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Comparative Analysis of CFKHDM and CFTSM for the
Solutions of Time-fractional Newell-Whitehead-Segel
Equations

ALl KHALOUTA

ABSTRACT. Recently, the author presented an efficient technique to obtain a solution to the
Newell-Whitehead-Segel equation of fractional order where the fractional derivative is in the
sense of Caputo-Fabrizio [14]. The objective of this paper is to explore a novel analytical
methods for solving the same equation but involving a conformable fractional derivative oper-
ator. The methods are denoted as the conformable fractional Khalouta decomposition method
(CFKHDM) and the conformable fractional Taylor series method (CFTSM). Additionally, a
comparison between CFKHDM and CFTSM is performed. The accuracy and efficiency of
the proposed methods are demonstrated by solving three numerical tests of the conformable
time-fractional Newell-Whitehead-Segel equation. All numerical calculations were performed
using the MATLAB 6 software package. These tests show that CFKHDM and CFTSM are
simple, efficient and very powerful methods for finding an analytical solution to such equations.
Accordingly, we believe that in the future, the current methods can be applied to compute
approximate analytical solutions for a large class of conformable fractional partial differential
equations.
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1. Introduction

In recent decades, the theory of fractional differential equations has played an impor-
tant role in many practical applications, being largely developed to describe many
real-world problems that cannot be covered in the classical mathematical literature.
For this reason, many researchers have provide may definitions of fractional derivative
operators and applied them to study solutions of fractional differential equations, for
example Riemann-Liouville [18], Liouville-Caputo [15], Hadamard [16], Hilfer [10],
Caputo-Fabrizio [9] and Atangana-Baleanu [0].

In 2014, Khalil introduced a novel fractional derivative operator, known as con-
formable fractional derivative [12], which contains many features that cannot be sat-
isfied with existing fractional derivative operators.

Recently, many authors have focused on developing numerical and analytical meth-
ods for conformable fractional differential equations. For instance, conformable frac-
tional Laplace transform method (CFLTM) [19], conformable fractiona natural trans-
form method (CENTM) [4], Shehu conformable fractional transform method (SCFTM)
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164 A. KHALOUTA

[7], conformable fractional power series method (CFPSM) [17], conformable fractional
Sumudu decomposition method (CFSDM) [8], conformable fractional reduced differ-
ential transform method (CFRDTM) [20], conformable fractional variational itera-
tion method (CFVIM) [21], conformable homotopy analysis method (CHAM) [2],
conformable sine-Gordon expansion method (CSGEM) [11].

This work proposes two new analytical methods: the conformable fractional Khalouta
decomposition method (CFKHDM) and the conformable fractional Taylor series method
(CFTSM). The two proposed approaches are used to solve nonlinear conformable
frational partial differential equations without perturbation or discretizing them, with
less computation, which leads to a more realistic representation. The main motivation
of this paper is to perform a comparative analysis for CFKHDM and CFTSM solutions
for the following conformable time-fractional Newell-Whitehead-Segel equation

TE (&) (0,5) = apel0,5) + bé(0, <) + c€P(0,¢), (1)
subject to

£(0,0) = &o(0), (2)

where 7 is the conformable time-fractional derivative operator of order 0 < w < 1
for the function &(g,<) with (9,¢) € R x R, a,b and ¢ are real numbers with a,b > 0
and p is a positive integer.

The framework of this paper is as follows. In the second part, we introduce the
definition and associated properties of the conformable fractional derivative and the
conformable fractional Khalouta transform. In the third and fourth parts, we present
the basic idea of CFKHDM and CFTSM to solve the equations (1)-(2). To demon-
strate the effectiveness and accuracy of the proposed methods, three numerical tests
are presented in the fifth part using the results of the third and fourth parts. The
numerical simulation results are presented and discussed in the sixth part. Finally,
in the seventh part, we conclude this paper with some remarks.

2. Definitions and properties

This part recalls the definition and the related properties of the conformable fractional
derivative and the conformable fractional Khalouta transform.

Definition 2.1. [12] Let 0 < w < 1 and & : [0,+00) — R. The conformable
fractional derivative of the function £ with order w, is defined as
- _ AT E(e e ™) — ()
TEE)(0) = gz¢(s) = lim 5 :

Moreover, if the function £(s) admits the conformable fractional derivative with
order w in the set (0, 4+00), we call that £() is w—differentiable in the set (0, 4+00). If
&(s) is w—differentiable in the set (0, +o0c) and lim+7—w (€) () exists, then we define

<=0

77 (0) = lm 7% (&) (<)-

Theorem 2.1. [5] Let 0 < w < 1 and &, 0 : [0,4+00) — R be w—differentiable at
¢ > 0. Then

1) TEAE+ pd) () = AT (&) () + uT= (9) (<), VA, p € R.

2)T=(C)=0,YC eR.
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3) TZ(<7) =qs"" %,V qeR.

4) T (£9) (¢) = £()T= (I) () +D()T™ (€) (5)-

5)T= (E[0) () = ()T (£) (<) — ()T (9) (<)) /¥ ?(5),9(<) # 0.
6) If & is w—differentiable, then T% (£) (s) = ¢! wdig( ).

Theorem 2.2. [5] Let 0 < w < 1 and £, : [0,+00) — R be w—differentiable
functions. Let ¢(s) = £(9(s)), then &(s) is w—differentiable and for all s with ¢ # 0
and 9(s) # 0, we have

T (6) (<) =T7 (&) (0(s).T= (¥) ()-9()= .

Definition 2.2. [I] Let n — 1 < @ < n with n € N* and 9*¢/9¢* and 9%¢/00"
defined on Rx [0, +00) for k = 1,2,...,n — 1. Then, the conformable time-fractional
derivative of the function £ with order w, is defined as
- o= ) (n—1) Q,§+€§n7w _ (n—1) 0,
T (©)(0:5) = pestlos) = lim & .

e—0 e

Definition 2.3. [13] Let 0 < w < 1 and £ : [0,4+00) — R be a real value function.
Thus, the conformable fractional Khalouta transform of order w is defined on the set

S = {€(6) 1 3K, 01,92 > 0,]6(0)] < K exp (0 [s7)), if = € (~1)7 x [0,00)
by the following integral

w

KHz [£(<)] = K (s,7,m) = % /OOO exp (“) £(<)s™ 1 ds.

ynw
where s > 0,7 > 0 and 1 > 0 are the Khalouta transform variables.
Theorem 2.3. [13] Assuming that \,u and v € R and 0 < w < 1, we have the
following properties
1) Linearity property.
KHe [AS(<) £ p¢(s)] = AKH [£(5)] + pKH [¢(<)] -
2) Convolution property.

KH. [(§ * ¢) ()] = ZTKHL, [€(<)] KHz [C(<)),

where KH, [(€ * ) (5)] is the conformable fractional Khalouta convolution of the func-
tions £(s) and (().

3) The conformable fractional Khalouta transforms of the usual func-
tions.

KHs [0 = n,
oo (FVNE LV
KHo ) = (57)7r(5+1),
nw n
KH,, {g} = (ﬁ) T'(n+1),n>0.
w™ S
Theorem 2.4. [13] Let £ : [0, +00) — R be w—differentiable function and 0 < w <

1, then the conformable fractional Khalouta transform of the conformable fractional
derivative is given by

KH., [T=(€)(<)] = %KHW €(s)] — %s(o»
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3. The conformable fractional Khalouta decomosition method (CFKHDM)

This part presents the process of the CFKHDM for deriving exact solution of the
conformable time-fractional Newell-Whitehead-Segel equation.

Theorem 3.1. Consider the conformable time-fractional Newell- Whitehead-Segel equa-
tion (1) which is subject to the equation (2).

Then, by the CFKHDM, the solution of equations (1)-(2) is given as an infinite
series that converges rapidly to the exact solution, in other words

£(0,9) = Y _ &nl0:9)- (3)
n=0

Proof. To arrive at the desired result, let

N(€)(e:5) = €(e,9), (4)

to represent the nonlinear term in equation (1), and then our equation can be rewritten
as

T (€) (0,6) = ape(0,5) + bE(0, ) + N (§)(0:9)- (5)

Now, by implementing the conformable fractional Khalouta transform on equation
(5) and using Theorem 2.3, we get

KHe [T7 (€) (0,5)] = aKHg [€4,(0,6)] + bKH [£(0, )] + KHa [N(£)(0,9)] -

By utilizing Theorem 2.4, we get

~y

KHz [£(0,¢)] = (0, 0) + ?77 (aKHz [£50(0; )] + bKH [§(0, )] + cKHe [N (§)(0:)]) -

(6)

By applying the inverse conformable fractional Khalouta transform, equation (6)
becomes

£(0,¢) = &ol0) +KHL' [? (aKHe [50(0;6)] + bKH [§(e; 5)] + cKHe [V(£) (o, <)D] :

(7)

Now, according to the Adomian decomposition method [3], we can acquire the
solution £(p, <) of equation (5) as follows

o0

£(0,9) =Y &nl0:9),

n=0

and the nonlinear operator N'(£)(g,¢) is decomposed as

N(©)(0,) = An(9), (®)

n=0

where
1 a L
An(f):aw [N (;Afz‘)L:O,nZO, 9)

where A, (§) represents the Adomian polynomials and denotes the nonlinear term (4).
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From relation (9), the values of the few nonlinear terms are given as

Ao(g) = g(z))a

A1) = p&dG, (10)
Ay(€) = p§‘1§2+%€‘2$

A5(6) = pE s +plp - NE g + PP DR gpoagy

3!

By inserting equations (3) and (8) into equation (7), we attain the following

aKH |: ij:o fngg(Qa §)

> nles) = &olo) + KHZ' | T | +IKH,, [f:osn(g,c) SNV
n=0 nio
+CKHW |:¥0 An(f):|

By equating both sides of quation (11), we arrive at

§o(o:s) = &olo),
§i1(0,6) = KH;I[

&le) = K|

&les) = KH'|

(aKH [€ogo(e,5)] + bKHo, [€0(e. )] + cKEL [Ao(€)])]
(aKHo [€160(e,)) + bKHL, [€1(0, )] + cKHL A1 (©)])]

(aKH., [€200(e,5)] + bKHL [€2(0, )] + cKH [A>(€)])]

w233

£ (ad) et [ aKHo, [€(n1)00(0:)] + BKHL [€01)(0,5)]
n Q;g - - _

Finally, the CFKHDM-solution £(p,<) is approximated as follows

£(0,9) = &ol0:5) +&1(0:6) + &2(0,6) + oo = Y _ &nle,5)-
n=0
0

The following theorem clarifies and governs the convergence condition of the series
solution (3).

Theorem 3.2. Let £(p,¢) € H and 0 < w < 1 where H denotes the Hilbert space and
assume that £(0,<) is an exact solution to equation (1). The derived results > &,(0,<)

converge to £(0,<), if there exists » € (0,1) such that ||£,(0,6)|| < » ||§n—1(972)” ,Vn €
N+,
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[ee]
Proof. Consider a sequence of > &,(o,¢)
n=0

SO(Q) C) = 50(@7 §),
o(e,s) +&i(o,9),
Sa(0,6) = &olo,s)+&i(o,s) + &(0.5),

9%}
[
—~
©
Va)

I
Iy

Sn(0,6) = &o(0,6) +&1(0,6) +E&2(0,6) + .. +&nl0)9).

o0
It is necessary to show that ) &,(0,<) gives a ”Cauchy sequence” based on the

n=0
obtained results.
Furthermore, consider that
[Sn+1(0:6) = Sn(0, )l < [[&nt1(0, )| < 3¢ [|€n (0, 9]
< (o9l < o <G (0 ) (12)

For every n,m € N such that n > m, using (12) and triangle inequality successively,
one has

s - 9 st s
< |Sule,s) = Sn—1(0;9)ll + \\Sn_l(g, ) — Sp_a(0,9)]|

“+... + ||Sm+1(Q, §) - Sm(ga §)||

< leole )+ Kol o)l + -+ oo,
= " (L4 e+ 45" (€0, 9) ||

11—
< o () lale ol 13

Since 0 < s < 1, we have 1 — »"~™ < 1, therefore, the inequality equation (13)
can be reduced to

%m+1
1Sn(0:6) = Sm(e Il = 77— lI€ole, )]l -

So
[8n(e,6) = Sm(e, <)l = 0 as n,m — oo,
as &o(0,¢) is bounded.
Therefore, ioj &n (0, ) produces a “Cauchy sequence” in H. This shows that ioj &n(0,9)

n=0 n=0
gives a convergence sequence along the lim &, (o,¢) = £(0,¢) for &,(0,5) € H. O
n—oo

Corollary 3.3. If the series Z &n(0,5) converges then it is an exact solution of the
conformable time-fractional Newell Whitehead-Segel equation (1).
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Theorem 3.4. Let £(0,<) be the approzimate solution of the truncated finite series

N
> &i(0,9), then the mazimum absolute error is
=0

N+1

N
HE(QS)—Z&(QK) < 17—, l€e. Il
=0
N

Proof. Let the series Sy (o,5) = >_ &(0,<) be finite, according to Theorem 3.2 and

=0
(12), we have

%N+1
1S(2,<) = Sn (e, )Nl = T—— 1o, )]l -

k
But we assume that Si(0,5) = > &(0,<) and since k — +00, we obtain Sk (g, ) —
=0

&(0,¢), so the inequality equation (3) can be rewritten as

N
- Z&l(g,g)
=0

N+1

< Tl

[€(0,s) — Sn(o,9)l| =

4. The conformable fractional Taylor series method (CFTSM)
This part offers the process of the CFTSM for construing exact solution of the frac-
tional Newell-Whitehead-Segel equation in conformable time-fractional derivative.

Theorem 4.1. Let the conformable time-fractional Newell- Whitehead-Segel equation
(1) which is subject to the equation (2). From the CFTSM, the solution of equations
(1)-(2) can be expressed as an infinite expansion as follows

ka kk'u (14)

where 0 < @ < 1 and & (o) are the coeﬂiczents functions of series (14).

Proof. To arrive at this result, we take the conformable time-fractional Newell-Whitehead-
Segel equation (1) with equation (2).

Now, let us assume that the solution of equations (1) and (2) takes the following
infinite expansion

Z k(o wk ik (15)
Thus, the nt"-CFTS approx1mate solutlon can be expressed as
ng wkkl = &olo) + Z &rle wkkl (16)

Applying the operator 73” on equation (16), and using Theorem 2.1, we get the
following formula

n—1 koo
7?7 (fn) (Qa §) = Z fk+1(9)%- (17)
k=0 :
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Substituting equations (16) and (17) into equation (1), we get the following iterative
relation

0 = Z&M (ng ww> b(ng w’%')
n koo p
—C<kz_0€k(@);kk!>-

To determine the form of the unknown coefficients &,(o),n = 1,2,3, .., we follow
the same method to get the Taylor series coefficients so we need to solve the following
equation

T D= {D(0,¢,w,1)} Lemo= 0

where

n kw
®(p,5,w,n) = ngJrl —a(Z&c ) _b<sz(g);kk!>

n kw \7?
—c (ng);m) , (18)
k=0

and ﬂ(nfl)w is the sequential conformable time-fractional derivative operator given

T IT {0 (0,5 @ n)} hemo= T T T {2(005,@m)} Loy

(n—1)—times

Now, to determine the form of the first unknown coefficient &;(p), we substitute

n =1 in equation (18), we obtain
(0,6, @,1) = &(o) —a (fo(@) + fl(@)i) —b (50(@) + fl(@)i)

(0 +a0s) -
Solving equation ®(p,0,t0,1) = 0, gives
€1(0) = a(€o(0)) 5o + b (€0(0)) + ¢ (é0(0))" -

To determine the form of the second unknown coefficient £5(0), we substitute n = 2
in equation (18), we obtain

ee

i S

Posmd) = 6@ +e0s - (80 +a0s ey )
w 2w
(6080 +a0iy)

@ C2W P
(00 +a0S +aloy)
From Theorems 2.1 and 2.2 and solving 77 {®(0,¢,@,2)} lc=o= 0, we get
&(0) = a(£1(0)) ,, + b (&1(0) + cp (&))" (&1(0)) -
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To determine the form of the third unknown coefficient £3(p), we substitute n = 3
in equation (18), we obtain

2w

®(0,5,m,3) = &(0)+ &0 )*+£3( )ﬁ

2w 3w
a<§0 ) +&i(e *+€2()§ +§3()gr )

w33!

w §2w gS‘W
—b <§0 ) +&1(0)— +§2( )w22! +§3(9)>

w33!

e (&J(g) e >f (o) + 650 ) .

w33!
From Theorems 2.1 and 2.2 and solving 727 {®(o, <, @, 3)} de=0= 0, we
&lo) = a(&l(0),, +b(&(0)
e (b= 1) (€@ (€ (0) +p (€)™ ((e))) -

To determine the form of the fourth unknown coefficient &4 (o), consider ®(p, ¢, @, 4)
and solving

7;313 {@(Qv S, w, 4)} \l/g‘:O: 0

In total, to determine the form of the r** unknown coefficient &, (o), we solve
T V= {®(0,5,@,7)} Le=0=0

where

O(p,5,w,r) = Z§k+1 <ka wkkz'>

T koo p
—c <kz_0 §k(9);kk!> .

Finally, the CFTSM-solution £(p, ) of equations (1)-(2) can be expressed in an
infinite expansion as follows

(e;s) = lim & (0,9)

(o)

ee

O

The following theorem explains and governs the condition for convergence of the
expansion solution (15).

Theorem 4.2. Let &, (p,<) withn € N and £(p,<) be recpectivly, the CFTS-approzimate
and exact solutions of equations (1)-(2). If 360 : 0 < 0 < 1, such that

[€n+1(0. )N < 0 €nle, 9l V(e,s) € R x RT, (19)
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with
[€0(0)|| < 00,V0 € R.

Then, &,(0,s) converges to £(o,<) as soon as n — oo.

Proof. From the inequality (19), we have

1ol < Ol6ale. )l < 6 [6a-1(e. )l < 6 [€n-a(e, )]
< L <0 g (o) -

Therefore, we obtain

Y fenel< S 0" lal =@l S o
m=n+1 m=n+1 m=n+1

And so, we have

1€(0,s) = &nloo)ll =

j{: &m(0,9)

m=n+1
< > léme9)ll
m=n+1
< ol Z o
m=n+1
9n+1
= g &)l = 0.

n—o0

5. Numerical tests

This part examines the validity of the CFKHDM and CFTSM for three numerical
tests of the conformable time-fractional Newell-Whitehead-Segel equation.

Test 5.1. Let the conformable time-fractional Newell-Whitehead-Segel equation
T (€) (0,) = &pol0,6) — 26(0,5), (20)

subject to

£(0,0) = &o(0) = €?, (21)
where 0 < w < 1.
Case 1: CFKHDM-solution

Using the methodology of the CFKHDM as explained in Part 3, the series solution
of (20)-(21) can be represented by the following form

> &alors) (22)

n=0

il (KHw [i €noo(0:)
n=0

£(0,9)

e + KH_!
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From relation (22

50(9, <)
€1(0,¢)

&(0:¢)
&s(0:¢)
€a(o:<)
&s(0:¢)

As a result, the CFKHDM-solution £(p, ) of equations (20)-(2

), the successive terms are determined as follows

e?,

w
S
—6‘97
w
2w

S
0
e
w?22!’

3w

S
w33!’

0 g4w
€ )
wi4!
5w

S
e? =
w°5!

—e?

173

1) can be found as

gw §2w §3w <4w C5‘w
_ L0 _ 0> 0 _ 0 0 _
o) = et —e w te w?22! w33! te widl w55l te

B 0 1_i+g2w_§3w g4w_g5w+

w w22 w33l widl w5l T

o

1)kgkw
_ L0
= 2 %%,

When @ = 1, we obtain a closed form solution of equations (20)-(21) in the fol-

lowing form

£(0,6) =e?°,

which is the exact solution of our equ
Case 2: CFTSM-solution

ation available in the literature |

By employing the same procedure of the CFTSM described in Part 4, we obtain
the n'"-CFTS approximate solution of equations (20)—(21) as the following

&nlo;

+Z§k

kkl’

and the forms for the unknown coefficients fk(g), k=1,2,3,... are

&k(o) = (—1)k69, forall k=1,2,3, ...
Hence, equation (5.1) can take the following form
2w 3w 4o 5w nw
S S S S
_ o eS o0 _ 0 0 _ .0 e
tnle) = e?—e w +e =221 ¢ =33 te =il ¢ o tte w"n!
gw §2w §3w §4w §5w §nw
= 1 2 — - Fot
w w22 w33 w4! w5 w"n!
B n o (_ngkw
o wkk!

k=0
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Therefore, the CETSM-solution £(p,<) of equations (20)-(21) can be expressed in
an infinite expansion as follows

kkw

&(o,6) = hm &n(0,s Zeg wkk' . (23)

For @ = 1, the CFTSM-solution (23) converge rapidly to
£(0,6) =%,

which is the exact solution obtained by the natural reduced differential transform
method (NRDTM) [14].
Test 5.2. Let the conformable time-fractional Newell-Whitehead-Segel equation

T (€) (0,) = Eoolo: <) +26(0, <) — 3€%(0, <), (24)
subject to
£(0,0) = &o(0) = A, (25)
where 0 < w <1 and XA € R.
Case 1: CFKHDM-solution

Using the methodology of the CFKHDM as explained in Part 3, the series solution
of (24)-(25) can be represented by the following form

> &nler) (26)
n=0

KH., {i_'fo e <>} + 2KH,, [i_'fo @(m)]

= A KHZ! o0
~SKHL | A0
n=0

m
S

where A, (§) represents the Adomian polynomials and denotes the nonlinear term

N(€)(o,¢) = &(0,5)-

From relation (10) and equation (26), the successive terms are determined as follows

fol0,6) = A _

Giles) = (2A-30)

£(0,6) = (2—6X) (24 —3)?) 2;;
&(0,6) = (4—36XA+54)%) (22— 3)?) Z,

As a result, the CFKHDM-solution £(g,<) of equations (24)-(25) can be found as

w 2w
_ _ay2) S _ _ay2) S
§(0:6) =A+ (22 = 3X%) — + (2 - 6)) (24 = 3X%) —,
3w
+ (4= 36X+ 5402) (24— 3X2) = 4 .

w33!
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When @ = 1, we obtain a closed form solution of equations (24)-(25) in the fol-
lowing form
2

£0,6) = A+ (20 =322) ¢+ (2—6)) (21 —3)?) i'
§
+ (4= 36X + 54X%) (2X — 3X?) T+
_ 2X\e?s
2301 —eX)’

which is the exact solution of our equation available in the literature [14].
Case 2: CFTSM-solution

Employing the same procedure of the CFTSM described in Part 4, we obtain the
nt"-CFTS approximate solution of equations (24)—(25) as the following

gn(Q + Z §k kk' ,
and the forms for the unknown coefficients fk(g), k=1,2,3,.. are
€1(0) = 2X\—3)\7%
&o) = (2—6)) (22 —3)%),
&3(0) = (4—36A+54)%) (20 —3)%),

Therefore, the CFTSM-solution £(g, <) of equations (24)-(25), can be expressed as

2w

22]

€(o,¢) =A+ (22 = 3)%) % +(2-6)) (21— 3)2) = (27)

3w
+ .. (28)

+ (4= 36X + 547%) (24 — 3)%) = —53

For @ = 1, the CFTSM-solution (27) becomes

£(0,6) =X+ (2X = 3X%) ¢ + (2 — 6)) (2) — 3)?) %

3
+ (4360 +540%) (21 — 3A2) 2 ETd
which converge rapidly to
2)\e%
(o,5) = 231 — %)
which is the exact solution obtained by the natural reduced differential transform
method (NRDTM) [14].

Test 5.3. Let the conformable time-fractional Newell-Whitehead-Segel equation
TZ (€) (0,5) = 5 (0,5) + 26(0,6) + € (0,9), (29)

subject to

£(0,0) = &o(0) = 5, (30)
where 0 < w <1 and g € R.
Case 1: CFKHDM-solution



176 A. KHALOUTA

Using the methodology of the CFKHDM as explained in Part 3, the series solution
of (29)-(30) can be represented by the following form

> &alors) (31)
n=0

SKH | 3 noole:5) | + 2KH [io &nlo. <>]
HRH | 5 A0
n=0

£(0,9)

m

B+ KH_!

where A, (§) represents the Adomian polynomials and denotes the nonlinear term

N(€)(o,5) = &%(0,9).

From relation (10) and equation (31), the successive terms are determined as follows

§O(Q7<) = 67
&i(os) = (26+5%) L

2w

22|’

(o) = (2+26)(26+6%) = (32)

3w

w33’

&los) = (4+128+68%) (28 + 8) =

As a result, the CFKHDM-solution &(p, ) of equations (29)—(30) can be found as

22]

€los) = B+ (2046 S +(2+28) (264 52)

3

+ (441284 68%) (28 + 82) > gt

When w = 1, we obtain a closed form solution of equations (29)-(30) in the fol-
lowing form

2
Soe) = 5+(w+52><+<2+2m(2/3+52>%
+(4+125+652)(2ﬁ+ﬂ)i,
28e2
2+ B(1 - ex)’

which is the exact solution of our equation available in the literature [14].
Case 2: CFTSM-solution

Employing the same procedure of the CFTSM described in Part 4, we obtain the
n*'-CFTS approximate solution of equations (29)-(30) as the following

A +ka T
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and the forms for the unknown coefficients & (o), k = 1,2,3, ... are
51(9) = 25 + 623
&2(0) (2+26) (28 + 5°)
&s(0) (4+128+68%) (26 +5%),

Therefore, the CFTSM-solution £(p, <) of the equations (30)-(5.3), can be expressed

as
w 2w
Sos) = B+ (28487 +(2+28) (26+5°)
3w
+(4+128+68%) (28 + 8°) ;33, ¥ (33)

For @ = 1, the CFTSM-solution (33) becomes

2 3
§0:6) = B+ (284 F%) <+ (2+28) 28+ 57) 7 + (4+ 128+ 68%) (26.+ B°) 5 + ..

which converge rapidly to

B 2Be%s
£(o,5) = 2+ B — e

which is the exact solution obtained by natural reduced differential transform method
(NRDTM) [14].

6. Simulation and discussion

This part presents the comparison results in the form of graphs and tables, illustrate
the efficiency, quality and strength, of the CFKHDM and the CFTSM.

Figures 1, 2 and 3 show a comparison between the CFKHDM-solution, CFTSM-
solution at w = 1,0.9,0.8,0.7 and exact solution when ¢ = 1. From the figures, we
can predict that our obtained solutions are very close to the analytical solutions.
Moreover, the results obtained are consistent with the analytical solutions at w =1,
which confirms the efficiency and accuracy of the current methods. In Tables 1, 2
and 3, we have calculated the numerical comparison of absolute errors for differences
between the exact solutions and the 4—term approximate solution by CFKHDM and
the 4" —order approximate solution by CFTSM at ¢ = 1. The absolute errors obtained
by CFKHDM are the same results obtained by CEFTSM. It can be seen from this, that
we get a very good approximation for some terms. However, additional terms can
be calculated in order to obtain better accuracy for CFKHDM and CFTSM. Our
numerical estimates show very good accuracy. Obviously, the total errors can be
reduced by considering additional terms by the CFKHDM and CFTSM.

7. Conclusions

In this work, we compared the solution obtained by the conformable fractional Khalouta
decomposition method (CFKHDM) and the conformable fractional Taylor series method
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CFKHDM-solution CFTSM-solution
; 3

= Exact solution e Exact solution
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FiGURE 1. Comparison graph of CFKHDM-solution, CFTSM-
solution, and exact solution of equation (20) at w = 1.

S |§ezact - gCFKHDM‘ |§ewact - gCFTSM|
0.01 3.7700 x 10~1° 3.7700 x 10~ 1°
0.03 2.7405 x 10712 2.7405 x 10712
0.05 5.8572 x 1011 5.8572 x 10~ 11
0.07 4.3977 x 10710 4.3977 x 10710
0.09 1.9809 x 10~? 1.9809 x 10~°

TABLE 1. Comparison between CFKHDM-solution and CFTSM-
solution in terms of absolute error for Test 5.1 at @ = 1.

CFKHDM-solution CFTSM-solution
0.045 0.045 - : .
e Exact solution e Exact solution
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F1GURE 2. Comparison graph of CFKHDM-solution, CFTSM-
solution, and exact solution of equation (24) at w = 1.
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S

|§eract — gCFKHDM‘

|§eract — gCFTSM|

0.01
0.03
0.05
0.07
0.09

5.2557 x 10~ 11
4.2820 x 107°
3.3233 x 10~8
1.2841 x 107
3.5294 x 1077

5.2557 x 10~ 11
4.2820 x 107?
3.3233 x 1078
1.2841 x 1077
3.5294 x 10~7

TABLE 2. Comparison between CFKHDM-solution and CFTSM-

solution in terms of absolute error for Test 5.2 at o = 1.

S

|§eract — SCFKHDM‘

|§exact — £CFTSM|

0.01
0.03
0.05
0.07
0.09

4.7160 x 1010
3.8618 x 10~8
3.0127 x 1077
1.1703 x 10~
3.2340 x 10~6

4.7160 x 1010
3.8618 x 10~8
3.0127 x 1077
1.1703 x 10~
3.2340 x 1076

TABLE 3. Comparison between CFKHDM-solution and CFTSM-

solution in terms of absolute error for Test 5.3 at @ = 1.

0.24

FiGURE 3. Comparison graph of CFKHDM-solution,

CFKHDM-solution

CFTSM-solution

= Exact solution

0.22

021

= Exact solution

— ] 4
—=09 /

©=0.8 / 1

—=0.7 ’

solution, and exact solution of equation (29) at w = 1.
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(CFTSM) for solving the conformable time-fractional Newell-Whitehead-Segel equa-
tion. These two methods are considered reliable and effective as they both provide
approximate solutions with higher accuracy. The correlation between the outcome of
the fourth term using CFKHDM and the fourth order within CFTSM shows remark-
able agreement. However, a distinct advantage of CFTSM lies in its ability to solve
nonlinear problems without using Adomian polynomials, which provides an additional
advantage over the decomposition method. It is concluded that these methods are
very powerful mathematical tools for solving different kinds of conformable fractional
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partial differenial equations. In the future, thess methods will take an important
consideration for solving real-life problems.
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