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Fuzzy ideals of K-algebras
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ABSTRACT. The fuzzy setting of an ideal in a K-algebra is presented and some properties are
investigated. Properties of homomorphic image and inverse image of fuzzy ideals of K-algebras
are discussed. A characterization theorem of fuzzy fully invariant is given. Fuzzy relations on
K-algebras are discussed. A characterization theorem of fuzzy ideals in terms of the strongest
fuzzy relations on K-algebras is also studied.
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1. Introduction

A K-algebra (G, -, ®,e), introduced by Dar and Akram [4], is an algebra built on a

group (G, -, e) with identity e and adjoined with an induced binary operation ® on G.
It is non-commutative and non-associative with a right identity e. It is proved in [2, 4]
that a K-algebra on an abelian group is equivalent to a p-semisimple BC'I-algebra.
For the convenience of study, authors renamed a K-algebra built on a group G as a
K (G)-algebra [5]. The K (G)-algebra has been characterized by using its left and right
mappings in [5]. Recently, Dar and Akram [7] have further proved that the class of
K (G)-algebras is a generalized class of B-algebras [12] when (G, -, e) is a non-abelian
group, and they also proved that the K(G)-algebra is a generalized class of the class
of BCH/BCI/BCK-algebras [8, 9, 10] when (G, -, e) is an abelian group.
After the introduction of fuzzy sets by Zadeh [14], the fuzzy set theory developed
by Zadeh himself and others in many directions and found applications in various
areas of sciences. The study of fuzzy algebraic structures started with introduction
of the concept of the fuzzy subgroup of a group in the pioneering paper of Rosenfeld
[13]. Since then many researchers have been engaged in extending the concepts and
results of abstract algebra to broader framework of the fuzzy setting. Akram et al.
introduced the notions of subalgebras and fuzzy (maximal) ideals of K-algebras in
[1] and further studied by Jun et al. in [11]. As a continuation of [1, 11], further
some properties of the fuzzy ideals in a K-algebra are investigated. Properties of
homomorphic image and inverse image of fuzzy ideals of K-algebras are discussed.
A characterization theorem of fuzzy fully invariant is given. Fuzzy relations on a
K-algebra are also discussed.
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2. Preliminaries

In this section we review some elementary aspects that are necessary for this paper:
Let (G,-,e) be a group with the identity e such that x? # e for some x(# €) € G.
A K-algebra built on G (briefly, K-algebra) is a structure K = (G, -, ®, e), where “®”
is a binary operation on GG which is induced from the operation “-”, that satisfies the
following:
1) (Va,2,y €G) (a02)©(a0y) = (@ (y ' ©z71) Oa),
2) Va,z€@G) (a®(acz)=(a0z!)O®a),
3) Vae@G) (a@a=e),
4) Va € G) (a®e=a),
5) (Vae€G) (e®a=a"t).
f G is abelian, then conditions (k1) and (k2) are replaced by:
k1) (Va,z,y € G) (a®z)®(a®y) =y O x),
k2") (Va,z € G) (a® (a© ) =1x),
respectively. A nonempty subset H of a K-algebra K is called a subalgebra of K if it
satisfies:
o Va,be H) (a®be H).

Note that every subalgebra of a K-algebra K contains the identity e of the group
(G,-). A mapping f : K1 — Ko of K-algebras is called a homomorphism if f(zx ©y) =
f(z) ® f(y) for all x,y € K1. Note that if f is a homomorphism, then f(e) =e. A
nonempty subset I of a K-algebra I is called an ideal of K if it satisfies:

(i) ee I,

(ii) Vz,ye @) (x0yel,yo (yoz)el = zel).
Let p be a fuzzy set on G, i.e., a map p: G — [0,1]. A fuzzy set u in a K-algebra K
is called a fuzzy subalgebra of IC if it satisfies:

o (Vz,y € G) (u(z ©y) = min{u(z), u(y)}).
Note that every fuzzy subalgebra pu of a K-algebra IC satisfies the following inequality:

(Vo € G) (u(e) = p(x)).

(k
(k
(k
(k
(k
I

3. Fuzzy ideals of K-algebra

Definition 3.1. A fuzzy set p in a K-algebra K is called a fuzzy ideal of K if it
satisfies:

(i) (Vo € G) (u(e) = p(x)),

(i) (Va,y € G) () = min{u(z © y), uly © (y © 2))})-

Example 3.1. Consider the K-algebra K = (G,-,©,¢) on the cyclic group G =
{0,a,b,¢,d, f}, where 0 =e, a =a, b=a?, c=a3, d=a*, f=a® and ® is given by
the following Cayley’s table:

QU O T D[
QO e D
SR DH OO
Q D & O T
D QO Q[

a0 e Q0
RO oe OO
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Let p be a fuzzy set in G defined by pu(e) =t and p(x) =ty for allx # 0 in G, where
t1 >ty in [0, 1]. Then, by routine verification, it is easy to see that p is a fuzzy ideal
of K.
The following propositions are obvious.

Proposition 3.1. [1] Let p be a fuzzy set in a K-algebra K. Then u is a fuzzy ideal
of K if and only if the set U(u;t) := {x € G | p(z) > t}, t € [0,1], is an ideal of K
when it is nonempty.
Proposition 3.2. Let p be a fuzzy ideal of a K-algebra K and let x € K. Then
w(x) =t if and only if x € U(u;t) and x ¢ U(p;s) for all s > t.
Proposition 3.3. If u and \ are fuzzy ideals of K. Then pN A\ is also a fuzzy ideals
of K.
Definition 3.2. For a family of fuzzy sets {u;]i € I} in a K-algebra IC, define the
join \/,c ni and meet N\, pi of {pili € I} as follows:

(V wi)(@) = sup{pi(a)|i € 1},

iel

(A ) (@) = inf{pi(2)]i € I}

iel

for each x € G.

Theorem 3.1. The family of fuzzy ideals of KC is a completely distributive lattice with
respect to the meet and the join.

Proof. Let {u;|i € I} be a family of fuzzy ideals of K. Since [0, 1] is a completely
distributive lattice with respect to the usual ordering in [0, 1], it is sufficient to show
that \/,c; i and A, ps are fuzzy ideals of K. For any = € K,

(\/ 1) (e) = sup pi(e) > sup pi(x) = (\/ pa) (),
i€l el i€l i€l
and

(/\ a)le) = inf p1;(€) 2 inf pi(2) = (/\ ) (@).
iel ! ‘ iel
Let z, y € K. Then

(\/ ) (@)

sup{p;(z)|i € I}

sup{max(u;(z © y), wi(y © (y © x)))|i € I}

max (sup{p;(z © y)|i € I}, sup{pi(y © (y © x))[i € I})
= max((\/ )=o), (\/ )y © (y o)),

inf{u;(x)|i € T}

inf{min(u;(z © y), i(y © (y © @)))|i € I}

min(int {ui(z © y)li € T} inf{jusly © (y © )i € T})
min((/\ w) (@ © ), (\ i)y © (y © 2))).

Hence \/; pi and A, ps are fuzzy ideals of K. O

v

(/\ i) ()

v

Theorem 3.2. If i is a fuzzy ideal of a K-algebra IC, then for all x € G
p(z) =sup{t € [0,1] | z € U(p;t)}.
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Proof. Let s :=sup{t € [0,1] | x € U(p;¢t)}, and let € > 0. Then s — e < ¢ for some
t € [0,1] such that x € U(u;t), and so s — e < p(x). Since € is an arbitrary, it follows
that s < p(z). Now let p(z) = v, then z € U(p;v) andsov € {t € [0,1] | x € U(u;t)}.
Thus p(z) = v <sup{t € [0,1] | z € U(y;t)} = s. Hence p(x) = s. This completes
the proof. (I

‘We now consider the converse of Theorem 3.2.

Theorem 3.3. Let Q2 be a nonempty finite subset of [0,1]. Let {G,, | w € Q} be a
collection of ideals of a K-algebra KC such that

(i) G =Uypeq Gu
(ii) o> B if and only if G, C Gg for all a, § € Q.
Then a fuzzy set p in G defined by
p(x) =sup{w € Q | z € Gy}
is a fuzzy ideal of IC.
Proof. In view of Proposition 3.1, it is sufficient to show that every nonempty level

set U(p;«) is an ideal of K. Assume U(p; ) # « for some o € [0;1]. Then the
following cases arise:

lL.a=sup{Be Q| f<a}l=sup{f Q| Gy CGg},
2.a#sup{f e | f<a}l=sup{feN| Gy CGs}
Case(1) implies that
rel(pa) & zeGyu,Vw<a
& € ﬂ Gy

w<a
Hence U(; ) = (),y<q Gw, which is an ideal of K.
For case (2), there exists € > 0 such that (o — €, @) (2 = 0. We claim that in this
case U(p; ) = UﬁZa Gg. Indeed, if z € Uﬁza Gg, then z € G for some 3 > a,
which gives p(z) > 8 > a. Thus 2 € U(y; ), ie., Ugs, Gg € U(p; ). On the other
hand, if © ¢ Uﬁ>a Gg, then = ¢ Gpg for all § > «, which implies that z ¢ Gg for
all B> a —e, ie., if € G then f < a —e. Thus pu(z) < a—e Sox ¢ Uy a).
Thus U(p; o) € Ups, G- Hence U(p; ) = U5, G, which is an ideal of K. This
completes the proof. O

Theorem 3.4. Let f: K1 — K3 be an epimorphism of K-algebras. If v is a fuzzy
ideal of Ko and p is the pre-image of v under f. Then u is a fuzzy ideal of K.
Proof. It is easy to see that pu(e) > p(z) for all z € Ky. For any z, y € K4,
p(x) = v(f(z)) zmin((f(z©y)v(flyo(y©1)
= min(u(z ©y),uly© (y ©x))).

Hence p is a fuzzy ideal of K;. (]
Definition 3.3. Let K1 and Ko be two K-algebras and let f be a function from K
mto Ko. If v is a fuzzy set in Ko, then the preimage of v under f is the fuzzy set in
K1 defined by

) @) =v(f(x) ¥ zed.
Theorem 3.5. Let f: K1 — Ko be an epimorphism of K-algebras. If v is a fuzzy
ideal in Ko, then f=(v) is a fuzzy ideal in K;.
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Proof. Tt is easy to see that f~1(v)(e) > f~1(v)(z) for all x € K. Let z, y € K, then

@) = v(f@)

=z min((f(z0y), fyo (y©)))
= min(r(f(z©y)),v(fly© (y© )
= min(f~ ()@ oY), [T W)Yo (y o).
Hence f~!(v) is a fuzzy ideal in K;. O

Definition 3.4. Let a mapping f : K1 — Ko from Ky into Ko of K-algebras and
let 11 be a fuzzy set of Ky. The map p! is called the pre-image of p under f, if
W (x) = p(f(2)), for allz € G.

Theorem 3.6. Let f: K1 — Ko be an epimorphism of K-algebras. If u is a fuzzy
ideal of Ky, then pf is a fuzzy ideal of KC;.

Proof. For any = € K, we have uf(e1) = pu(f(e1)) = u(ea) > u(f(z)) = p/(z). For
any x,y € K, since u is a fuzzy ideal of Ky,

pl(z) = p(f(x))

> min{u(f(z ©y)), u(f(y) © fy ©2))}
= min{u(f((z©y), u(flyo (y©x)))}
= min{p/ ((z0y), /(Yo (yo)}
proving that uf is a fuzzy ideal of ;. U

Theorem 3.7. Let f : Ky — Ko be an epimorphism of K -algebras. If ' is a fuzzy
ideal of Ko, then w is a fuzzy ideal of Ky.

Proof. Since there exists x € K; such that y = f(x) for any y € g, p(y) = p(f(x)) =
W () < (1) = il fler) = plea).

For any z,y € Ky, there exist a,b,c € K; such that x = f(a) and y = f(b). It follows
that

pwx) = p(f(a))
= 1/(a)
> min{uf ((a©b), 1/ (b® (boa))}
= min{p(f(a©b)), u(f(bO (b©a)))}
= min{u((f(a) ® f(b))), u(f(b) © (f(b) © f(a)))}
= min{p((z©y)), uly © (y ©x))}
proving that u is a fuzzy ideal of K;. 0

Definition 3.5. An ideal H of K-algebra is said to be fully invariant if f(H) C H,
for all f € End(K), where End(K) is the set of all endomorphisms of a K-algebra K.
A fuzzy ideal p of a K-algebra K is called a fuzzy fully invariant if uf (x) < u(x) for
allx € G and f € End(K).

Theorem 3.8. A fuzzy ideal is fully invariant if and only if each its level set is a
fully invariant ideal.
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Proof. Suppose that p is fuzzy fully invariant and let ¢ € Im(u), f € End(K) and
x € U(u,t). Then

p! ()

Y

p(x) =t
u(f(z)) =t
f(z) € Ulust).

Thus f(U(p;t)) CU(p;t), ie., U(pst) is fully invariant.

Conversely, suppose that each level ideal of y is fully invariant and let x € G, f €
End(K) and p(z) = t. Then, by virtue of Proposition 3.2, z € U(u;t) and = ¢ U(p; )
, for all s > t. It follows from the assumption that f(z) € f(U(u;t)) < U(w;t), so
that p/(z) < p(x) > t. Let s = uf (x) and assume that s > t. Then f(z) € U(u;s) =
f(U(u; s)), which implies from the injectivity of f that € U(u;s), a contradiction.
Hence uf (z) = u(f(z)) < p(z) = t showing that yu is fuzzy fully invariant. O

R A

Definition 3.6. Let i be a fuzzy ideal of K-algebra KK and x € K. The fuzzy subset
wr of KK defined by

1ia) = pla© ) VaeK

is termed as the fuzzy coset determined by x and p.

Proposition 3.4. Let p be a fuzzy ideal of K. Then KC/u, the set of all fuzzy cosets
of u in IC, is a K-algebra under the following operation:

P © fy = Paey YT,y € K.
Proof. Straightforward. (]

Theorem 3.9. Let f: K1 — Ko be homomorphism of K-algebras and let p be fuzzy
ideal of IC1 and X\ of Ko such that f(u) C A, there is a homomorphism of K -algebras
f i Ki/p— Ko/ where f*(uk) = /\}(I) such that the following diagram commutes.

f

Ky Ky
Ky Ko
Iz = A

Proof. Let p; = py then p(z ©y) = p(e). Thus
A(f(x) © f(y)) Mfzoy)=f"Nzoy)
> plz©y) = ple).

That is A(f(z)) = A(f(y)). Hence f* is well-defined. Finally, f* is homomorphism
because

Fsom) = f(Hoy) = Nworw
Ab) O Aj) = I (12) © F*(Ny)-

This completes the proof. O
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4. Cartesian product of fuzzy ideals

Definition 4.1. [3] A fuzzy relation on any set G is a fuzzy set p: G x G — [0,1].

Definition 4.2. [3] If p is a fuzzy relation on a set G and X is a fuzzy set in G, then
wis a fuzzy relation on \ if

w(@,y) <min{A(z), A(y)} Vz, y G

Definition 4.3. [3] Let u and X be the fuzzy sets in a set G. The cartesian product
of u and X is defined by (X N\)(x,y) = min{u(x), \(z)}, V 2, y € G.

Lemma 4.1. [3] Let p and X be fuzzy sets in a set G. Then
(i) p x A is a fuzzy relation on G,
(i) U(p x X8) =U(p;t) x U(As8) for all t € ]0,1].

Definition 4.4. [3] Let A be a fuzzy set in a set G, the strongest fuzzy relation on
G that is fuzzy relation on X is py, given by px(x,y) = min{\(x), A(y)} for all z, y
€G.

Lemma 4.2. [3] For a given fuzzy set A in a set G, let py be the strongest fuzzy
relation on G. Then U(ux;t) = U(At) x U(A;t) for t € ]0,1].

Proposition 4.1. For a given fuzzy set X in a set G, let uy be the strongest fuzzy
relation on G. If py is a fuzzy ideal of K x K, then A(z) < A(e) for all x € K.

Proof. If py is a fuzzy ideal of K x K, then py(x,z) < px(e,e) for all x € K. This
means that
min{A(z), \(z)} < min{\(e), A(e)}, which implies that A(z) < A(e). O

Proposition 4.2. If py is a fuzzy ideal of a K-algebra IC, then the level ideals of py
are given by U(ux;t) = U(Nt) x U(N;t) for all t € [0,1].

Proof. Follows immediately from Lemma 4.2. O

Theorem 4.1. If p and X\ are fuzzy ideals of a K-algebra K. Then p x X is a fuzzy
ideal of I x K.

Proof. For any (x,y) € K x K, we have

(1 x A)(e, €) = min{u(e), A(e)} = min{u(z), A(y)} = (1 x A)(z,y).
Let = (z1,22) and y = (y1,y2) € K x K. Then
(nxA)(z) = (uxA)((z1,22)) = min{p(z1), M(z2)}

> min{min{u(z; © y1), wy1 © (y1 © 1))}

;- min{A (22 ©y2), A(y2 © (y2 © 22))}}
min{min{p(z1 © y1), N(z2 © y2)}

;- min{u(y1 © (11 ©21)), A(y2 © (y2 © 72)) }}

= min{(p x \)((z1 ©y1,72 © y2))

s (XN © (Y ©1)),52 © (y2 © 22)) }

= min{(u x A\)((z1,22) © (y1,92))

v (X N ((Y1,92) © ((y1,92) © (21, 22))) }

= min{(p x A)(z0y), (L xA)(y© (y©2))}
Hence p x A is a fuzzy K-ideal of IC x K. O
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The converse of Theorem 4.1 may not be true as seen in the following example.

Example 4.1. Let K be a K-algebra and let s, t € [0,1) such that s < t. Define
fuzzy sets py1 and pg in K by pi(x) = s and

(z) = t  ifx =0,
o) = 1 otherwise,

for all x € IC, respectively.
If © #£ 0, then ps(x) =1, and thus

(1 X 1), 2) = min(gin(2), oo () = min(s, 1) = 5.
If x =0, then pa(z) =t < 1, and thus

(i1 % p2) (@) = min(pr (2), () = min(s,?) = s.
That is, p1 X po is a constant function and so p1 X pg s a fuzzy ideal of K x KC. Now
p1 1s a fuzzy ideal of IC, but pg is not a fuzzy ideal of IC since for x # 0, we have
p2(0) =t <1 = ps(z).

Theorem 4.2. Let u and A be fuzzy sets in a K-algebra K such that p X X is a fuzzy
ideal of IC X IC, then
(i) Either p(e) > p(x) or A(e) > Ax), Vo € K.
(i) If ple) > p(x), Vo € K, then either A(e) > u(zx) or A(e) > A(z).
(iil) If AM(e) > A(z), Yz € K, then either u(e) > u(x) or u(e) > A(z).
(iv) If p(z) < p(e) for all x € K and M(y) > p(e) for somey € K, then p is a fuzzy
ideal ideal of K.
(v) If Mz) < ple) for any x € K, then A is a fuzzy ideal of K.

Proof. (i) We prove it using reductio ad absurdum.
Assume p(z) > p(e) and A(y) > A(e), for some x, y € K. Then

(kx A)(z,y) = min{u(),A(y)} > min{u(e), A(e)} = (u x A)(e, €)
= (uxA)(z,y) > (pxN(ee),Va, y €K,
which is a contradiction. Hence (i) is proved.

(ii) Again, we use reduction to absurdity.
Assume A(e) < p(z) and A(e) < A(y), V z, y € K. Then,

(1 x A)(e, e) = min{p(e), A(e)} = Ale),
(1 x A)(@,y) = min{pu(x), A(y)} > Ae) = (1 x A)(e, )
= (kx A)(z,y) > (1 x A)(e, €),
which is a contradiction. Hence (ii) is proved.
(iii) The proof is similar to (ii).
(iv) Assume that p(x) < u(e) for all z € K and A(y) > p(e) for some y € K. Then

Ae) > A(y) > p(e). Since p(e) > p(z) for all x € K, it follows that A(e) > u(z
for all z € K. So

(1 x A)(z,e) = min{u(z),A\(z)} = pu(z) Vaek.
Thus
p(x) = (pxA)(z,e) 2 min{(p x A)(z ©y,e), (px A)(y© (y © x),e)}
= min{pu(z O y),uly © (y o))}
Hence p is a fuzzy ideal of K.
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(v) If AM(z) < p(x) for any x € K, then
o) = minfa(e), A@)} = (1 x (e, )
min{(yx x A)(e,z ©y), (1 x A)(e,y © (y © 2))}
= min{min{su(e), A(z © y)}, min{u(e), Ay © (y © z))}}
= min{A(z O y), Ay © (y ©2))}.
Hence A is a fuzzy ideal of .

%

O

The counter example 4.1 shows: if p x A is a fuzzy ideal of K x IC , then p and A
may not be both fuzzy ideals of K. Now we give the partial converse of the Theorem
4.1 is the following Theorem.

Theorem 4.3. If X X is a fuzzy ideal of I X KC, then either p or X is a fuzzy ideal
of K.

Proof. By Theorem 4.2(i), without loss of generality we assume that A(e) > A(z), V
x e K.
It follows from Theorem 4.2(iii) that either p(e) > p(x) or u(e) > A(z). If u(e) > A(x),
V x € K. Then
(1 x N)(e,2) = minfu(e), @)} = A@)-- (1)
Since pu X A is a fuzzy ideal of K x I,
(uxA) (@1, 2) = min{(uxA) (21, 22)©(y1,y2)), (Ex A (Y1, ¥2) ©O((y1, ¥2) O (21, 22))) }-
It implies that
(X A) (w1, 22) > min{(ux A) (21 Oy1, 22092)), (L X A) (11O (Y1 Ox1), Y2 O (Y2 Ox2)) }-
Putting x1=y1 = e gives
(1 x A)(e,22) = min{(p x A)((e, 22 © y2)), (1t X A)(e,y2 © (y2 © 2))}.
Using equation(T), we have
A(z2) = min{A(z2 © y2), A(y2 © (y2 © 22))}.

This proves that A is a fuzzy ideal of K. The second part is similar. This completes
the proof. O
Theorem 4.4. Let )\ be a fuzzy set in a K-algebra K and py be the strongest fuzzy
relation on K. Then X is a fuzzy ideal of IC if and only if py is a fuzzy ideal of IC X K.
Proof. Suppose that A is a fuzzy ideal of IC. Then

pa(e,e) = min{A(e), Ale)} = min{A(z), A(y)} = pa(z,y) ¥ (2,y) € KX K.
For any = = (x1,22) and y = (y1,y2)€ £ x K,

pa(x) = pa(@r,x2) = min{A(z1), AM(z2)}
> min{min{A(z1 © y1), A(y1 © (y1 © 71))}
;- min{A (72 © y2), A(y2 © (Y2 ©@ 2))}}
min{min{\(z; ® y1), A(z2 ® y2)}
;o min{A(y1 © (y1 © 1)), A(y2 © (y2 © 2))}}
= min{ux(z1 O Y1, 22 O y2), pA(Y1 © (y1 © 1), y2 © (Y2 © 72))}
min{p (21, 22) © (y1,92)), A (Y1, 92) © ((y1,92) © (21, 22)))}
= min{ur(z ©y), Ay © (y © 7))}
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Hence py is a fuzzy ideal of K x K.
Conversely, suppose that py is a fuzzy ideal of L x K. Then

min{A(e), Ae)} = pale,e) = pa(z,y) = min{A(z), A(y)} V(z,y) € K x K.
It follows that A(z) < A(e), Vo € K. For any x = (z1,2), ¥ = (y1,¥2)€ K x K,
min{)\(xl),)\(xg)}

px (1, w2)

min{s ((z1,22) © (y1,92)), pa((Y1,¥2) © ((y1,92) © (z1,22)) }
min{p (21 © Y1, 2 © Y2), uA (Y1 © (1 © 21), 42 © (Y2 © 2))}
min{min{\(z1 ® y1), A(z2 © y2)}

;o min{A(y1 © (11 ©21)), A(y2 © (y2 © 22)) }}

= min{min{A(z1 ©® 1), \My1 © (11 ©® 1))}

, min{A(z2 ©®y2), A(y2 © (y2 © x2))}}.

Putting xo = y» = e gives
Az1) > min{A(z1 ©y1), AM(y1 © (y1 © 21))}. Hence A is a fuzzy ideal of K. O

LY
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