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On the Darboux Property in the Multivalued Case
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ABSTRACT. In this paper we study the concepts of atom, pseudo-atom, non-atomicity and the
Darboux property for multivalued set functions. We establish the relationships between the
Darboux property and non-atomicity and we point out the differences which appear here from
the case of set functions. We prove that the range of a multimeasure having the Darboux
property is a convex set.
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1. Introduction

Darboux property, non-atomicity, regularity are important problems in the measure
theory. In the last years, the non-additive case received a special attention because
of its applications in mathematical economics, statistics or theory of games.

In this paper we present, for the multivalued case, the relationships between atoms
and pseudo-atoms, between non-atomicity and the Darboux property and we prove
that the range of a multimeasure with the Darboux property is a convex set. Also,
as we shall see, if for set functions, non-atomicity and the Darboux property are
equivalent under some conditions, these results are not valid for the multivalued case.

We recall now some definitions and results used in this paper.

Let T be an abstract nonvoid set and C a ring of subsets of T'.

By P(T') we mean the family of all subsets of T.

Byi=1,nwemeani € {1,...,n}, for all n € N*, where N is the set of all naturals
and N* = N\ {0}. We also denote R} = [0, +00) and Ry = [0, +o0].

Definition 1.1. A set function v: C — Ry, with v(0) = 0, is said to be:

(i) a submeasure (in the sense of Drewnowski [4]) if v is monotone and v(AUB) <
v(A) + v(B), for every A, B € C, with AN B = {;

(i) o-continuous if nlLH;o v(Ay,) =0, for every (An)nen+ C C, with Ay, D Apy1, for

oo
every n € N* and (| A, =0;
n=1
(iii) a Dobrakov submeasure (Dobrakov [3]) if v is a submeasure and it is also
0-continuous.

Definition 1.2. Let v :C — Ry be a set function, with v()) = 0.
(i) One says that v has the Darboux property (DP) if for every A € C and every
€ (0,1), there exists a set B € C such that B C A and v(B) = pv(A).
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(i) v is said to be non-atomic (NA) if for every A € C with v(A) > 0, there exists
BeC,B C A, such that v(B) > 0 and v(A\B) > 0.

(#ii) One says that v has the Saks property (SP) if for every A € C and everye > 0,
there exists a C-partition {B;}1, of A such that v(B;) < e, for every i € {1,...,n}.

Remark 1.1. I) In what concerns non-atomicity and the Darboux property, we
remarkind now the relationships established in literature for set functions. Suppose
v:C— Ry.

(i) If C is a d-ring and v is a measure, then NA < DP (Dinculeanu [2]).

(ii) If C is a o-algebra and v is a Dobrakov submeasure, then NA < DP < SP
(Klimkin and Svistula [11]).

(iii) If C is an algebra and v is bounded, finitely additive, then DP = SP = NA
(Rao and Rao [12]).

(iv) If C is a o-algebra and v is finitely additive, then DP < SP (Klimkin and
Svistula [11]).

(v) If C is a o-algebra and v is a submeasure, then SP = DP (Klimkin and Svistula
1)),

IT) Concerning the range of a non-atomic set function, the following results are
known:

(i) If C is a o-algebra and v : C — R is a non-atomic measure, then the range of
vis R(v) = [0,v(T)] (Dinculeanu [2]).

(ii) If C is a o-algebra and v : C — R is finitely additive with SP, then R(v) =
[0,v(T)] (Klimkin and Svistula [11]).

(iii) If C is a ring and v : C — X is a vector measure with DP, then R(v) is convex
(Bandyopadhyay [1]).

In the sequel (X, || -||) will be a real normed space, with the distance d induced
by its norm. Py(X) the family of all non-empty subsets of X, Py(X) the family
of non-empty closed subsets of X, Pys(X) the family of non-empty bounded closed
subsets of X, Pys.(X) the family of non-empty bounded closed convex subsets of X
and h defined by:

h(M,N) = max{e(M,N),e(N, M)},
where e(M,N) = supd(z, N) is the excess of M over N, for every M, N € Py(X)
reM
and d(x, N) is the distance from x to N.
It is known that h is an extended metric on Py(X) (i.e. a metric which can also take

the value +00) and it becomes a metric on Ppr(X), named the Hausdorff metric (Hu
and Papageorgiou [10]).

We denote |M| = h(M,{0}), for every M € Py(X), where 0 is the origin of X.
Obviously, |M| = sup ||z|, for every M € Py(X).
reEM

On Py(X) we introduce the Minkowski addition ” ¥ " defined by:

MY N =0 TN, for every M, N € Py(X).
where M + N ={z+y|a € M,y € N} and M + N is the closure of M + N.
Definition 1.3. (Gavrilut [5], [6]) If p : C — Po(X) is a multivalued set function,
then p is said to be:

(i) monotone if u(A) C u(B), for every A, B € C, with A C B;
(1) a multisubmeasure if it is monotone, (@) = {0} and
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w(AUB) C u(A) + u(B), for every A,B € C, with ANB =)

(or, equivalently, for every A, B € C);

(111) a multimeasure if (@) = {0} and p(AUB) = p(A)+u(B), for every A, B € C,
with AN B = (;

(iv) exhaustive (with respect to h) if nhﬂnéo |(An)| = 0, for every sequence of mutual
disjoint sets (Ap)nen- CC;

(v) order continuous (shortly, o-continuous) (with respect to h) if
nlingo |(An)| = 0, for every (Ap)nen+ C C, with A, \\ 0 (i.e. Apy1 C Ay, for every

n € N* and ﬁ A, =0).

n=1
Remark 1.2. If y is Py(X)-valued, then in Definition 1.3-(ii) and (iii) it usually

L]
appears “+” instead of “+”, because the sum of two closed sets is not always closed.

Example 1.1. Let v : C — Ry and g : C — P¢(R), defined by u(A) = [0,v(4)],
for every A € C. If v is a submeasure (finitely additive, respectively), then p is a
multisubmeasure (monotone multimeasure, respectively).

w is called the multisubmeasure (multimeasure, respectively) induced by v.

Definition 1.4. For a multivalued set function u: C — Po(X), with u(0) = {0}, we
consider the following set functions:

(i) i : P(T) — Ry, called the variation of u, defined for every A € P(T) by:
(A = sup{z |W(A)]; A C A, A eCVi=1,n,A;NA; =0, fori 7&]} and

i=1
(i) |p| : C — Ry, defined by |u|(A) = |u(A)|, for every A € C.

Remark 1.3. Let p: C — Po(X) be a multivalued set function, with u(@) = {0}.
Then:

I) |u(A)] < m(A), for every A € C. So, fi(A) = 0 implies |u(A)| = 0.

IT) & is a monotone set function.

III) If u is monotone, then |u| is also monotone.

IV) If i is a multisubmeasure, then i is finitely additive and |u| is a submeasure.

V) Let A € C. Then:

(a) pu(A) = {0} if and only if |u(A)| = 0.

(b) If p is monotone, then p(A) = {0} if and only if E(A) = 0.

2. Atoms and pseudo-atoms for multivalued set functions

In this section we establish some properties of atoms, pseudo-atoms and non-
atomicity for multivalued set functions.

Definition 2.1. (Gavrilut [7], Gavriluf and Croitoru [8]) Let p: C — Po(X) be a
multivalued set function, with p(9) = {0}.

(i) A set A € C is said to be an atom of p if u(A) 2 {0} and for every B € C, with
B C A, we have p(B) = {0} or u(A\B) = {0}.

(#) If p is monotone, then w is said to be non-atomic (N A) if it has no atoms (that
is, for every A € C, with u(A) 2 {0}, there exists B € C, with B C A, u(B) 2 {0}
and p(A\B) 2 {0}).

(iii) A set A € C is called a pseudo-atom of p if 1(A) 2 {0} and for every B € C,
with B C A, we have p(B) = {0} or u(B) = u(4).
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(iv) If p is monotone, then u is said to be non-pseudo-atomic (NPA) if it has no
pseudo-atoms (that is, for every A € C, with u(A) 2 {0}, there exists B € C, with

BC A, u(B) 2 {0} and p(B) & u(A)).

Remark 2.1. Let p : C — Po(X) be a set multifunction, with u(0) = {0} and let
A € C. Then the following statements hold:

I) A is an atom of y if and only if A is an atom of |u.

IT) If 11 is monotone, then A is an atom of p if and only if A is an atom of 7.

III) If A is a pseudo-atom of pu, then A is a pseudo-atom of |u|. The converse is not
always valid. For example, let T = {z,y,z}, C = P(T) and p : C — Py(R) defined by

[0, 3], A=T
u(A) =<¢1{1,2,3}, AeP(T)\{T,0}, for every A € C.
{0}, A=10
3, A#0 .
Then |u|(A) = 0. A=g’ for every A € C. It follows that T is a pseudo-atom

of |ul, but T is not a pseudo-atom of p.

IV) Let v : C — Ry be a set function and let p : C — Py(R) defined by p(FE) =
[0,v(E)], for every E € C. If A € C is a pseudo-atom of |u|, then A is also a pseudo-
atom of pu. Moreover, if v is finitely additive, then A is a pseudo-atom of p if and
only if it is a pseudo-atom of 7.

Remark 2.2. I) Let p : C — Py(X) be a multisubmeasure and let A, B € C, with
B C A. Then pu(A\B) = {0} implies u(B) = u(A). Indeed, we have pu(B) C u(4) C
w(B) —T—M(A\B) = u(B). So u(B) = u(A). It follows that every atom of u is a pseudo-
atom of p. As we shall see in Example 2.1-I), the converse is not valid. Moreover, if
w1 is NPA, then pis NA.

IT) If  : C — Pp(X) is a multimeasure and A, B € C are so that B C A, then
w(A\B) = {0} implies u(B) = p(A). Indeed, since u is a multimeasure, it results
1(A) = u((A\B) U B) = u(A\B) 4+ u(B) = u(B). Tt also follows that every atom of
1 is a pseudo-atom of .

III) Let p: C — Ppre(X) be a multimeasure and let A, B € C, with B C A. Then
w(B) = p(A) implies p(A\B) = {0}. Indeed, by the cancellation law on Pps.(X)
(Godet-Thobie [9]), since u(B) = u(A) = (B U (A\B)) = u(B) ¥ u(A\B), it results
w(A\B) = {0}. It follows that every pseudo-atom of y is an atom of . Consequently,

A € Cis an atom of a multimeasure p : C — Pys.(X) if and only if A is a pseudo-atom
of u. So, uis NPA if and only if u is NA.

Example 2.1. I) Let T' = {z,y, 2z}, C = P(T) and for every A € C, let

(0.1, ifA#£D,
M(A>_{{O}, it A=,

One can easily check that p : C — Po(R) is a multisubmeasure and it is not a
multimeasure.

Let A = {x,y}. There is B = {z} C A, such that u(B) 2 {0} and p(A\B) =
u(lyh) = 0,1 2 {0},

So A is not an atom of p.

Now, for every C € C, with C C A, we have u(C) = {0}, for C = 0 or u(C) =
[0,1] = p(A), for C # 0, which shows that A is a pseudo-atom of u. So, there are
pseudo-atoms of a multisubmeasure, which are not atoms.
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II) Let T = {z,y} (z #y), C =P(T) and for every A € C, let

[0,2], if A={z,y}
u(A) =410,1], if A={y}
{0}, fA=0or A= {z}

Evidently, © is not a multisubmeasure.

Let A = {x,y}. There exists B = {y} C A, such that pu(B) = [0,1] 2 {0} and
w(B) # u(A). So A is not a pseudo-atom of p.

Now, for every C € C, we have:

(i) if C =0, then u(C) = {0};

(ii) if C = {x}, then u(C) = {0};

(i) if C = {y}, then u(C) = [0,1] 2 {0} and u(A\C) = u({}) = {0};

(iv) if C = {x,y}, then pu(A\C) = (0) = {0}.

Consequently, A is an atom of u.

So, if 14 is not a multisubmeasure, then there are atoms of 1 which are not pseudo-
atoms of p.

IIT) Let C = {0, {1},{2},{1,2}} and v : C — R, defined for every A € C, by

0, ifA=0
v(A)=<¢1, ifA={1}or A={2}
3, i A={1,2}.

Then {1} and {2} are atoms for the multisubmeasure p induced by the submeasure
v: u(A) =[0,v(A)], for every A € C.

IV) Suppose T is a countable set. Let C = {4; A C T, A is finite or cA is finite}
and the multisubmeasure p : C — Py(R), defined for every A € C, by

0}, if A is finite
p(a) = § (0h LA ot
{0,1}, if cA is finite.

Then every A € C, such that cA is finite, is an atom of p.
V) Let C =P(N) and p : C — P¢(R) defined for every A € C by

] {oy, ifA=0
uA) = {(A+1)U{O}, ifA£Q

where A+ 1={z+ 1|z € A}.

One can prove that p is a multisubmeasure. Then every A € C, with card A = 1
is an atom of p (and a pseudo-atom of y too, according to Remark 2.2-I) and every
A € C, with card A > 2 is not a pseudo-atom of y (and not an atom of u, according
to Remak 2.2-T).

VI) Let T = 2N = {0,2,4,...}, C = P(T) and p : C — Py(R) defined for every
AeC by

1AU{0}, ifA#D

where 24 = {£| z € A}. One can prove that x is a multisubmeasure.
If AeC, withcard A=1and A # {0} or A€ C,A={0,2n}, n € N*, then A is
an atom of p (and a pseudo-atom of u too, according to Remark 2.2-I).

MA):{gn, if A=
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If A € C, with card A > 2 and there exist a,b € A such that a # b and ab # 0,
then A is not a pseudo-atom of x (and not an atom of y, according to Remark 2.2-T).
VII) Let C = P(N) and p : C — P#(R) defined for every A € C by

(4) = {{0}, if Ais finite

{0} U [na,+o0), if Aisinfinite and ny = min A.
Then p is monotone and N PA.

Remark 2.3. Let p : C — Po(X) be a set multifunction with p(@) = {0} and let
A € C. By the definitions, we obtain:

I) If A is a pseudo-atom of y and B € C,B C A so that u(B) 2 {0}, then B is a
pseudo-atom of p and u(B) = pu(A).

IT) Suppose p is monotone. If A is an atom of u and B € C,B C A so that
w(B) 2 {0}, then B is an atom of p and p(A\B) = {0}.

Remark 2.4. Let o : C — Po(X) be monotone, with u(#) = {0}. According to
Remark 1.3-1, we have |u(A)| < @(A), for every A € C.

Moreover, if A € C is an atom of p, then f(A) < |u(A)|. Indeed, let {B;}" , be a
C-partition of A. Then there is at most one ig € {1,...,n} such that u(B;,) 2 {0}
and p(B;) = {0}, for every i € {1,...,n},i # ig. Since u is monotone, we have

; |n(Bi)| < |p(A)], which implies 71(A) < [u(A)|, so 7i(A) = [n(A)].

Theorem 2.1. Let p: C — Py(X) be monotone, with p(B) = {0} and let A,B € C
be two pseudo-atoms of p.

1) If p(A) # pu(B), then p(AN B) = {0}.

II) Suppose, moreover, that p is a multisubmeasure. If p(AN B) = {0}, then A\B
and B\A are pseudo-atoms of pn and p(A\B) = u(A), u(B\A) = u(B).

Proof. 1. If u(AN B) D {0}, it results from Remark 2.3-I that AN B is a pseudo-atom
of pand u(AN B) = p(A) = p(B), which is false.

IT. We prove that pu(A\B) 2 {0}. Suppose on the contrary that pu(A\B) = {0}.
Since p is a multisubmeasure, we get that

u(A) = u((A\B)U (AN B)) C u(A\B) + u(An B) = {0},

which is false because A is a pseudo-atom of p. So, u(A\B) 2 {0}. By Remark 2.3-I,
it follows that A\B is a pseudo-atom of p and p(A\B) = u(A).
Analogously, B\A is a pseudo-atom of p and p(B\A) = u(B). O

Theorem 2.2. Let i : C — Po(X) be a multisubmeasure and let A, B € C be pseudo-
atoms of u. Then there exist mutual disjoint sets C1,Co,Cs € C, with AU B =
Cy U Cy U Cs, such that, for every i € {1,2,3}, either C; is a pseudo-atom of u, or
n(Ci) = {0}

Proof. Let Cy = AN B,Cy = A\B,C3 = B\ A. We have the following cases:

(i) u(Cy) = {0}. According to Theoremark 2.1-II, Cy and C5 are pseudo-atoms of
pand (1(Cs) = u(A), p(Cs) = p(B).

(ii) p#(C1) 2 {0}, u(C2) 2 {0}, u(C3) 2 {0}. According to Remark 2.3-1, Cy is a
pseudo-atom of p and u(Cy) = u(A) = u(B). Now we prove that Cs is a pseudo-atom.

Let D € C, D C Cy, with u(D) 2 {0}. Then D C C3 C A and, since A4 is a
pseudo-atom of u, we have u(D) = pu(C2) = p(A). So Cs is a pseudo-atom of u.
Analogously, C3 is a pseudo-atom of p, too.
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(iii) p(Cr) 2 {0}, u(Cq) = {0}, u(Cs) 2 {0}. From Remark 2.3-I, it results that
C is a pseudo-atom of p and p(Ch) = p(A) = p(B). As in (ii), we obtain that Cj is
a pseudo-atom of p and u(Cs3) = p(B).

The last two cases are similar to (iii).

(iv) u(C1) 2 {0}, u(C2) 2 {0}, u(Cs) = {0}

(v) u(Ch) 2 {0}, u(C2) = u(Cs) = {0}. .

Corollary 2.1. Let p: C — Po(X) be a multisubmeasure and let A, B € C be pseudo-
atoms of u. If u(ANB) 2 {0}, u(A\B) = pn(B\A) = {0}, then ANB is a pseudo-atom
of u and u(AAB) = {0}.

3. Darboux property for set multifunctions

In this section we present some relationships between non-atomicity, the Darboux
property and the Saks property for u,|u| and & and prove that the range of a multi-
measure having the Darboux property is a convex set.

Definition 3.1. Let p: C — Po(X) be a multivalued set function, with p(0) = {0}.
We say that p has the Darboux property (DP) if for every A € C, with u(A) 2 {0}
and every p € (0,1), there exists a set B € C such that B C A and u(B) = p p(A).

Remark 3.1. Let v : C — R, be a submeasure and p be the multisubmeasure
induced by v. Then p has the Darboux property if and only if v has the Darboux

property.

Proposition 3.1. If pi : C — Po(X) is a multisubmeasure and if |u| : C — Ry has
the Saks property, then u is bounded (that is, there exists M > 0 so that |u(A)| < M,
for every A €C).

Proof. By the Saks property, for € = 1, there exists a C-partition (B;)., of T such
that |u(B;)| < 1, for every ¢ € {1,..., N}. Then, for every A € C, we have:

N N
()] < (D) = (| Bl < Y- In(Bi)] < N,
i=1 i=1

so u is bounded. O

In what follows, we establish that the range of a multimeasure with the Darboux
property, is a convex set:

Theorem 3.1. If a multimeasure p1 : C — Py(X) has the Darboux property, then the
following properties hold:
(i) for every Z1,Z5 € R(u) = {u(A)|A € C} and every a € (0,1), we have
aZy+ (1 —a)Zy € R(p);
(i) R(n) = U p(A) is conver.
AcA

Proof. (i) Let Z1 = p(A) and Zy = p(B), where A,B € C. Since p has the
Darboux property, there exist C,D € C such that C C A\B, D C B\A and
w(C) = ap(A\B), u(D) = (1 — a)u(B\A). Then, for E=CUDU(ANB) € A, it
results aZ; + (1 — a)Zs = u(E) € R(u).

(ii) Let x1,22 € R(p) and a € (0,1). Suppose z1 € u(A),z2 € p(B), with
A, B € C. From (i) it follows there is E € C such that au(A) + (1 — a)u(B) = u(E).
So, ax1 + (1 — a)za € R(p). O
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Further we investigate some relationships between non-atomicity and the Darboux
property for u,|u| and f.

Theorem 3.2. Let p: C — Py(X) be a multivalued set function, with p(0) = {0}
and |p] : C — Ry,

(i) If p is monotone, then the following statements are equivalent:

(a) p is NA.

(b) |u] is NA.

(c) @ is NA.

(i) If u is a multisubmeasure with the Darbouz property, then u is non-atomic.

(#i) If C is a o-algebra and if p is a multisubmeasure such that |p| has the Saks
property, then p is non-atomic.

(iv) If u has DP, then |u| has DP.

(v) If C is an algebra, p is monotone and if fi is bounded, finitely additive and has
the Darboux property, then i is non-atomic.

Proof. (i) follows immediately.

(ii) Suppose, on the contrary, that u has an atom Ay € C. Let p € (0,1). According
to the Darboux property, there is B € C, B C Ag such that u(B) = pu(Ap). Since Ag
is an atom, it follows pu(B) = {0} or u(Ap\B) = {0}. If u(B) = {0}, then u(A4y) = {0},
which is false.

If 1(Ao\B) = {0}, then pu(Ag) = pu(B) = pu(Ao). It results |u(Ao)| = plu(Ao)]
and so, u(Ag) = {0}, which is false. Consequently, p is non-atomic.

(iii) Since |p| is a submeasure with the Saks property on a o-algebra, then it has
the Darboux property, so we get that |u| is non-atomic. But this is equivalent to the
non-atomicity of p.

(iv) We apply the definitions.

(v) Since Tz is bounded, finitely additive on an algebra and has the Darboux prop-
erty, then it is non-atomic. But this is equivalent to the non-atomicity of p. O

Remark 3.2. The converses of Theoremark 3.3-(ii) and (iv) are not true.

Indeed, let C be an algebra of subsets of an abstract set T', m : C — R4 a bounded
finitely additive set function with DP and p : C — Ppr(R) the multivalued set
function, defined for every A € C, by

[-m(A4),m(A4)], ifm(A)<1
p(A) =
[—m(A4),1], it m(A) > 1.
Then g is a multisubmeasure and |u| =7 = m.
Let us prove that p has not the Darboux property. Suppose, on the contrary, that
for every A € C, with u(A4) 2 {0}, and every p € (0,1), there exists B € C,B C A
such that u(B) = pu(A). Considering m(A4) > 1, we have pu(A) = [-pm(A), p].

(i) If m(B) < 1, then p(B) = [-m(B),m(B)] = [-pm(A),p]. It follows m(B) =p
and —p = —pm(A4). So, m(A) = 1. False.

f(ii) If m(B) > 1, then we have u(B) = [-m(B), 1] = [-pm(A),p]. So 1 = p, which
is false.

So, 1 has not the Darboux property, although |u| and 7 have it.
Since |p| has DP, then |u| is non-atomic, hence p is non-atomic.

Open problems

1. What happens with NA and N PA without monotonicity?
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2. In what general hypothesis we have: uy NA = |u| SP?
3. Establishing relationships between NPA and DP.
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