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1. Preliminaries

Gr. C. Moisil introduced in 1940 the 3-valued Lukasiewicz algebras as alge-
braic models for the 3-valued Lukasiewicz logics. In 1941 he defined the n-valued
Lukasiewicz algebras. A. Rose showed that Lukasiewicz implications cannot be de-
fined in n-valued Lukasiewicz algebras for n > 5, so the latter do not correspond to
the n-valued Lukasiewicz logics. Thus the structures created by Moisil led to other
logical systems, so called Moisil logics. Now these algebras are known under the name
of Lukasiewicz-Moisil algebras ([3]).

This paper represents a part of my P.h. Thesis, Contribution to the study of LM,,-
algebras, sustained in January 2007 at the Faculty of Mathematic and Computer
Science, Bucharest (see [7]).

Basic definition and results useful for understanding the subsequent sections are
recalled in Section 2 of this paper, following especially the monograph [3].

In Section 3 I propose a generalization of the variety of LM,,-algebras by adding
a binary operator playing the role of similarity. I mention here that I was inspired by
MYV -algebras (see [11]) to study the notion of similarity on an LM,-algebra, so that
my results are very close to those of MV -algebras.

In Section 4 I present the same theory as in Section 3 but for another binary
operation called “strong similarity”, starting from another implication that makes an
LM,-algebra to be a Heyting algebra.

Heyting algebras constitute one of the fundamental structures generated by math-
ematical logic. Therefore the problem of investigating the relationships between
Lukasiewicz-Moisil algebras and Heyting algebras is a natural one. The fact that
every Moisil algebra is a Heyting algebra was first proved by Moisil [1942], [1963] for
three-valued algebras, then generalized to the n-valued case (Moisil [1965]).

In Section 5 I present a generalization of the theory of similarity and strong
similarity LM,-algebras from the previous sections and also, of similarity MV -algebra
from [11].

2. Definitions. Examples. Basic results
Let n be an integer,n > 2.
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Definition 2.1. ([3]) An n-valued Lukasiewicz-Moisil algebra(shortly, LM, -algebra)
is an algebra £ = (L,A,V, N,0,1,{¢;}1<i<n—1) of type (2,2,1,0,0,{1}1<i<n—1) satis-
fying the following conditions:

1) (L,A,V,N,0,1) is a De Morgan algebra,

(a

(a2) ©1y-s@p_1 : L — L are bounded lattice morphisms such that for every x,y € L:
(as) @;(x)V Nyg,;(z) =1 for every i = 1, ...,n -1,

(aq) @;(x) AN Nyp;(z) =0 for every i = 1,. -1,

(as) pip;(z) = p;(2) for every 4,5 =1,...,n—1,

(ag) p;(Nz) = ngj(ac) for every i,7 = 17 ...7n —1withi+j=mn,

(a7) @1(2) < o) < o <oy (),

(ag) If v;(x) = @, (y) for every i = 1,...,n — 1, then = = y.

The relation (ag) is called the determination principle. The following relations are
consequences of the determination principle:
(c1) Ifx,y € L, then x <y iff ;(x) < ¢;(y) foralli=1,...,n—1,
(c2) v1(z) <z < ¢, 4(z) for all z € L.

An LM, -algebra £ = (L,A,V,N,0,1,{¢;}1<i<n—1) Will be denoted in the rest of
this paper by its universe L.

Remark 2.1. The endomorphisms {¢; }1<i<n—1 are called chrysippian endomor —
phisms.

Examples:

E;. Let L, = {Qﬁ,. B 171} We define z V y = max{z, y} x Ay = min{z,y},
Nm:l—x(N(ﬁ)—"lj)andgpl Ly — Ly, 0;(-15) =0if i +j <n and
lifitj>n, fori,j=1,...n—1.

Then (L, A,V,N,0,1, {%}19‘57171) is an LM, -algebra.

Es. If (B,A,V,",0,1) is a Boolean algebra, then (B,A,V,",0,1,{¢; }1<i<n—1) is an
LM,-algebra, where ¢; = 1p for every i € {1,...,n — 1}.

Es. Let (B,V,A,,0,1) a Boolean algebra and D(B) = {(x1,...,2p—1) € B"™ 1 127 <
.. S mn—l}-

We define pointwise the infimum and the supremum, N(z1, ..., Zp—1) = (@}, _1,...,21)
and @, (21, ...,Tn-1) = (zi,...,x;) foralli=1,...,n— 1.
Then (D(B),A,V,N,0,1,{p; }1<i<n—1) is an LM,-algebra.
The set of all complemented elements of the bounded lattice (L, A, V, 0, 1) is denoted
by C(L) and it is called the center of Lj; it is easy to see that (C(L),V,A, N,0,1) is
a Boolean algebra.

Lemma 2.1. ([3]) Let L be an LM, -algebra. The following are equivalent:
(i) e € C(L),

(i1) there are i € {1,...,n— 1} and © € L such that e = ¢;(x),

(ti) there isi € {1,...,n — 1} such that e = p,(e),

() e=g,(e) for everyi=1,...,n—1,

(v) p;(e) = wj(e) for everyi,j=1,...,n—1.

Remark 2.2. If v € L, then ¢;(z) € C(L) for every i =1,...,n — 1.

Lemma 2.2. ([3]) Let L be an LM, -algebra. The following are equivalent:
(i) e e C(L),

(i) N e € C(L),

(i4i) e AN Ne =0,

(iv) eV Ne = 1.
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Lemma 2.3. If L is an LM,-algebra, then for every x € L:
(cs) = Ay (Na) =2 A Neg,_y(2) = 0,
(cs) xV Np(z) =2V, 1(Nz)=1.

Proof. (c3). For every x € L we have x < ¢,,_;(x), so
A (pl(N'r) =TA N@n—l(a:) < QOH_l(J?) A N‘)On—l(x) = O(by Cl4),

hence z A ¢, (Nx) = 0.
(cq). We have z > ¢, (x)(by a7), so x V Np,(x) > ¢(x) V Np,(x) = 1, hence
xV Ny, (z)=1. [ |

Theorem 2.1. ([1]) For an LM, -algebra L (with 0 # 1), the following are equivalent:
(i) C(L) = {0,1},

(ii) L is a chain,

(7i1) L is subdirectly irreducible.

Corollary 2.1. ([3]) Every chain which is an LM,-algebra is finite.

Definition 2.2. ([3]) Let L and L' be LM,-algebras. A function f : L — L' is a

morphism of LM,-algebras iff it satisfies the following conditions, for every z,y € L :
(@) flzVy)=flx)V [(y)

(i) flzAy) = flz) A f(y),

(i) f(0) =0, f(1) =1,

() flp;(x)) = @;(f(z)) for every i =1,....,n — 1.

Remark 2.3. It follows from (ag) and (ag) that

f(Nz) =N f(z)
for every x € L (see [3], Remark 3.1.29 and the subsequent remark (3.1.52)).

Definition 2.3. ([3]) A nonempty subset F' C L is called an n-filter if F' is a lattice
filter of L and if z € F implies ¢, (z) € F.

Remark 2.4. (i). From (a7) it follows that if F* C L is an n-filter and = € F, then
;(x) € F for every i € {1,...,n — 1}.
(ii). It is obvious that « € F iff p,(x) € F.

Definition 2.4. A proper n-filter F' of L is said to be prime if F' is prime as a lattice
filter, i.e. for any x,y € L, the condition z Vy € F implies z € F or y € F(see [3],
p-33).

Definition 2.5. By a mazimal (minimal) n-filter is meant a maximal (minimal)
element in the family of proper n-filters ordered by set inclusion.

By a mazimal (minimal) prime n-filter is meant a maximal (minimal) element in
the family of prime n-filters ordered by set inclusion.

Definition 2.6. ([3]) A congruence of an LM,-algebra L is an equivalence relation
of L compatible with the operations A,V, N, ¢,, for every i =1,...,n — 1.

Proposition 2.1. ([3]) For an equivalence relation 8 of an LM, -algebra L, the fol-
lowing conditions are equivalent:

(1) 6 is a congruence of L,

(ii) 0 is compatible with A\, V, ;, for everyi=1,...n — 1.

Theorem 2.2. ([3],p.126) The category of LM, -algebras is an equational class.
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If L is an LM,-algebra and F' is an n-filter, I consider the relation:
x mod F y iff there exists f € F such that z A f =y A f.

Remark 2.5. Theorem 5.1.13(p. 251) from [3] proves that mod F is a congruence
on L and Proposition 5.1.31(p. 259), from the same book, shows that

n—1

z mod F y iff /\ [(Ngi(2) V @i(y)) A (@i(2) V N (y))] € F.

In the following I denote by L/F the quotient LM,-algebra L/mod F.

Theorem 2.3. ([3])(Representation theorem of Moisil) Every LM, -algebra can be
embedded in a direct product of copies of the canonical LM, -algebra L,,.

Corollary 2.2. ([3]) Every LM, -algebra is a subdirect product of subalgebras of the
canonical LM, -algebra L, :
If Spec,, (L) is the set of all prime n-filters of L, then L is a subdirect product (as

an LM, -algebra) of the family {L/F : F € Spec, (L)}, wherei: L — ] L/F
FeSpecy, (L)
is the canonical representation (see [3], Proposition 6.1.5 and Theorem 5.2.5).

Corollary 2.3. Any identity valid in LM, chains holds in every LM, -algebras.

3. Similarity LM, -algebra

Let F' be an n-filter of L and ~p the relation defined on L as follows:
x ~p y iff there exists f € F such that ¢,(x) A f = ¢;(y) A f, for every i =1,...,n — 1.

Definition 3.1. For z,y € L, I consider the implication

n—1

v —y =N\ Nea) Vo).

i=1
Also, I denote

re—y=(@-—y Ay— ).
So,

n—1

Ty = /\ [(Nei(2) V 9i(y)) A (p(2) V Nepi (y))];

and it is obvious that z — y,z «— y € C(L).

Proposition 3.1. ([3], Proposition 5.1.31, p.259) The relation ~p is a congruence
of L and coincides with mod F.

Remark 3.1. According to Remark 2.5 we have that:
r~pyiff z mod F yiff x —— y € F.
Proposition 3.2. For every x,y € L we have that x <y iff t — y = 1.
Proof. We have:
v < yiff o(x) <@iy) if Noi(y) < Nej(z),i=1,..,n -1
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iff

/\ (Noi(@) Ve,(y) =1z — y = L.

Corollary 3.1. In every LM, -algebra L, x =y iff v «—— y = 1.
Remark 3.2.

(i) If z <y then z ——y = A\ (p;i(x) V N, (y)),
i=1
(i) fx,y € C(L), then z «+— y = (NzVy)A(zV Ny) and if © < y then & «— y =
xV Ny,
(iid) Tt 2,y € {0,1} then @ ey = { VE=Y
’ ’ 0,z #y.

Lemma 3.1. In an LM,-algebra L we have:
(1)1 —z=0—1=¢p(x),

(2) 2=y <(ze—2)—(y—2),

(3) 2 ——y < (Az2) — (yA2),

4) (z—yVy—2z)=1

Proof. (1) We have that

n—1

1—az=/N (Ng,(1) Vg(a A OV A ().

i=1
By Proposition 3.2 we have that  — 1 =1, therefore x— 1= (2).
(2) According to Remark 3.2,(ii), the relation is equivalent with
=y <[z = 2)VN(y — 2)]A[N(z —— 2) V(y — 2)]
so it is equivalent with the system of two inequalities:
7y < (@ )V Ny — 2)
ze—y< N(@—2)V(y «— 2).

Since the operations «+— and V are commutative, it suffices to prove the first
inequality. We will use two well-known relations from boolean calculus:
(aANb)V (NaAb)=(aVb)A(NaV Nb)and (xAa)V(NzAb) >aAb.

So, (& +— 2)VN(y—2)=/\ [(Np;(2) V ¢;(2) A (;(x) V Ny ()] V
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To prove (3) it suffices to consider that L is an LM,-chain (according to Corollary
2.3).

(3) Without loss of generality, we can suppose x < y. In this case z Az < y A z,
hence:

(xAz)— (YA 2) :/\ [p;(x Az)V Np,(y A z)] /\ ) A (2))V

n—1
Npi(y) Awi(2))] = N\ [(9i(2) A pil2)) V (Nepy(y) V Nepi(2))] =
=1

n—1

= [(p;(x) V N, (y) V Ny (2)) A (0;(2) V N (y) V N, (2))]

~.
Il
_

S
|

= [(pi(x) V Ny (y) V Nei(2)) A1V Ne,(y))]

3 -
[
_

= A @)V NaG) VNG () 2 A (01(0) Y Vo)

.
Il
_

8]

(4) According to Corollary 2.3, it suffices to consider that L is a chain. So z <y
ory <z, hence x — y=1or y — x = 1. Therefore (rt — y)V(y—z)=1. A

Definition 3.2. A similarity LM, -algebra is a pair (L, S) where L is an LM,-algebra
and S : L x L — L is a binary operation on L such that the following properties hold
for every x,y,z € L :

(51) S(z,z) =1,

(82) S(z,y) = S(y7 ),

(83) S(x,y) A S(y, 2) < S(x,2),

(S1) 2 A S(z,y) < ,_1(y),

(85) S(x +—y,1) < S(z,2) «— S(y,2).

An operator S which satisfies S1-S5 will be called a similarity operation on L (or
simply, a similarity on L).
If S and T are two similarities on L, I define

S <Tiff S(x,y) < T(x,y) for every x,y € L.
The notions of subalgebra and homomorphism are defined as usual.
Remark 3.3. From (S5) and Lemma 3.1,(1) it follows that
Sz =y, 1) <S(x,y) «— S(y,y) = S(z,y) — 1 =91 (S(z,y)) < S(z,9)
for every z,y € L.

Examples:

1. On every LM,-algebra L, the operation E(x,y) = ¢ «— y is a similarity.
Indeed, E(z,x) =1 and E(z,y) = E(y, x).

For (S3 ) we will use the well-known boolean equality

(xVNy)AN(NzxVy)=(xAy)V (NzANy).
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n—1
YA (y — 2) /\ (Noy(2) Vi () A (9i(x) V Ny () A

NN (y )\/%(Z)) @i(y) V No;(2))] =

_

_

[(No;(z) NN (y) A Np,(2))) V

[(Nei(2) AN@i(2)) V (i) A pi(2))] = 2 2.

=1
Since E(z, y) < Ny, _1(x) Ve, _1(y), it follows that

x A E(z,y)

Ela — y,1) =

<

zA [Nspnfl(w) \ Qonfl(y)] =

OV [z A ¢, 1) < ¢n1(y):
From Lemma 3.1, (1), it follows that

hence E(zx «— y,1) < E(z,z) «— E(y,z) (by Lemma 3.1,(2)).
2. On every LM,-algebra L, the operation A : L x L. — L defined by

is also a similarity on L.

Also, A(z,y) N Ay, z) =

, for any z,y € L,

It is obvious that A(z,z) = 1 and A(z,y) = Ay, x).
_lLrz=y==z
{ 0, otherwise < A,2)-

It is easy to see that z A A(x,y)
For (S5) we have that A(x «—— y,1) = {

Therefore, A(x «— y,1) ={ (1)’5

r=y

Awz) — A2 ={ 2

(by Remark 3.2,(4i1)).
Therefore A(z «— y,1) < A(x,2) «—— A(y, 2).

(z,2) =

— Y < .
{ 07.'17752/ —Qan—l(y)

llx e—y=1

0,z —y#1"

Ay, 2)

otherwise

Proposition 3.3. For any similarity S on L we have that:

(1) A<S,

(2) E<S iff o1(x) < S(x,1), for every x € L.
Proof. (1). Obvious.

(2). “="7. We have that ¢,(z) =2 «— 1 = E(z,

1) < Sz,

[z AN, ()]

1).

[(Ni(y) V (0i(@) A pi(2))) A (ily) V (N () A Ny (2))]

(pi(@) Api(y) A pi(2))]

ViEAe,_1(y)]

(x<—>y)<—>1:<p1(x<—>y):z<—>y,

; Z (according to Corollary 3.1). Also,

“ e Bloy) = — y = p1(x — y) < 8@ < 1,1) < S(z,y)(by Remark
3.3). Therefore £ < S.
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Definition 3.3. If (L, S) is a similarity LM,-algebra, then F' C L is an S — filter if
F is an n-filter of L and S(z,y) € F for every z,y € F.

Proposition 3.4. Let (L, S) be a similarity LM,,-algebra and F' an n-filter. Then F
is an S-filter iff S(x,1) € F for every x € F.

Proof. “=-". Because 1 € F' it follows that S(z,1) € F for every x € F.

“«<7. Ifz,y € F, then ¢ «— y € F(by Remarks 2.4 and 3.1), hence S(z «—
y,1) € F.

But, S(z «— y,1) < S(x,y) (by Remark 3.3), hence S(z,y) € F.

Therefore, F' is an S-filter. ]

Proposition 3.5. If (L,S) is a similarity LM, -algebra and F C L is an S-filter,
then ~p is a congruence with respect to the similarity LM, -algebra (L, S).

Proof. We only have to prove that ~p is compatible with S. Suppose that
T1,%2,Y1,Y2 € L such that 1 ~p 2 and y; ~p yo.

It follows that zqy «— x5 € F and y; «— yo € F. Hence S(x1 «+— x2,1) € F and
S(y1 «— yo2,1) € F.

But

S(xy & w2, 1) S(z1,y1) «— S(y1,22) and

S(y1 = y2,1) Sy, x2) «— S(x2,v2),
hence S(z1,y1) < S(y1,22) € F and S(y1,x2) «— S(x2,y2) € F. We have that,
S(z1,y1) ~r S(y1,72) and S(y1,22) ~F S(x2,y2), hence S(x1,y1) ~p S(22,92). W

Because the class of LM,,-algebras is equational and any similarity is an algebraic
function, it follows that the similarity LM,,-algebras form an equational class, hence:

Remark 3.4. If (L, S) is a similarity LM, -algebra and F' C L is an S-filter of L, if we
denote the quotient LM, -algebra L/ ~r by L/F, then L/F has a canonical structure
of similarity LM, -algebra, where the similarity Sp : L/F x L/F — L/F' is defined
by Sp(z/F,y/F) = S(x,y)/F, for every x,y € L, where x/F is the congruence class
of x with respect to ~p .

The canonical surjection  — x/F is a similarity LM,-algebra homomorphism.

<
<

Definition 3.4. A similarity LM,-algebra is called representable if it is a subdirect
product of similarity LM, -chains.

Lemma 3.2. IfxVy=1thenx — y = ¢,(y) and y — = = ¢, (x).
Proof. If z Vy =1 then ¢,(x)V ¢,;(y) =1 for every i = 1,...,n — 1. Then, for
i€{l,..,n— 1} we have:
N (@) = Nei(@)A1=N g;i(@)A(@(x)V ¢;(y))
(N pi(@) A i) V (N @i(z) A @i(y)) =
= OV(N @i(@) A ¢i(y)) = N @;(2) A 9i(y)-

n—1
Hence N ¢,(z) < ¢;(y) for every i = 1,...,n—1,s0, 2 — y = (N @,;(x) Vv
i=1

n—1
©; W) = AN w;(y) = p1(y). Therefore it follows that y — x = @, (z). [ |
i=1

Theorem 3.1. For a similarity LM,,-algebra (L, S), the following are equivalent:
(1) (L, S) is representable,
(2) S(x — y,1)V(y — z) =1 for every z,y € L,
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(3) xVy =1 impliesx Vv S(y,1) =1,
(4) Any prime n-filter is an S-filter.

Proof.(1) = (2). Because (L, S) is representable, we can consider < y or y < z.

If # <y then x — y =1, hence S(x — y,1)V (y — z) = 1.

If y <z then y — x =1, hence S(z — y,1) V (y — x) = 1.

(2) = (3). By Lemma 3.2 we have that x — y = ¢,(y) and y — = = ¢,(2),
therefore, from (2) we obtain ¢ (x) V S(p1(y),1) = 1. But S(p;(y),1) = S(y «—
1,1) < S(y,1)(by Remark 3.3 ) so, 1 = ¢;(x) V S(¢1(y),1) < Vv S(y,1), hence
xVS(y,1)=1.

(3) = (4). Let F C L be a prime n-filter and = € F. Since Ny, (x) Vz = 1(by
Lemma 2.3,(c4)), from (3) we deduce that N, (z) vV S(z,1) = 1. If we suppose that
Ny,(z) € F, because ¢,(x) € F we obtain that 0 = Ny, (z) A ¢;(z) € F, which is
impossible because F' is prime, hence proper. Since 1 € F and F' is prime, it follows
that S(x,1) € F. By Proposition 3.4 we deduce that F' is an S-filter.

(4) = (1). In the representation of Corollary 2.2, every prime n-filter F' is an
S-filter of (L, S), so (L/F,SF) is a similarity LM,-algebra by Remark 3.4, and the
inclusion mapping ¢ is a morphism of similarity LM, -algebras, therefore it is a repre-
sentation of (L, S) as a subdirect product of the family {(L/F, S) : F € Spec,(L)}.1l

Remark 3.5. The similarity LM, -algebra (L, E) in Example 1 is representable.

Indeed, E(z — y,1)V(y — ) = ((z — y) «—= 1)V (y — 2) = py(z —
YVy—az)=@-—yVy—z) =1

Lemma 3.3. For any LM,-algebra L, the similarity LM, -algebra (L, A) is repre-
sentable iff L is an LM, -chain.

Proof. “= 7. Let z,y € L. If x £ y then 2 — y # 1, so A(x — y,1) = 0.
But (L, A) is representable, hence, from Theorem 3.1,(2), it follows that A(x —
y,1)V(y — x) =1, s0 y — x = 1, hence y < x. Therefore, L is an LM,-chain.

“ <« 7. Now, let L be an LM,-chain and z,y € L. If z <y thenz — y =1
and if y < x then y — 2 = 1, hence in both cases, A(x — y,1)V (y — z) = 1.
Therefore (L, A) is a representable similarity LM,-algebra. ]

Remark 3.6. As a consequence of the previous lemma, there exist similarity LM,,-
algebras which are not representable: for example, (L, A) where L is not an LM,,-
chain.

Proposition 3.6. If (L,S) is a representable similarity LM, -algebra, then the fol-
lowing are equivalent:

(1) = <y implies S(z,1) < S(y,1),

(2) S(zxVy,1)=S(z,1)VS(y,1).

Proof. (1) = (2). Without loss of generality, we can suppose < y. Then
S(x,1) < S(y,1), hence S(zVy,1)=95(y,1) =S(z,1) v .S(y,1).
(2) = (1). Obvious. [ |

Definition 3.5. If L is an LM,,-algebra and S is a similarity on L, we will say that
S is isotone if

x <y implies S(z,1) < S(y,1), for any z,y € L.

Open problem: Find an example of a similarity operation which is not isotone.



SIMILARITY LUKASIEWICZ-MOISIL ALGEBRAS 63
4. Strong similarity LM, -algebra

For every L € LM, I consider the following implication (which is the generalization
of the residuation considered by Moisil [1965]):

r = y:y\/NLpnil(fE)\/(Qﬁnfl(l')/\NQOnig(fE)/\(,07172(2/))\/
eV (a(2) ANy (2) Ay () V (01(2) A i (y)-
Lemma 4.1. ([3]) In every LM, -algebra:

n—1

r=y=yv \ (Ney(z) Vo,(y).

i=1
Letzey=(x=y) A(y=2).

Remark 4.1. By Definition 3.1 we have z = y = y V (x — y), hence z — y <
r=>y,x+—y<z&yforevery z,y € L.

Remark 4.2. For every x,y € L it follows that ¢, (x = y) =z — y.
Indeed,

1w = 1) = oV N Neos(@) V@) = o1V N\ (Ne(@) v o)
=1 =1
=\ 1)V Ne(@) v e,) =\ (V@) v ei(y) = — .

Then ¢ (z & y) =z «—— y.

Definition 4.1. A pair (L,=), where L is a lattice with 0 and = satisfies z Ay < z
iff y <z =z is called a Heyting algebra.

Cignoli proved in 1975 that:
Theorem 4.1. If L € LM,, then (L,=) is a Heyting algebra.
We note that © = y is a good generalization of the Boolean implication Z V y.

Proposition 4.1. ([3]) If L € LM,, then
(1) Ifx € C(L) then x =y = Nz Vy,
(#6) Ify e C(L) then x =y = Ny,_(z) Vy.

Definition 4.2. A Heyting algebra satisfying the identity
=y Vvy=z)=1
is called a linear Heyting algebra .
Proposition 4.2. ([3]) If L € LM, then L is a linear Heyting algebra.

Lemma 4.2. ([1]) In every Heyting algebra we have

(1) zA(z=y) <y,

2) y<z=y,

3) 1=>z=u,

4) z<yiffr=y=1 (henccx=z=x=1=1and0=y=1),

The fact that every LM, -algebra is a linear Heyting algebra has important conse-
quences:
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Proposition 4.3. ([3]) In every LM, -algebra
®) z=(yVvz)=(=yV(=2),

6) (xAy)=z=(x=2)V(y=2),

(M) zVy=(z=y) =y A(y=2)=2).

Remark 4.3. (i). We have that z <y =1iff z =y,
L=y
0,2 #y.

Lemma 4.3. If L is an LM, -algebra then

) l=r=xs1=ux,

9) =yYAN(y=2)<zx=z (hence (r YN[y z)<zez),
(10) s o y<(zhz)e (yA=2),

) zeoy<(@zez) e (yee).

(ii). If z,y € {0,1} then z & y = {

Proof. (8). Immediate.

(9). The relation is equivalent with zA(x = y)A(y = 2) < z. But zA(z = y) <,
hence z A (z = y) A (y= 2) <y A (y= z) <z (by Lemma 4.2,(1)).

It follows that (z = y) A (y = 2) <z=z, hence (zr &y Ay 2) <z & 2.

(10) It is sufficient to study the case z < y (by Corollary 2.3). Then x Az < y A z,
hence z == y=1and (xAz)= (yAz)=1.

We only have to prove that y = = < (y A z) = (z A z). This relation is equivalent
with (yAz)A(y = z) < Az, which is true because (yA2)A(y = z) < yA(y = 2) <z
and (YA 2) A (y =) < z.

(11). By (9) it follows that (z © y)A(y < 2) <z < 2, hencez <y < (y < 2) =
(z < 2), and similarly (y © 2)A(z & 2) <y <z, hencey S e < (z & 2) = (y & 2).

Therefore z © y < (z & 2) © (y & 2). |

Let F be an n-filter of L.
I recall from the previous section the relation

x~pyiff x «—— y € F.
Remark 4.4. By Remark 4.2 we have that ¢, (z < y) = z «— y, hence
x~pyiffee—yeFifp(asy eFifeeyel.

I recall that in the previous section by L/F I denoted the LM,-algebra L/ ~p
and by z/F the congruence class of x with respect to ~g(we have that z/F = 1/F
iffe~plifeeleFiffzeF).

Remark 4.5. The quotient LM,,-algebra L/F is also a Heyting algebra, hence z/F <
y/Fit ¢/F = y/F=1/Fifft =y€F.

Definition 4.3. A strong similarity LM, -algebra is a pair (L,S) where L is an
LM, -algebra and S : L x L — L is a binary operation on L such that the following
properties hold for every z,y,z € L :

(S1) S(z,z) =1,

(52) S(z,y) = S(y, z),

(SB) S(:ZZ, y) A S(ya Z) < S(‘T7 Z)7

(S3) x A S(x,y) <y,

(S%) S(x = y,1) < S(z,2) < Sy, 2).

An operator S which satisfies S1-Ss, 5%, S5 will be called a strong similarity oper-
ation on L (or, simply, a strong similarity on L).
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The relation “ < 7 between two strong similarities is defined as in the case of
similarities (see Section 3).
The notions of subalgebra and homomorphism are also defined as usual.

Remark 4.6. From S, and Lemma 4.3,(11) we deduce that
Sz < y,1) < S(z,y) & S(y,y) = S(z,y) & 1= 8(x,y) for every z,y € L.

Examples:

1. On every LM,-algebra L, the operation E(z,y) = x < y is a strong similarity.

Indeed, E(x,z) =1 and E(z,y) = E(y, ).

The condition Sz results from Lemma 4.3,(9).

For S} we have that z A (z = y) < y (by Lemma 4.2,(1)), hence z A (z < y) <
A (z=y) <y

The condition Sf results from Lemma 4.3,(8) and (11):

Exzeyl)=@syecl=rey<(zez2) e (ye2).

2. The operation A : L x L — L defined in Example 2 of Section 3 is a strong
similarity.

The conditions S1-S3 were proved in Section 3.

It is obvious that = A A(z,y) = { g:i ;z <uy.

For SI just replace «—— by < in the proof of S5 in Example 2 of the previous
section and use Remark 4.3, (7).

Therefore, A(x < y,1) = { L=y

04y (by Remark 4.3,(7)).
JA(z 2

Also, A, 2) & Ay, ) = { £ 20D =802 4y Remark 4.3,6).

Therefore Az < y,1) < Az, 2) & Ay, 2).
Remark 4.7. For any strong similarity S on L we have that A < S < E.

Indeed, the condition A < S is obvious and from S} we deduce that S(z,y) <z =
y, hence, with Sy, S(z,y) <z & y.

Proposition 4.4. For any strong similarity S on L the following conditions are
equivalent:

(i) S=F,

(1) S(z,1) =z, for every x € L.

Proof. (i) = (i7). By Lemma 4.3,(8).

(#4) = (7). We only have to prove that z < y < S(z,y). But z & y = S(z &
y,1) < S(z,y) (by Remark 4.6). Therefore £ < S. [ ]

The notion of S-filter is defined as in Section 3 (see Definition 3.3).

Proposition 4.5. Let (L,S) be a strong similarity LM, -algebra and F an n-filter.
Then F is an S-filter iff S(xz,1) € F for every x € F.

Proof. “=-". Because 1 € F' we have that S(x,1) € F for every x € F.

“<” Ifx,y € F, then v «—— y € F (by Remark 2.4). Sincez «— y<z <y
(by Remark 4.1) it follows that z < y € F, hence S(z < y,1) € F.

But, S(z < y,1) < S(z,y) (by Remark 4.6), hence S(z,y) € F.

Therefore, F' is an S-filter. |

Proposition 4.6. If (L,S) is a strong similarity LM, -algebra and F C L is an
S-filter, then ~p is a congruence with respect to the strong similarity LM, -algebra

(L, S).
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Proof. As in Proposition 3.5 we only have to prove that ~g is compatible with
S. Suppose that x1,x2,y1,y2 € L such that 1 ~p x5 and y1 ~ ys.
Hence z1 < 25 € Fand y; & ya € F, 50 S(z1 © 23,1) € Fand S(y1 < y2,1) € F.
But
S(:I:l @1’2,1) S S(‘Thyl)@s(yth) and
Sy y2,1) < Sy, 22) & S(2,92)

hence S(z1,y1) < S(y1,22) € F and S(y1,x2) & S(z2,y2) € F. So, S(z1,y1) ~F
S(y1,x2) and S(y1,22) ~r S(22,y2), hence S(x1,y1) ~r S(z2,Y2). n

b

As T said in the previous section for the class of similarity LM,,-algebras, the class
of strong similarity LM,-algebras is also equational, hence:

Remark 4.8. If (L, S) is a strong similarity LM, -algebra and F' C L is an S-filter of
L, then the quotient LM, -algebra L/F has a canonical structure of strong similarity
LM,-algebra, where the strong similarity Sr : L/F x L/F — L/F is defined by
Sp(z/F,y/F):= S(x,y)/F, for every x,y € L.

The canonical surjection  — x/F is a strong similarity LM, -algebra homomor-
phism.

Definition 4.4. A strong similarity LM,-algebra is called representable if it is a
subdirect product of strong similarity LM, -chains.

Lemma 4.4. IfeVy=1thenx=y=y andy=x ==z.
Proof. If zVy = 1then N p,(x) < ¢,(y) for every i =1,...,n—1 (see the proof of

n—1 n—1

Lemma 3.2). Thenz =y = yv ./\1 (N pi(x)V @i (y)) = yVv ./\1 ei(y) =yVe1(y) =y
Therefore we obtain that y = « =z - ]
Theorem 4.2. For a strong similarity LM, -algebra (L, S), the following are equiv-
alent:

(1) (L, S) is representable,

(2) S(x=y,1)V(y=2x)=1 for every xz,y € L,

(3) xVy =1 implies x V S(y,1) =1,

(4) Any prime n-filter is an S-filter.

Proof. (1) = (2). Because (L, S) is representable, we can consider z < y or y < x.

If # <y then x =y =1, hence S(x = y,1)V(y = z) = 1.

If y < then y = x =1, hence S(x = y,1)V(y =) = 1.

(2) = (3). From (2) and Lemma 4.4 it follows that z Vv S(y,1) = 1.

(3) = (4) and (4) = (1) follow in the same way as in the Theorem 3.1, but using
Proposition 4.5. |

Remark 4.9. The strong similarity LM,-algebra (L, E) in Example 1 is repre-
sentable.

Indeed, E(z =y, )V(y=z)=((z=y) e )V(y=z)=(z=y)V(iy=>2)=1
(by Proposition 4.2).

Lemma 4.5. For any LM, -algebra L, the strong similarity LM,-algebra (L,A) is
representable iff L is an LM, -chain.

Proof. As for Lemma 3.3, but using Theorem 4.2. ]

Remark 4.10. From the previous lemma it follows that there exist strong similarity
LM, -algebras which are not representable: (L, A) where L is not an LM,-chain.
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Proposition 4.7. If (L,S) is a representable strong similarity LM, -algebra, then
the following are equivalent:

(1) « <y implies S(xz,1) < S(y,1),

(2) S(zVy,1)=S(z,1)VS(y,1).

Proof. (1) = (2). Without loss of generality we can suppose z < y. Then S(x,1) <
S(y,1), hence S(x Vy,1) = S(z,1) vV S(y,1).

(2) = (1). Obvious. |

As in the previous section, an open problem appears: to find a strong similarity
which is not isotone.

5. A general theory of similarity

Let (L, <) be a bounded lattice and ® a commutative binary operation on L such
that the following relations are verified:
(h) z@1l=uz,
(o) 2®0=0,
(I3) z®@y <x Ay
Also, T consider two functions ¢, ® : L — L such that ¢(z) < z and 2 < &(z) for
every x € L (it follows that ¢(0) =0 and ®(1) = 1).
Let ”— ” be another binary operation on L such that
(ly) 1 —x=p(x)forallz€ Lorl — x =z forallz € L,
(Is) (wAy) —y=1

Definition 5.1. By an L-algebra we understand a bounded lattice (L, <) with all
the operations and properties mentioned above. If the relation < is total, L will be
called an L-chain.

In the following, by L we will understand an L-algebra.

Remark 5.1. Since inequalities can be written as equalities in any (semi)lattice,
the class of L-algebras is the union of two equational classes, defined by identities
1 — 2 =¢(x) and 1 — x = x, respectively.

Now let us consider the following axioms:
() s@y=1iff x =y =1,
(I5) If 2 < y then z — y = 1.

Remark 5.2. The axiom (I3) implies the axiom (I3) and the axioms (I5) and (I5) are
equivalent.

Indeed, let us consider that z®y < x Ay. f  ®y = 1 then x Ay = 1, hence
x=y=landife =y =1thenz®y =1 (by (I1)). For the second affirmation, if
x <y, then (I5) induces x — y = 1 and conversely, we have that x A y < y, hence
(I5) implies (z Ay) — y = 1.

In the following we will use (I3) and (I5) frequently. Thus e.g.:

Remark 5.3. We havethat xt — x=1and x — 1 =1.
For z,y € L 1 define
(lo) re—y=(r —y)®(y — ).

Remark 5.4. It follows that
(i) ze—y=1ifr —y=y—xz=1 (hence z «—— . =1),
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(i) ze—1=(z—1)®(1 —2)=1® (1 — x) =1 — z, hence, by (l4), we
have z «— 1= p(z) or z «— 1 = x.

Definition 5.2. A similarity L-algebra is a pair (L, S) where L is an L-algebra and
S : L x L — L is a binary operation on L such that the following properties hold for
every r,y,z € L :

(51) S(z,z) =1,

(S52) ( y) = S@,%

(Sy) :E@S(w y) < <I>( ),

(55) ($<—>y, ) SS(J?,Z)<—>S(y7Z)

The operation S will be called, simply, a similarity on L.
Example. Let’s consider the binary operation A : L x L — L defined by

Az,y) = , for any x,y € L.

- { 0 T 75
Then, this operation satisfies the condition (S1) — (S4) from the above definition.
Indeed:

(S1) A(z,z) =1 and

(S2)A(z,y) = A(y,x) are obvious.

1® Ay, z),z=y

(S3) A(z,y) ® Ay, z) = {0®A(y,z),x7éy _q lLr=y==x

0, otherwise < Az, 2).
(S)e@a@y) ={ 55002 {5020 <o)
If moreover,
(Is) © — y =1 implies 2 < y,
which in view of (I5), (I3) and (lg) is equivalent to
(I5) ze—y=1iffz =y,
then condition (S5) holds as well.
lLLxe—y=1 lLx=y

Oo—y#l ~torty
Also, A(z, z) «—— A(y,z) ={ ldA(x,z) R A(yzz) .

Indeed, we have that A(z «—— y,1) = {

otherwise
Therefore A(z «— y,1) < A(z,2) «—— A(y, 2).

Remark 5.5. From (S5) and Remark 5.4,(ii) we obtain that:
S(x —y,1) < S(z,y) «— S(y,y) = S(x,y) — 1 = p(S(z,y)) or S(z,y),
but in both cases we obtain that S(z «— y,1) < S(z,y).

Definition 5.3. A nonempty subset F of L is called an L-filter if it verifies the
following conditions:

(f1) x € F and < y implies y € F,

(f2) x,y € F implies x ® y € F,

(fs) = € F implies p(z) € F.

Remark 5.6. It is obvious that for any L-filter F' of an L-algebra condition (f1)
shows that 1 € F (because F # 0 and x <1 for every x € F).

Definition 5.4. An L-filter F' of L is called an S-filter if S(z,y) € F for every
z,y € F.
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Proposition 5.1. Let (L,S) be a similarity L-algebra. Then an L-filter F is an
S-filter iff S(xz,1) € F for every x € F.

Proof. ”=". Because 1 € F' we have that S(z,1) € F for every = € F.

"< If x,y € F, then S(z,1),S(y,1) € F, hence S(z,1) ® S(y,1) € F.

But S(z,1) ® S(y,1) < S(z,y) (by (S2) and (S3)), then S(z,y) € F.

Therefore, F' is an S-filter. |
For an L-filter F' I consider the relation

c~pyiffee——yeFlF
and the following axiom
(P1) ~F is a congruence on L.

In view of Remark 5.1, if L satisfies the axiom (Pp), then the quotient algebra
L/ ~p is an L-algebra, denoted simply by L/F (by x/F we denote the congruence
class of z € L relative to ~p).

Proposition 5.2. If L satisfies the aziom (Py), S is a similarity on L and F is an
S-filter, then ~p is a congruence on the similarity L-algebra (L, S).

Proof. We have only to study the compatibility of ~p with S. Suppose that
r1,T2,Y1,Yy2 € L such that x1 ~p x5 and y1 ~F yo.

It follows that £1 «— x2,y1 «— y2 € F. Hence S(x1 «— x2,1),S(y1 < 12,1) €
F.

But

S(x1 «— x2,1) < S(x1,91) «— S(y1,22) and
Sy —— y2,1) < S(y1,x2) «— S(x2,92),

hence S(x1,y1) «— S(y1,z2), S(y1,22) «— S(x2,y2) € F. So, S(x1,y1) ~r S(y1,T2)
and S(y1,z2) ~r S(x2,y2), hence S(x1,y1) ~r S(z2,y2). [ |

Remark 5.7. In this case, the corresponding similarity on the quotient algebra L/F
Sp:L/F xL/F — L/F is defined by Sp(x/F,y/F) = S(z,y)/F,
and (L/F,Sg) is a similarity L-algebra.

Definition 5.5. A proper L-filter F is called prime if x V y € F implies x € F or
y € F.

Definition 5.6. By a mazimal (minimal) L-filter is meant a maximal (minimal)
element in the family of proper L-filters ordered by set inclusion.

By a mazimal (minimal) prime L-filter is meant a maximal (minimal) element in
the family of prime L-filters ordered by set inclusion.

I consider now the following four axioms:

(P2) If F is a prime L-filter then L/F is an L-chain;

(P3) If e Vy =1 then either z — y = ¢(y) andy — = p(x), orz — y =1y
and y — x = x;

(Py) If F is a minimal prime L-filter and x € F then there is y € L\F such that
zVy=1;

(Ps) There is a family F of prime L-filters of L such that L is the subdirect product
(as an L-algebra) of the family {L/F:F € F}.

Definition 5.7. A similarity L-algebra (L, S) is called representable if it is a subdirect
product of similarity L-chains.
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Theorem 5.1. If (L,S) is a similarity L-algebra and L satisfies the axioms (Py) —
(Ps), then the following conditions are equivalent:

(1) (L, S) is representable,

(2) S(x — y,1)V(y — x) =1 for every z,y € L,

(3) xVy =1 implies x VvV S(y,1) =1,

(4) Any minimal prime L-filter is an S-filter.

Proof.(1) = (2). Because (L, S) is representable we can consider z < y or y < x.

If x <y then z — y =1, hence S(z — y,1) V (y — x) = 1.

If y <z then y — x =1, hence S(x — y,1) V(y — z) = 1.

(2) = (3). Let 2,y € L such that z Vy = 1. By (Ps) we have two cases:

a) If £ — y = ¢(y) and y — x = p(z), from (2) we obtain that S(¢(y),1) V
o(z) = 1. According to (I4) we have two subcases:

a1) f' 1 — t = ¢(t) for every t € L we obtain (via Remark 5.4,(ii)) that
S(e(y),1) = S(y «— 1,1) < S(y,1) (by Remark 5.5), then 1 = S(p(y),1) V ¢(z) <
S(y,1) V x, hence z vV S(y,1) = 1.

as) If 1 — ¢ =t by Remark 5.3 we obtain that ¢ «—— 1 = ¢ for all ¢ € L and by
Remark 5.4 we obtain that ¢t «— 1 = ¢(t) for all t € L. Hence ¢ is the identical map.
Therefore this second subcase leads us to the case b):

b) f  — y =y and y — = = z, from (2) we obtain that S(y,1) Vz = 1.
(3) = (4). Let FF C L be a minimal prime L-filter and € F. Since L has the
property (Py), there is y € L\F such that  Vy = 1, hence y vV S(z,1) = 1(by (3)).
Because 1 € F,y ¢ F and F is prime, it follows that S(z,1) € F.

Therefore F is an S-filter (by Proposition 5.1).

(4) = (1). The axiom (Ps) shows that there exists a family F of prime L-filters
such that L is the subdirect product of the family {L/F : F' € F}. By condition (4),
Remark 5.7 and axiom (P,) we deduce that L is a subdirect product of the family of
similarity L chains {L/F : F € F}. Therefore (L, S) is representable. |

Lemma 5.1. If L is a chain and (L,A) is a similarity L-algebra, then it is repre-
sentable.

Proof. Let z,y e L. f <y thenax — y=1and if y <z theny — z =1,
hence in both cases A(x — y,1)V (y — x) = 1. Therefore (L, A) is a representable
similarity L-algebra. ]

Open problem: If (L, A) is representable then L is a chain?

Proposition 5.3. If (L, S) is a representable similarity L-algebra, then the following
are equivalent:
(1) x <y implies S(z,1) < S(y,1),
(2) Sz Ay, 1) =Sz, 1)VS(y,1).
Proof. (1) = (2). Without loss of generality, we can suppose < y. Then
S(xz,1) < S(y,1), hence S(x Vy,1) =5(x,1) VvV S(y,1).
(2) = (1). Obvious. |
Applications

Now we consider three particular situations:
1. If L is an LM,,-algebra, we take

n—1
®@=Np=¢,P=¢, ;andz — y = /\ (N, (x) V ¢;(y))( see Definition 3.1),
i=1
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then we obtain the theory of similarity LM, -algebra presented in Section 3.

We know that L is a bounded lattice; this fact, together with Proposition 3.2 (via
Remark 5.2) and Lemma 3.1, proves that L is an L-algebra.

Moreover, axiom (I3 ) is fulfilled by Proposition 3.2.

The axiom (P;) holds in every LM,-algebra according to Proposition 3.1.

For the axiom (P») we have that:

Proposition 5.4. If L is an LM, -algebra and F is a prime n-filter then L/F is an
LM, -chain.

Proof. Let z,y € L. We know that (L,=) is a linear Heyting algebra (see
Proposition 4.2 from Section 3), hence (x = y) V (y = z) = 1. But F is prime and
leF,thenz=yeFory=xz€F. Then (zx=y)/F=1/For (y=uz)/F=1/F,
hence z/F = y/F = 1/F or y/F = z/F = 1/F. Therefore, because L/F is a
Heyting algebra, /F < y/F or y/F < z/F, that is, L/F is an LM,-chain. [ ]

In our case the axiom (Ps3) becomes

(P)IfxVvy=1thenz —y=p(y) and y — = = p;(2),
which is true by Lemma 3.2.

For the axiom (Py) we need an important result from the theory of LM,,-algebras,
namely: the minimal prime n-filters coincides with the prime n-filters (see Theorem
4.3 and Remark 4.4 from [4]) and the fact that in any LM,-algebra, xV Ny, (z) =1
(see Lemma 2.3, (¢4)). If F is a prime n-filter then it is proper, hence z € F' implies
v1(z) € F, s0 Ny, (z) ¢ F (otherwise, 0 = ¢, (x) A Ny, (x) € F- a contradiction).

The axiom (Ps) is nothing else but Corollary 2.2 from Section 2.

In this case, Lemma 3.3 is stronger than Lemma 5.1 because we have an ”iff”
condition, Remark 3.6 gives an answer of the open problem that appeared in the
general case.

2. If L is an LM,,-algebra, we take

@Z/\NP:‘PM‘I):IL
and

r = y:y\/N(pnfl(x)\/(Spnfl(‘%)/\NQpan(x)/\(pn72(y))v"'
=V (a(x) ANy () A (y) V (01(z) Apr(y))
n—1
= gV /\ (N, () V ¢,;(y))( see Lemma 4.1),
i=1
then we obtain the theory of strong similarity LM,-algebra presented in Section 4.
We have that L is a bounded lattice, hence, by Lemma 4.2, (3) and (4)(via Remark
5.2), we deduce that L is an L-algebra.
Moreover, axiom (lg ) is fulfilled by Lemma 4.2, (4).
For an n-filter F' we have the relation
z~pyiffx o yeF.

Remark 4.4 shows that © ~p y is a congruence on L, hence the axiom (P) is
satisfied.
The axioms (P,), (Py), (Ps) are exactly as in the case 1.
The axiom (Ps) is different from the case 1 because now we have
(P3) Ifevy=1thenx=>y=y andy = ¢ = z,

which is true by Lemma 4.4.



72 FLORENTINA CHIRTES

As in the first case, Lemma 4.5 is stronger than Lemma 5.1 because we also have
an ”iff” condition, Remark 3.6 gives an answer of the open problem that appeared in
the general case.

3. Now I consider the case of MV-algebras. Starting from the general aspects
presented above, I obtain the theory of similarity MV-algebra from [11].

In the following, I remind some important definitions and proprieties of MV-
algebras which I'll use in my presentation.

Definition 5.8. ([5], [10]) An MV-algebra is an algebra £ = (L,®,*,0) of type
(2,1,0) satisfying the following equations:
(mvy) (L,®,0) is a commutative monoid,
(mvy) x** ==,
(mv3) x @ 0* = 0%,
(mvs) (" ®y)" @y=(y" Sz) S

In order to simplify the notation, an MV-algebra £ = (L, ®,*, 0) will be denoted by
its support set, L. For an MV-algebra L the constant 1 and the auxiliary operations
©® are defined as follows :

muvg

(mvs) 1 =07,

(mv) Oy = (z" Sy")",
for any z,y € L.

Lemma 5.2. ([10]) For z,y € L, the following conditions are equivalent:
(1) *dy=1,

(t7) zOy* =0,

(i11) y =z @ (y* © @),

(tv) There is an element z € A such that © ® z =y,

(v) There is an element t € A such that x =y O t.

For any two elements z,y € L we write x < y iff z and y satisfy one of the
equivalent conditions (¢)-(v) from the above lemma and we have that < is an order
relation on L (which is called the natural order on L).

We will say that L is an MV -chain if it is linearly ordered relative to natural order.

Proposition 5.5. ([10], Proposition 1.1.5, p.10) The natural order determines on L
a structure of bounded distributive lattice, namely, the join x V y and the meet x Ny
of the elements x and y are given by:

rVy=z0y dy=yo0ar o,

zAy=@" Vy ) =z0@ oy =yo Yy a).
Clearly, r Oy <z ANy<z,y<zVy<zdyandzAz* <yVy*.

Remark 5.8. ([5], p.468) It is clear that as in the case of Boolean algebras, there is
a duality involving elements 0 and 1, the operations @& and ®, and the operations V
and A. Thus any theorem will have its dual as a consequence from the axioms.

Lemma 5.3. ([10], p.8 and Lemma 1.1.4, p.10) If z,y,z € L then we have:
(1) 1* =0,0* =

@) oy = (" 0y,

B)zdl=1Lz01l=uz,

(4) 200=0,
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)z@a*=1lLzoa* =0,

)z <y iffy" <a,

Yroz<yiff z<z* Py,

)20 (yoz)=(0y) Oz

Proposition 5.6. ([10], Proposition 1.1.6, p.11) The following equations hold in
every MV -algebra:

9) z0(yVz)=(z0y) V(zo=2),

(10) 2@ (yA2)=(z®y) A (z D 2).

Remark 5.9. We have that c Oy =1iff x =y = 1.

(5
(6
(7
(8

Indeed, it is clear that if x = y = 1 then x ©® y = 1. Conversely, if x ©® y = 1 then
Py =0,s0x=2d0=z2 (*dy*)=(2®z*)dy* =1Py* =1 and similarly,
y=1.

Theorem 5.2. ([16], Theorem 3.2, [5], Theorem 3.3, (2], Theorem 1) In every MV -
algebra we have:

(i) z@y=(xVy) ®(xAy),
(ii) rOy = (xVy) O (rAy),
(#i) (z*Oy)A(y*©z)=0

() (z*Dy)V(y* dx)=1.
Remark 5.10. By Theorem 5.2 we deduce that
@*oy)ely or) = @0y V(Y ©r) and
@Foy oy eor) = @ oy Ay o).
Also, for an MV -algebra one defines the operations — and «— by
(mv7) 2 —y=a"dy
and
(mvg)  ——y=(z—y) Oy — )= (" dy) Ay &z)(by Remark 5.10).
Remark 5.11. It is easy to see that:
(i) 1l —ax=zand z «—— 1 ==z,

(#i) By Lemma 5.2, we have that x < y iff «t — y = 1 ( hence, z — = = 1 and
x — 1 =1). Therefore z «—— y =1 iff z = y.

Remark 5.12. By Lemma 5.3,(7) we have that t 0y <z iff s <y — 2.

Definition 5.9. ([10]) An MV-filter of L is a nonempty subset F' C L which verifies
the following conditions:

(f1) = € F and « < y implies y € F,

(f2) x,y € F implies x © y € F.

Remark 5.13. Every MV-filter contains the element 1.

Definition 5.10. ([10]) An MV-ideal of L is a nonempty subset I C L which verifies
the following conditions:
(i1) x € I and y < x implies y € [,
(i2) x,y € I impliesz dy € I.
Proposition 5.7. ([10], Proposition 1.2.6, p.15) Let I be an ideal of the MV -algebra
L. Then the binary relation

e~y iff@toy) eyt on) el

is a congruence relation on L.
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Remark 5.14. According to Remark 5.10 we have that
x~pyiff (2*0y)V(y o) el
Dually (by Remark 5.8), for an MV -filter F' we have the congruence relation on L
z~pyiff (@ @y)A(y" ®ax) € F,
that is (by (muvs)),
r~pyiff v «——y e F.
A prime filter in an MV-algebra is defined as in Definition 5.5.

Definition 5.11. ([10]) A proper MV-ideal I of L is called prime if Ay € I implies
zeloryel.

Proposition 5.8. ([6]) For an MV -ideal I of an MV -algebra L the following are
equivalent:

(1) I is prime,

(#3) L/I is a non-trivial MV -chain.

Lemma 5.4. IfeVy=1thenz —y=y andy — = = .
Proof. By Proposition 5.6,(10), we have
x = 2@80=zd®(xVy) =z @ Ay )=(dz")A(zdYy")
ANy )=zdy =y —=z
and similarly, x — y = y. |

Proposition 5.9. ([10], Theorem 6.1.5, p.114) If I is a minimal prime ideal and
x € I then there is y € L\I such that x ANy = 0.

The following representation theorem, due to Chang, is well known:

Theorem 5.3. ([10]) Every nontrivial MV -algebra L is a subdirect product of MV -
chains (arising as quotient MV -algebras over prime ideals).

Definition 5.12. ([11]) A similarity MV-algebra is a pair (L, S) where L is an MV-
algebra and S : L x L — L is a binary operation on L such that the following
properties hold for every x,y,z € L :

(51) S(z,z) =1,

(52) () Sm),

ﬁ0$®ﬂ$w<%

(55) (1‘<—>y, ) SS(x,z)<—>S(y7z)

The operation S will be called, as usual, a similarity on L.

We take: ® =0, d=p=1, 2 —y=2"By.

Because the operation @ is commutative, from relation (muwg) it follows that © is
commutative.

By Proposition 5.5, Lemma 5.3,(3) and (4) and Remark 5.11 (via Remark 5.2), the
axioms (l;) — (I5) are satisfied, so every MV-algebra is an L-algebra which satisfies
(ls)-

The axiom (P;) results by Remark 5.14.

By the dual of Proposition 5.8, the axiom (F%) is satisfied in every MV -algebra.

The axiom (Ps) is in this case

(Ps) Iftvy=1thenz —y=y andy — x =z,
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which is true by Lemma 5.4.

The axiom (P,) is obtained by the dual of Proposition 5.9.

By the dual of Theorem 5.3 we get that every nontrivial MV -algebra L is a sub-
direct product of MV-chains (arising as quotient M V-algebras over prime filters).
Hence the axiom (Ps) is satisfied (so, every nontrivial MV-algebra is representable).
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