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ABSTRACT. The aim of this study is to obtain new generalizations of Levinson type inequalities
for the class of n-convex(n > 3) functions using new Green functions along with Montgomery
identity. Some new estimations for novel functionals are derived via Bullen-type inequalities.
Furthermore, generalized Levinson-type inequalities are established for positive real weights
involving Montgomery identity and Green function.
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1. Introduction and Preliminaries

Convex functions are useful in many areas of mathematics. Convex functions are
crucial to modern analysis as well as the study of optimization issues. There is a
strong relationship between convex functions and the theory of inequalities. Many
mathematicians and physicists have utilising higher order convexity to take advantage
of the inequalities and tackle issues requiring more dimensions. In [1, p. 16], criteria
for convex function of higher order is provided as; ” f is n-convex if and only if nth-
order derivative of f is non-negative, provided that f(") exists.”

Divided difference [1, p. 14], technique is defined as follows:

Definition 1.1. For a function A : [1%1, &32] — R, the nth order divided difference, at
mutually exclusive points ug, ..., u, € [by, bs] is defined recursively by
[ue; Al =A(ue), €=0,...,n,
[ty .oy tn; Al — [ug, ..oy tun—1; Al

ooy Al = . 1
gt A Lo )

It is known that (1) is equivalent to

[uo,...,un;A]:ZA<uE) where c(u):H(ufue).

e=0 ¢ (Ac) e=0

Using divided difference, n-convex function [1, p. 15], is defined as follows:

Definition 1.2. A function A : [&317 lf)g] — Ris called n-convex (0 < n), for ug, ..., u, €
[by, bs], if and only if
[toy -y tun; A] >0
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holds.

If [ug, ..., un; A] < 0,then A is n-concave.
The Ky Fan’s inequality, for 3-convex functions was expanded by Levinson [2], as:
Theorem A. Consider A : I = (0,20) — R with %A(z) > 0. Consider z. € (0,9)
and p. > 0 with Zle pe = Q. Then

e=1 e=1 e=1
1 0
_A(Zpe<26_ ma)) (2)
0 =1
Popoviciu [3], pointed out that Levinson Inequality (2) significantly affects on
(0,20), and Bullen [6], offered a unique form of Popoviciu’s conclusions as well as the

opposite of (2).
Theorem B. (i) Consider a 3-convex function A : t = [by,bs] — R and z.,y. € ¢,
pe >0(e=1,2,...,0) and >2_| p. = Q; so that

max{x; ...z} <min{y; ...y}, 1 +z1=... =y + 2, (3)
then

Ly A A Ly Ly A A Ly
~ € e) ~ eve Si € e) ~ ede |- 4
Qé;p () (Q@;px) Q@;p (ye) (Qé;py> (4)

(#9) If A is continuous, (3) and (4) hold then A is 3-convex, for p. > 0.
From (4), we have following functional:

D(A()) = C;@ zpeA(ys) - A<Ql@ Zpsys> - Ql@ ZPEA(IE)

+A(1 Zps-ra) > 0. (5>
Qé e=1

Pecari¢ [7], explained inequality (4) in the following result by employing weaker cri-

teria (3).

Theorem C. Suppose A : t = R, p. and A®)(t) are non-negative. Assume z.,y. € t

be such that z.+y. = 2¢, fore = 1,..., 9, xe+Ts_cr1 < 2¢and é > pszs:fj;z:if‘s“,

then (4) holds.

Mercer demonstrated in [8] that the following theorem’s symmetric distribution of

the points makes (4) correct.

Theorem D. Let A be a 3-convex function, defined on t and p. be such that
¢ p-=1 Ifmin{y;...ys} > max{z;...2,} and

A 2
4

Zps (xs - ZPs%) = Zps <ys - Zpe?k) ) (6)

e=1

then (4), holds.
Let t = [by, bs] C (—00,00). In[11], Awais et al., defined extended version of 3-convex
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Green functions and proved following identities:

i i I . i (T (\II_Ibl)2 "7,
A(¥) = A(b1) + (¥ —b1)A (bz) + (¥ — by ) (¥ — ba)A"(by) — ff\ (b2)

n / G (T, 0)A"(0)d0, (7)

A(®) = A(b2) + (¥ — by)A'(by) — (ba — b1)A (by)
A//(lf)l) (\IJ —2b1)2 —|—(\I/ Ibl)(lf)l bz):|
+ A" () [W (W= By (W — uag)} _ /tag(\p, 0)A”(0)d0, (9)

A(T) = A(Ui31) + (&32 - IE)1)A/(E31) B (Ubg B \I/)A’(UE)Q)
+ A (by) [(\I/ — Do) (¥ —by) + (‘b2_2.[b1)2:|

- [(\1/ —by)(by — by) + W} A" (Ibg) + /A”’(@)G4(\If, ©)de. (10)

t
Where Gy, : t x t = R, and for &k € {1,2,3,4}, Gy, is given as:

1O D)2+ (¥ — by )(¥ — by), IB<@<
C1(V,0) = 3 ( o1)” + (¥ 1)((@_&31)22) 1 <0< )
(U —b1)(© b))+ T21 w<O<h
G2(V,0) = (¥ — ujOQ)z(@ B Uz)l) A+ %(\P - EQ)Qv b <0<V 12)
’ @52 | (4 h)(0 b)), W<O<bhy
U—b)(O©—hy)+ TP h<o<v
Gg(q/,@): 1( A1)2( 2):‘» 2 1S Y, (13)
3O —b1)2+ (U —Db1)(¥—by), T<O<hy
(6-by)? T o .
G4(¥,0) = 5o+ (U UOz)l(‘I’ “0}),2 by <©<V, (14)
(U —D2)(0 —by) + 3(¥ —hby)?2, ¥ <O <hy.

To obtain our primary results, we use Montgomery identity with Taylor formula [4],
stated as:

Theorem I. Let I C R be the open interval and UE)l,UE)Q € I such that UE)l < U?)g. Let
A1) be absolutely continuous defined on I. Then for n € N

A(c+1 ( ) (@ Ibl)chQ
c(c+2)  by—Tby

A©O) = - L /A( )dv+z
t ¢=0

be — by
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(B) G2

(D) Ga

FIGURE 1. Graph of Gi(k =1,...,4) for different values of ¥ and
O.
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n—2 N »
AT (by) (© — by) t2 1
- ' (b2) ( ~ 2? /Rn(G,U)A(”)(v)dv
— cd(c+2)  by—Dy (n—1"J;
(15)
holds, where
_ O | O-by (g ) 1) by <v<O:;
R (@ U) _ n((gZ*gal) + D:giu%)l ((@ U) )7 bl — v i 6) (16)
nAMD _ —v)" —bo . \n—1 i
n(Bz—b1) + Bo_by ((@ ’U) ), O < v < b,
For n =1 in (15), we have well-known Montgomery identity given in [5].
1 /
A©) = 1 / A@W)dv + / PO, )A (v)dv,
by — by Jt t
where the Peano kernel, P(©,v) is defined as
v=bi [, <y <O;
P(@,v)={ Pab’ L= (17)
Avig, O < v <hs,.
by—by

Through Montgomery inequality, Pecari¢ et al. provided a new generalisation of
Popoviciu-type inequality in [9]. Additionally, they used the newly created four Green
functions to state new identities. These generalised identities were employed by nu-
merous writers to calculate the limits of various inequalities. Adeel et al. employed
Montgomery identity and Green functions in [10] to generalise Levinson type inequal-
ities.

In recent years many authors presented a fruitful derivations in the field of higher
order convex functions using Levinson-type inequlities and gave their fruitful applica-
tions. In [11], Rasheed et al. gave novel 3-convex four Green functions with graphical
representation. They also obtained new identities using these Green functions and
derived generalizations of Levinson type inequalities. They also calculated fruitful
results of their main findings in information theory. In [12], authors derived new
bounds for Levinson-type and Bullen-type inequalities by using Hermite interpola-
tion and new Green’s functions. In 2024, bounds for Levinson-type inequalities are
derived in the form of Taylor’s formula involving Green’s functions by Rasheed [20] et
al.. They also established various estimations for Bullen-type inequalities for positive
real weights.

In the domain of analysis, Adeel et al. constructed the Levinson inequality for 3-
convex functions [13] and achieved successful outcomes. Abel-Gontscharoff interpo-
lation was used by Khan [14] et al. to establish generalisations of Levinson-type
inequalities for convex functions of higher order. Adeel et al. computed Shannon
entropy and provided results for f-divergence in [15] using new Green functions and
the Lidstone polynomial in conjunction with Levinson type inequalities. By using
the Hermite interpolating polynomial, Adeel [16] et al. successfully obtained the
Levinson-type inequality for convex functions of higher order. They also provided es-
timates for the Shannon entropy and f-divergence. Adeel et al. presented numerous
results linked to Levinson-type inequalities for higher order convex functions associ-
ated to different interpolations including: Hermite interpolating polynomial, Fink’s
identity and Lidstone interpolation (see [17-19]). Bilal et al. gave extended version of
Shannon type inequalities and inequalities for Csiszar’s f-divergence using diamond
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integrals in [21,22]. The obtained results are more comprehensive and generalized in
Time scales calculus.

2. Main Results

The results associated to Bullen-type and Levinson-type inequalities using new Green
functions are provided.

§: Suppose a function A : t = [by, by] — R. Let (py,...,p;) € R2and (qu,...,q,) €
R¥ be such that ZE Pe =132 g =1land xc,ye, >0 Pelc, Yoo GeYe € t. Then

qu Ye) <quye> Zps e +A<2peze> (18)

Also, choose z1 ...x5 and y; ...y, € tsuch that max{xl oo zpr <min{y; ...y} and

R R 2 2
4 4 w w
S0 ( : ng) Y (y - z%) | (19
e=1 e=1 e=1 e=1
®: Suppose A € C’"[UE)l7 lf)l] and A"~V is absolutely continuous. Let (p1,---,p5) be

positive real numbers such that Zle pe = 1.

2.1. Extension of Bullen-type inequalities for higher order convex func-
tions. Identity (5), gives us motivation for the construction of following identities:

Theorem 2.1. Suppose §. Let A=Y be absolutely continuous and A € C”[Ug)l, TE)Q]
Then, for k =1,4, we have

(1) M(AC)) = 5Plp,aa,u](2A" (br) ~ A" (52))

; z(A”(”g’Ugi :g:%)) JraGc.ondo+ [rc.0)

y (e — [A(c (b1)(© — b1)*2 — A9 (by)(© — by)¢2
by — by

+(ni / A ( /M Gl (@,v)d@)dv, (20)
and

(i) MIA()) = S Flp,q25](2A” (B1) — A" (52))
+ 2(A (b2) = A (b1)> /M(Gk(-, 0))do + /M(Gk(-, o))

Jae

=3

by — by
n—1 1 A(c)( i )(@ _ El)C*Q A(C ([E)Q)(@ — IBQ)C*Z
x;(c_2)(c_4)|[ — b, }d@

+(ni /A(n) (/M Gl (@,v)d@)dv, (21)
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For k =2,3,

—_

(i) M(A(-)) = SP[p,g,@,y)(2A" (bs) — A" (b1))

2
~2(~ ) fueuepie - [uGic-e))
U e(c— 1) [AOD)(O — By) 2 — A (y) (O — y)—2
W= B2 — br Jae

_(n_l / A ( (/MGk (@,v)d@)dv,

and
) 1 "o A
() M(A()) = SPlp,q.2,y](2A (b2) — A (b))
A (by) — A (b
o MR N enie - [t o)
ba — by t t
S S S CICCE it GLAE M‘j @©
— (c—2)(c—4)! — b
1
S S RO /M
(71_4)!/t ( (G (-, _3(0©, v)d@)dv,
where
(@71})"—? o—b, _ a\n—4 i <p<O-
Ry_3(0,v) = { 2(n(§><u§21§1> TR Pa— 5 (0=, bisvs6;
n- ’ —v)" " by _ . \n—4 i
2(,“73)(“3271}31) + [B27u‘)1 ((@ ’U) )7 @ <wv < b?;
and
_ (@—Uh)"fi:’ A@—l}h)hl _ . \n—4 - <p< .
Ry-3(0,v) = { "o 5,5, (070", b v,
n—3\ —v)"? ©—by n—4 T
_(n73)(1€)27ﬂ31) + 1627[[”)1 ((G_U) )7 S <wv SIb27
w 0 0
pycba";y ZQeye ZQEye)Z - ZPEHC? + (Zpsxe)Q,
e=1 e=1 e=1
and

w w 0
M(Gi(©)) = D ¢Gr(ye,0) —&(quye,@) —> pGi(x:,©
e=1 e=1 e=1
0
+Gk<zpe‘rsu@)v

e=1

Gi(-,0) (k=1,...4,) are provided in (11)-(14), respectively.

(26)
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Proof. (i) Let k = 1,4, then applying (18) to the identities (7) and (10) and using
linearity of M(A(-)), we get

M(A()) = % [Z QGy? - <ZQeye> - Zpsxg + (Zpa:r'e) ‘|
e=1 e=1 e=1 e=1
x (20" (1) — A" (b2)) + / M(G(.,0))A®) (©)do. (28)

Differentiating (15) with respect to '0’, we have

ADO) = Q(A”@é;)@”(m))

by — by
(e —1) (AD(B)(O0 —by) =2 — A (Hy)(© — )2
Jr;(c_l)!( by — by >
1 5, n
"rm /tRn 3(9 )A( )( ) (29)

Putting (29) in (28), we get

w : 6
[Z gyl = O aeye)® =Y pea? + (Zpsxs)Q]
e=1 e=1 e=1

L\DM—*

< (20" (By) — A" (o)) + 2(A “Ogi - ﬁ (b2) ) (Gt 0a0
+ [MGc )
(e —1) (ADB) (O — By) 2 — A (by) (O — by)c—2
- [c_3 (51)'( by — by )]d@

(n—4 /M (G, </ n3(9,v)A<">(o)dv)de.

Using Fubini’s Theorem in the ﬁnal term yields (20), for k = 1,4.
(#4) Applying (15) on A®) . n be replaced with n — 3 and the indices can be rearranged
to get

(N (B A B S«
A® (@) = 2( 52_151 1)+§(c?)(c4)!

x (A(c’%n(@ —b1) 2 = A (by)(6 - 152)’2)

by — by
1
(n)
+(n—4)! /tRn_g(@,v)A (v)dv. (30)
Applying (30) in (28) and Fubini’s Theorem, we reached at (21) for k = 1,4.
For k = 2,3, the similar steps are taken to obtain (ii) and (iv). O

The subsequent result provides an extended version of Bullen-type inequalities
containing new Green functions, for the convex functions of higher order.
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Theorem 2.2. Considering all the suppositions of Theorem 2.1 for the n-conver
function A.

If
/M(Gk(-@))én,g(@,md@ >0, vet, (31)

then for k =1,4,

M(A()) > %P[p,q,w,y](% (51) A" (52))
" 2(A (”Oéi :gl 22) [waic.ondo + [mGi.0)
= o(e = 1) [AL(B1)(© = by)¢~2 — Al (by)(© — by)*2
" = (=1 [ b —“51 ]d@ 32)
and for k = 2,3,
M(A()) < %P[p,q,m,y](m (ba) = A" (b))
ot (bﬁi 202 [t opie - [, o)
— o(c = 1) [AO(B1)(© — by)* — A (b)(€ — )
. — (c 1! { by — by }d@' (33)
and if
/M(Gk(.,Q))Rn,g(@,v)d@ >0, vet, (34)
then for k =1,4,
M(AC)) 2 %P[p,q,w, d(20" (by) — A (b))
+ 2(A (”ng :g:(b”) it onde+ [micit-0)
= 1 A©(H1)(0 = by) =2 — Al (y)(© — by)<2
“¥ el B b, Joo @
and for k = 2,3,
MA()) < %P[p,q,w,y]m (52) ~ A" (b))
(AL B i a0 - [1aGic-6)
-1 A (B1)(0 = b1)*? — AW (by)(0 — bp)
W] - J¢e. @0

c=4

Proof. Since A is n-convex(n > 3), consequently n-th order derivative of A exists,
preserving generality. This implies that

AM(@©)>0, VO et
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then by using (31) in (20) and (22), to obtain (32) and (33) respectively, also using
(34) in (21) and (23), we get (35) and (36), respectively. O

Remark 2.1. (i) Inequalities in (32), (33), (35) and (36) are conversed, if the in-
equalities (31) and (34) are reversed.
(#3) If A is n-concave then (32), (33), (35) and (35) are conversed.

Remark 2.2. M(-) is reduced in D(-),if w = 9, ¢¢ = p. and weights are positive.
Then (20), (21), (22), (23), (31), (32), (33), (34), (35) and (36) become

D(A() = 2<A (bugi:gl (bQ))/D(Gk(~,®))d®+/]D>(Gk(-,®))

(e — 1) [AOB)(O —by)=2 — A (by)(O© — by)~2
X;(c_l)![ by — by ]d@
N O ! & /A<n ( NG) v)d@> dv, (37)
pae) = 228200 foy d@+/ (Gi(-©))
— A (b)) (0 — by) A (D) (O — by)c2
XZ '{ U02&31(2)( 2) }d@
(n)( ( /t D(G R,—3(8, v)d@)dv (38)
D) = 2(A (bﬂgz - ﬁ () / D(Gi(©))d0 ~ [B(Gu,0))
(e — 1) [AOB)(O© —b1)=2 — A (by)(O© — by)—2
X;(c_l)'[ by — by ]d@
e /A(" (/ (,O)R,_ 3(@,v)d@> dv,
(39)
pe) = 2 =) [ ende - [pGi.0)
= 1 AL (by)(© — )72 — Al (By)(© — by) 2
XZ c—2)(c— )||: E)Q*E)l :|d@
b Ay, . v v
ot [0 [pGitena(©. 01 )as (a0
/D(Gk(-,@))ﬁn_g(@,v)d@ >0, vet, (41)

A" (by) — A" ("52))

D) > 2 SE=L2) G enie + [piic.0)

t t
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Z (c - {f(c)(lbﬁ(@ by)* bZ_gicMm)(@—U&zV”

— by
el — 1) c>(uc>1)(@ Ty)e=2 — A uoz)(@ by)e~
" = (= 1)! { by — by }d@, 43)
/ D(Gi(-,0))Rp_5(0,v)dO >0, v € t (44)

G ) DGt onde + [t 0)

t t

iy 1 A (H)(O — By)~2 — A (by) (O — by)c2
Sl o,

o ! by — by
A" (ba) — A" (by)
D (A()) < —2< —— ) / ))de — / (Gr(-,
ity 1 A (H1)(O© = By) =2 — A (by) (O — by)®
" 1 (€ =2)(c—4)! [ by — by }d&

(46)

DGH(.0) = 3 0.Gi0:0) ~ G 3 0) - Y pGulan.)
+Gj, < Zpsx& ®> 5 (47)

e=1

Theorem 2.3. Assume & holds. Then, the following statements are true for the
functional D(.) given in (5).
(i) If n is odd then for k = 1,4, the inequalities (42) and (45) hold and for k = 2,3,
(43) and (46) are true.
(ii) For k = 1,4, let the inequalities (42) and (45), be satisfied and

(A" (1) — A" (b2))

L5 [A“)(ﬂol)(@ - ﬂo)b - g“ (B2)(© — )~

>0vVeel;, (48)

D(A(.)) > 0. (49)
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o Or for k=2,3, (43) and (46) be satisfied and

= 1 A (H1)(© = by) 2 = Al (,)(© — by)* 2
;(CQ)(CZL)'[ by — by =
then

D(A(.)) <0. (50)

Proof. Since the the weights are positive and Green functions Gi(-,0)(k =1,...,4)
are 3-convex. So, apply Theorem B(ii), to obtain D(Gy(-,0)) > 0,(k=1...,4).
(i) For n = 5,7,..., R,(©,v) and R,(0,v) are non-negative, thus (41) and (44)
hold. As function A is n-convex, therefore applying Theorem 2.2, to obtain (42)
and (45), for k = 1,4, and (43) and (46), for k = 2,3,.
(74) Using (48) in (42) and (45), and (50) in (43) and (46), we get (49) and (50),
respectively.
O

Theorem 2.4. Assume & holds and z.,y. € t be such that z. + y. = 2¢, for e =

1,...,0, Te+ Tp_eqr1 < 2¢ and pszs:ﬁ;:if‘f“ < ¢. Then, we have the following:

(i) For k = 1,4, the inequalities (42) and (45) are valid and for k = 2,3, (43) and
(46) are true, provided n is odd.

(13) Fork = 1,4, let the inequalities (42) and (45) be satisfied and the inequality (48)
hold, or for k = 2,3, (43) and (46) be satisfied and the inequality (50) is true
then (49) and (50) holds, respectively.

Proof. Proof is same as of Theorem 2.3. (|

Under the condition defined by (6), generalized form of Bullen-type inequality (for
positive weights) is presented as follows:

Corollary 2.5. Assume & holds and x., y. satisfy (6) and max{z1 ... x5} <min{y; ...y}
then (20), (21), (22) and (23) hold.

Proof. By applying the conditions stated in the statement and using the same method
as in proof of Theorem 2.1, to get (20), (21), (22) and (23). O

Theorem 2.6. Assume & holds. Let max{z1,...,x;} <min{yi,...,ys} and

A 2
o

0 S 0

Zps (xs - Zpe@e) = Zps <ys - Zpe?k) . (51)

e=1 e=1 e=1 e=1

Then,

(i) For k = 1,4, the inequalities (42) and (45) hold and for k = 2,3, (43) and (46)
are true, provided n is odd.

(ii) For k = 1,4, if the inequalities (42), (45) and (48) are valid, or for k = 2,3, if
(43), (46) and (50) are satisfied then (49) and (50), holds, repectively.

Proof. Applying Theorem D, and follow the same steps such as proof of Theorem 2.3,
we get the desired results. O
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2.2. Levinson-type inequalities for n-convex (n > 3) functions. In this sec-
tion, results associated with Levinson-type inequality employing new Green functions
Gir(k=1,...,4) are generalized via Montgomery identity. For this, first we define:

Z: Suppose A : Ly = [0,28] — R be a function. Choose z1,...,2; € (0,3),
(p1,.--,ps) € R% and (q1,...,q,) € R¥ such that >.¢_;p. = 1 and > o ¢ = 1.

Let 2., >0, qe(28 — x,) and Zle pe € Ly. Then

équ(zﬁ — ) — A(éqe(w - x6)> - gpeA(xs)
+A(§¥JQ. -

For the next results, we construct the following identities:

Theorem 2.7. Assume Z and &. Then for 0 < lf)l < IE)Q <28 and k = 1,4 we have
Then, for k =1,4, we have

() S 11@[1), ¢ 3,28 — a)(2A" (by) — A" (b))
( 2)) JiGit. oo+ [iGit.0)
¢(c = 1) [AO(B1)(0 = b1)*? = A (Bo)(© —bo)* 2]
52 { o ]
W@)( /t fl(Gk(-,@))Rn_g((a,v)dé))dv, (53)

"o~

and
() SUAC) = 5Plp, 0,226 — @A (b1) A" (52))

+2<A”("E’?) _{\”(Bl)) /tﬂ(Gk(~,@))d@+/tﬁ(Gk(-,@))

b — by
S TAODB)O By - AL (5y)(6 — by)?
X;l(c_2)(c_4)|[ 1b2_uz)1 ]d@
+(n_14)! tA<n>(v)< tﬁ(Gk(.7®))Rn3(970)(1@)61@7 (54)
For k = 2,3,

;Mp,q,mm—m]m( 2) = A (by)

( bZ_bl 2)>/tfl(Gk(~,@))d®/{ﬁ(Gk(y@))

¢(c— 1) [AO(H1)(© — By)2 — A (Iy)(O — by)e2
Z [ voz—u&l

(iii) S(A(

]d@

=3

_(ni@! /LA(")(U)</tfl(Gk(-,@))Rn_g(@,v)d@>dv, (55)
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and
() SUAC) = 5Plp, g.2,28 — (20" (bs) — A" (1))

_2<A"<"5?> - ”51)) [t enae - [aGi.)

by — by
n—1 1 A(C) (&31)(@ _ [Abl)c72 o A(c) (&32)(@ . &32)(,2
XZ c—2 )[ ﬂ?)g—f)l ]d@
ﬁ /tA(n)(’U)(/tﬁ(Gk(',@))Rn_g(@,U)d@> dv, (56)

where U(A(-)) is defined in (52) and

WCr(-,0)) = quGk(%‘—xﬁ@)—Gk<2qe(2ﬁ—xe,®))

4 0
— > pGi(a:,0) +Gk<2psxs,@>. (57)

e=1 e=1
Proof. To obtain the desired results, substitute t, M(-) and y. with I, $i(-) and
(28 — x¢) in Theorem 2.1, respectively. O

The result for n-convex functions is as follows:

Theorem 2.8. Assume that A is n-convex function and satisfying all the requirements
of Theorem 2.1.

If
/Q(Gk(~, ) Rn_s(0,0)d0 > 0, O € t, (58)

t
then for k = 1,4,

U(AD) > 5Plp.g.2,25 — 720" (51) ~ A" (52))
+ 2<A (lbu;i ‘gl (bo) ) /u (- 0))d0 + /tﬁ(c;k(.,e))
. ; D [AOGIO B2 NI B
and for k= 2,3,
(M) < 1Blp, 4.2 20 al(2A" (bo) ~ A" (51))

AN (b)) = A (B2)\ [+
—2( If)2—lf)1 )/ﬂ(Gk d@ /ﬂGk

”Z‘l (e —1) [A© D)0 — B1)2 — A () (O — o)~
- (c—1)! { by — by }d@- (60)

c=3
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and if
/ﬁ(Gk(-, 0))Rn_3(0,0)d® >0, © € t, (61)

t
then for k = 1,4,

AA) > %IP’[nqw%—w}(?A( D~ A" (52))
A (by) — A (by) .
+2< = )/uak @)d@-l—/tﬂ(Gk('a@))
! 1 A (51)(0 = by) 2 = Al (b2) (O — by) 2
X e By — by Jeo
and for k = 2,3,

ﬂ<A<->><§m 5525 = (20" (bs) =

(M) oo / @t

A (H)(O — by) 2 — A9 (by) (O — by)c2
Z ] { u52 b -

(63)
Proof. Proof is identical to that of Theorem 2.2. O

Remark 2.3. $I(-) is reduced in U(-), if w = §, p; = ¢, and weights are positive.
Then (53), (54), (55), (56), (58), (59), (60), (61), (62) and (63) become

A (by) = A (b)) [+ .
s ) JuGit.onao+ [Git.0)

c(c—1) [A(Q( (O —by) 2 — A9 (by) (O — EQ)CT
— (c—1)! by — by

(n_l D /t A(”)(v)( / @(Gk(-,@»én_g(@,v)d@) dv, (64)

t

( Ibg—ﬂol >/tID(Gk('a@))d@Jr/tfj(Gk('v@))

n-l A(c)(bl)(@ Ibl) —A©) (&32)(9 - IBQ)C?Q
% Z (c )1 { by — by }d@

ol
1)

n) (Gk
() — A (b)Y [+ '

ot >/U(Gk(-,@))d@_/tU(Gk(w@))
Le(e - 1) [AO D

c(c—1) [ (O —by) 2 — A9)(hy) (O — by) 2
c—1)! UOQ —Ufsl

a
—
=
—~
N
~—
Il
[\
7 N\

n—1

do

Il
w

n _1 n (~,@))Rn_3(@,v)d@) dv, (65)

i)
_2<

_|_
U(A()

1
)(e =
= A
A
3 (

Jae
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-t [0 [0G o) s, 010 )ao

(66)
B = 2B ) [ onae - TG0
i, 1 A (B1)(O —By)2 — A (by) (O — by)—2
<3 =T 52—, |¢
_ﬁ /t A(”)(v)( /t ﬁ(Gk(-,@))R7z,—3(®,v)d®) v, (67)
[@(Gk(., ©))ftn_5(0,0)d0 > 0, © € t, (65)

T (AQ) > 2<A (béi - g ”02)) J G ende+ e o)

— 1) [AC 0 - — A (y) (O — by)2
% Z ((CC_ 1)) |: ( )( ) b2 — Ibl ( )( ) :|d@, (69)

c=3

2(A Ibg—ﬂol ))/ )ae - / (Gl

U e(e— 1) [AO D)0 — B1)2 — A () (O — o)™
2 { — }d@, (70)
/@(Gk(.,@))Rn,S(@,v)d@ >0, 0t (71)
. A (by) = A" (b)Y [w . o
B0 > 2 =) [ ende + [tiGic.0)
= 1 A©) (1) (0 = 1) — A (y) (O — by)*2
W] B2~ by J¢e. (2
o0y 2L [ - for
= 1 A© (D) (0 = by) =2 — Al (by) (O — by)<—2
X;(C_Q)(C_‘l)'{ by — by }d@
(73)

where

I[j(Gk(vg)) = ZQEGIC(2B — T, 6) - Gk(ZQS(QB - xs)a®>

e=1
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0 0
*ZpsGk(xsaG)) +Gk<zpsx67®>a (74)
e=1

e=1

Theorem 2.9. Assume & holds. Then, we have the subsequent:
(i) If n is odd then for k = 1,4, the inequalities (69) and (72) hold and for k = 2,3,
(70) and (73) are true.
(i1) For k = 1,4, let the inequalities (69) and (72) be satisfied and (48) is true,then

U(A()) = 0. (75)

or for k= 2,3, (70) and (73) be satisfied and (50) is valid then
U(A()) <. (76)
Proof. Proof is same as Theorem 2.3. (|

Conclusion

The Montgomery identity, for the family of n-convex (n > 3) functions is used to
generalize Bullen-type and Levinson-type inequalities (with real weights) by applying
four 3-convex Green functions. Additionally, various inequalities and bounds are
obtained for positive real weights by utilizing Montgomery identity. Future research
may explore comparable results by using different entropies and divergences, such
as Ciszar divergence, Shannon entropy, Bhattacharyya coefficient, Kullback-Leibler
divergence and Triangular discrimination.
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