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ABSTRACT. A stochastic fish prey predator model with functional response is proposed and
investigated. We show there is a unique positive solution to the model with positive initial
value and we show that the positive solution to the stochastic system is stochastically bounded.
Besides, a condition for the system to be extinct is given and persistent conditions are estab-
lished. We further investigate the stability of our system. Theoretical results are illustrated
using numerical simulations.
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1. Introduction

The dynamic relationship between predators and their prey has long been and will
continue to be one of the dominant themes in both ecology and mathematical ecology
due to its universal existence and importance [11]. There are many factors which affect
population dynamics of biological and mathematical models. A crucial element of all
models is the so-called ”functional response”, which is the function representing the
prey consumption per unit time. Recently, in [21], authors proposed a new response
functional in order to explain the influence of changing water level fluctuations in an
artificial lake on fish predator-prey dynamics. In the studied lake, two interdependent
species are considered; the pike (brochet in French) which is the most important
predator and the roach (gardon in French) which is the prey.

When a predator attacks a prey, it has access to a certain quantity of food depend-
ing on the water level. When water level is low the predator is more in contact with
the prey. Let b(t) be the accessibility function for the prey. The function b is annual
periodic and continuous, that is, b is 1-periodic. The minimum value by is reached in
spring, and the maximum value b, is attained during autumn. The predator needs a
quantity « for his food, but he has access to a quantity

b(t)x
y+D’

g(t,z,y) =
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which depends on the water level, where x denoting the prey’s density, y that of the
predator and D measures other causes of mortality outside of predation. Thus, if

g(t,z,y) 2,
then the predator will be satisfied with the quantity - for his food. Otherwise, if

g(t, z,y) <7,
the predator will content himself with
b(t)x
t,x,y) = .
g(t,z,y) S D

Consequently, the quantity of food received per predator and per unit of time is

min < b(t)z >
y+D”Y .

The authors in [21] studied the non-autonomous prey-predator model. The authors
have established sufficient conditions for the existence of positive periodic solutions
of the prey-predator system. Such a solution describes an equilibrium situation con-
sistent with the variability of environmental conditions, such that both populations
survive. (See [21],for more details). The authors in [15] studied the following au-
tonomous prey-predator model

i(t) = az(?) (1 - x}?) — min (m,*y)y(t) — mux(t)

. - bx(t)

y(t) = —qy(t) + emin (y(t) +D,7>y(t),
where the prey grow logistically with carrying capacity K and intrinsic growth rate a.
m is the catchability coefficient of the prey species, and u denotes the effort devoted
to the harvesting. Using as predation rate, the mean function b = fol b(t)dt.

On the other hand, population systems are often affected by environmental noise,
and hence stochastic differential equation models play a significant role in various
branches of applied sciences including biology and population dynamics, as they pro-
vide some additional degree of realism compared to their deterministic counterpart
([90,[19]). In reality, due to continuous fluctuations in the environment (e.g. variation
in intensity of sunlight, temperature, water level, etc.), parameters involved in models
are not absolute constants, but they always fluctuate around some average value. As a
result the population density never attains a fixed value with the advancement of time
but rather exhibits continuous oscillation around some average values. Based upon
these factors, stochastic population models have received more and more attention.
(see e.g. [0], [7], [14], [20], [23], [24]).

In [7], considering that fluctuations in the environment would manifest themselves
mainly as fluctuations in the intrinsic growth rate of the prey population and in the
death rate of the predator population. In the present work, we incorporate stochastic
perturbations into the first equation of the deterministic system (1) such that the
intensity of the noise increases or decreases with the size of the prey population.
Additionally, the predator’s death rate is perturbed according to ¢ — q + BdB?(t),
where B! and B? are dependent Brownian motions, ax(t) and Sy(t) represent the

(1)
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diffusion coefficients.. Therefore, the corresponding autonomous stochastic system to
(1) took the following form:

dz(t) = z(t) [a(l - x[((t)) — min (y(?‘;)v(—it—)D’ 'y> zgg - mu} dt + az(t)dB' (t)
. bx(t) 9 2)
dy(t) = y(t) [ — ¢+ emin (y(t)+D’ 7)] dt — By(t)dB=(t).
For system (1), authors in [21] showed that the system possessed three equilibrium:

the trivial equilibrium P° = (0,0), the predator free equilibrum points P! = (z,0)
where T = %(a —mu) and the steady state of co-existence (interior equilibrium point)
P*(z*,y*) where y* = § (-B+ VB2 —4C), 2* = £(y* + D), and
ebK(a —mu —b) —D—my, C=D®_ ebKD(a—mu).

aq aq
They showed that the co-existing equilibrium point P* is globally asymptotically
stable under certain conditions.

We aim to consider the dynamical properties of the stochastic model (2). In this
paper, we show some properties of the stochastic differential equation (2) including:
the global existence, uniqueness and boundedness of positive solution. Furthermore,
we obtain an interesting result: under some conditions, the stochastic system (2) is
persistent in mean.

The organization of this paper is as follows. In Section 2, by Itd’s formula and
the comparison theorem of stochastic equations, we show that stochastic system (2)
has a unique a.s. a global positive solution (z,y) with any initial value 2(0) = z¢ >
0, y(0) = yo > 0. To a population system, the stochastic boundedness is one of most
important topics because boundedness of a system guarantees its validity in these
types of dynamics. So we show that both the prey population and the predator pop-
ulation of system (2) are bounded in mean. Then, in Section 3, we establish some
sufficient conditions for the persistence and extinction of both species. We further
investigate the stability of our system in Section 4. The numerical simulations pre-
sented in Section 5 are used to verify the theoretical results. Finally we close the
paper with conclusions in the last section.

B =2D —

2. Properties of the solution

Throughout this paper, let (2, F, (Fi)t>0,P) be a complete probability space with a
filtration (F;);>o satisfying the usual conditions, i.e. it is right continuous and in-
creasing while Fy contains all P-null sets.

Since stochastic system (2) describes population dynamics, it is necessary for the so-
lution of the system to be positive and not to explode to infinity in a finite time.
Moreover, in order for a stochastic differential equation to have a unique global (i.e.
no explosion in a finite time) solution for any given initial value, the coefficients of
equation are generally required to satisfy the linear growth condition and local Lips-
chitz condition (e.g. [1], [L7], [23]). We will show there is a unique positive solution
with positive initial value of system (2), then a stochastic ultimate boundedness is
studied.
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2.1. Positive and global solution.

Theorem 2.1. For any initial value, (xo,y0) € Ri there exists a unique solution
(z(t),y(t))i>0 of the system, and the solution will remain in R a.s.

Proof. Since the coefficients of (2) are locally Lipschitz and satisfy the linear growth
condition, uniqueness of the solution until an explosion time 7, is guaranteed for any
positive initial condition i.e. (there is a unique solution (x(t),y(¢)) on t € [0,7.)).

Let us now prove global existence of the solution, to show that 7. = co. Let ng > 0

be sufficiently large such that (zo,y0) € Dy, = [n%vno} X [n%’no] For each integer
n > ng, we define the following stopping time:

Tpn = inf {t € [0,7) : min{z(t),y(t)} < % or max {x(t),y(t)} > n} .

We let inf ) = oco. From the definition of stopping time, it is easy to see that 7, is

increasing as n — 0o0. Set 7o, = lim 7,, then 7o, < 7. almost surely.
n— oo

Now left to show 7o, = co. We assume that this is false. If the statement is false,
then there exists a pair of constants T > 0 and € € (0,1) such that:

P(7oo <T) > e. (3)
Consequently, by denoting Q,, = {7, < T}, then is an integer such that, for all n; >

no,
P(r, <T)>e¢, Yn>n;. 4)

Define a function V : RZ — Ry by: V(z,y) = (z — 1 — lnz) + (y — 1 — Iny) which
is non-negative.
Applying Itd’s formula to our model (2), we obtain:

dV (z(t),y(t)) = LV (x(t), y(t))dt + a(z(t) — 1)dB'(t) - By(t) — 1)dB*(¢),

where

LV (z(t), y(t) = <1 - x(lt)> <ax(t) <1 —~ 5”;?) — min <m,7) y(t) — mux(t)>
+ %2 + <1 - y(lt)> (— qy(t) + ey(t) min (me) ) + %2

(5)
It is easy to show that LV (z,y) is bounded above, say by N. So we have,
dV (x(t),y(t)) < Ndt + a(z(t) — 1)dB'(t) — By(t) — 1)dB*(t). (6)
Integrating both sides of (6) from 0 to 7,, AT and then taking the expectation, one
gets:
EV(x(Tn A T)a y(Tn A T)) < V(ﬂfo, yO) + N]E(Tn A T))a
therefore
EV(2(ra AT),y(7a AT)) < V(xo,50) + NT. (7)



224 L. BOUSMAHA, K. SMAIL, O. KEBIRI, A. MOUSSAOUI, AND A. KANDOUCI

Let Q, = {r, < T} for n > n;. From (4), we obtain P(2,,) > . For each
w € Qp, x(7,) or y(7,) equals either n or L. So V(x(7,),y(7n)) is not less than

either ) )
n—1l—-Innor——1—-In—=——1+1Inn,
n n o n

thus,
1
V(z(rh),y(mn)) = (n—1—=1Inn) A (n -1+ lnn) ,
holds. According (7), we have

V(zo,y0) + NT > E IQ"V(x(Tn),y(Tn))] >e(n—1—Inn)A (1 -1+ lnn) ,

n

in which I, denotes the indicator function of 2,,. Letting n — oo, then we obtain
00 > V(zo,90) + NT = o0,

which leads to a contradiction, so we must have 7., = oo almost surely, which implies
that 7, = oco. O

2.2. Stochastically Ultimate Boundedness. Theorem 2.1 shows that the solu-
tion of system (2) remains in the positive cone Ri. However, this non-explosion
property in a population dynamical system is often not good enough. Therefore, the
property of ultimate boundedness is more desired. First, we recall the definition of
stochastically ultimate boundedness.

Definition 2.1. The solution (w(t))i>0 = ((£),y(t))e>0 of system (2) is said to be
stochastically ultimately bounded if, for any € € (0, 1), there is a constant H := H(¢)
such that for any initial value wg = (2o, y0) € Ri,

limsup P{||w(t)|]2 > H} < e.
t—r o0

Theorem 2.2. The solutions of system (2) are stochastically ultimately bounded for
any initial value wy = (9, Yo) € Ri,

Proof. By Theorem 2.1, the solution (z(t),y(t)) remains in R for all ¢ > 0. Define
the function Vi (¢,z) = ef2? for § > 0.
By It6’s formula, we have

EW@M&MW=¢MW&+Q&-¢$U—mm<&W))Mﬂ er

v +D ) ()
(6—-1)0
+ 2042:|
<el {(1 +ab + (021>0a2>x(t)6 - C;?x(t)(”l}
< M;(6)e’. (8)

Integrating both sides of (8) from 0 to ¢ and then taking expectations, we get
'EB(2%(t)) — B(xh) < My ().

Hence, we have
limsup E(2(t)) < M;(6) < +o0.

t— o0
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Similarly, defining the function Va(t,y) = e'y? for & > 0 and applying the Ito’s
formula, we get

LVy(t,z(t), y(t))

ely(t)? |1+ ( — ¢ + emin (y?f)(fD,’y) )9 + (9_21)962}

< elyt)? |14 eyl — gb + (921)%2] )
< Msy(9)e'.
Then, e!E(y’(t)) — E(y§) < Ma(6)et. So we have limsup E(y’(t)) < Ma(6) < +oc.
For w(t) = (z(t),y(t)) € R%, we obtain o

[MEY

keI < (2max {#2(2),1°(1)})
< 22(2%(1),4°(¢))-
Consequently,
limsup E||w(¢)]|” < M5(6) < +o0,
t—00

where M;z(0) = 2% (My(0) + My(6)). By Chebyshev’s inequality, we get that all
solutions are stochastically bounded. O

3. The long-time behavior of the system

In ecology, it is critical to discuss persistence and extinction. This section looks at
the solution behavior of system (16). We first establish the conditions for persistence,
then those for extinction.

3.1. The equivalent system. The system given by (2), is quite complex and diffi-
cult to study directly. To make the analysis and simulations easier, we follow a similar
strategy to the one used by the authors in the deterministic case in [15]. For this rea-
son, we propose an equivalent system that keeps the main features of our stochastic
model but is simpler to handle.

Proposition 3.1. Ifb < W(y;i:D)! we have for all t >0, bx(t) < y(y(t) + D) a.s.

Proof. Let f(x(t),y(t)) = bx(t) —v(y(t) + D) and 7+ = inf{t > 0, f(¢) > 0}.
Let ng > 0 be sufficiently large such that f(0) € [—no, —%} For each integer n > ny,
define the stopping time as

e o L))

Obviously, 7, is increasing as n — co. Set T, = ILm Tn, hence 7o, < 77 almost
n o0

surely.
Now, we want to show that 7., = co. We assume that this is false. If the statement
is false, then there are a pair of constants 7' > 0 and € € (0, 1) such that

P70 <T) > e. (10)
Thus, there is an integer ny > ng such that
P{r, <T}>¢, Vn>mn. (11)
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Define a function V : R2 — R by:

V(@ (t),y(t) = (bx(t) = 4(y(t) + D)) = 1 = In(=ba(t) + 7 (y(t) + D)),
for f(z(t),y(t)) = bx(t) — y(y(t) + D), the form of V will be V = (z — 1 — In(—2))
which is non-negative.
AV (z(t),y(1)) N ~
= oV +o,Vda(t) + o, Vdy(t) + 104,V < z(t),x(t) >
touyV < a(t), y(t) > +504, < y(t),y(t) >

- b
(“ 700) + D) =) et ‘”‘v<y<t>+D>—Bx<t>>
2.2 Y - 2 9
(£ + s ) 0+ (=3 o) ) SO
iD)- bz(t))2>0‘5$() (t)dt

+
)
(A0 ) () o

2
75 ) |~d+ emin (y(t)+)f),7 y(t) + 2;’(7)5)20423:2(15)

/ N w\@\

+2f(t)2 Y2 (t)dt + (b - f?t)> az(t)dB (t) + <’y - J"Zﬂ) By(t)dB2(t).
) (12)
A7 (a(0),9(0) = £V (0 uO)dr (6= 505 ) o8 045 (11 =7 ) w00,
where
V) = (b- ) [20) (1= 52) = ety min (;7585.7) 45 - mu]
A 2
+(1-= —qy(z))Jr ey(t) min y(;i(i)D,v (:|)+ %
x(t . bx(t t
= (z— 1)< <1 - ) - m;n(t)y(t) n D,'y> j;—(s)ﬁz— mu(t))
T(y”(q”mm< 7e57))t
< P,
(13)

with P is a positive constant. So we have
dV (z(t), y(t)) < Pdt + a(x(t) — 1)dB(t) + B(y(t) — 1)dB(t). (14)

Integrating both sides of (14) from 0 to 7, AT and then taking the expectation,
one gets
BV (2(rn AT), y(ma AT)) < V(x0,50) + NE(mn AT)),

therefore _ N
EV (2(1, AT),y(mn AT)) < V(x0,90) + NT. (15)

Let Q, = {7, < T} for n > ny. From (11), we obtain P(2,) > e. For each
w € Qp, x(7,) or y(7,) equals either n or L. So V(x(7,),y(7n)) is not less than

either
1

1
n—1—-Innor——1—-In—=——-1+1Inn.
n non
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Thus

v(x(Tn)vy(Tn)) >(n—1—Inn)A (i -1 +lnn>

holds. According (15), we have

V(zo,y0) + NT > E IQnV(.’E(Tn),y(Tn)):| >e(n—1—1Inn) A (717, -1+ lnn> ,

in which Iq,, denotes the indicator function of €2,,. Letting n — oo, then we obtain
oo > V(x(0),y(0)) + NT = oo,
which leads to a contradiction, so we must have 7., = co almost surely. O

Hence, system (2) is reduced to the simple form

dz(t) = x(t) {a <1 — :cé{t)) - y(l;?)J(j—)D — mu} dt + ax(t)dB'(t) "
dy(t) =y(t) [ —q+ em} dt — By(t)dB*(t).

3.2. Persistence. We first present persistence in mean proposed in [16]

Definition 3.1. The system is said to be persistent in mean if:

1/t I
lim inf 7/ z(s)ds > 0, liminf f/ y(s)ds > 0.
t—r+oo T Jo t—+oo t J
In this part, we always assume:

Assumption 1. ¢ — b — mu — 0‘72 > 0.

Assumption 2. eb — D (q + %2> > 0.

Theorem 3.2. Suppose that Assumption 1 holds, for any xq > 0, the first component
x of the solution to (16) satisfies

1 [t (a—mu—g—“;)K
lim inf 7/ x(s)ds > . (17)
0

t—+oo t a

Before moving to prove Theorem 3.2, we first present the following lemma proposed
in [0], [7].

Lemma 3.3. Consider a one-dimensional stochastic differential equation
dX(t) = X(t)[(a —bX(t))dt + cdB(t)], (18)

where parameters a, b and o are positive, a > %2 and B is a standard Brownian
motion. )

Suppose a > % and X is the solution of system (18) with any initial value Xo > 0.
Then

log X (¢
limiog *)

t—o00 t

=0 as (19)

and

2
o2
a—3

¢
lim 1/ X(s)ds = 2 a.s. (20)
0

t—oo t
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Now, we proof Theorem 3.2.
Proof. Since the first component z of the solution to (16) is positive, we have
dz(t) < z(t) (a — o — %x(t)) dt + ax(t)dB(t).
Let
pla—mu—2)t+aB (1)

o(t) = .
T fot ela—mu—5)s+aBL(s) g

Then ®(t) is the unique solution of equation

{d@(t) — ®(t) (a — mu— £B(t)) di + ad(t)dB(t), 1)
D(0) =
and by the comparison theorem of stochastic equations we get
xz(t) < ®(t) a.s.
On the other hand, we have
dx(t) > z(t) (a —mu —b— %x(t)) dt + ax(t)dB (t).
Similarly,
oty =
S e
is the unique solution of equation
{dqs(t) = ¢(t) (a — mu— b — £¢(t)) dt + ad(t)dB (1), (22)
¢(0) = zo.
and
x(t) > o(t) as.
Consequently,
o(t) <z(t) < P(t) as. (23)

Since @ and ¢ are solutions of systems (21) and (22), respectively. From Lemma 3.3
given above, when a — b — mu — %2 > 0, we get properties of solutions ¢ and ¢:

2
log (¢ 1/t a—mu-— 5K
limo‘gi():O7 lim/@(s)ds< 2)
0

t—00 t t—oo t a a8,
and
2
1 ¢ 1 [t (a—mu—b—%)K
lim og #(t) =0, lim 7/ o(s)ds = a.s.
t—00 t t—oo t 0 a

The inequalities above, together with (23), imply
1 t
lim —8 z(?)

t—o00 t

=0 as,
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and

(a—mu—l_)—o‘;)K

1 t
< liminf 7/ x(s)ds
tJo

a t—>+o0
1t (a — mu — %) K
< lim sup f/ z(s)ds < a.s.
t—s 00 0 a

O

Theorem 3.4. Suppose that Assumption 2 holds, and the second component y of the
solution to (16) is positive with initial value yo > 0, then

2
1t +5
lim — 2(5) ds = 17 3
t—oo t Jo y(s)+ D eb

a.s. (24)

MOT@OU@T, we can see
— B2
eb—D(q+5)

1 t
lim inf f/ y(s)ds > =
0 eb

t—s4oo t
Before setting the proof of Theorem 3.4, we need the following lemma.

Lemma 3.5. Under Assumption 2, for any initial value yo > 0, the second component
y of the solution to (16) satisfies

log y(1)

lim ————= =0 a.s.
t— 00 t
Proof.
b ,
) < (~ault) + G00)) e~ By(e)dB (), (25)

Let ¥(t) be the solution of
{d\II(t) - (quf(t) + %@(t)) dt — BU(t)dB2 (%),
\IJ(O) = Yo-

Then, by the comparison theorem of stochastic equations, we have y(t) < ¥(¢) a.s.
2
Integrating (26) from T to ¢ (¢t > T'), where T satisfies 2e(@=™4=F)T > 1, yields

(26)

7 t
W(t) = U(T)e— @+ D=8 0-B 1) L D [ g @+ S t-0-pB OB ) g

T
(27)

a?
If s > T, then %e(“*m“*T)s > 1 and

e(afmufé)eraBl(s)

D(s) =

L4 g 8 elammu==)otaB!(v) gy
0
e(a—mu—%Q)s—i-aBl(s)
= a S (afmuf"‘—z)v+aB1('u)
= e 2 dv




230 L. BOUSMAHA, K. SMAIL, O. KEBIRI, A. MOUSSAOUI, AND A. KANDOUCI

e(afmuf%z)eraBl(s)

<
- a min Bl(v 2
%6 0<v<s ( )fOS 6(a—mu—%)vdv
2
( — mu — %) K e(a—mu—%z)s—l-aBl(s)
= n Bl
a eaoglu“%s (@) e(afmuf%z)s _ 1:|

2 (a —mu — %2> K e(afmufé)eraBl(s)

IN

a min Bl(v 2
a e 0<v<s ( )e(a—mu—%)s

2

a

Replacing this in (27), we obtain

W(t) < W(T)e~ 0+ 5 =T) =B ()~ B (1))

— 2
2eb - -5 K 1 — min 1
L (a-mu—5) /t SO BIE BIO) (4 B2 (t—0)—B(B2 () B2(9)) 4

aD T
< ‘IJ(T)e_(“g)(t—T)—ﬂ(Bz(t)—BZ(T))
7 2
- - 1 . 1 5 )
2eb (a mu — % )K “%2’2‘@3 (S)_orgns’%tB (s))+ﬁ(ogg§t3 (s)—B2(1))
aD
t 52
></ 6_(q+7)(t_s)ds
T

+

= W(T)e*‘”g)(t*T)fB(B?(t)fB2(T))

_ 2
2eb - -5 max 1 — min 1 max 2 -B?
e <a mu 5 )Kea(og?gtB (s) ogsgtB (s))+,8(0S?§tB (s)—B*(t)) |:1 e*(‘HB;)(th)}

aD (q+ %)

e B i B+ mas B(6) -2 0) {

v (T) +

265(&77711/,7%2)}{
aD (q+ %) }

<

Ty s 1 2,V p2
o Klea(oggftB (s) OsmslgtB (S))Jrﬂ(orgnsagtB (s)—B=(t))
N b
= 2
2eb(a—mu—“7 K

where K1 = U(T) + is a constant. Therefore, we get

aD (q+§)
1 ; 1 2
g W) a&%f o ao@;EttB > ﬁofﬁs%f - $Z0) K

The distributions of maxg<s<¢ B'(s) and maxg<s<¢ B*(s) are the same as |B'(t)| and
| B2(t)| respectively, and ming<s<; B*(s) has the same distribution as — maxo<s<¢ B (s).
Letting ¢t — oo, by the strong law of large numbers, (28) implies

log W(t
lim sup L() <0 as,
t—00 t
as a result,
1 t
lim sup logy(t) <0 as. (29)
t—o0 t
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On the other hand, we have

_ x(t) B 2
) = o0 (-0 20 Y i putnany
b eb
>0 (-a+ 5 - j)ya)) dt - By B ().
Let
{dwu) = 5(t) (~a+ % — FV) dt - Bu(t)dB(),
¥(0) = yo.
According to Lemma 3.3, if § < 0 and Assumption 2 holds we have
lim M =0 a.s,
t—00 t
as a result
minf 28Y®) ¢( ) >0
t—)oo -
Therefore, (29) and (30) imply
lim 28Y0) _

t—o00

Now, we can prove Theorem 3.4.

Proof. Denote V (y) = logy. By Itd’s formula, we obtain

dlogy(t) = (—q - % + m) dt — BdB2(t).

Integrating it from 0 to ¢, yields

(., 7 Ceb(s) Lo g
logy(t)—logy(())—< q 2>t+/0 y(s)+Dd BB=(t).

and
logy(t) —logy(0) ~ ~ p? 1/t ebx(s) is _ﬁBQ(t)
t ST T ), ys) 1D t
Letting t — oo, (31) and (32) imply
1 g
lim — 2(s) ds = quQ a.s.
t—oo t Jo y(s)+ D eb

We can easily see that

t—+oo t

1 t + &
liminff/ y(s)ds>1— lim D &dszl—Du.

t—+o0  Jo y(s)+ D eb

So, finally we have

1 t 6?) - D (q + %)
liminf — [ y(s)ds > ————= > 0.
t—+oo t Jg eb

231
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Remark 3.1. Under Assumptions 1, 2 and by Theorem 3.2 and Theorem 3.4, we

obtain
1 [t K(a—l;—%z—mu)
liminfg/ x(s)ds > >0 a.s.
0

t—o00 a

and ,
¢+
e

>0 a.s.

1 t

lim inf 7/ y(s)ds >1—D
t—+oo Tt J

According to Definition (3.1), we obtain the stochastic system (16) is persistent in

mean.

3.3. Extinction.

Definition 3.2. A population z(t) goes extinct if:
lim z(t) =0. a.s.
t—o0

We assume that Assumptions 1 and 2 are not satisfied and examine the case where
- 2
a—mu—b— % <0.

Theorem 3.6. Let (z(t),y(t))i>0 be the solution of system (16) with any initial values
xg > 0, Yo > 0.

If

2
a—mu—b— il <0,
2
then
lim x(t) =0, tliglo y(t) =0 a.s.

t—o0

Before moving to the proof of extinction in the model, we need the following lemma,
which can be found in [6, 7].

Lemma 3.7. Consider the following stochastic equation
dX(t) = p(X(t),t)dt + o (X (t),t)dB(t). (34)

Assume (X (t))i>0 is the solution of system (34). If S(—o0) > —oo and S(+o00) =
+00, then
lim X(t) = —o0,

t—o0

where the scale function

W e 2/"(tvy)dy
S(u) = e 70 2ty Vdy.
0
Now, we can move to prove Theorem 3.6.

Proof. Define U(z(t)) = logz(t) and V(y(t)) = logy(t). Applying Ité’s formula, we
obtain
BV (w(®)

3

2
dU (x(t)) (a —mu — % - %eU(“(t)) - ) dt + adB*(t)

IN

o?
(a —5 = mu> dt + adB*(t).
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By using the stochastic comparison theorem and the properties of diffusion processes

refer to Lemma (3.7)), for u(t,z) = a — mu — 2 and o t,x) = «, it is easy to
H 2

determine that S(—o0) > —oco and S(+00) = +00, leading to
tlg(r)lo U(z(t)) = —oc0 as.

which implies that

tlggo z(t)=0 as.

In a such case, it follows either that

lim y(t) =0 a.s. (35)

t—o0

If this were not the case, then we must have

limsupy(t) :=k >0 a.s.

t—o00

Consequently, for any arbitrarily small € > 0, there exist ty and a subset {2, such that
P(Q.) > 1—¢ and

ba(t
mgebs for t > tg and w € Q..

Thus, we derive
y(t)(—qdt — BdB*(t)) < dy(t) < y(t)((—q + ebe)dt — BdB*(1)),
and
2 B? _
— (q + 2) dt — BdB?(t) < dV (y(t)) < (— (q + 2) + ebs) dt — BdB*(t).
By the same reasoning as above and the arbitrariness of €, we can get

tllglo V(y®) =-c as,

ie.,
tl_l)rgo y(t) =0 a.s.
There is a contradiction, hence (35) is true. t

Remark 3.2. Given the condition a — mu — b — 0‘72 < 0 and the proof of Theorem
3.6, if the prey goes extinct, the predator will also die out.

What about the other case?
In response to this question, we make use of the following result.

Theorem 3.8. Let (z(t),y(t))i>0 be the solution of system (16) with any initial values
zo > 0,90 > 0.

Ifa—mu—B—%2>0 andeB—D(q—&—B—;) <0, then

1 [t K (a —mu — %2)
lim - [ z(s)ds = , limy(t) =0 a.s.

t—oo t 0 a t—o00
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Proof. Consider the predator population y(t), we can easily see that
eb
y(0) (~ade ~ 5a*@) < dy(®) < (0 ((~a+ o)) e — a2 )

by the comparison theorem of stochastic equations and if eb — D (q + %2> < 0, then

lim y(t) =0 a.s. (36)

t—o0

Now, let us analyze the behavior of the prey population z(t). Clearly, we have:

_ a by(t) 1
dx(t) = z(t) (a —mu — Ex(t) — Z’W) dt + ax(t)dB*(t),

which can be rewritten as

dz(t) > (1) (a —mu—b— %w(t)) dt + az(t)dBi(t),

if a —mu—b— %2 > 0, then by Lemma 3.3 |, we obtain

t _ _p_
liminf - [ z(s)ds > a-ma 2

>0 a.s.
t—oo ¢ 0 b

This implies that there exists To > 0 and a positive constant ko such that z(t) > ko
almost surely for ¢ > Ty. Moreover, Equation (36) tells us that for any € > 0, there
exist T' > Ty and a set €. such that P(Q2.) > 1 — ¢ and

_yt) <be, forweQ.,t>T.
y(t)+ D

Thus, when w € Q.,t > T, we get

dz(t) > z(t) (a — i — be — %x(t)) dt + ax(t)dB(t),
as a result, we obtain:
t

1 K (
liminf — [ z(s)ds >

t%ooto a

On the other hand, we have the inequality:

dz(t) < z(t)(a — mu — %2)dt + ax(t)dB (t).

Thus, we can deduce then

1 rt K (a —mu — 0‘72)
limsupf/ x(s)ds < a.s.
0

t—o00 a

Therefore, by the arbitrariness of ¢, we have

1 rt K(a—mu—o‘;)

lim — [ z(s)ds = a.s.
t—oo t Jg a
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4. The stability of the solution with respect to initial values.

In stochastic dynamic systems, small variations in initial conditions can influence
long-term behavior due to random fluctuations. In this section we aim to show the
stability of system (16). We define the norm used to assess stability, considering
two solutions z and Z of the same stochastic differential equation, corresponding to
different initial conditions zg and Zg as:

|l = 2|* =E [ sup |z(t) — ﬁ(t)l%”] ,

t€[0,T]

where A > 0 is a given constant and this norm is equivalent to the standard supremum
norm for A\ = 0.

Let (x,y) and (Z,§) are two solutions of the stochastic system (16) with different
initial conditions (xg,yo) and (Zg, o). Such that zg — o and yog — o.

By taking the difference between the integral forms of z(t) and Z(t), we get

olt) = a(0) =0~ + [ alols) = 5(5)) — ¢ (alo) — () b ( L S

Applying Ito’s formula, we get

E

sup |z(t) — i(t)ﬁe”] < |zo — Zo| + A\E {/0 e>‘s|x(s) - fc(s)|2ds}

te[0,T]
¢
+T'E {/ e a(s) — 55(5)|2d5} ,
0
with I" = E(A) and

2
A=2a+22 sup |z(s) — Z(s)]
K s€[0,T]

maxXse(o,17] (Supse[O,T] y(s), SUPselo,T] 17(5))

- - - — + 2mu + o2
Mise(o,T] (mlnse[o,T] y(s) + D, MiNse(o,7] 4(s) + D)

+2b

By taking A = —I', we obtain E {SUPte[o,T] |x(t) — Jﬁ(t)|2€)‘1 < |xg — &o| which means
that |z — Z|| — 0 when xy — &o.

Now, let us consider y(t) and we proceed the same as for x(t) we get

t
E | sup [y(t) — z&(t)ze‘%] < |yo — Yo| + OE U e y(s) — Q(S)I2d8]
te[0,7T] 0

rer [ [ e -atoras).

0
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with £ = E(v) and

maXse[o,T) (SuPse[O,T] z(s), SUPselo,T] 53(5))

. . : - + 8%,
mlnsE[O,T] (mlnse[O,T] y(s) + Da mlnse[O,T] y(s) + D)

v=2q+2b

and if we take 8 = —¢, we obtain E {supte[O,T] ly(t) — Q(t)|2€0t} < |yo — 9o| which
means that ||y — ¢|| — 0 when yo — o.

Remark 4.1. We have established the system’s stability in sense that the trajectories
remain close whenever the initial conditions xq is close to Zg and yq is close go.

5. Numerical simulation

In this section, we use Milstein method mentioned in [8] to get the simulation of the
stochastic system (16) in order to confirm the results set above.
Consider the discretization of system (16)

oun =+ (o (1= ) = 505 —mea) 80+ am ABL+ ga% (8B - ),

K yi +D 2

ot (s s Y\ Ar gy A2 - L2y, ((AB2)? -
yz+1—yz+<qyz+yi+D>At Byi AB; ZByz((ABi) At)v

where AB; = By,,, — By, ~ N(0,At) and At =t;41 —t; is the time step.

50

Predator

Population

Time

FIGURE 1. Solution of system (16) for (zo,y0) = (20,10), a = 12,
b=10, K =20,¢=1.25, D =4, m = 6,u = 0.15, ¢ = 1, At = 0.001,
a =0.01 and g = —0.01.

We have chosen suitable parameters based on those proposed in [15] for the studied
model, which is influenced by water level fluctuation and harvesting in the determin-
istic case. We have considered a stochastic perturbation in parameters a and ¢ to
modelize the effect of environmental noise. The blue and red lines represent the solu-
tion of the stochastic system 16 while the black and yellow lines represent the solution
of the deterministic one. First, we can see that the solution of the stochastic system
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is positive, which confirms Theorem 2.1. Comparing figure 1 and figure 2, we observe
that when o and 3 are close to zero, the dynamics of the stochastic system is getting
similar to the deterministic system’s.

Predator

Population

Time
FIGURE 2. Solution of system (16) for (zo,y0) = (20,10), a = 12,
b=10,K =20,e =125, D = 4,m = 6, u = 0.15, ¢ = 1, At = 0.001,
a=0.1 and 8 = —0.1.
60

0y Predator

Population

Time

FIGURE 3. Solutions of systems (16) for (zo,y0) = (20, 10), a = 12,
b=10,K =20,e=1.25,D =4, m = 6,u=0.15,q = 1, At
a=0.1 and 8 = —0.1.

As mentioned in [15], the deterministic equivalent system possesses a coexisting
equilibrium point P* = (z*,y*), which is globally asymptotically stable. Figure 3
represents the simulation of 10 trajectories of the solutions of the stochastic system
(16). The trajectories in cyan represent the evolution of the predator population,
while the red ones represent the dynamics of the prey population, and this what
makes the stochastic system more realistic than the deterministic one is that in the
studied lake we can’t predict what exactly will happen due to the huge amount of
natural changes. the stars in magenta and those in blue represent the means of =
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and y, respectively. We can see that the stochastic system converges in mean to the

coexisting equilibrium, so the numerical simulation confirms the persistence of both
- 2

species under assumptions 1 and 2 because we have here a —b—mu— % ~ 1.0888 > 0

and eb — D (q + ’8—22) ~ 8.5450 > 0, so Theorems 3.2 and 3.4 are verified numerically.

45t Predator

Population
Y
o

Time

FIGURE 4. Solution of system (16) for (xo,y9) = (20,10) and
(zg,yp) = (19,11), @ = 12, b = 10, K = 20, e = 1.25, D = 4,
m=06,u=0.15,¢g=1, At =0.001, « = 0.1 and 8 = —0.1.

IS
S

m— Prey
e Predator

Population
— Y now @
oS 58 &

=

0 1 2 3 4 5 6 7 8 9 10
Time

FIGURE 5. Solutions of systems (16) for (zo,yo0) = (20, 10), a = 12,
b=10,K =20,e=1.25,D =4, m = 6,u = 0.15, ¢ = 1, At = 0.001,
a=>5and g =-0.1.

Figure 4 confirms the stability of the stochastic system (16). Given closed initial
conditions, the trajectories are almost the same for both populations, and after calcu-
lation of the mean square error, we get MSE, = 0.0041 and M SE, = 0.0097, which
means that a small variation in the initial population of prey and predator doesn’t
influence the behavior of the system.
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Here in Figure 5 we verify numerically Theorem 3.6 and we get the extinction of
both spaces since Assumption 1 is not satisfied, we have here a — b — mu — %2 =
—11.4000 < 0.

Figure 6 represents the extinction of predator population when Assumption 2 is

not satisfied because eb — D (q + %) ~ —119.5000 < 0 we have here the stability in

average of the prey population.

25

— Prey
20 e Predlator

Population

0 0t 02 03 04 05 06 07 08 09 1
Time

FIGURE 6. Solution of system (16) for (zo,y0) = (20,10), a = 12,
b=10, K =20,e=1.25,D =4, m = 6,u = 0.15, g = 1, At = 0.001,
a=3and = -8.

6. Conclusion

In this paper, we studied a stochastic prey-predator model with functional response
based on the quantity of food received by the predator, where we considered the
harvesting strategy. The dynamic is studied theoretically and numerically.

According to our results, Theorems 3.2 and 3.4, when the environmental noise
represented by parameters o and [ has an impact, such that assumptions 1 and 2 are
not satisfied, both populations will be extinct.

The numerical analysis presented in the last section, illustrates the theoretical
results of the positivity of the solution, persistence and extinction of the population.
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