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On Some properties of fractionnal Sobolev Spaces

JEAN-FRANCOIS RAMAN

ABSTRACT. In this paper we prove some basic properties of fractionnal Sobolev spaces. First,
we view W*P as an intermediate space between LP? and WP, Then, classical results of WP
may be extended to W*P. When () is an extension domain, we give a complete proof of the
existence of a bounded linear and surjective mapping tr : WhP(Q) — W1=1/2.2(Q) which

extend the restriction operator defined on the dense subset D(2). This was partially done and
suggested in [2].
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1. Fractionnal Sobolev Spaces

Let s be a positive real number such that s ¢ N, 1 < p < co and § an open set of
RY. When 0 < s < 1, the fractionnal Sobolev space of order s, p on € is defined by

lu(z) — u(y)”
WS’pQ:ueLPQ:/ —————dady < o0} . 1
(€) ={ () o T — g } (1)
Otherwise, denoting by [s] the integer part of s, let

WoP(Q) = {u € WEIP(Q) : 9% € WP (Q) Vo e NV, |a| = [s]} .

In this paper, we only consider the generic case 0 < s < 1. Notice that the definition
(1) is equivalent to the following

WP(Q) = {u € LP(Q) : Ay ELP(Q X O},

where () )
u(z) —uly
Au(x,y) - |:17 — y‘N/p—i-S
is called the s—derivative of u. The two next properties are trivial : if u is a constant

mapping then the s—derivative of u is equal to 0; if w and v are defined on €2, then
a.e. Nyoy(2,y) = u(x)Ay(z,y) + v(y)Au(z,y) (product’s rule).

An usual norm on W*P(Q) is given by

[ulls.p.0 = llullp.o + [[Aullp.oxa - (2)

The quantity ||Ayllp,oxq is called the semi-norm W*? of w and is usually denoted by
llwllls,p,0- In order to prove that WP is complete and separable, the definition (2)
suggest to use the same argument as in W? by showing that the isometry

AT WSP(Q) = LP(Q) x LP(Q x Q) : u — (u, Ay,)

is such that A(W?#P(Q)) is closed in LP(2) x LP(2 x Q). The answer is given by the
following lemma.
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Lemma 1.1. If u, — u in LP(Q) and A, — A in LP(Q x Q), and if, for all n,
Ap=A,, , then A= A,.

Proof. Up to a subsequence, one may assume that u,, — u a.e. and therefore A,, — A,
a.e., hence A = A,,. O

As consequence, we give the following corollary.

Corollary 1.1. W*P(Q) is a separable Banach space. Moreover, if 1 < p < oo, then
W#P(Q) is reflexive.

The notation of fractionnal Sobolev spaces is partially justified by the following
theorem.

Theorem 1.1. The space W P(RY) is continuously injected into W*P?(RN). More-
over, if u € WHP(RY), then
2vol(SV—1)

<
el < (S0 =5

Proof. Let u € D(RY). First write

P — —(N+sp) _ P
iz, = [ 1678 [ uta )~ u(o)pds

[/E<>\+/|£|>J|f|_(N+Sp)df/RN lu(z + &) — u(z)|Pde,

where )\ is a positive parameter independant of x and £ wich will be choosen later.
Using polar coordinates,

[ gerenie [ et -uwpar < 2
1€[>A RN

Similarly,

1/p s
) IVl ully 3)

vol(SN-1)A—sP

oIl

/ €]~V g / fu( + €) — u(a)Pdz
[El<A RN

/£<A €|~ (V+sp) e /RN ‘/01 %u(m + tf)dt}pdx

Jooptromae [ (] wuteiyar) i

< / PN+ g / Vuly)Pdy
[E]<A RN

where the last inequality is obtained by using Holder’s inequality. Finally, using again
polar coordinates

IN

A

I(SNfl)Ap(lfs)
~(Ntsp) g —u(z)Pdr < 2 Vull? .
/Wm e[ e+ —uwlas < T vup
Combining these two estimates,
vol(SN—1)\—sp vol(SNfl))\P(PS)
([fulls, <27 [Jull? + [Vull? . (4)

p(l—s)
Let u € W*P(RY) and consider a sequence (u,) C D(RY) such that u,, — u in WHP.
Since u,, satisfies, for all n, inequality (4), by applying Fatou’s lemma, one gets the
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inequality (4). The proof is concluded by choosing A = 2 ””vujﬁp, which minimize the

r.h.s. of (4). O

This theorem remains true where RY is replaced by any extension domain
for WhP (i.e. € is such that there exists a bounded linear extension operator to
WLP(RN)) .

Corollary 1.2. Let Q be an Ct-open subset of RN with bounded boundary 0Q or the
product of N open intervals. The space WHP(Q) is continuously injected in WP ().

Now, we turn to the problem of density of test functions. Theorem 1.1 partially
suggest to transpose the proof of the corresponding result in W2,

Theorem 1.2. D(RY) is dense in WSP(RY).

Proof. Let u be a map in W*?(RY) and € C*°(R) be such that n =1 on | — o0, 1],
0<n<1,supp n C] —0,2]. Set n,(x) = n(|]x|/n). Notice that the sequence (1,) C
D(RY) is such that for all n, 0 < 5, < 1, n, = 1 on B(0,n), supp(n,) C B[0,2n]
and |Vn,| < C/n where C > 0 is independant of n. To prove that u, = un, € WP
and ||u — uy||s,p — 0 when n — oo, we use an argument of dominated convergence.
Clearly, ||u — uy||, — 0, so that one only has to prove that ||A, — Ay, ||, — 0. Since

Ay, (2,y) = Nuy,, (2,9) = u(@) Ay, (2, 9) + 00 (y) Au(2, y) ace.

Clu(z 2|u(x
‘Aun (x,y)| < MI\E/I))_J_HlB(w,l)(y) + |x_|y|(]v3L+sch(z,1)(y) + IAu(x,y)| ; (5)

where one has used, in the first term, the mean-value theorem. The use of polar
coordinates clearly show that the r.h.s. in (5) is LP-integrable.

Thus, we may now assume that supp u is a compact of RYV. The end of the proof rely
on an argument of regularization. Let (p,) be a regularized sequence. We want to
prove that p, xu — u in W*P. By analogy with WP, we expect that A, ., = pn* A,
this can be easily verified. The proof is concluded by a classical result of regularization
in LP. |

_ Let ) be an open subset of RN. The writing U CC € means that U is open and
U is a compact subset of ).
We define

WEP(Q) = {u € LE (Q) : for all U CC Q, ul, € WP(U)} .

loc loc

Now, we give some elementary and useful results in fractionnal Sobolev spaces. Cor-
respondant results are well-known for W17 (see [1] or [4] for example).

Lemma 1.2. Let Q be open in RY and v € W;P(Q). If ¢ € CH(Q), then ¢u €
WP(Q) and moreover, for all U CC {2,

loc
loullspv <7 llullspu (6)
where v depend only over N,s,p,U and ¢.

Proof. Let U CC 2. Using product’s rule, elementary majorations and Minkowski’s
inequality,

[Agullp,uxv < [0lloo,v ulls,po +C[[VPlloou [ullpu

where C' depends only of N,s and p and result from an integration in polar coordi-
nates. (]

In the same spirit, we give the trivial following result.
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Lemma 1.3. Let Q be open in RYN. W*P(Q) N L> is an algebra. Moreover, the
product map is continuous.
Now, we present a lemma of change of variables.

Lemma 1.4. Let G : Q — w be a diffeomorphism of class C! between two open set
of RN. If u € WP (w), then uo G € WP(Q), and moreover, for all U CC €,

loc
wo Gllspu < llullspaw)

where v depend only over N,s,p,U and G.
Proof. Let U cC Q and set V = G(U). Since G is lipschitzian on U and G~! is C!

onV,
// e \xf |N(+s;5y)) dudy
N // |G—1 ‘u _U(();Nﬂp Jo-1(x)Jg-1(y) dzxdy

Ju
C// |x—y|N+bp Ry ey

Here is the same kind of result concerning left-composition. The proof is straight-
forward.

IN

O

Lemma 1.5. Let Q be open in RY and u € WP (Q). If L is globally lipschitzian on
R, then Lou € W5P(Q) .

2. An Extension theorem

We begin with some notations. Let w be openin RV ! and 0 < § < co. We consider
open sets of RV of the form Q = wx] — §,d[, Q* = wx]0,8] and Q~ = wx] — 6,0][.
For all (¢/,zn) € Q, set o(2’,zy) = (', —xn). If u is defined on QT one define on
Q the extension u by reflection of u by u(x) = u(z) when x € QT and @(z) = u(o(x))
when z € Q.

The next result is easy to prove.

Lemma 2.1. If u € W*P(Q), then & € W*P(Q) and moreover

lallp.e < 27llullp.q.  allspe < 4P lllullspe; -

Proof. First inequality is trivial. Writing

Nalzpo= [ [ [ [ [ +] [] L

it is easy to observe that one only has to study the two last terms of the r.h.s. This
can be easily done as follow, first write

u(o y)IP / / u(z) —u(y))
dxdy = ———————dzdy ,
/ /Q+ |x o y‘serN - Q+ Q+ o(x) |SP+N /

and then notice that for all z,y € QT |z — y| < |o(x) — y|. O

If u is defined on an open subset of RY then the extension of u by 0 on RY \ Q is
denoted by .
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Lemma 2.2. Let Q be open in RN, u € W*P(Q) and K C Q be compact. If supp u C
K, then @ € WP(RY), and moreover

[allspry <7 llullspa

where v depend only over N, s,p, K and 2.
Proof. Let §x > 0 be such that K + B(0,dx) C Q and write

(y)|?
d dy = // / / +2/ / ———————dxdy .
/IRN /RN |z — y\N“” RN\Q JRN\Q RN\Q |35 - y|N+s”

The first term is [[[u][|%, o, the second one is equal to 0 and the last term is computed
using polar coordinates so that

- 2CTN 1/po—
alllspry < [lulllsp.o + (@) Ox [lullp.a

which ends the proof. O

Now, we turn to the following fundamental theorem.

Theorem 2.1. Let §) be an Cl-open subset of RY with bounded boundary 0 or the
product of N open intervals. There exists a bounded linear operator

P:WP(Q) — WHP(RY) |
such that Pu|Q =u

Before beginning the proof of this theorem, we introduce some notations and re-
marks. In the case where 2 is a C'-open subset of RY with bounded boundary, we
may consider a finite covering of 92 by open bounded sets Ui, ..., U; of RN such
that to each U;, we may associate an open bounded subset w; of RN-1, a real num-
ber §; > 0, and a C'-diffeomorphism G; : Q; — U; where Q; = w;x] — d;,8;[ such
that G; € C1(Q;),G; " € CY(T;) and G;(Q) = U; NQ,G;(Q9) = U; N 99 where
Qj = w;x]0,0,[ and Q? =wj x {0}.

A classical result of partition of unity (see [4] for example) allow us to consider pos-
itive mapplng Yo, ..., ¥ with ¢g € DRN \ 99Q), ¢; € D(U;) where 1 < j < k and

Z] Owﬂ_]‘

Theorem 2.1 is established by adapting the corresponding proof in WP,

Proof. Assume that  is of class C! with bounded boundary. Let u € W*P(Q) and
1 <j <k Set G; = Gj|Q+. By lemma’s 1.4 and 2.1, v; = uOGj+ o G;l

W#P(U;). Furthermore, |vjllspv, < 71 ||t)lspo. By lemma’s 1.2 and 2.2, u; =
m € WHP(RY) and |Jujllsp < 72 |lullspao- Set up = ¥o. The operator P defined
by Pu = Zf:o u; is a suitable extension. In the case where €2 is the product of

N open intervals it suffices to use a finite number of extension by reflection and a
truncature. (]

An easy consequence is the following.

Corollary 2.1. Let Q be an C'-open subset of RN with bounded boundary 0Q or the

product of N open intervals. D(Q) is dense in W*P(Q).
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3. Traces in Sobolev Spaces

Let © be a Cl-open subset of RY with bounded boundary. Using the notations
introduced above, we set, for all 1 < j <k, Gg = Gj‘QO . Remember that the integral
J

of u on 0N is defined by
k

u(z)do(z) = 1) o GOz qo (2')dx' .
[ o =3 [ o 5@ saptaa

It is possible to show that this definition is independant of the choice of the wj,;
and G;. Set

_ P
WoP(9Q) = {u € LP(99) /BQ /{m |x_|x(+s)z)do(a:)da(y) <o}
or equivalently,

VV”’(BQ) = {u e LP(09) :

0(,"\) _ 02/ \)|P
0 O/ 1 |U(G](J? )) U(Gj(y ))' / / 130
Z / GG s Ty () 'y < o}
Proofs concerning previous results about W*?(£2) where Q is an open subset of RV
may easy be adapted in the case of W*P(99Q) using local coordinates.

Lemma 3.1. Let Q be an C'-open subset of RN with bounded boundary 02, K C 09
be compact and o € WP (V) where V is an open subset of 0. If supp ¢ C K, then!
@ € WP(9Q), and moreover

[lls,p.00 < v llollsp,v
where v depend only over N,s,p, K and U.

The aim of this section is to prove the next theorem.

Theorem 3.1. Let 1 < p < oo and Q be an C'-open subset of RN with bounded
boundary 0. There is an unique bounded linear mapping

tr: WhP(Q) — Wi-1/PP(9Q) |

which coincide with the restriction operator on D(Q). Moreover, this application is
surjective.

First, we show that this result is a corollary of the next theorem.
Theorem 3.2. Let 1 < p < co. There is an unique bounded linear mapping
tr: WhP(RY) — WI-V/Pp(RN 1) |

which coincide with the restriction operator on D(@) Moreover, this application is
surjective.

This trace application is defined by using a density argument. Notice that if
u € C(RY)NWHP(RY), then the trace of u is simply the restriction to RN ~'. Indeed,
let (u,) C D(@) with wu, — u in WP then un|R1\_1 = tr u, — tr v in L?, so that,
up to a subsequence, tr u = U‘wal-

WWhere @ denotes the extension of ¢ by 0 on 9Q \ V.
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Using theorem 3.2, we may define a trace operator
tr : WHP(wx]0,0[) — WIV/PP(w) s v — tr v = (tr Pv)|w ) (7)

where w is a bounded open set of RV~ and § > 0. This definition don’t depend of the
choice of the continous extension operator P. Indeed, let P; and P, be two continous
extension operator and (vy,), (w,) C D(RY) be such that v, — Piv and w,, — Pyv
in L. By eventually passing to subsequences, v, — w, — 0 a.e. on wx]0,d[ so that
Un(+,0) — wy(-,0) — 0 a.e., hence tr Pjv = tr Pv on w.

Notice that, by construction, the trace of the restriction is the restriction of the trace.
Using theorem 2.1, it is not difficult to observe that theorem 3.2 may be adapted to
the trace operator defined by (7).

Now, we present the proof of theorem 3.1.

Proof. Ezistence. The trace application is defined as follow : if u € W1P(Q), then

k
tru:Zé} , (8)
i=1

where &; = tr (¢;ucG;)o(G9)~" and ¢; = wj‘anQ. Using classical results in WP (Q),
previous remarks, a variant of lemma 1.4, and also lemma 3.1, one clearly see that
the map tr : WH?(€) — W=1/2(9Q) is linear and continuous and that tr u = ul,,,

for all w € D(Q2). The first part of the proof is completed by some remarks.

Let U be a bounded open set of RV be such that U N 9N # (), w be a bounded open
set of RN=1 6§ > 0 and Gt : wx]0,6[— U N Q be a Cl-diffeomorphism such that
Gt € CH(QT) where QT = wx]0,d[, and (G*)~! € CH(U N Q). The beginning of the
proof suggest to define a trace operator

tr: WP(UNQ) — W YPP(UNON) :u— (tr (uoGF))o (GH)™H

Unan )

By construction, if v € WP(wx]0, §[), then
tr (vo (GT)™) = (trv)o (tr (GT)™') = (tr v) o (GT)™*

Unan
i.e. the trace of a composition is equal to the composition of the traces. Again,
theorem 3.2 may easily be adapted to the trace operator defined in (9). Furthermore,
the trace of the restriction is the restriction of the trace. More precisely, if u €
WLP(Q), then

tr (ufyng) = (b1 1)|npq -
It results from the equality of two continuous mapping in u on a dense subset of

Wir(Q).

If ¢ € D(Q) and u € WHP(Q), it is easy to show, by using a density argument?, that
tr ¢pu = (tr ¢)(tr w) . This stay true for the trace operators defined in (7) and (9).

Surjectivity. Using previous remarks, establishing the surjectivity become more ob-
1
vious. Let ¢ € W' #P(9Q) and 1 < j < k. Set, for all 1 < j < k, ¢; =

2Indeed, let (un) C D(Q) be such that u, — u in WL so that by definition tr u, — tr u. One
immediately verify that ¢u, — ¢u in WHP hence tr (pun) = (tr ¢)(tr un) — (tr ¢)(tr u).
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('D|U-OOQ' Using a variant of lemma 1.4, and by an estimate of the jacobian Jgo

J J

on QY, ¢;0GY € W1I=1/PP(w;), so that one may choose v; € Wl*p(Qj) such that

tr v; = ;o G?. By the theorem of change of variables in Sobolev spaces, u; =

o (G;r)_1 € WhP(U; N Q). Furthermore, tr u; = ¢;. Set u = Z?Zl u; € WhP(Q).

Since tr (¢;u;) = (tr ¢;) (tr u;) = ¢j‘anU.9"ja inserting w in the r.h.s of (8), we get
J

k k
tr u = Ztr Qju; = Z¢j|8§mUj90: v,

j=1 j=1
which ends the proof. O

Now, we give the proof of theorem 3.2 which is considered [2]. A continuous version
of Minkowski’s inequality is needed.

Lemma 3.2. Let {X, A, u} and {Y,B,v} be two measured spaces and 1 < p < oco. If
u€elP(X xY), then

(J1 [ wtwpalan) ™ < [ .l (10)

The proof of this lemma rely on an argument of duality, see [2]. Here is the proof
of theorem 3.2.

Proof. FEzistence . Let u be in D(@) By the fundamental theorem of calculus and
using Holder’s inequality,

O s < o all o [Onedll, o < [l g (1)

We are now looking to the same kind of majoration concerning the semi norm
(-, 0)[lly_1 - For all z,y € RN=!, set z = (*F%, A[¢]) where £ = 25% and A > 0 is
-

independant of z and y and will be fixed later. First, write

1
lu(z) — u(z,0)] = \/0 d%u@—pg,xmsndp\

1 N-1
| [ (3 duuta = ot Mol (=€) + Nelowute = o Akl ) o
i=1

IN

1 1
€l [ 1¥-ruta = g rleDldp + N [ fowute - pé Aplldp
0 0

Similarly,

1 1
() — u(y, 0)] < [€] / IV av_1uly + p€, ApléD)dp + Al¢] / Oy + p€ AoleD)ldp

(12)
and then, using triangular inequality
u(-0)l = |z — y|H(N=2)/p
\VN 1u(x — p€, Apl€])] \8NU = p€, Apl€))]
< \5|/ — [ =2/ dp + Al¢] — [T (N=2)/p dp+"')

IN

1|VN,1u(x—p§7>\p|§|)\ )\|8NU( — p&, Apl€])|
(/0 2 |z — y|(N=2)/p dp + 0 2 |z — y|(N=2)/p dp+"’)’
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where the two terms coming for (12) are explicitly omitted. By Minkowski’s inequality,

1
LIV_1u(z — p& Apl€])] | \P 1/p
. _ < _
[ ( 70)|||17%,p7RN 1 < |:,/]RN—1><RN—1 (/0 3 PR—IO ey dp) dxdy]

1
A Onu(z — p& Apl€])] | \P 1/p
- dp) dad
o (] 2 iy to) o]+

therefore, by lemma 3.2 and symmetry,

1
Vn_1u(x — p€, Apl&))|P 1/p
(SO Ve P D ) "
r 0 RN -1 xRN -1

[z —yN =2

1
|Onu(z — p&, Apl€])|P 1/p
A dad dp .
+/o </ oy ) dp

Using natural changes of variables,

p
[ [T,
RN-1 RN-1 |
P
_ / / |VN 1u(x L §>\P|f\)| da
RN-1 RN—1 |§|
= 2/ da/ dr/ |Vn_1u(z — pro, Apr)|[Pdx
SN-—1 RN-1

2
= JN/ dx, / |Vn_1u(a, zly) [Pda’
RN-1

20’1\[

= TpHVN 1“HpRN'
Similarly,
/RN 1/RN 1 |8Num_p|§]\,/>\§|§|)l dudy — 27 ||5Nu||pRN |
hence,
(IO Par—
<

1
(20w 77 /0 o™ 2dp) [N |V vl + A Ol my ]
P o _
= (QUN)l/pEP\ /p IVnv—rull, gy + A1 1/p 1O ull, gy ] -

By choosing A = #w, which minimize the r.h.s. of the previous inequality,

IN

1/p 1-1/ 1/
a0l < owlp— 1) (Bo2) I9xoaul 2 ol 2,

1/p p_]_ 2
@onp=1)) (=) ol -

The first part of the proof is concluded by density.

IA

Surjectivity . Let ¢ be in Wlf%’p(RN_l). We denote by v the Poisson’s integral
of ¢. First, we prove the two following inequalities

llollp mrv-1 (13)
Y |||(10|H171/p7p71RN_1 s (14)

[0 ) lp v

<
IVell,my <
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where v only depend of NV and p. The first inequality is trivial, it relies on elemen-
tary properties of Poisson’s kernels. The second one requires more work. Again by
elementary properties of Poisson’s kernels, for all « € NV with |a| = 1,

0%(z,t) = /szfl O“H(z — y, t)p(y)dy = /RM 0%H(z = y,t)(p(y) — (x))dy .

Using classical majorations on the partial derivatives of H and polar coordinates, one
thus finds

lo(y) — ()]
Vo(z,t)| < C WY — P,
Vol o) s (z— gl £ N
lo(x +t2) — o(z)]
< C d
= /RNl tz[+ )N~
* N2 p(z 4 tro) — o(z)]
<
s ¢ SN 1da/ (1+’I")N t ar

where C' depend only over N. Then by continuous version of Minkowski’s inquality
(lemma 3.2) and using some natural changes of variables,

lo(x +tro) — p(x)| , \P1L/P
<
Vol ey < /RNda:dt /SN lda/ Tk . dr)}
/

_ P 1
] ey TR
SgN-1 1+’I“ RY tP

© L N-1-1/p _ P 1/
< C dg/ r(/ lp(z + po) — ()| dxdp) P
SgN-1 1-|—7” RN pP
_ P 1/
SgN-1 pr
1/
< / da/ x—l—pa p(@)l? da:dp) g
SN-—1 RN

lp(x) — 90( )P 1/p
= —d d ) = _ -1,
7</]RN*1><RN*1 ‘LL’ — y|N+p 2 x ay Y |Hg0|||1 1/p,p,RN—1

where the last inequality is obtained using Jensen’s inequality applied to the convex
map x — —z'/? and by taking care to normalize the mesure on SV 1. This establishes
(14). Tt becomes obvious to finish the proof. Taking u(zx,t) = e~*/Puv(z,t), we prove
that tr u = . By density (see theorem 1.2), consider a sequence (¢,) C D(RN1)
such that ¢, — ¢ in WI=V/PP. Let (u,) C C°(RY) N WLP(RY) be the associated
sequence given by u, = e~t/P y, where vp(x,t) is the Poisson’s integral (or the
harmonic extension to Rf ) of ,, . Using inequalities 13 and 14, one easily prove that
U, — u in WHP, Since tr v, = tr u, = ©,, the proof is concluded. O
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