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General Decay of the Euler-Bernoulli Beam Fixed Into a
Moving Base
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Abstract. In this paper, we aim to discuss the stability of a viscoelastic Euler Bernoulli

beam that is fixed to a base in a translational motion at one end and to a tip mass at its free

end. The beam is supposed to be influenced by an external unknown disturbance which may
destabilize the system. Under some assumptions related to the unknown disturbance together

with a suitable selection of the external force applied to the base in motion, we should establish

the uniform stability of the system for a large class of relaxation functions using the method
of the multiplier technique. In fact, such procedure and other simulations have ameliorated

earlier work where the disturbance on the beam was ignored.
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1. Introduction

Robots are widely used through the manufacturing and logistic sectors.They enable
companies to carry out work at larger scales and standardize many processes of the
new global economy. Due to speediness and preciseness in achieving work at the
lowest cost, Robots have replaced human beings in many tasks. Nowadays, and since
their adoption in the 1960s, robots are reaching full potential due to digital, artificial
intelligence and automation technologies.

Robotic arms, programmable machines, whose links are connected by joints allow-
ing either rotational motion or translational displacement, have become essential in
various industrial fields. They can be used in numerous tasks involved in manufac-
turing industry as welding, drilling and spraying. Their importance increases when it
comes to productivity, efficiency and ability to reduce the complexity. Most robotic
arms have different characteristics that make them more suitable for certain applica-
tions compared to others types of robotic arms. Learning about types and functions
of robotic arms has received a great attention by many scientific researchers to work
on such machines and develop their performance.

As any machine, robotic arms, which in many times referred as cantilevered Euler-
Bernouli beams [10, 26, 44, 12, 18, 27], may suffer from numerous deficiencies which
reduce their effectiveness. Those deficiencies are usually due to the manifestation of
the mechanical system vibrations when working. One efficient method to eliminate
or to reduce the undesirable vibrations is to consider the beam made of vescoelestic
materials. In fact, using such materials in various engineering fields has proved them
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to be the most suitable, for more details, see ( [9, 15]). In particular, they play a
prominent role in the stabilization of the wave equations.

Rivera and Salvatierra [39] considered

utt −∆u+

∫ t

0

g (t− τ) div [a (x)∇u (τ)] dτ = 0, in Ω× (0,∞) ,

with {
u = 0 on Γ× (0,∞) ,
u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) , in Ω,

(1)

where Ω is a bounded domain in Rn (n ∈ N∗) , with a smooth boundary Γ, u0 (x) and
u1 (x) are the initial data, a (x) is a nonnegative C2 function defined over Ω such that
a (x) = 0 on ω\ωε and a (x) = 1 on ωε/2 for ε > 0, where ωε is a subset of Ω satisfying
some assumptions. Assuming some conditions on the kernels g, they demonstrated
the well posedness and the stability result of the system (1).

In fact, numerous results related to the stabilization of the system have been estab-
lished, for further study, see [3, 6, 7, 28–30, 40]. In the pervious system, Mustafa and
Messaoudi [31] considered a (x) = 1 on Ω, for a larger class of relaxation functions g
that fulfills

g′ (t) ≤ −H (g (t)) , t ≥ 0,

where H is a nonnegative function, strictly increasing and convex on (0, r] for some
0 < r < 1, verifying H (0) = H ′ (0) = 0. Using arguments related to convexity
[2,8,24], the authors proved a general decay result, where exponential and polynomial
decay represent particular cases. Related to similar problems, we recall works of
Mustafa [32] Tatar [40]- [42].

In the few last decades, the stabilization of Euler-Bernoulli beam appeared in
mechanical engineering, mathematical control system theory and other areas. The
reason why many researchers devoted their works on this level. Among those, we
mention the works of Park and Kim [34] on the stabilization of a viscoelastic Euler-
Bernoulli beam controlled by a nonlinear force in one end and the other end considered
to be fixed. Namely they considered the system

utt(x, t) + uxxxx −
∫ t

0

k (t− s)uxxxx (x, s) ds+ g (ut(x, t)) = 0, (x, t) ∈ [0, L]× R+,

(2)
with the boundary conditions

u (0, t) = ux (0, t) = uxx (0, t) = uxx (L, t) = uxxx (0, t) = 0, t > 0,

uxxx (L, t)−
t∫

0

k (t− s)uxxx (L, s) ds = f (u (L, t)) , t > 0,

where k is the kernel of finite memory term.
The authors, at first, used the Faedo-Galerkin method to establish the well posed-

ness of the system, then they elaborated the uniform decay of the energy exploring
the multiplier technique. We indicate that the authors imposed certain conditions
on the functions g and f along with the kernel k. The same problem was tackled
by Park et al [35], where they considered other kinds of boundary conditions, and
resulted in the exponenential energy decay. In what concerns theoretical stability
of Euler-Bernoulli beam with different categories of dissipation, analogue problems
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were studied by many other authors like Guo and Huang [20] Morgül [33], Park and
Kang [36], Park and Park [37], de Querioz et al [14] and Yan et al [45].

The goal of this paper is to investigate the stability result of a viscoelastic can-
tilevered Euler-Bernoulli beam, subject to an unknown disturbance . We consider the
beam to be fixed to a tip mass at the free end whereas the other end is fixed to a base
in a translational motion. Namely, we consider


mStt (t) +

∫ L

0

ρ (Stt (t) + utt (x, t)) dx+mE (Stt (t) + utt (L, t)) = f (t) , t ≥ 0,

ρ (Stt (t) + utt (x, t)) + EIuxxxx (x, t)− EI
∫ t

0

g (t− s)uxxxx (s) ds = h (x, t) ,

(x, t) ∈ (0, L)× R+,
(3)

along with following boundary and the initial conditions



u (0, t) = ux (0, t) = 0, t ≥ 0,

EIuxxx (L, t)− EI
∫ t

0

g (t− s)uxxx (L, s) ds = mE (utt (L, t) + Stt (t)) , t ≥ 0,

EIuxx (L, t)− EI
∫ t

0

g (t− s)uxx (L, s) ds = −Juxtt (L, t) , t ≥ 0,

u (x, 0) = u0 (x) , ut (x, 0) = u1 (x) , S (0) = S0, St (0) = S1, x ∈ (0, L) ,
(4)

where
u (x, t) stands for transversal displacement of the beam in the position x at the time
t.
S (t) stands for the base motion.
f(t) is the external force applied to the base.
L and m are the length and the mass of the beam respectively.
EI and ρ are the bending stiffness and the linear density respectively.
mE and J stands for the rigid body at the free end of the beam and the rotary inertia
respectively.
g is called the relaxation function to be determined later.

To be more precise, the previous model (3)− (4) is usually applied in mechanical
engineering, such as the flexible robot manipulators. Here, the function h (x, t) is the
consequence of certain hydrodynamics effects which are in most time external, and
this is considered advantageous if the robotic arms are placed in the external effects.

Historically, analogue problem to (3)–(4), but with three dissipations, was studied
by Dadfarnia et al [13], namely


mStt (t) +

∫ L

0

ρ (Stt (t) + utt (x, t)) dx+mE (S′′ (t) + utt (L, t)) = f (t) , t ≥ 0,

ρ (Stt (t) + utt (x, t)) + EIuxxxx (x, t)− EI
∫ t

0

g (t− s)uxxxx (s) ds

+But (x, t) + Cuxt (x, t) +Duxxxxt (x, t) = h(x, t), (x, t) ∈ (0, L)× R+,
(5)
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with the boundary conditions

u (0, t) = ux (0, t) = 0, t ≥ 0,

Duxxxt (L, t) + EIuxxx (L, t)− EI
∫ t

0

g (t− s)uxxx (L, s) ds

= mE (utt (L, t) + Stt (t)) , t ≥ 0,

Duxxt (L, t) + EIuxx (L, t)− EI
∫ t

0

g (t− s)uxx (L, s) ds = −Juxtt (L, t) , t ≥ 0,

(6)
where B, C and D are the viscous damping, the structural damping and the Kelvin-
Voigt damping coefficients respectively. In the case g ≡ h ≡ 0, the authors proved
the exponential stability of the system under a suitable control force.

Very lately, Berkani et al [4] studied the case B = 0, h ≡ 0 and g 6= 0, and used
a viscoelastic damping instead of viscous one, taking the relaxation function g such
that

0 ≤ g′ (t) + µg (t) ≤ ξ (t) ,

where µ is a positive constant, ξ (t) is a nonnegative function (i.e. that is the stan-
dard assumption g′(t) ≤ −µg(t) is slightly perturbed ). The authors guaranteed the
exponential stability if ξ = ‖ξ‖L1(0,L) is sufficiently small.

Later, an arbitrary decay of the energy, for a large class of relaxation functions,
has been proved in [5]. We refer the reader to see [?,25,16,17,19,46,11,12], for other
kinds of dissipations concerning the translational Euler-Bernoulli beam.

In this paper, we resume the main contributions related to the stability of the
translational Euler -Bernouli beam:

(i) In the absence of any damping, if the beam is made of a viscoelastic material,
then the uniform stability of our problem is guaranteed under an unknown distributed
disturbance.

(ii) The uniform stability of the system (8) and (9) under the unknown spatiotem-
porally varying disturbance h(x, t) is established for a large class of kernels. Namely,
there exists a nondecreasing function γ (t) > 0 such that γ′ (t) /γ (t) = δ (t) is a
decreasing function and

γ (t) g (t) ∈ L1 (0,∞)

where the kernels g verifies: g′(t) ≤ 0.

Remark 1.1. We recall that our goal in this paper is to investigate the stabilization
of the system (5)–(6) in the case h 6= 0 without taking in the account the viscous,
structural and Kalvin voigt dampings , that is B ≡ C ≡ D ≡ 0. This should
ameliorate the earlier results [4, 5], where the boundary control of the translational
Euler -Bernouli beam was supposed to reduce its vibration in the case of h ≡ 0.

Remark 1.2. We indicate that vibration abatement of the translational beam with
other kinds of of dissipations, in which the unknown distributed disturbance was
ignored, has been widely studied in [23, 11–13]. In this article, we will improve the
later results, by considering the unknown distributed disturbance with viscoelastic
damping for a large class of kernels.

The contents of this paper are organized as follows. In section 2, we transform
the system (3) − (4) into a simple form in order to be able exploit some functionals
analysis tools, we state the well-posedness result without proof, in what concern the
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stability, we introduced some useful lemmas. In Section 3, we state our main result
of stability. Simulations are presented to verify the efficiency of the proposed control
in Section 4.

2. Preliminary results

In this section, we mention some lemmas to be used in the proof of our result. To
begin with, we consider new functions for the reason to simplify the study of our
system (3)− (4). As in [4], by S1 (t) and w (x, t) we denote

S1 (t) = S (t)− Sd, Sd > 0,

and

w (x, t) = S1 (t) + u (x, t) , t ≥ 0

where Sd represents the point at which the beam is regulated. As a consequence
problem (3)− (4) is reformulated to

mwtt (0, t) + ρ

∫ L

0

wtt (x, t) dx+mEwtt (L, t) = f (t) , t ≥ 0, (7)

ρwtt (x, t)+EIwxxxx (x, t)−EI
∫ t

0

g (t− s)wxxxx (s) ds = h (x, t) , (x, t) ∈ (0, L)×R+,

(8)
with the boundary conditions and the initial data

wx (0, t) = 0, t ≥ 0,

EIwxxx (L, t)− EI
∫ t

0

g (t− s)wxxx (L, s) ds = mEwtt (L, t) , t ≥ 0,

EIwxx (L, t)− EI
∫ t

0

g (t− s)wxx (L, s) ds = −Jwxtt (L, t) , t ≥ 0,

w (x, 0) = w0 (x) , wt (x, 0) = w1 (x) , x ∈ (0, L) .

(9)

By replacing Eq. (8) in the Eq. (7) and using the boundary conditions (9), the
ordinary differential equation (7) becomes

mwtt (0, t)+EIwxxx (0, t)−EI
∫ t

0

g (t− s)wxxx (0, s) ds+

L∫
0

h(x, t)dx = f (t) , t ≥ 0,

(10)
To get the uniform stability of system (8)− (10) we consider the control force

f (t) = −Kwt (0, t)− w (0, t) , t ≥ 0, (11)

where K is a positive constant to be determined later.
The well-posedness result of our problem is stated without proof, in fact, we can

use the standard Faedo-Galerkin method (see for example: Hrusa [22] and Park et
al [35,38]). For this end, we denote

V =
{
y ∈ H2 (0, L) , yx (0) = 0

}
.

where H2 (0, L) is the usual Sobolev space.
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Proposition 2.1. Suppose that (w0, w1) ∈ V × L2 (0, L) and h(t) be a nonnegative
summable kernel. Then, there exists a unique solution w of the system (8) − (10)
under the external force f (t) defined in (11), satisfying

w ∈ C
(
[0, T );V

)
, wt ∈ C

(
[0, T );L2 (0, L)

)
, wtt ∈ C

(
[0, T );V∗

)
where T > 0 and V∗ is the dual of V.

Throughout this paper, for all t ≥ 0, we denote by ∗, ◦,},� and 3 the binary
operators, respectively, defined by

(g ∗ v) (t) =

∫ t

0

g (t− s) (v (x, t)− v (x, s)) ds,

(g ◦ v) (t) =

∫ t

0

g (t− s) (v (0, t)− v (0, s)) ds

(g } v) (t) =

∫ t

0

g (t− s) (v (L, t)− v (L, s)) ds,

(g�v) (t) =

∫ t

0

g (t− s) (v (x, t)− v (x, s))
2
ds

and

(g3v) (t) =

∫ t

0

g (t− s) (v (0, t)− v (0, s))
2
ds,

Further, we will use the Young inequality

ab ≤ εa2 +
b2

4ε
, ∀a, b ∈ R, ε > 0.

We define the modified energy functional of problem (8)− (10) as

E(t) =
m

2
w2
t (0, t) +

ρ

2
‖wt‖22 +

EI

2

(
1−

∫ t

0

g (s) ds

)
‖wxx‖22 +

EI

2

∫ L

0

(g�wxx) dx

+
mE

2
w2
t (L, t) +

J

2
w2
xt (L, t)

(12)
where ‖·‖2 denotes the norm in L2(0, L). If we differentiate E (t) with respect to time
t, then using (8)− (10) together with the identity

2

∫ L

0

vt

∫ t

0

g (t− s) v (s) dsdx =

∫ L

0

(g′�v) dx− g (t) ‖v‖22

− d

dt

[∫ L

0

(g�v) dx−
(∫ t

0

g (s) ds

)
‖v‖22

]
,

we obtain

E′ (t) =
EI

2

∫ L

0

(g′�wxx) dx− EI

2
g (t) ‖wxx‖22 + wt (0, t) f (t)

− wt (0, t)

∫ L

0

h (x, t) dx+

∫ L

0

wth (x, t) dx.
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Consequently, using (11) together with Young’s inequality, we find

E′ (t) ≤EI
2

∫ L

0

(g′�wxx) dx−
(
K − 1

4ε
− L

4ε

)
w2
t (0, t) + εw2 (0, t)

+ ε0 ‖wt‖22 +

(
ε+

1

4ε0

)
‖h‖22 , (13)

for any ε, ε0 > 0. Now, Consider

1−
∫ +∞

0

g(s)ds = 1− ζ > 0,

and recall

Lemma 2.2 (see [21]). We infer from the boundary conditions (4) and (9) , that

u2 (x, t) ≤ L ‖ux‖22 , u2 (x, t) ≤ L3 ‖uxx‖22 , u2x (x, t) ≤ L ‖uxx‖22 , ∀x ∈ [0, L]
(14)

‖u‖2 ≤ L2 ‖ux‖22 ≤ L
4 ‖uxx‖22 (15)

and

w2
x (x, t) ≤ L ‖wxx‖22 , ‖wx‖22 ≤ L

2 ‖wxx‖22 , ∀x ∈ [0, L]. (16)

Lemma 2.3 (see [40]). Let g ∈ C (0,∞) and v ∈ C
(
0,∞;L2 (0, L)

)
, then

2

∫ L

0

v

∫ t

0

g (t− s) v (s) dsdx =

(∫ t

0

g (s) ds

)
‖v‖22 +

∫ t

0

g (t− s) ‖v (s)‖22 ds

−
∫ L

0

(g�v) dx, t ≥ 0. (17)

Lemma 2.4 (see [1]). Let χ (t) , σ (t) , β (t) ∈ C1 [0,∞) . We assume that, there exists
a positive function µ (t) ∈ C1 [0,∞) such that

0 ≤ σ (t) ≤ µ (t)

2

(
χ (t)− µ′ (t)

µ (t)

)
and β (t) ≤ 1

2µ (t)

(
χ (t)− µ′ (t)

µ (t)

)
, t ≥ 0.

Then a non-negative solution v of the following inequality

v′ (t) ≤ −χ (t) v (t) + σ (t) v2 (t) + β (t) , t ≥ 0,

such that µ (0) v (0) < 1, satisfies the estimate

v (t) <
1

µ (t)
, t ≥ 0.

Now, let us consider the following Lyapunov functional

F (t) = E(t) +

5∑
i=1

ηiΦi (t) , t ≥ 0, (18)

where η3 = η4 = 1
2 , and ηi > 0, i = 1, 2 are positive constants to be chosen later. We

define also

Φ1 (t) = ρ

∫ L

0

wwtdx+mw (0, t)wt (0, t) +mEw (L, t)wt (L, t) +Jwx (L, t)wxt (L, t) ,
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Φ2 (t) =− ρ
∫ L

0

wt (g ∗ w) dx−mEwt (L, t) (g } w)−mwt (0, t) (g ◦ w)

− Jwxt (L, t) (g } wx) ,

Φ3 (t) =
1

2
(g3w) +

1

2
w2 (0, t) , Φ4 (t) =

∫ t

0

Gβ (t− s) (w (0, t)− w (0, s))
2
ds

and

Φ5 (t) =

∫ t

0

Gγ (t− s) ‖wxx (s)‖22 ds

where

Gβ (t) = e−βt
∫ ∞
t

g (s) eβsds and Gγ (t) =
1

γ (t)

∫ ∞
t

g (s) γ (s) ds, t ≥ 0.

Proposition 2.5. There exist two positive constants α1 and α2, such that

α1

(
E(t) +

5∑
i=3

Φi (t)

)
≤ F (t) ≤ α2

(
E(t) +

5∑
i=3

Φi (t)

)
, ∀t ≥ 0. (19)

Proof. By Young’s inequality, we have

Φ1 (t) ≤ρ
2
‖wt‖22 +

ρ

2
‖w‖22 +

m

2
w2 (0, t) +

m

2
w2
t (0, t) +

mE

2
w2 (L, t) +

mE

2
w2
t (L, t)

+
J

2
w2
x (L, t) +

J

2
w2
xt (L, t) .

Noting that w (x, t) = S1 (t) + u (x, t) = w (0, t) + u (x, t) and wxx (x, t) = uxx (x, t) .
Therefore, by exploiting (14) and (15), we arrive at

w2 (L, t) ≤ 2w2 (0, t) + 2u2 (L, t) ≤ 2w2 (0, t) + 2L3 ‖wxx‖22 (20)

and

‖w‖22 ≤ 2Lw2 (0, t) + 2 ‖u‖22 ≤ 2Lw2 (0, t) + 2L4 ‖wxx‖22 . (21)

Using (16) , (20) and (21) , we obtain

Φ1 (t) ≤ ρ

2
‖wt‖22 +

(
ρL4 +mEL

3 +
JL

2

)
‖wxx‖22 +

m

2
w2
t (0, t)

+
(
ρL+

m

2
+mE

)
w2 (0, t) +

mE

2
w2
t (L, t) +

J

2
w2
xt (L, t) . (22)

For the functional Φ2 (t) , we have

Φ2 (t) ≤ ρ

2
‖wt‖22 +

ρ

2

∫ t

0

g (s) ds

∫ L

0

(g�w) dx+
m

2
w2
t (0, t) +

m

2

∫ t

0

g (s) ds (g3w)

+
mE

2
w2
t (L, t) +

mE

2

∫ t

0

g (s) ds

∫ t

0

g (t− s) (w (L, t)− w (L, s))
2
ds

+
J

2
w2
xt (L, t) +

J

2

∫ t

0

g (s) ds

∫ t

0

g (t− s) (wx (L, t)− wx (L, s))
2
ds (23)

By observing that

(w (x, t)− w (x, s))
2

= [(w (0, t)− w (0, s)) + (u (x, t)− u (x, s))]
2

≤ 2 (w (0, t)− w (0, s))
2

+ 2 (u (x, t)− u (x, s))
2

(24)
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and

(w (L, t)− w (L, s))
2

= [(w (0, t)− w (0, s)) + (u (L, t)− u (L, s))]
2

≤ 2 (w (0, t)− w (0, s))
2

+ 2 (u (L, t)− u (L, s))
2
, (25)

then, using the fact that uxx (x, t) = wxx (x, t) , (24) , (25) and lemma (2.2) , the in-
equality (23) becomes

Φ2 (t) ≤ρ
2
‖wt‖22 +

m

2
w2
t (0, t) +

mE

2
w2
t (L, t) +

J

2
w2
xt (L, t) +

(
ρL+

m

2
+mE

)
ζ (g3w)

+

(
ρL4 +mEL

3 +
JL

2

)
ζ

∫ L

0

(g�wxx) dx (26)

Combining (12) , (18) , (22) and (26), we show that

F (t) ≤ (1 + η1 + η2)
m

2
w2
t (0, t) + (1 + η1 + η2)

mE

2
w2
t (L, t) + (1 + η1 + η2)

J

2
w2
xt (L, t)

+ (1 + η1 + η2)
ρ

2
‖wt‖22 +

[
1

4
+ η1

(
ρL+

m

2
+mE

)]
w2 (0, t)

+

[
EI

2

(
1−

∫ t

0

g (s) ds

)
+ η1

(
ρL4 +mEL

3 +
JL

2

)]
‖wxx‖22 + η4Φ4 (t)

+

[
EI

2
+ η2

(
ρL4 +mEL

3 +
JL

2

)
ζ

] ∫ L

0

(g�wxx) dx

+

[
1

4
+ η2

(
ρL+

m

2
+mE

)
ζ

]
(g3w) + η5Φ5 (t) .

On the other hand, we have

2F (t) ≥ (1− η1 − η2)mw2
t (0, t) + (1− η1 − η2) Jw2

xt (L, t) + (1− η1 − η2)mEw
2
t (L, t)

+ (1− η1 − η2) ρ ‖wt‖22 +

[
1

2
− η1 (2ρL+m+ 2mE)

]
w2 (0, t)

+
[
EI (1− ζ)− η1

(
2ρL4 + 2mEL

3 + JL
)]
‖wxx‖22 + 2η4Φ4 (t)

+
[
EI − η2

(
2ρL4 + 2mEL

3 + JL
)
ζ
] ∫ L

0

(g�wxx) dx

+

[
1

2
− η2 (2ρL+m+ 2mE) ζ

]
(g3w) + 2η5Φ5 (t) .

Therefore,

α1

(
E(t) +

5∑
i=3

Φi (t)

)
≤ F (t) ≤ α2

(
E(t) +

5∑
i=3

Φi (t)

)
, ∀t ≥ 0

for some α1, α2 > 0, provided that

η1 < min

{
1,

1

(4ρL+ 2m+ 4mE)
,

EI (1− ζ)

2ρL4 + 2mEL3 + JL

}
and

η2 < min

{
1− η1,

EI

(2ρL4 + 2mEL3 + JL) ζ
,

1

(4ρL+ 2m+ 4mE) ζ

}
.

This completes the proof. �
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3. Asymptotic behavior

In this section, we state and prove the energy decay result under the control force

f(t). To begin with, let t∗ > 0 be a number such that

∫ t∗

0

g (s) ds = g∗ > 0. As

in [43], for every measurable set A ⊂ R+, we define the probability measure ĝ by

ĝ (A) =
1

ζ

∫
A
g (s) ds. (27)

The non-decreasingness set of g is defined by

Qg =
{
s ∈ R+ : g′ (s) ≥ 0

}
,

and the non-decreasingness rate of g by

Rg = ĝ (Qg) .

We also define

Q̃gt =
{
s ∈ R+ : 0 ≤ s ≤ t, g (t− s) > 0 and g′ (t− s) = 0

}
.

Now, our assumptions on the kernel g are
(H1) g : R+ → R+ is a continuously differentiable non-negative function satisfying∫ ∞

0

g (s) ds = ζ < 1.

(H2) g′ (t) ≤ 0, a.e. t ≥ 0.
(H3) There exists a nondecreasing function γ (t) > 0 such that γ′ (t) /γ (t) = δ (t)

is a decreasing function and

γ (t) g (t) ∈ L1 (0,∞) .

The unknown distributed disturbance is assumed to fulfill the condition
(H4) h ∈ C

(
R+;L2 (0, L)

)
.

Now, we are ready to state and prove the uniform stability under the control force.

Theorem 3.1. Assume that the hypotheses (H1) − (H4) hold and Rg < 3/16. If
Gγ (0) < [4g∗ (4− ζ)− 3ζ] /8 such that g∗ > 3ζ/ (8− 2ζ) and there exists a positive
function µ (t) ∈ C1 [0,∞) where

0 ≤ χ (t)− µ′ (t)

µ (t)
and ‖h‖22 ≤

1

2cµ (t)

(
χ (t)− µ′ (t)

µ (t)

)
, t ≥ 0

where c is given later in (35) . Suppose further that µ (0)F (0) < 1. We deduce that,
there exist some positive constant C such that

E (t) ≤ C

µ (t)
, ∀t ≥ 0 (28)

in the cases:
(a) lim

t→∞
δ (t) = 0 and χ (t) = c1δ (t) (c1 will be chosen in (36)), or

(b) lim
t→∞

δ (t) = δ 6= 0 and χ (t) = c2 (c2 as in (37)).



GENERAL DECAY OF THE EULER-BERNOULLI BEAM FIXED INTO A MOVING BASE 191

Proof. Differentiating the expression (18), using Lemma 5.1 to Lemma 5.4 (see Appen-
dix for more detailed derivations), making use of (13), we find that for any t ≥ t∗ > 0

F ′ (t) ≤
(
EI

2
− η2C1 (ε2)

)∫ L

0

(
g′�wxx

)
dx+

(η3
2
− η2C2 (ε2)

) (
g′3w

)
+

[
1 + L

4ε
+

η4
2ε5

+η1

(
m+

1

4ε1

)
+ η3

(
1

4ε3
+

1

4ε4

)
−K − η2 (g∗m− ε2m− ε2)

]
w2
t (0, t)

+ [η1 − η2 (g∗ − ε2)]mEw
2
t (L, t) +

[
η2ε2 + ε+ η3ε4 − η1

(
1− ε1K2 − 3ε1L

)]
w2 (0, t)

+ [η1 − η2 (g∗ − ε2)] Jw2
xt (L, t) +

[
η1 +

ε0
ρ
− η2 (g∗ − ε2)

]
ρ ‖wt‖22

+

[
η2 (1− g∗)

(
ε2 +

3

2
ζĝ (Q)

)
+ η5

Gγ (0)

EI
− η1

(
1− ζ

2
− 2ε1

L4

EI

)]
EI ‖wxx‖22

+ η2C3 (ε2)

∫ L

0

∫
At
g (t− s) (wxx (t)− wxx (s))2 dsdx+ (η2C4 (ε2) + 2η3ε3ζ)

×
∫
At
g (t− s) (w (0, t)− w (0, s))2 ds+ [(2η3ε3 + η2C5 (ε2)) ζĝ (Q)− η4] (g3w)

+
(

2η2ζĝ (Q)− η1
2

)
EI

∫ L

0

(g�wxx) dx+

(
η1
2ε1

+ η2

(
ε2 +

L4

EI

)
+ ε+

1

4ε0

)
‖h‖22

− η5δ (t) Φ5 (t) + η4
(
2ε5Gβ − β

)
Φ4 (t)

+

[
η2
EI

2
(1− g∗) + η1

EI

2
− η5

] ∫ t

0

g (t− s) ‖wxx (s)‖22 ds,

(29)
As in Tatar [43], we introduce the following sets

An =
{
s ∈ R+, ng′ (s) + g (s) ≤ 0

}
, n ∈ N

and

Ãnt =
{
s ∈ R+, 0 ≤ s ≤ t, ng′ (t− s) + g (t− s) ≤ 0

}
.

We notice that ⋃
n

An = R+\ {Qg ∪Ng} ,

where Ng is the null set where g′ is not defined. Furthermore, if denoting Qn = R+\An,
then lim

n→∞
ĝ (Qn) = ĝ (Qg) because Qn+1 ⊂ Qn for all n and⋂

n

Qn = Qg ∪Ng.

We take At = Ãnt and Qt = Q̃nt in (29) , then, we have∫ L

0

(
g′�wxx

)
dx ≤ − 1

n

∫ L

0

∫
Ãnt

g (t− s) (wxx (t)− wxx (s))2 dsdx (30)

and (
g′3w

)
≤ − 1

n

∫
Ãnt

g (t− s) (w (0, t)− w (0, s))2 ds. (31)

Now, we start selecting the deferent parameters. First, choosing ε2 < g∗, η1 = 3(g∗−ε2)
4

η2,

η5 = 3EI
4
η2, ε = 1

8
(g∗ − ε2) η2, ε0 = 1

8
ρ (g∗ − ε2) η2, ε1 < min

{
1

2(K2+3L)
, ζEI
16L4

}
, ε3 = 1

16ζn
,

ε4 = 1
4
η2 (g∗ − ε2), ε5 = β

4Gβ
and taking into account the inequalities (30) and (31) , we infer
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from (29) that

F ′ (t) ≤
(
EI

4
− η2C1 (ε2)

)∫ L

0

(
g′�wxx

)
dx+

(
1

8
− η2C2 (ε2)

)(
g′3w

)
−

(g∗ − ε2)

4
η2mEw

2
t (L, t)

+

[
ε2 −

1

8
(g∗ − ε2)

]
η2w

2 (0, t)−
(g∗ − ε2)

4
η2Jw

2
xt (L, t)−

(g∗ − ε2)

8
η2ρ ‖wt‖22

+

[
3

4
Gγ (0) + (1− g∗)

(
ε2 +

3

2
ζĝ (Q)

)
−

3

4
[(1− σ) + σ] (g∗ − ε2)

(
1−

3ζ

4

)]
η2EI ‖wxx‖22

+

[
1 + L

4ε
+ η1

(
m+

1

4ε1

)
+ η3

(
1

4ε3
+

1

4ε4

)
+

η4

2ε5
−K − η2 (g∗m− ε2m− ε2)

]
w2
t (0, t) (32)

+

[(
1

16ζn
+ η2C5 (ε2)

)
ζĝ (Qn)−

1

2

]
(g3w) +

[
2ζĝ (Q)−

3 (g∗ − ε2)

8

]
η2EI

∫ L

0
(g�wxx) dx

−
(g∗ + 2)

8
η2EI

∫ t

0
g (t− s) ‖wxx (s)‖22 ds+

(
η2C4 (ε2)−

1

16n

)∫
Ãnt
g (t− s) (w (0, t)− w (0, s))2 ds

+

(
η2C3 (ε2)−

EI

4n

)∫ L

0

∫
Ãnt

g (t− s) (wxx (t)− wxx (s))2 dsdx−
β

4
Φ4 (t)− η5δ (t) Φ5 (t)

+

(
1

2ε1

3 (g∗ − ε2)

4
η2 + η2

(
ε2 +

L4

EI

)
+

1

8
(g∗ − ε2) η2 +

1

4ε0

)
‖h‖22 ,

for some 0 < σ < 1. For small ε2 and large values of n and t∗, if ĝ (Qn) < 3/16, we have

2ζĝ (Qn)−
3 (g∗ − ε2)

8
< 0

and

(1− g∗)
3

2
ζĝ (Qn) < σ

3

4
(g∗ − ε2)

(
1−

5ζ

8

)
, (33)

with σ =
3ζ(1−g∗)
g∗(8−5ζ)

. Note that for t∗ large enough, we have 0 < σ < 1. On other hand, we require

that Gγ (0) satisfy
3

4
Gγ (0) <

3

4
(1− σ) (g∗ − ε2)

(
1−

5ζ

8

)
, (34)

then (34) is satisfied if

Gγ (0) <
1

8
[4g∗ (4− ζ)− 3ζ]

and g∗ >
3ζ

8−2ζ
. By taking into account (33) , (34) and selecting ε2 small enough if needed yield{

(1− g∗)
(
ε2 + 3

2
ζĝ (Qn)

)
+

3Gγ(0)

4
− 3

4
[(1− σ) + σ] (g∗ − ε2)

(
1− 5ζ

8

)
< 0,

ε2 − 1
8

(g∗ − ε2) < 0.

Once ε2, n and t∗ are fixed, we take η2 small enough so that

EI
4
− η2C1 (ε2) > 0,

1
8
− η2C2 (ε2) > 0,

η2C3 (ε2)− EI
4n

< 0,

η2C4 (ε2)− 1
16n

< 0,
ĝ(Qn)
16n

+ η2C5 (ε2) ζĝ (Qn)− 1
2
< 0.

Finally, we choose K large enough, such that

1 + L

4ε
+ η1

(
m+

1

4ε1

)
+ η3

(
1

4ε3
+

1

4ε4

)
+

η4

2ε5
−K − η2 [(g∗ − ε2)m− ε2] < 0.

Consequently, we deduce from (32) that

F ′ (t) ≤ −c0 (Φ3 (t) + Φ4 (t))− η5δ (t) Φ5 (t) + c ‖h‖22 , (35)

for some positive constants c0 and c. Now,
(a) If lim

t→∞
δ (t) = 0, then, there exists a t̂ (c0) ≥ t∗ such that δ (t) ≤ c0 for t ≥ t̂ (c0) . Hence, by

exploiting the right-hand side of inequality (19) , we infer from (35) that

F ′ (t) ≤ −c1δ (t)F (t) + c ‖h‖22 , t ≥ t̂, (36)
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for some positive constants c1. Now, applying Lemma (2.4) with

χ (t) = c1δ (t) , σ (t) = 0, β (t) = c ‖h‖22 ,

we conclude from (36) and the left-hand side of (19) that

E (t) ≤
C

µ (t)
, t ≥ t̂,

for some positive constant C, provided that µ (0)F (0) < 1.

(b) If lim
t→∞

δ (t) = δ 6= 0, then, there exists a t̂ (c0) ≥ t∗ such that δ (t) ≥ c0 for t ≥ t̂. Therefore,

(35) we get

F ′ (t) ≤ −c2F (t) + c ‖h‖22 , t ≥ t̂, (37)

for some c2 > 0. In view of Lemma (2.4) for

χ (t) = c2, σ (t) = 0, β (t) = c ‖h‖22 ,

we infer from (37) that

E (t) ≤
C

µ (t)
, t ≥ t̂

for a constant C > 0, provided that µ (0)F (0) < 1. Furthermore, using the continuity and bound-

edness of E (t) in [0, t̂], we get (28) . �

4. Simulation analysis

This section is devoted to the numerical simulations, to clarify the efficiency ,of the
given control. The parameters associated to our system are: E = 69 × 109Nm−2,
I = 8.93 × 10−13m4, L = 0.4m, ρ = 0.065Kgm−1, m = 0.50Kg, mE = 0.01Kg,
J = 0.0001Kgm2, K = 110 and the initial displacement and velocity are:

w0(x) = sin
(π
L
x
)

and w1(x) = 0.

We indicate that we selected the kernel function as g(t) = e−τt for some τ ∈ R+.
The external disturbance h(x, t) is given as:

h(x, t) = 0.01 sin(0.001πxt).

We have exploited the method of finite difference for numerical approximation of
the problem (7)–(9). We have adopted, for both spatial and temporal derivatives
in the differential equation (8) and the boundary condition (9), Central difference
approximations.

In what concerns the convolution term, the Trapezoid method has been used.
We observe that, the convolution term requires to store the solutions from t = 0
and use them at every time step. This, together with large values of the model
parameters, require very small values of time steps, which increases calculated time.
Hence, it is possible to scale the parameters for computer simulations to overcome
time performance.

The solution behavior associated to the problem (7)–(9), with the control (11), is
illustrated in Figures 1 at x = 0.1 and 2 at x = 0.2.

Figure 2 displays the discrepancy of solutions in the presence or absence of the
control affect at the points x = 0.2 and the boundary x = L. The affect of the control
(11) may be observed, after a short time thanks to the convolution term, in especially,
when getting closer to the boundary point x = L.
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Figure 1. Beam displacement at x = 0.1.

Figure 2. Beam displacement at x = 0.2.

5. Appendix

In this section, we state some useful which were helpful in the proof of the Theorem 3.1.

Lemma 5.1. Under the assumptions (H1) − (H4), along the solution of (8) − (10), the
derivative of Φ1 (t) satisfies the estimate

Φ′1 (t) ≤ρ ‖wt‖22 +

(
m+

1

4ε1

)
w2
t (0, t) +mEw

2
t (L, t) + Jw2

xt (L, t)

−
(
1− ε1K2 − 3ε1L

)
w2 (0, t)−

(
1− ζ

2
− 2ε1

L4

EI

)
EI ‖wxx‖22 −

EI

2

∫ L

0

(g�wxx) dx

+
EI

2

∫ t

0

g (t− s) ‖wxx (s)‖22 ds+
1

2ε1
‖h‖22 , (38)

for all t ≥ 0 and ε1 > 0.
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Proof. Differentiating Φ1 (t) with respect to t and using (8)− (10), we get

Φ′1 (t) = ρ ‖wt‖22 +

∫ L

0

w

(
−EIwxxxx (x, t) + EI

∫ t

0

g (t− s)wxxxx (s) ds+ h (x, t)

)
dx

+mw2
t (0, t) + w (0, t)

(
−EIwxxx (0, t) + EI

∫ t

0

g (t− s)wxxx (0, s) ds−
∫ L

0

h (x, t) dx+ f (t)

)
+mEw

2
t (L, t) + w (L, t)

(
EIwxxx (L, t)− EI

∫ t

0

g (t− s)wxxx (L, s) ds

)
+ Jw2

xt (L, t) + wx (L, t)

(
−EIwxx (L, t) + EI

∫ t

0

g (t− s)wxx (L, s) ds

)
. (39)

Integrating by parts, we have

−
∫ L

0

wwxxxxdx = −w (L, t)wxxx (L, t) +w (0, t)wxxx (0, t) +wx (L, t)wxx (L, t)− ‖wxx‖22 ,

(40)
and ∫ L

0

w

∫ t

0

g (t− s)wxxxx (s) dsdx

= w (L, t)

∫ t

0

g (t− s)wxxx (L, s) ds− w (0, t)

∫ t

0

g (t− s)wxxx (0, s) ds

− wx (L, t)

∫ t

0

g (t− s)wxx (L, s) ds+

∫ L

0

wxx (t)

∫ t

0

g (t− s)wxx (s) dsdx. (41)

Substituting the relations (40) and (41) into (39), and using the fact that (11), we obtain

Φ′1 (t) =ρ ‖wt‖22 +mw2
t (0, t) +mEw

2
t (L, t) + Jw2

xt (L, t)− w2 (0, t)−Kw (0, t)wt (0, t)

− w (0, t)

∫ L

0

h (x, t) dx+

∫ L

0

w(x, t)h (x, t) dx− EI ‖wxx‖22

+ EI

∫ L

0

wxx (t)

∫ t

0

g (t− s)wxx (s) dsdx. (42)

By using Young’s inequality, we estimated the terms in the right-hand side of (42) as follows

−Kw (0, t)wt (0, t) ≤ ε1K2w2 (0, t) +
1

4ε1
w2
t (0, t) , (43)

and

− w (0, t)

∫ L

0

h (x, t) dx ≤ ε1Lw2 (0, t) +
1

4ε1
‖h‖22 , ε1 > 0. (44)

Moreover, from (21) , we have∫ L

0

w(x, t)h (x, t) dx ≤ ε1 ‖w‖22 +
1

4ε1
‖h‖22

≤ 2ε1Lw
2 (0, t) + 2ε1L

4 ‖wxx‖22 +
1

4ε1
‖h‖22 , ε1 > 0. (45)

Thank’s to the identity (17) and by inserting the above estimates (43)-(45) into (42) , we get
(38) . �
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Lemma 5.2. The derivative of the functional Φ2 (t) satisfies along solutions of the problem
(8)− (10)

Φ′2 (t) ≤ − (g∗ − ε2) ρ ‖ωt‖22 − (g∗m− ε2m− ε2K)ω2
t (0, t)− (g∗ − ε2)mEω

2
t (L, t)

− (g∗ − ε2) Jω2
xt (L, t) + ε2ω

2 (0, t) + (1− g∗)
(
ε2 +

3

2
ζĝ (Q)

)
EI ‖ωxx‖22

+
EI

2
(1− g∗)

∫
Qt

g (t− s) ‖ωxx (s)‖22 ds− C1 (ε2)

∫ L

0

(
g′�ωxx

)
dx− C2 (ε2)

(
g′3ω

)
+

+ C3 (ε2)

∫ L

0

∫
At
g (t− s) (ωxx (t)− ωxx (s))2 dsdx+ C4 (ε2)

∫
At
g (t− s) (ω (0, t)− ω (0, s))2 ds

+ 2EIζĝ (Q)

∫ L

0

∫
Qt

g (t− s) (ωxx (t)− ωxx (s))2 dsdx (46)

+ C5 (ε2) ζĝ (Q)

∫
Qt

g (t− s) (ω (0, t)− ω (0, s))2 ds+

(
ε2 +

L4

EI

)
‖h‖22 , t ≥ t∗ > 0,

for any ε2 > 0, where

C1 (ε2) =

(
ρL4

2ε2
+
mEL

3

2ε2
+
JL

4ε2

)
g (0) , C2 (ε2) =

(
ρ

2ε2
+

m

4ε2
+
mE

2ε2

)
g (0) ,

C3 (ε2) =
(1− g∗) ζEI

4ε2
+ 4ζEI,

C4 (ε2) =
ζEI

L3
+
ζK2

2ε2
+
ζ + L

2ε2
, and C5 (ε2) =

K2

2ε2
+

1 + L

2ε2
+
EI

L3
.

Proof. Differentiating Φ2 (t) and using (8)− (10), we arrive at

Φ′2 (t) = −
(∫ t

0

g (s) ds

)(
ρ ‖wt‖22 +mw2

t (0, t) +mEw
2
t (L, t) + Jw2

xt (L, t)
)

− EI
∫ L

0

(g ∗ w)

∫ t

0

g (t− s)wxxxx (s) dsdx+ EI

∫ L

0

wxxxx (g ∗ w) dx

−
∫ L

0

h (x, t) (g ∗ w) dx− ρ
∫ L

0

wt
(
g′ ∗ w

)
dx− EIwxxx (L, t) (g } w)

+ EI (g } w)

∫ t

0

g (t− s)wxxx (L, s) ds−mEwt (L, t)
(
g′ } w

)
+ EIwxxx (0, t) (g ◦ w)

− EI (g ◦ w)

∫ t

0

g (t− s)wxxx (0, s) ds+ (g ◦ w)

∫ L

0

h (x, t) dx− (g ◦ w) f (t)−mwt (0, t)
(
g′ ◦ w

)
− Jwxt (L, t)

(
g′ } wx

)
+ EIwxx (L, t) (g } wx)− EI (g } wx)

∫ t

0

g (t− s)wxx (L, s) ds.

(47)
Integrating by parts in (47), we have

∫ L

0

wxxxx (g ∗ w) dx =wxxx (L, t) (g } w)− wxxx (0, t) (g ◦ w)− wxx (L, t) (g } wx)

+

∫ L

0

wxx (g ∗ wxx) dx, (48)
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and

−
∫ L

0

(g ∗ w)

∫ t

0

g (t− s)wxxxx (s) dsdx

=− (g } w)

∫ t

0

g (t− s)wxxx (L, s) ds+ (g ◦ w)

∫ t

0

g (t− s)wxxx (0, s) ds

+ (g } wx)

∫ t

0

g (t− s)wxx (L, s) ds−
∫ L

0

(g ∗ wxx)

∫ t

0

g (t− s)wxx (s) dsdx.

(49)

Using the relations (11) , (48) and (49) , the identity (47) takes the following form

Φ′2 (t) = −
(∫ t

0

g (s) ds

)(
ρ ‖wt‖22 +mw2

t (0, t) +mEw
2
t (L, t) + Jw2

xt (L, t)
)

+ EI

(
1−

∫ t

0

g (s) ds

)∫ L

0

wxx (g ∗ wxx) dx+ EI

∫ L

0

(g ∗ wxx)2 dx

−
∫ L

0

h (x, t) (g ∗ w) dx− ρ
∫ L

0

wt
(
g′ ∗ w

)
dx−mEwt (L, t)

(
g′ } w

)
+Kwt (0, t) (g ◦ w)

+ w (0, t) (g ◦ w) + (g ◦ w)

∫ L

0

h (x, t) dx−mwt (0, t)
(
g′ ◦ w

)
− Jwxt (L, t)

(
g′ } wx

)
.

(50)
Now, we estimate the terms on the right-hand side of expression (50). For all measurable
sets A and Q such that A = R+\Q. For the fifth term, we have∫ L

0

wxx (g ∗ wxx) dx = c

∫ L

0

wxx

∫
A∩[0,t]

g (t− s) (wxx (t)− wxx (s)) dsdx

+

∫ L

0

wxx

∫
Q∩[0,t]

g (t− s) (wxx (t)− wxx (s)) dsdx

≤
∫ L

0

wxx

∫
A∩[0,t]

g (t− s) (wxx (t)− wxx (s)) dsdx+

(∫
Q∩[0,t]

g (t− s) ds

)
‖wxx‖22

−
∫ L

0

wxx

∫
Q∩[0,t]

g (t− s)wxx (s) dsdx. (51)

For simplicity, we use the notation Bt = B∩ [0, t] . By Young’s inequality, we have for ε2 > 0∫ L

0

wxx

∫
At
g (t− s) (wxx (t)− wxx (s)) dsdx

≤ ε2 ‖wxx‖22 +
ζ

4ε2

∫ L

0

∫
At
g (t− s) (wxx (t)− wxx (s))2 dsdx

and

−
∫ L

0

wxx

∫
Qt

g (t− s)wxx (s) dsdx ≤ 1

2

(∫
Qt

g (t− s) ds
)
‖wxx‖22+

1

2

∫
Qt

g (t− s) ‖wxx (s)‖22 ds

Now, (51) becomes∫ L

0

wxx (g ∗ wxx) dx ≤ ζ

4ε2

∫ L

0

∫
At
g (t− s) (wxx (t)− wxx (s))2 dsdx (52)

+

(
ε2 +

3

2
ζĝ (Q)

)
‖wxx‖22 +

1

2

∫
Qt

g (t− s) ‖wxx (s)‖22 ds
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where ĝ (Q) is defined in (27) . Next,∫ L

0

(g ∗ wxx)2 dx ≤3ζ

∫ L

0

∫
At
g (t− s) (wxx (t)− wxx (s))2 dsdx

+
3

2
ζĝ (Q)

∫ L

0

∫
Qt

g (t− s) (wxx (t)− wxx (s))2 dsdx. (53)

For 8th, as uxx (x, t) = wxx (x, t) , using Young’s inequality, (15) and (24) , we obtain

−
∫ L

0

wt
(
g′ ∗ w

)
dx ≤ ε2 ‖wt‖22 +

1

4ε2

(∫ t

0

−g′ (s) ds
)∫ L

0

(
−g′�w

)
dx

≤ ε2 ‖wt‖22 −
g (0)

2ε2

(
g′3w

)
− g (0)L4

2ε2

∫ L

0

(
g′�wxx

)
dx, (54)

Using the relations (14), (16) and (25) , The last fifth terms on the right-hand side of (50)
can be estimated for ε2 > 0 as follows

−wt (L, t)
(
g′ } w

)
≤ ε2w

2
t (L, t)− 1

4ε2
g (0)

∫ t

0

g′ (t− s) (w (L, t)− w (L, s))2 ds

≤ ε2w
2
t (L, t)− g (0)

2ε2

(
g′3w

)
− g (0)L3

2ε2

∫ L

0

(
g′�wxx

)
dx, (55)

Kwt (0, t) (g ◦ w) ≤ ε2w
2
t (0, t) +

ζK2

2ε2

∫
At
g (t− s) (w (0, t)− w (0, s))2 ds

+
K2

2ε2
ζĝ (Q)

∫
Qt

g (t− s) (w (0, t)− w (0, s))2 ds, (56)

w (0, t) (g ◦ w) ≤ ε2w
2 (0, t) +

ζ

2ε2

∫
At
g (t− s) (w (0, t)− w (0, s))2 ds

+
1

2ε2
ζĝ (Q)

∫
Qt

g (t− s) (w (0, t)− w (0, s))2 ds, (57)

(g ◦ w)

∫ L

0

h (x, t) dx ≤ ε2 ‖h‖22 +
ζL

2ε2

∫
At
g (t− s) (w (0, t)− w (0, s))2 ds

+
L

2ε2
ζĝ (Q)

∫
Qt

g (t− s) (w (0, t)− w (0, s))2 ds, (58)

− wt (0, t)
(
g′ ◦ w

)
≤ ε2w2

t (0, t)− g (0)

4ε2

(
g′3w

)
(59)

and

− wxt (L, t)
(
g′ } wx

)
≤ ε2w2

xt (L, t)− g (0)L

4ε2

∫ L

0

(
g′�wxx

)
dx (60)

Finally, by exploiting the relations (24) and for ε2 = EI
4L4 , we obtain the estimate

−
∫ L

0

h (x, t) (g ∗ w) dx ≤ EI

2L4

∫ L

0

(∫
At
g (t− s) (w (t)− w (s)) ds

)2

dx

+
EI

2L4

∫ L

0

(∫
Qt

g (t− s) (w (t)− w (s)) ds

)2

dx+
L4

EI
‖h‖22

≤ ζEI

∫ L

0

∫
At
g (t− s) (wxx (t)− wxx (s))2 dsdx

+
ζEI

L3

∫
At
g (t− s) (w (0, t)− w (0, s))2 ds
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+
EI

2
ζĝ (Q)

∫ L

0

∫
Qt

g (t− s) (wxx (t)− wxx (s))2 dsdx+
L4

EI
‖h‖22

+
EI

L3
ζĝ (Q)

∫
Qt

g (t− s) (w (0, t)− w (0, s))2 ds. (61)

Therefore, collecting the previous estimates (52) to (61) into (50) , the Lemma 5.2 is estab-
lished. �

Lemma 5.3. The functional Φ3 (t) satisfies, for all ε3, ε4 > 0

Φ′3 (t) ≤ 1

2

(
g′3w

)
+ 2ε3ζ

∫
At
g (t− s) (w (0, t)− w (0, s))2 ds+

(
1

4ε3
+

1

4ε4

)
w2
t (0, t)

+ε4w
2 (0, t) + 2ε3ζĝ (Q)

∫
Qt

g (t− s) (w (0, t)− w (0, s))2 ds, t ≥ 0. (62)

Proof. By differentiating Φ3 (t), we obtain

Φ′3 (t) =
1

2

(
g′3w

)
+ wt (0, t) (g ◦ w) + wt (0, t)w (0, t) . (63)

Clearly, it suffices to observe that

wt (0, t) (g ◦ w) ≤ 2ε3ζĝ (Q)

∫
Qt

g (t− s) (w (0, t)− w (0, s))2 ds

+2ε3ζ

∫
At
g (t− s) (w (0, t)− w (0, s))2 ds+

1

4ε3
w2
t (0, t) (64)

and

wt (0, t)w (0, t) ≤ ε4w2 (0, t) +
1

4ε4
w2
t (0, t) , (65)

to get (62). �

Lemma 5.4. For any ε5 > 0, the functionals Φ4 (t) and Φ5 (t) satisfies,

Φ′4 (t) ≤ −
(
β − 2ε5Gβ

)
Φ4 (t) +

1

2ε5
w2
t (0, t)− (g3w) , t ≥ 0 (66)

and

Φ′5 (t) ≤ Gγ (0) ‖wxx‖22 − δ (t) Φ5 (t)−
∫ t

0

g (t− s) ‖wxx (s)‖22 ds, t ≥ 0. (67)

Proof. A differentiation of Φ4 (t) gives

Φ′4 (t) = −βΦ4 (t)−
∫ t

0

g (t− s) (w (0, t)− w (0, s))2 ds

+2wt (0, t)

∫ t

0

Gβ (t− s) (w (0, t)− w (0, s)) ds. (68)

Noting that

wt (0, t)

∫ t

0

Gβ (t− s) (w (0, t)− w (0, s)) ds ≤ 1

4ε5
w2
t (0, t) + ε5GβΦ4 (t) , (69)

where

Gβ =

∫ ∞
0

Gβ (s) ds.

Then, making use (68) and (69), leads to (66). For the proof of (67) see [43]. �
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