Annals of University of Craiova, Math. Comp. Sci. Ser.
Volume 34(1), 2007, Pages 43-58
ISSN: 1223-6934

Ostrowski Type Inequalities on Time Scales

CRISTIAN DINU

ABSTRACT. We present an improved variant of the Ostrowski’s inequality for continuous func-
tions on time scales.

2000 Mathematics Subject Classification. 26D15 .
Key words and phrases. Time scale, convex function, dynamic derivatives, Ostrowski’s
inequality.

1. Introduction

Recently, new developments of the theory and applications of dynamic derivatives
on time scales were made. The study provides a unification and extension of tradi-
tional differential and difference equations and, in the same time, it is an unification
of the discrete theory with the continuous theory, from the theoretical point of view.
Moreover, it is a crucial tool in many computational and numerical applications.
Based on the well-known A (delta) and V (nabla) dynamic derivatives, a combined
dynamic derivative, so called <,, (diamond-«) dynamic derivative, was introduced as
a linear combination of A and V dynamic derivatives on time scales. The diamond-«
dynamic derivative reduces to the A derivative for « = 1 and to the V derivative
for « = 0. On the other hand, it represents a “weighted dynamic derivative” on any
uniformly discrete time scale when oo = 1/2. See [1], [2] and [4] for the basic rules of
the calculus associated with the diamond-a dynamic derivatives.

In [7], A. M. Ostrowski proved an interesting and useful inequality

Theorem 1.1. Let f : [a,b] C R — R continuous on [a,b] and differentiable on (a,b),
whose derivative f': (a,b) — R is bounded on (a,b). Then, for all x € [a,b] we have

1 b
T b-a @

F(t)dt

I A N P
f(@) < |7+ (52 ) | o-alflx (1)

Here || f']lco = suDze (ap) | /()]

In [6], B. G. Pachpatte improved Ostrowski’s inequality and gave some applications.

The aim of this paper is to prove a variant of Ostrowski’s inequality for the time
scales.

In section 2 we review the necessary background on time scales. In section 3 we
prove our main results and detail several applications.
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44 CRISTIAN DINU
2. Preliminaries

A time scale (or measure chain) is any nonempty closed subset T of R (endowed
with the topology of subspace of R).

Throughout this paper T will denote a time scale.

For all t,r € T, we define the forward jump operator o and the backward jump
operator p by the formulas:

ot)=inf{reTlr >t} €T, p(r)=sup{reT|r<r}eT.

In this definition
inf :=supT, sup:=infT.

If o(t) > t, then t is said to be right-scattered, and if p(r) < r, then r is said to
be left-scattered. Points that are simultaneously right-scattered and left-scattered are
called isolated. If o(t) = t, then t is said to be right dense, and if p(r) = r, then r
is said to be left dense. Points that are simultaneously right-dense and left-dense are
called dense.

The mappings p,v : T — [0, +00) defined by

w(t):=o(t)—t
and
v(t) ==t —p(t)
are called, respectively, the forward and backward graininess functions.
If T has a right-scattered minimum m, then define T, = T — {m}; otherwise

T, =T. If T has a left-scattered maximum M, then define T* = T — { M }; otherwise
T% = T. Finally, put T =T, NT".

Definition 2.1. For f: T — R and t € T", we define the delta derivative of f in t,
to be the number denoted f2(t) (when it exists), with the property that, for anye > 0,
there is a neighborhood U of t such that

f(o(t)) = f(s)] = FA(@)o(t) - s]| < elo(t) — s

forallseU.

For f : T — R and t € Ty, we define the nabla derivative of f in t, to be the
number denoted f¥ (t) (when it exists), with the property that, for any € > 0, there is
a neighborhood V' of t such that

[f(p(®) = f()] = F¥ (t)[p(t) — s]| < elp(t) — s
forallseV.
We say that f is delta differentiable on T*, provided f2(t) exists for all t € T* and

that f is nabla differentiable on T,, provided fV (t) exists for all ¢ € T,.
If T =R, then

2 =Y = f).
If T =27, then
FAW) = Ft+1) = f(t)
is the forward difference operator, while
) =ft) - flt—1)

is the backward difference operator.
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For a function f : T — R we define f : T — R by f7(t) = f(o(t)) for all t € T,
(that is f7 = foo). We also define f# : T — R by fP(t) = f(p(t)) for all t € T, (that
is f* = fop).

For all t € T* we have the following properties:

(i) If f is delta differentiable at ¢, then f is continuous at ¢.
(ii) If f is left continuous at ¢ and ¢t is right-scattered, then f is delta differentiable

at ¢ with f4(¢) = 010,
(iii) If ¢ is right-dense, then f is delta differentiable at ¢ if and only if the limit
limg_,; w exists as a finite number. In this case, f2(t) = lim,_.; w
(iv) If f is delta differentiable at ¢, then f7(t) = f(t) 4+ u(t) f2(t).
In the same manner, for all t € T,; we have the following properties:
(i) If f is nabla differentiable at ¢, then f is continuous at ¢.
(ii) If f is right continuous at ¢ and ¢ is left-scattered, then f is nabla differentiable

at t with fV(t) = W

(iii) If ¢ is left-dense, then f is nabla differentiable at ¢t if and only if the limit
f)—£(s)

limg_,; w exists as a finite number. In this case, fV (t) = lim,_, —

(iv) If f is nabla differentiable at ¢, then f*(t) = f(t) +v(t)fV (t).

Definition 2.2. A function f : T — R is called rd-continuous, if it is continuous at
all right-dense points in T and its left-sided limits are finite at all left-dense points in
T. We denote by Cq the set of all rd-continuous functions.

A function f : T — R is called ld-continuous, if it is continuous at all left-dense
points in T and its right-sided limits are finite at all right-dense points in T. We
denote by Ciq the set of all ld-continuous functions.

It is easy to remark that the set of continuous functions on T contains both C..4
and Cld~

Definition 2.3. A function F : T — R is called a delta antiderivative of f : T — R
if FA(t) = f(t), for all t € T®. Then, we define the delta integral by fat fls)As =
F(t) — F(a).

A function G : T — R is called a nabla antiderivative of f : T — R if GV (t) = f(t),
for allt € T,.. Then, we define the nabla integral by f; f(s)As = G(t) — G(a).

According to Theorem 1.74 in [2], every rd-continuous function has a delta anti-
derivative and every ld-continuous function has a nabla antiderivative.

Theorem 2.1. (Theorem 1.75, in [2])
(i) If f € Crq and t € T | then

o(t)
/t F(8)As = u(t) ().
(ii) If f € Ciq and t € T |, then

t
f()Vs =w(t)f(1).
p(t)
Proof. We will prove only the assertion (ii), the other one can be treated in a similar
manner. Let F' be the nabla antiderivative of f, and

J(8)Vs = F(t) = F(p(t) = v()F¥ (t) = v(t) f(1).

p(t)
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Theorem 2.2. (Theorem 1.77, in [2]) If a,b,c € T, B € R and f,g € Crq, then
() J, (7(8) + g(0) At = f;’ f(t)At + [} g(t) At

(ii) [y ﬁftAt:ﬁfbf
(i) J, f()At=—f"f
(v) [P r)at=[Cf At+f fHA
(V) [, Flo()g* ()AL = (f9)(b) - (fg)(a) R OYIOINE
(vi) Ji F()g> (DAL= (£g)(b) — (Fg)(a) — [, FA(B)g(o(t))AtL;
(vi)) [ f(H)At =0;
(viii) if f(t) > 0 for all t, then f: f()At > 0;
(ix) if £(t) < g(t) for allt, then [* f(t)At < [¥g(t)At
(x) if f(t) >0 for all t, then f =0 if and only if fab F(t)At = 0;
(xi) if |f(¥)] < g(t) on [a,b), then
b b
/ FAL < / g(t)At.
In Theorem 2.2, (xi), if we choose g(t) = |f(t)| on [a, b] we obtain
b b
| road < [iroiac 2)

A similar theorem works for the nabla antiderivative, for f, g € Cjy. Now, we give a
brief introduction of the diamond-a dynamic derivative and the diamond-« integral.

Definition 2.4. Let T be a time scale and for s,t € T% we define ps = o(t) — s,
vis = p(t) — s. For f: T — R we define the diamond-a dynamic derivative of f in t
to be number denoted f°=(t) (when it exists), with the property that, for any e > 0,
there is a neighborhood U of t such that for all s € U

lalf(o(t) = f()ves + (1= )[f (p(t) = F(8)]pes — FO (B pesvis| < elpesrs]-

A function is called diamond-a differentiable on T% if f=(t) exists for all t € T%.
If f: T — R is differentiable on T in the sense of A and V, then f is diamond-«
differentiable at t € T%, and the diamond-a derivative f®«(t) is given by

it =aff )+ (1—a)fv(t), 0<a<l.

As it can be seen, f is diamond-« differentiable, for 0 < o <1 if and only if f is A
and V differentiable. It is obvious that for a = 1 the diamond-« derivative reduces
to the standard A derivative and for a = 0 the diamond-a derivative reduces to the
standard V derivative. For « € (0, 1) it represents a “weighted dynamic derivative”.

We present here some operations with the diamond-a derivative. For that, let
f,9: T — R be diamond-« differentiable at ¢t € T. Then,

e f+g:T — R is diamond-« differentiable at ¢ € T and

(f +9)%(t) = fO (1) + g (1)
e if ce R and ¢f : T — R is diamond-« differentiable at ¢t € T and
(cf)°=(t) = cf°=(t).
e fg:T — R is diamond-« differentiable at ¢t € T and

(f9)°=(t) = fO(t)g(t) + af (t)g™ (1) + (L = ) f*(1)g" ().
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Definition 2.5. Let f : T — R and a,b € T, then the diamond-a integral of f from
a to b is defined by

/bf(t)<>at - a/bf(t)At L(1—a) /bf(t)Vt, 0<a<l.

The combined derivative < is not a dynamic derivative, since we do not have a
O anti-derivative. In general,

(/ t 15905 ) T r, tem

but we still have some of the ”classical” properties, as one can easily be deduced from
Theorem 2.2 and its analogue for the nabla integral.

Theorem 2.3. If a,b,ceT, B €R and f,g continuous functions, then
o b b
(1)f(f()+g <>t_ff <>t+fg £)Out;

(ii) [, BF()Oat =B ) f
(iii) [0 f()Out=— [ f
(iv) [ F(H)Oat = [£ f( <> t+f f(t)
(V) [, f)Oat =0;
(Vi) if f(t) >0 for all t, then [ f(t)Oat > 0;
(vii) if f(t) < g(t) for allt, thenfbf <>t<fg Out;
(viii) if f(t) >0 for all t, then f =0 if and only sz Ft)Out =0;
(i) if 1F ()] < 9(t) on [a,b), then
b b
/ F)Out] < / (1)t
In Theorem 2.3, (ix), if we choose g(t) = |f(¢)| on [a,b] we have
b b
[ 1ot < [Cir@ioa 3)

3. Main results

In this section we present an improved variant of Ostrowski’s inequality, for time
scales. For a function f : T — R, which is delta and nabla differentiable, we define
1£5 oo = suppers |FA(®)] and [1fV]|oo = supyer, [fY ()] . We also define £ | =
Sup et |f€=(t)|. Obviously,

£ oo = sup |af2(t) + (1 = ) f¥ (1)

teTs
< asup [f2()] + (1 a) sup [f¥(1)] (4)
teTx teTx

allf2loo + (1 = )Y floc-

We have equality in (4) if both f2 and fV attain their maximum value at the same
point.
We need the following technical lemmas, which work for all time scales.

Lemma 3.1. Let f: T — R be a continuous function and a,b € T.
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(i) If f is nondecreasing on T then

b b b
(b—a)f(a) < / FB)AL < / F(tydt < / FO)VE< (b—a)f(b),

where f : R — R is a continuous nondecreasing function such that fit) = f(t),
forallt €T.
(ii) If f is nonincreasing on T then

b b b
(b—a)f(a) > / FB)AL > / F(tydt > / FOVE> (b—a)f(b),

where f : R — R is a continuous nonincreasing function such that f(t) = f(t),
forallt €T.
In both cases, there exists an ar € [0,1] such that

/  F )0t = / " ftyat.

Proof. (i) We start by noticing that if T = {a, b} then by Theorem 2.1, we have

b o(a)
/ f(H)AL = / FHAL = F(a)(b—a),

while, if T = [a, b] then
b b
/ ft)At = / f(t)dt.

It suffices to prove that, for monotone functions, the value of ff f(®)At, for a
general time scale T, remains between the values of ff f(@)At for T = {a,b} and for
T = [a, b].

Now, let f : R — R be a continuous nondecreasing function such that f(t) =

f(¢), for all t € T. First, we will show that by adding a point or an interval, the
corresponding integral increases.
Let us suppose that we add a point ¢ to T, where a < ¢ < b. If Ty = T U {c} and

¢ ¢ T is an isolated point of Ty (with f; f(t)Aqt the corresponding integral), then

/abf(t)Alt - /:f(t)Alt + /be(t)Alt
b

p(c) c o(c)
- / F(OALE+ / F(B)ALE+ / FOAt+ [ F)A
a p(e) c o(c)

p(c) c o(c) b
:/ F()AL+ f(t)A1t+/ f(t)A1t+/ F(t)At
a c a(c)

p(c)

b o(c) c a(c)

= At — A AN Aq
/a F()At /p(c) swas [ pon / F() At

b
- / FOAL — F(p())(0(e) — p(e)) + F(p()(e — ple) + F(E)(o(c) — )

b
- / tAE+ (£(¢) — F(p(e)(0(c) — o)

> /abf(t)At.
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In the same manner, we prove that if we add an interval, the corresponding integral
remains in the same interval. So, let us denote T; = T U [¢,d], with a < ¢ < d < b
and T N e, d] = 0 then

b
/ F()AE
’ b

p(c) c d o(d)
= A A A A A
L ﬂw¢+/ m>¢3lﬂw¢+é FOAt+ [ f0)A

p(c) o(d)

p(c) c d o(d) b
:/a f(t)At+/ f(t)AltJr/c f(t)A1t+/d f(t)A1t+/g(d) ft)At

p(c)

b o(d) ¢ d o(d)
:/a f(t)At—/p F()AL+ f(t)A1t+/c f(t)A1t+/d F() At

<) p(c)

b d
=/f@m—ﬂmmww—mm+ﬂmmw—mm+/fwﬁ+ﬂwdw—@
b
z/’ﬂko—ﬂmwxd—d+wd—@ﬂ@

zL%mm,

where s € (¢, d) is the point from Mean Value Theorem.
Using the same methods, we show that if we "extract” an isolated point or an
interval from an initial times scale, the corresponding integral decreases. And so, the

value of ff f(t)At is between its minimum value (corresponding to T = {a,b}) and
its maximum value (corresponding to T = [a, b]), that is

b b
<wwm@s/fwmg/fmﬁ

The proof is similar in the case of nonincreasing functions and also, for the nabla
integral. The final conclusion of the Lemma 3.1 is now clear if we take

I O L ONG,
o [P rae— [0 fe)ve

Then
b b b
/ f(t)dt = aT/ FO)AL+ (1 — aT)/ fVve,

b b
| 100mt= [ Fwa
Remark 3.1. (i) If f is nondecreasing on T then for a < ar, we have

/abf(t)oaTt > /ab f@)dt

while, if a > ar, we have

/abf(t)OQTt < /ab f(t)dt.

that is
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(ii) If f is nonincreasing on T then for a < ar, we have

/abf(t)<>aTt < /ab f(t)dt

while, if « > ar, we have

[ 1wout= [ i

If T = [a,b] or if f is constant, then ar can be any real number from [0,1].
Otherwise, ar € (0,1)

Now we will prove that if f : T — R is a linear function, (that is f(t) = ut+v) then
f: f(t)At and f: f(#)Vt are symmetric with respect to f; f(t)dt, where f : [a,b] — R
is the corresponding linear function, defined on the interval [a, b].

Lemma 3.2. Let f : T — R be a linear function and let f : [a,b] — R be the
corresponding linear function. If f; f(HAt = f: ft)dt — C, with C € R, then
[P ryve = [P Ftydt + C.

Proof. We will start by considering the case of f: T — R, f(¢t) =t. If T = [a, b], then
¢ =0 and the conclusion is clear. If T = [a, b] \ (¢, d), then

b c d b
/ tAt:/ tAt+/ tAt—i—/ tAt
a a c d
c o(c) b
:/tdt+/ tAt+/tdt
d
/tdt—/ tdt + c(d — c)

:/ tdt — (d — )d%—kc(d o)

b 2
B (d—c)
= /a tdt 5

b
/tVt—/ tVt—i—/ tVt—i—/ tVt
/tdt+/ dtVt+/ tdt
/tdtf/ tdt + d(d — c)

_/ tdt—(d—c)d_;c—kd(d—c)

b N2
:/tdt+(d )

while

2

. . d—c)? . .
and, obvious, if we choose C' = % the conclusion is clear.
By repeating the same arguments several times, we can ”extract” any number of
intervals from [a,b] and get the same conclusion.
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If we "extract” an interval, but we "add” an isolated point (that is T = [a,b] ~
(c,€) U (e,d)) = [a ] U {e} U [d, b]), then

/ tAt—/ tAt+/ tAt+/ tAt+/ tAt
o(c) o(e)
/tdt—l—/ tAt—i—/ tAt—‘r/ tdt

/ tdt—/ tdt + c(e — ¢) + e(d — e)

:/ tdt — (d — )d%Jre( +d)—c?—e?

a

2

/tvt—/ tVt-i—/ tvt—i—/ tvt—i—/ tVi
/ tdt+/ tVt+/ tVt+/ tdt
p(e) p(d) d

:/a tdt—/C tdt +e(e —c) +d(d —e)

b 22
d
:/ tdtf—f%Jre(chd)fe

while

b
d
:/ tdt—(d—c)%—e(c—&—d)—i—dQ—i—e2

a

b 2 2
d c
tdt + — + — — d) +
/a + gty —eletd) +

and thus, for C' = % + % we get the conclusion.
For a general linear function, f(t) = ut + v, we have

/f DAL = /(ut—i—v)At:u(/abtdt—0)+v(b—a):u/abtdt—u0+v(b—a)

/f )Vt = /(ut—l—v)Vtzu(/abtdt—l—C)—Fv(b—a):u/abtdt—FuC—Fv(b—a)

so that fa f)At = f: f(t)dt — uC and f; FVt = f; f)dt + uC. O

Definition 3.1. Let T be a time scale. We define the measure of graininess between
a and b to be the function G : T x T — R4 by

() (t)?
=2 =2 5

a<t<b a<t<b

In other words, the function G measures the square of distances between all scat-
tered points between a and b and it depends on the ”geometry” of the time scale
T.
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Remark 3.2. The difference between f; tAt and f: tdt depends on the measure of
graininess function. In fact, we have

b b
/tAt:/ tdt — G(a,b).

The proof uses the same methods as the prof of Lemma 3.2, so we will omit the
details.
Notice that

b b
/th/ tdt + G(a,b).

. b
Based on the previous remarks, we can compute fa [t — s[Cys.

Corollary 3.1. Let T be a time scale. Then

b N2 2
/ it — 5[0 = £ ;“’ 2 (1= 20)(Gla b) — Gla, 2)
where G is the function introduced in Definition 3.1.

Proof. Using Remark 3.2 we have

b t b
/ |t—s|<>as:/ (t—s)<>as+/ (s —t)Ous
a a t

t b
:t(t—a)—/ s<>as+t(b—t)+/ 5008
a t

z—a)? —x)?
_( >‘2F(b S (1= 20)(Gla b) — Gla, ).

Now we are able to state our main result.

Theorem 3.1. Let f,g: T — R be continuous functions on T, whose delta and nabla
derivative are bounded (i.e. || f>||oos [[9%loos | FY [loos 19¥ [0 < 00). Then

b b
F09() - 57— [gos) | 16090+ 1) [ 95005

< %{a[lg(t)\\lfAHoo +1F@)19> o] + (1= ) [gOIS lloo + £ )19 lloo]}

1 t—afb ’ G(t,b) — G(a,t)

for any t € T, where G is the measure of graininess between a and b.

Proof. For any t,s € T with a <t,s < b we have the following

F() — f(s) = / A () A (5)
and

a(t) — g(s) = / g®()Ar (6)
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If we multiply both sides of (5) and (6) by f(¢) and g(t), respectively and summing
up , we get

21 (H)g(t) — [g(t) F(5) + F(D)g(s)] = g(t) / FAAT+ F(1) / (AT (7)

And we do the same for nabla derivatives:

F() — f(s) = / ¥ ()7 (8)
and
o(t) - 9(s) = [ 47(r)9r o)

If we multiply both sides of (8) and (9) by f(¢) and g(t), respectively and summing,
we get

21 (D)9 (1) — la()F(s) + F(D)g(s)] = g(t) / Y@V + (1) / ¢ (V. (10)

Multiplying both sides of (7) and (10) by « and 1 — «, respectively and summing,
we get

20 (1)g(t) — [a(t)F(s) + F(D)g(s)] =g() (a [ Pwarsa-a [ fV(TWT)

+ f(t) (a /: g2 (T)AT + (1 — a)/s gV(T)VT> .
(1)

If we take the diamond-« integral on both sides of (11) with respect to s, from a
to b, after dividing all by 2(b — a), we have:

b b
1090~ 55— [gm [ #6090+ 1) [ 950005

- Q(bl_a)/ab{g(t) <a/: FAPAT +(1— a) /: fV(T)vT) (12)

+£(t) <a/ gA(r)AT+(1—a)/ gv(T)VT>}<>aS.

S S

Using the properties of modulus and (3) in (12), we have
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b b
‘f(t)g(t)—Q(bla) [gu) [ 190 +50) [ 51005

1 b
< =y [ oIl e + (0= )l el = s
FFOlallg®lloe + (1 = )|V [loo] [t — 8[}Oas

= ﬁ{lg(t)l[allfﬂloo + (1= )|l £Y]|oc)

b
1Ol o + (1= )l o]} / [t — 5 Cas

= ﬁ{lg(t)l[allﬁllm + (1= )|l £Y]|oc)

+1fOlellg® oo + (1= a)lgY (o]}
Jt—a)+(0-1)
2

= %{Ig(t)l[al\fAlloo + (L= )V llso] + 1FDI[allg® oo + (1 = )llg¥ lloc]}

+ (1 —2a)(G(t,b) — G(a,t))}

2
1 t—afb G(t,b) — G(a,t)
Z 1—2a)—2 2 77| (ph—
4+<ba> + @) (b— a)? (b—a)
and the conclusion is now clear. O

Remark 3.3. (i) If T = R and the functions are also differentiable, f> = f,
g¥ =g and G(a,t) = G(t,b) = 0, then we retrieve Theorem 2.1 from [6].

(ii) If T is a reunion of intervals from R, then the functions are not differentiable
in the end points of the intervales, but f> = f., fV = fl, 9% =g¢", g% =g,
then we get an extended variant of Theorem 2.1 from [6].

(iii) If « = 1 or if G(a,t) = G(t,b) for a time scale T (we call such time scale
G-symmetric to t), then we have

b b
‘f<t>g<t>2<b1_a> [gos) [ 16090+ 1) [ 95005

< %{a[lg(t)HlfAHoo +1F O lse] + (1 = ) g oo + 1FD)1lg¥ lloo]}
1 — atb ’
'[4+<ba>](b—a).

(iv) If « =1 and o = 0, then one can find the delta variant and the nabla variant,
respectively, of Theorem 3.1 for time scales.
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(v) If both 2 and fV attain their mazimum in the same point then we have

b b
‘f(t)g(t)Q(bl_a) [gu) | 16090+ 1) [ 950005

< 9O e + 175 )

1, (=) 7QG(t,b)—G(a,t) .
4+7(b_a)2 +(1 2)—<b_a)2 ](b ).

Remark 3.4. If we take g(t) = 1 for allt € T, then g™ (t) = gV (t) = 0 and Theorem
3.1 gives us a time scale version of Ostrowski’s inequality (5) (see also [7]):

b
‘f(t) e [ 9%

a+b

2
< [afHloo + (1= @)1V loc] i+<tb_2> + (1 =20) =g | (b—a).

On the other hand, if we take the diamond-« integral in both sides of (11) we
obtain, after rewriting and using the properties of modulus, the following Griis type

inequality
1 b b 1 b
= f(t)g(t)%t—( / f(t)<>at> <b_ / g<t><>at>‘

b rb
< sima |, [ {ells®Ir e + 170116 )
0= )17 oo + £ O ol } It = 5100t

The following theorem is a stronger variant of the Theorem 3.1.

Theorem 3.2. Let f,g: T — R be continuous functions on T whose delta and nabla
derivative are bounded. Then

b
’f(t)g(t)—bia g(t)/ F(8)Oas+
b b
50) [ o5)0s| + 5 [ 6901005
< 1 A 1 v A 1 \v4 b 2<>
< gl P e + (1 = QI Y llecllellg™ lloo + (1 = @)llg ”°°]/a |t = sOas,

forallt € T witha <t <b.

Proof. Since we have the same hypotheses as in Theorem 3.1, it is obvious that
identities (5), (6), (8) and (9) remain true. Multiplying side by side (5) and (6), (8)
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and (9) , (5) and (9) and (6) and (8) respectively, we get

L ra@Aart] LA (r)ar
B f; N (r)VT f; gV (T)VT

F0)g(6)—[g(t) f(s)+ F(E)g(s)]+ F(5)g(s) [ 3marh L g v (13)
LY@Vt [Lg(nart.

Multiplying the first and the third identity with o and 1 — « respectively, and
adding them, then doing the same operation with the second and the forth identities
in (13), we get

F(09(0) — () () + FOg()] + Fls)g(s) = { / fA(T)AT}

F)g(t) —[g)f(s) + F(t)g(s)] + f(s)g(s) = {/ fV(T)VT}

: {a/: g (AT + (1 — «) /: gV(T)vT} .

Multiplying the identity from (14) with « and the identity from (15) with 1 — «,
after summing them, we get

(15)

Fg(t) —g@)f(s) + fF)g( (s)g(s)

{/fA VAT 4 ( 1—a/fV VT} {/ (T)AT+(1—a)/:gV(r)vT}.

(16)
Taking the diamond-« integral on both sides of (16) with respect to s, from a to
b, we have after simplification by (b —a) :

b
(1) / F(5)as+
b
e GO -

ia/ab{a/sth(T)AT+(1—a)/sth(T)VT}
-{a/:gA(T)AT—‘r(l—a) /:gv(r)w}o s

Taking the modulus in (17) and using its properties and (3), we obtain the conclu-
sion. u

Remark 3.5. (i) IfT = R and the functions f, g are also differentiable, f* = fV =
I, g® =g¥ =g, then we get Theorem 2.8 in [6].
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(ii) If T is a reunion of intervals for R and the functions are not differentiable in the
end points, we have f& = f., fV = fi, ¢ =g_, g¥ = ¢, in that points and
so, we get an extended variant of Theorem 2.8 in [6].

(iil) We have:
b t b
/ [t — 5]2Cus = / (t —5)*Cuns + / (5 —1)%Ons.
a a t

The function s — (t — s)? is nonincreasing on [a,t] and s — (s —t)? is nonde-
creasing on [t,b]. By Remark 3.1, there exist an aq € [0,1] and an ay € [0,1]

such that
/t(t —5)2045 < (t ;’a)g for all a < aq
and
t 3
/ (s —1)%Oqs < ® _?)t) for all a > as.
Thus
b b
$000) ~ 5 o) [ 161008 +50) [ 96)0us| +3 [ 100t
< a2 e+ (- )7 ol o+ (1 - >MV|1[“ )3<b‘“],

for all o € a2, 1].
These ay and as depend on the graininess of the time scale T.

(iv) If « =1 and o = 0, then one can find the delta variant and the nabla variant,
respectively, of Theorem 3.2 for time scales.

(v) If both 2 and fV attain their mazimum value in the same point then we have

b b b
1akw/f@%ﬁwm/g@0s+;;/f@WWs

1 < < /b 2
—— (1% oo llg®? oo | 1t = 5[2>Cus.
< ol lellg™ e |1t = 5 0us

|f(t)g(t) -

Remark 3.6. Taking the diamond-« integral on both sides of (16) with respect to t,
(from a to b), and using the properties of the modulus we get (after simplification by

(b—a)):
bfa/ F)g(t)Cat (bla /abf(t)%t) <bla /abg(t)Oat>‘

< s [all s + (1= IV llselledllg® oo + (1 = @) 197 |oc]

//|t—s\<>s<>t

The last inequality is a Cebysev type inequality. For T = R, we retrieve the well
known Cebysev inequality (see, for example [6], Remark 2.4).
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