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About Bernstein polynomials

MIRCEA D. FARCAS

ABSTRACT. In this article we want to determinate a recursive formula for Bernstein polyno-
mials associated to the functions ep(z) = P, p € N, and an expresion for the central moments
of the Bernstein polinomyals.
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1. Introduction

In this section we recall some notions and results which we will use in this paper.
In the following, we note by N the set of positive integer and Ny = N U {0}. Let
B, : C[0,1] — C[0,1], m € N be the Bernstein operators defined for any function
f€Clo,1] by

(Bof)(o) = Y- pmst)f (). )
k=0

where p,, 1 (x) are the fundamental polynomials, defined by

m

P k() = <k>xk(1—x)mk, ke{0,1,...,m} (2)

and z € [0,1].
For the bidimensional case, we have

(Bmf)(xvy) = Z pm,k,j(xvy)f <T]T€l’ Til) ) (3)

k520, ki <m
(z,y) € Ay ={(z,y) ERx R/z,y >0,z +y < 1}, where

_ m! ki m—k—j
Pk (T,y) = mfﬂ y(1—z—y) : (4)
The operators B,,,,m > 1, are named the Bernstein bivariate polynomials, see [2].
For z € R, k € Ng, let z¥) = 2(z —1) ... (z —k+1), z[¥ = 1. Tt is well known that
(see [4])

k
o =3 Sk, v)a, zeR, ke N, (5)
v=1
and
k
o =N"s(k, )2, zeR, keN, (6)
v=1
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where S(k,v), v € {1,2,...,k} are the Stirling numbers of second kind, and s(k, v),
v € {1,2,... .k} are the Stirling numbers of first kind. These numbers verify the
relations

S(p, k) =kS(p—1,k) + S(p— 1,k —1), S1,1) =1, (7)
5(2,1)=5(2,2) =1, S(p,1) = S(p,p) =1,
forpeN,p>3,ke{23,...,p—1}, and
s(p,k) =s(p—1,k=1) = (p—1)s(p—1,k), 5(1,1) =1, (8)
$(2,1) = —1,s5(2,2) = 1,

forp>3, ke {2,3,...,p—1}. We note S(p,k) =0 and s(p, k) = 0, from definition,
ifp,keN,p<k,orifk=0.
It is not difficult to prove that

Proposition 1.1. If m,p e N, p > 3, then

S(p,p—1) = @’S(p’p_ 1) = _p(pz— 1)’ o)
S(p,p—2) = (p=2)® —Qi)p@p — 5)’

_(@=2)(p—-1)pBp—-1)
s(p,p—2) = . .

In the paper [3] we proved that
Proposition 1.2. If m,p € N, then

p
(Bmep mp Z m k]S pa ) (10)
k=1

where ey(x) = 2P, z € [0, 1]
For the bidimensional case, we have that (see [1])

Proposition 1.3. If m,p,q € N, then

(Bmepq)(2,y) mmq ZZW“ (p,)S(q, )=y, (11)

where epq(z,y) = 2Py?, x,y € Ag.
2. Main results

Theorem 2.1. We have the formula

z(1 —x)
(Bueye)@) = 2(Buey)(z) + "2 (B0, (2) (12)
form,p e N, z €10,1].
Proof. From the relation (10), we can write:
p+1 p
Brmepi1)(z) = mp+1 Zm S(p+1,k)zx (ka p. k)" +> " S(p, k)
k=1

1 P P
m!¥ (m—k‘)ka) = 5 ( Z kmlFLS (p, k)x* +ma Z m™S(p, k)a* -z Z km/F]

k=1 k=1 k=1
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.S(p,k)xk> AL D) S kS, k pHZm _
k=1
= M0 () () 4 (B ) ). .

For the bidimensional case, we have

Theorem 2.2. If m,p,q € N and (z,y) € Ay, then

Buepsia) ) = D2 (50w )+ (13)
$a(Bren)00) = 22 5L (Beya)2.0)
Byt ) = L2 L () )+ (19
xy 0

+y(Bmepg) (z,y) — ‘m or (Bmepg) (T, ).

Proof. We have
1 p+1l q o o 1
(Breraa)y) = i 33 mi IS+ 1,080 'y’ = o
=1 )=

ptl g o o 1 ptl g o o
: Z Z m[H_J]iS(pv Z)S(CLJ)CEZZJ] + W Z Zm[zﬂ]S(p,i - ].)S(q,j)(ﬂly] =

i=1 j=1 i=1 j=1

z 1 P q o . 4 1 p+l g ) ]

) M LI EIMERERE )

i=1 j=1 i=1j=1

. . N w0 1 P
—1) = j)S(p.i — 1)S(q.)a"y’ = = (Bmepg)(z,y) + szm[ Hl(m —

m Ox
i=1 j=1

i )8 )50 ) = Z L (Beyg) )+ e 2 2 m S0 (a.)

mpt+a

q
iy mp+q+1( S ml S, 1) a4y S S mIHIS(p,1)S(g, e
=1 1
z° 0

1j=1

i=1 j=1 =1 j=
Y
m

m
0 x(l—2z) 0

'%(Bmepq)(x7y) = T%(Bmepq)(xvy)"'x(Bmepq)(m )— 3;3 881/ (Bmepg) (@, y).

We can prove the equality (2.3) analogously. O

o z 0 2
-3 1) = Ea—zl!eft(Bmepq(x, Y) + xBmepq(z,y) — — = (Bmépg) (z,y) —
Yy

In the sequel, we will find an expression for the central moments of the Bernstein
polynomials.

Lemma 2.1. We have
apo(T) +ap1(v)m+ ... + ap,p—l(x)mp_l

(Bmep)(x) = mp—1 ) (15)
where .
api(x) = > S(p,)s(k+ 1)z’ (16)
Jj=k+1

for ke {0,1,...,p—1}.
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Proof. We have

(Bmep)(a:) = m;l71 z:'r)’L[J]S'(p7 = mp+1 Z (ZS ) p7j)gjj =

j=1 =1 \k=1

:mplz ZSp, )s(j, k4 Dad | m*.

k=0 \j=k+1
O

Theorem 2.3. The central moments of the Bernstein polynomials admit the repre-
sentation
bp.o(x) + bp1(@)m + ...+ by p1(x)mP~!

-1

(B (x — 2)")(z) = (17)

mP

where
k

br() = 319 ()i, (18)

=0

ke{0,1,...,p—2} and

bypr() = S (-1 (%) tyspmsa(o + (1P

i=0 J

Proof. We have (B, (x — z)P)(z) = Zp:(—l)j (?) 27 (Bpep—_j)(x) = pz_(:l)(_l)j (?) 2

Jj= g

' aP*j;V(x)my 1 P p Jond

. Z0 mp—i—1 +(_) D T omp—1 rm Zapjy Z)m” +
+ (—=1)P2P, from where the conclusion results O

Lemma 2.2. We have by -1 =0,p>1,b,,-2=0,p >3 by,—3=0,p>35.
Proof. From the relation (18), we have that

p—1 p—2
bpp—1(z) = Z(—l)] < ) v ap—jp—j—1(x) + (=1)Pz", bpp—a( < )
— J
j=0 j= O
“p—jp—j—2(x), bpp—3( Z < )x ap—jp—j—3(x) and after (16) and (9) we
j=
can write a,—;p—j—1(z) = (7]p s(p—j,p—7)aP™7 =PI,
- 1 — 1 :
ap—j,p—j—2(x) — (p j)(2 .7 )l'p_j_l _ ( .])( 5 j )Z‘p_J —
— —i-1 ) ) P—J .
=0T i i), @)= Y S s
v=p—j—2
—j=2)a" = S(p—j,p=5=2)s(p=j~2,p—j—2)2" 7 2 +8(p—j,p—j~1)s(p—j—1,p—j—
_ V2 i — 1) i
I S p— f)slp—dop—j — 2)ar s = LI DT DR T)
-(3p—3j — 5)931)7342 _ p—i—-VDp—d)-—d-Dp—Jj- Q)mpfjfl i

(== =i~ V-G =3-1) ,; _(=i=2p—i-Dp—J)

+ 24 24
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((3p—37j—5)aP 772 —6(p—j—1)xP 7~ +(3p—35—1)xP~7), so that, using the relation

n

P
m(n i(P
g (—1)kk <kz) =0,m,n € N,0 <m < n,wehaveb, ,_1(z) = g (—1) (J> P =0,

k=1 =0

p—2 . ] B
_ P\ == De—d-1, i aP—arl
bro2() =2 (g) ‘ 2 (a7~ =) = -

p—2 p—3 . .
> (=1 (p=5)(p=j—1) (f) =0and by, s(z) = > (~1) (17) P—j=2)p—=j—-1)

= = J 24
(P = J)((Bp = 3j — a? —6(p—j — D)a?~! + (3p — 3j — 5)2"*) = 0. 0
Theorem 2.4. We have

lim (B,,(x —z)P)(x) =0,p>1

lim m(Bp,(x —x)?)(z) =0,p >3
and

lim m?(B,,(x —z)P)(z) = 0,p > 4
Proof. The proof follows immediately from the Lemma 2.2. O
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