

u€[0,00) 1+wu?

IR (G2 ) — Gllv < ( ((1) +A+2D sup —

)
(h,1) f}’(l)} N {2%(117 D)
1) (h,

1)y (h, 1)

¢ (h,1) Q”(l)} 2 } 1
+7J1(h,1)+§2(1) +A +3)\+2>y:[320)1+u2'

Which implies |RZ,,(G2;.) — g2ll, — 0 as & — co. Thus, we conclude the proof of
the Theorem 4.3 O

Theorem 4.4. Let g € Cl’:“ [0,00) and ¢ > 0. Then,

I Ré+l(§; u) — g(u)
im  sup

=0.
R0 ueloe0) (1 u?)He

Proof. Since |g(z)| < |7l (1 + u?), for any real fixed number ug > 0, we get
RA (G;u) — §(u RA (G5 u) — §(u RA (G;u) — §(u
sup et (d 2)1 g( )g sup (9 2)1 g( )Jr “ w1 (9 2)1 g(u)
u€[0,00) (1 tu ) + u<ug (1 +u ) + u>uo (1 +u ) +¢
< ||R£+l(§§u) - g(u)|||C[o,uo]
R (1 +y%u)

|9(u)]

ol T I ey
= Tl +T2 +f3, say. (18)
Now,
3 g g v 1 2 g v
Fo sy IO el )

———= < su .
P W+ )i+ = XD T = 1 ad)
In view of Lemma 1.3, it gives

I R‘:H(l + y2;u) _
im  sup —————— =
K00 e [ug,00) 1+u
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Therefore, for any arbitrary € > 0, there corresponds k; € N with

RA(L+y%5u) _ (1+ud)
sup n+z( i/ ) < ( —|—~u0) E+1, for all kK > k1.
el 1+ u gl 3

Therefore

Ria(+y*u) _ lgll, | €
< ct3

Ty =1gll, sup , for all & > k. (19)

w€[ug,00) (1 + u2)1+C - (1 + u(Q))
Hence, we get

o gl €
To+T1T5 <2————=+ .
2 +13 < 1+ u?)C + 3
gl
(I4u?)c

If we take ug to be so large that < §, then, we have

T+ T < % for all kK > k1. (20)
Now, from Theorem 4.1, there corresponds ko > k with
i = [R1(35) = Glloto) < 5 for all ro > w. (21)
Let k3 = max(k1, k2). Then, using the Eqs. (18), (20) and (21), we get

oy R@i) 00| __
u€[0,00) (1 + U2)1+< 7

which, completes the proof. (]

5. A-Statistical Approximation

We revisit some notation from [37]. Suppose that B = (b(,1y,) is an infinite, non-
negative summability matrix. A sequence u := (u,) is A-statistically convergent to
L, denoted as sty — lim u = L, if for each ¢ > 0

lim Y bt = 0.

piluy,—L|>e
Let ¢ = (q(x+1)) be a sequence such that the following assertions are true

stg — li’gnq(,ﬁ_l) =1 and stg — liglq&H) =b,0<b< 1 (22)

Theorem 5.1. Consider B = (b(,41),) be a non-negative reqular summability matriz
and sequence q = (qu+1) along with condition (22), qw+1 € (0,1), k € N. Then, for
each g € CY[0,0), stp — lim ||R,f}+l(§; J=4gll, =0.

K

Proof. In accordance with Lemma 1.3, one has

stp — lim IR%41(dos -) — Joll, = 0.
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and
} _ 1 L [¢'(h1) | Q1) }
RA (1) —qill, = su {~ +=—2 414X
” +l(gl ) ng ue[O,I;o) 1+u2 |k + w(h7 1) Q(].)
_ ! [1/1(h71)+§}(1) +)\} su 1 5
r+ULp(h,1) Q1) uefo,00) 1+
Now

KI = { HRKZ-'rl(gl’ . gl“ 2 6}
1)

S (h1) Q1
KQ'_{K'KH[ d(h, 1) Q(l)

Which implies that K 1 C K27 this shows that
> betyn < Y bieqyu Therefore, we get
MEKl MEXQ

+1—|—)\}

stp — hin IRA,.(315.) — Gall, = 0.

Now by using Lemma 1.3, we have

PP “ 2 [¢'(h,1) Q1)
||Rn+l(927 ) g2H1+u2 < ue[o};o) I/(u) <I€ T |:1/~)(h, 1) + Q(l)
d(h1) Q1)
y ((n HE M) ()
d(h1) (1) 2
4 @(h,l) + Q(l) }+)\ +3X2+2 >‘
For a given € > 0, we have the following sets
M, := {n HIRE (G2 — 32|, > 6}7
[ 2 ey Qo .
5 ; 1 V' (h,1)  Q'(1)
Ms —{ CEWIE [(2>\+4) QZJ(h,l) + Q(l)}+{2
J(h1) | Q°(1) 2 €
+ '12)(}7,71) + Q(l) }Jr/\ +3)\+2} 22}

}.

It can be observed that M1 - Mz U Mg. Therefore, we acquire

Z b(n+l)u < Z b(mH)u"" Z b(HJrl)H

neM peM, n€EMs
As k — 00, we have

stp — lim IR 1(G2;w) — Gallw = 0.
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Thus, we concludes the proof of the Theorem 5.1. O

Next, we will examine the convergence rate of A-Statistical approximation with
respect to Peetre’s K-functional for the operators R. +l( ).

Theorem 5.2. Let g € C%[0,00). Then,
stp — hgl ||R£+l(§7 ) - g”CB [0,00) = 0.

Proof. Considering Taylor’s result, we have

(0 = 3(u) + ')y — ) + 25" (n)(w — ),

where v < 7 < u. Operating R4 +1(:;.), on both sides in above equation, one get

- - - 1_
R’:H(g; u) — g(u) = 9'(u)7373+z(771; u) + 59”(77)RS+Z(7723 u),

which yields that

IR241(3:7) = Gllesioee) < 17 les0,00) IR (G Ml onio,00)
119" los 0,00 IR 2411 [l 0,00
=Wy +Wa, say. (25)
Based on Egs. (23) and (24), it follows that

lim Y bt = 0,

pENW, > £
li’gn Z b(n—&-l),u = 0.
REN:Wo> £
From Eq. (25), we have
lim Z b(rtiyu < lim Z bty + lim Z blrti)p
peN:| R, (i) —dllc g0,00)>€ pENTW, > £ pEN:W,> 5

Thus stg — ligl IRA.,(7: ) — Gllopo,00) — 0. as & — oo.
Hence, we arrive the proof. O

Theorem 5.3. For g € C%[0,00),
IR41(3:) = Gllcso.s) < Mwa(g; Vo),

where 5 = [RALG — s + IREG — 95 lcsi,  ond
||9||c,23[o,oo) = l9llcs10,00) + H9/||CB[0,O<>) + 19" lc510,00)-
Proof. Let f € C3[0,00). Using Eq. (25), one obtain

IRAL(F) = fllesoee) < 1 len0.00 IREw(G1 = ); M on0.00)

1, -~ -
+ 5”,}0””03[0,00)7?’?4-[(91 - ')2; ')”CB[0,00)
<8 Fllez 0,00 (26)
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For each § € Cp[0,00) and f € C3[0,00), Using Eq. (26), we acquire
IR (G5 ) = Fllosoee) < IRE (G 7) — Rt (f5 )l enio.0o
IR (5 ) = Flleosio.ee) + 1F = Gloso,e
<2|f = dllosoee) + IRE(F5) = Flless
<2||f = dlleso.oe) + 01 Fllcz,-

Considering Peetre’s K-functional, we obtain

IR (G5) — dllego,e0) < 2K2(g;0)
and
HRSJrl(g; ) - gHCB[O,oo) < M{WQ(g; \/5) + min(L 6)“.&”03[0,00)}
In view of Eq. (24), we have
st —limé = 0, thus stp — limw(§; V3) =0,
K K

which concludes the proof of desired result. O

6. Conclusion

In this article, we introduce a sequence of positive linear operators using generalized
Appell polynomials in integral form. These operators are designed to approximate
functions defined on a Lebesgue measurable space and are known as modified Szasz-
Durrmeyer type operators introduced in (4). Moreover, we derive estimates crucial
for establishing the rate of convergence and accuracy of approximation. Further, we
explore various aspects of approximation, including local and global results, as well as
A-statistical approximation, utilizing these operators to obtain enhanced approxima-
tions across different functional spaces.These operators provide the better flexibility
in approximations compared to operators defined in (3). In addition, these sequence
of operators discuss approximations in wider class in comparison of operators defined
in (3).
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