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The Multiple Zeta Function and the Computation of Some
Integrals in Compact Form

RADU-OCTAVIAN VILCEANU

ABSTRACT. Based on the Euler-Zagier multiple zeta function ¢ and the extended zeta function
¢, we compute integrals of the form

4 (=log (1 £z))" (1+ )" . !
klrm T / (I:I:a;)m tT (_1ng) d,
. 1 pkrdk—1 l

R /0 Txah)™ (—logz)" dx

and

I - /1 2" (—log z)!
lL,rymy,ma — 0 (1 _ a;)ml (1 +$)m2

where k,l,7,m, m1, ma are integers.
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1. Introduction

In recent years much attention was paid to the computation in compact form of
the integrals involving special functions. The aim of this paper is to consider the
integrals of the type

1 k
+ (—log(1+x))" . ¢
Ik’,l,T‘,m = /0 W =T (_ 10g l‘) d.’I;7 (1.1)
and
1 kr+k—1
Jj: - / xim . _1 ed 5 12
L,rom,k 0 (1 ixk) ( Ogl’) £ ( )
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THE MULTIPLE ZETA FUNCTION ... 183

where k,¢,r,m are integers. Some particular cases can be found in handbooks like
that by I. S. Gradzhteyn and I. M. Ryzhyk [11]. For example,
1 2

7r
e log zdx 13 ([11], formula 4.231.1) (1.3)
| w2
/ -logxde = —— ([11], formula 4.231.2) (1.4)
0o 1—x 6
L gtad ™ ([11], formula 4.262.2 1.5
/01—33 og” xdx 1 ([11], formula 4.262.2) (1.5)
Loy 2
/ logazde = 1— — ([11], formula 4.231.3) (1.6)
0o 1—x 6
1 2
/ log(1—x)-logxde = 2-— 3 ([11], formula 4.221.1) (1.7)
0
1 2
/ log(1+z)-logzde = 2—2log2— D ([11], formula 4.221.2)  (1.8)
0

All the examples above were known to L. Euler (in connection with his work on

the zeta function). The computation of the integrals I ,:Cté o and J, lftT m.k 18 a bit more

involving since it needs the Fuler-Zagier multiple zeta function,
1
CZ (S]_,SQ,...,SZ) = Z m, (19)
ni>ng>ng>->ne>1 L2 ¢

where the summation runs over the integer values of n; > no > ng > -+ > ny. Here
{ € N*. For £ = 1, we retrieve the usual zeta function,
o0
1
C(s) = e
n=1
(also called Riemann’s zeta function).
The Euler-Zagier function ¢, is absolutely convergent in the region

Re (s¢) > 1, ijl Re (s,) > £. (1.10)

See [18] for details.
A remarkable result due to L. Euler asserts that ¢(2n) can be computed in compact
form for all positive integers n :

Lemma 1.1. (L. Euler; see [15], p. 22 and p. 48). For every n € N*,
(_1)’ﬂ+1 92n—1_2n
(2n)!

where the B,,’s are the Bernoulli numbers.

¢(2n) = Ban, (1.11)

The Bernoulli numbers are usually defined as the coefficients of the Maclaurin

expansion
t 1 -y B,t"
t - o0 tn - .
=1 X omm = ™

Thus

34 2! 3!
A useful remark is the following recursion formula:

t 2 3 Byt?  Bst3
<1+2'++...) (B0+B1t+ 2 42 ...):1.
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Lemma 1.2. (see [1]). If n > 2, then

The discussion above yields
By=1, By=-1/2, By=1/6 Bys=-1/30,
and
Bs=B;=B;=...=0.

Thus
6

Bg =1/42, . ..

2 4
()=, () =35, € (6) = 5 ete.

The computation of the multiple zeta function needs some additional remarks (all

available in [4]):
e Fuler’s reduction formula,

s—2

Cg(s,l):%((34—1)—%2((/@—&—1){(5—/{), Vs ez, s> 1;

k=1

o FEuler’s reflexive formula,

Co (81,82) + (o (52,51) = C(s1)C(52) — (51 + 52), V81,82 €Z, 51,80 > 1;

e the summation formula,

Z ¢ (a1 +2,a0+1,...;a, +1)=C(n+7r+1), Vn,r € N.

a1taz+-+ar=n

a120,...,ar20

Therefore
:(2,1) = ¢@);
3 1, 4
G@B1) = 54 (4) - 5( (2) = %;
G (4,1) = 20(5) = C(2)¢(3);
GG = 200 - (W - 5 B);
C(6,1) = 3¢(7)—¢(5)¢(2) = C(4)¢(3).

Markett and Broadhurst (see [8]) have proved the following formulae:

CB (27171) = <(4)a
(3(3,1,1) = 2¢(5) —C(3)¢(2);
23 2 (3).

GALY) = 0 -EE)
5
Gs(5,1,1) = —7CB)CH)+5¢(7) =20 (5) ¢ (2).
The multiple extended zeta function E is the complex function
~ O'nl.O'nz...o'nZ
Co(81,82,...,50,01,02,...,00) = Z %a

n1>no>nz>-->ng>1

where £ € N*| s1, 89, ..., 80 € Z*, and o; = £1. See [5].

S1 S2
L L Y]

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)
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For o, =sgn (s;) (i € {1,...,£}) we put (see [4]),

ni n2 e
~ 0' .o' '..O—
_ 1 2 J4
Co (51,52, .0y 80) = E ol s3] ik (1.17)
ni>na>ng>...>ne>1 nl ! n2 e nf

Thus ~
Cé (Sla 52y ey S@) = CZ (Sla S92y cny Sf) )
provided that sq, s2, ..., sp € N*.

Lemma 1.3. (see [16], p. 125). If 61 is the function defined above for £ =1, and ¢
is the Riemann zeta function, then:

. ~ln(2)  if p=1
Cl(_p):{ (27 —1)¢(p) i §>1

Therefore
L) = )
L(-2) = (@71 =5 @)=-T;
L3 = (o)) = -H )
e 14 7 Tt
L) = (DW=t =
L5 = (2T 1)C6) =12 6);
~ 7.(.6
L6 = (1) C0)= o (6) = o

According to J. M. Borwein, D. M. Bradley and D. J. Broadhurst [5] and M.
Bigotte, G. Jacob, N. E. Oussous and M. Petitot [10], we have

C4 (2717171) = 6(5)a

C4 (3a 1’ ]-7 1) = CQ (5v 1) )
<4 (4117171) = <3 (5a131)a
Gt (1AL = ("™ o™ (2);
. 1
L-21) = CB);
; _ _Lle 1 sy
CS(_27171) - _40C (2)+2<2( 371)1
where {a}, means
a,a, ..., a.
——
n times

The Hurwitz multiple ¢ function is the complex function

<£ (81,82,...,85;91,92,...,92)
_ 3 L
(n1 4+ 61)" - (ng 4+ 62)™ -+ (ng + 0,)*’

ni>ng>nzg>-->ne>1

(1.18)

where £ € N*| s1,89,...,80 € Z*, and 0, € [0,1) for k € {1,2,...,£} . See [14]
When 6, = 0 for all k € {1,2,...,£}), the Hurwitz multiple ¢, function coincides
with the Euler-Zagier multiple ¢, function.
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Lemma 1.4. (see [14]) The Hurwitz multiple ¢, function is analytic in the region
Re(sp+--+s¢) >l—k+1, forke{1,2,..,¢(}.

Lemma 1.5. (see [14]) The Hurwitz multiple {, function has a meromorphic exten-
sion to C* having as possible poles:

a) one simple pole in the hyperplane sy = 1;

b) one simple pole in the hyperplane sk + ...+ sg —{+k—1 =n for all the integers
n<0andke{l,2,..,0—1}.

2. The main results

Lemma 2.1. If k, r and £ are nonnegative integers and £ > 1, then:

2" (—logz)" d

ot / (~log(1:+ )"

k,l,r,1 = 1+

= Al 3 )H(]Fl)m

S (n1+r Mg Mg Mgyl

Proof. For k =0 we have the Maclaurin expansion

o0

1 n
T 2 F

n1:0

which yields

[e'e] 1 [ele] niy
Z n Lt ¢ Z (1)
I(_:)%Z,T,l = (:l:l) 1 / :I/‘TL +7 (_ logﬂ'}) dx = :F'gl j-

n1=0 0 ni=1 (nl +r

For k > 1 we have

(- 1og1(j1:i )" 3 (F)™

n . n DY n :
ni>ng>ng>->ngp1>1 200 k+1

Then

H™ ! .
Ilj:,é,r,l =k Z __&FU7 /0 2t (—logx)’ du

n . n RIS n
ny>ne>ng>>ngp1>1 2 3 k+1

—kl Z (F)™ . 0

n . n .. n
n1>ng>ng>-->ngpp1>1 20 k+1 (nl +r+l

— kIO 3 ) )™

( + 1 . '
ni>ng>ng>-->ngpp1>1 n+r N2 M3 Tk+1

l+1
)
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Lemma 2.2. Forr=-1,k>1,(>1

1 k
+ (—log (1 +x)) —1 ¢
Te—10 = / 11, % (~logz)dz
1™
= k! Z 41 1)
ni>ng>ng>.. . >ngp1>1 Ny N2 N3Nl
1™
= kle! Z 11 SE
ny>ng>ng>->npyp1>1 A A
1)™
DS )

ni=ng>ng>-->np41>1 Ny TN2 M3t Nyl

= K (G (F (1), {110 + o (F (04 2) {1h))

and
1 k
(—log(1+a)" _
Ilj,o,fl,l :/0 T 1iz cx e
—1)™
oy > 1)
niSna>na > Sy >1 L2 T
= k1 (G (L1 + & (-2, {110) )
and

‘Il;e,m =o0, forr< -1, re€eZorr=—-1,k=0o0rr=-1,£=0.

Corollary 2.1. (See also [19]). Suppose that k and £ are integers with k > 0, £ > 1.
Then:

1+
= TR (F+1),{1},);

U (=log (1 £z))"
Il:ft,Z,O,l = /0( ( ) (= logz)" dx

and

+
Ik,O,O,l

_ /1 (~log(1+2))"
0 1+

= *k!Zk+1 (*17 {1}k) :
Corollary 2.2. Suppose that k and ¢ are integers with k > 0, £ > 1. Then:

cz(—logz) da

oy g - )"

k,£,1,1 ° 1+ 2

— k10! (z,m (F+1),{1},)

)™
+ Z )€+1(.:|; ) )

ni_ng>ns > Snpe>1 (TLQ +1 2 N3+ et Npt1
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and
1 k
(—log (1 + x))
I]j,o,l,l = /O H—"E . fEd.’L‘
y (=™
= k! Ck+1 (_17{1}k)+ Z
Mi=ns>ng > STps > (ng + 1) “MNg N3+ "Nt 1
In particular,
+ o ¢ 5
= . _— = ' *
VSRR /0 TEo x(—logx) dx = ¢! (((¥(€+1)):|:1), forteN
1
I3, = / ! czdr = (1) +1=1-1log(2)
0,0,1,1 o 1tz )
1
_ log (1 —],‘) ¢
Iy, = _/0 1— 2 -z (—logz) dx
£+1
= -0 <g2(6+1,1)z12g(¢)> , for ¢ € N*
i=2
1
log (1 + ) ¢
Ify, = —/0 ~11a ~x(—logx) dx
= -/ (CQ(—Z— 1,1)+€+1+2C(—1)+ZC(—2’)> , for £ € N.
i=2

Proof. We start with the integral 17, ;. According to the Corollary 2.2,

1

log (1 —

g1 = —/ w ~x(—logx)£dx
0 x

From the relation

1 1 1
(ne+ 1) ng 72 Zﬂm+w
we infer
e’} 1 l+1
=013 ¢
= na+1) g ;
and thus

=2

41
I =1 <C2 (l+1,1)—l-1 JrZC(Z)) .

We pass now to the integral Iff ¢1.1- Using the Corollary 2.2 we have

1
log (1
I&M_A%<+ﬂm(byym

1+
s ZOO N G VA
N (CZ( ¢ 1’1)+n1=1 (nl—l—l)“l.nl).
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niy +1
o IS (1 —Zl) |

The relation

(ny+1) n = (ng + 1)
leads us to
[e%e] (_l)nl +1 B
— =/ +1+ ¢ (—1),
)Ty ;
whence

£+1
Ii@,m == <52 (—0—1,1)++1+20(-1)+ ZE(Z)) .

Corollary 2.3. Let ¢ and r be integers such that £ > 1, r > 0. Then:

T :/0 ””Tx.(_ng)‘dx:a (1) (6 Fe+1) -3 (i§1+)T> (2.1)

1 T ni
z” > (1)
It = = (=) (-1) - .
fora= | Togde= (=1 (<< -y B )
Theorem 2.1. Let k, r and £ be integers such that k,r > 0, £ > 1. Then:

1
I/:ct,l,r,o = /o (—log (1 + $))k -z" (—log x)l dx

= k! Z (=)™

ni>ng>ng>-->ngp>1
and
1
]lj,O,r,O = / (—log(l—l—m))k-x"dac
0
TS D™
(ni+r+1)-ny-ny-nz---ng

ni>na>ng>-->np>1
In particular,
: SO
It :—/1og 14+2x) 2"dx = —
10.m0 0 ( ) n12:21 (ny+7r+1)-n

_{ 2 log(2)+S, if r=2p

r+1

(mi+r+1)"ngngong--

ik

Sy if r=2p+1

r4+1 _qyi
where S, = i Zi:l ( il) and p € Z.

Proof. The basic remark is

(—log (1)) = k! >

ny>ng>nz>-->np>1

(Fx)™
nl .nz.ng...nk’

189

b

)
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from where we infer that

Ir, =k Z _&E /1 et (—log )" da
k,¢,r,0 ny-ng-nN3-- Nk Jo

ny>ng>nz>-->np>1

. > (F)™ ' n

n1-N9g - N3 -+ Nk (n1+T+1)£+1

n1>ng>ng>->np>1

— k! 3 F)"

(ni+r+ D) ngongongeomy

ny>ne>nz>->ng>1

Remark 2.1. Forr= -1,k >1,/¢ >0 we have

1 k ¢
+ (—log (1 +2))" (—logx)
Ik,z,q,oz/ dx

x

1)
= Kl 3 o F
n1>n2>n3>--->nk21 nl 'TLQ 'ng..'nk
= kNG (F(C+2),{1},4),
and
L0 =00, forr < —1,r € Z.
Theorem 2.2. Let k,r,{ and m be integers with k,v > 0 and m, £ > 1. Then:
I- /1 (710g(17$))k 'r( log )[d XT:( 1)7 (T>I—
= | —(fm_am v (—logr)dr = - i—m,0.
k,l,r,m 0 (1 . ’l}) 0.k, ,0

; 1
=0

Proof. Performing the variable t = 1 — z, we get

tm

_ ; (—1)’ (Z) /01 (—log )" - 4™ (= log (1 — )" da

T ; r B
:Z(_l) (i)IZ,k,i—m,O.
i=0

U (Z1oe )
Liprm = /0 (= logt)” (1=8t)"(=log (1 — t))é dz

Corollary 2.4. If ¢ > 1 is an integer, then

1 00
1
— 4
I 00 = 7/0 log (1 —x) - (~logz) dow =1 > T
ni=1

l+1
=~/ <€+1 —Z((i)) ,
=2
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while for £ >0 :
=y

1
Lie00 = _/0 log (1+2)- (~loga)“de =~ 3 (m + 1) n
’I’L1:1 1

(41
=0 <€ +1+C(-1)+ Z C(— )
Theorem 2.3. Let £, m,r, k be integers such that £, m,r > 1,k > 2. Then:
n 1 kr+k—1 1 L
ngm,k = /0 7(1 ) . (—logx) dx = pazsy Ioe .
Proof. This results immediately via the change of variable
k
=t.

|
Corollary 2.5. If ¢ > 1 is an integer, then

1
x ¢ 1 1 ~
J2:07172 — /0 32 (—logz) dx = 37T Igfe,&l = :|:72£+1 OC(F(C+1)).

Theorem 2.4. Letr ¢, my and mgo be integers with £,my, mo > 0. Then

1
B " (= logx
If,hml,mz_/o (1_x)m1 (1 mg ZA Olrz+ZB 0,4,r,5 7

where A;, Bj € R, i € {1,2,....m1}, j € {1,2,...,ma}.

Proof. Because of the decomposition

1 — A — B

Jj=1

(where A;, B; € R are suitable constants), we have

Iy 2/1 i As +§2:7Bj ca” (—log:v)fdw
711, mM2 0 (1 _ J,‘)l = ( J

i=1 1+ )
mi 1 1 y
z" (—logx) d;v—i— B; / ——— 2" (—logx) dx
Jz:l o (1+a)

mi m2

_ T Tt

=D Aidgy,i+ Y Bilfy,
i=1 =1

|
Corollary 2.6. If ¢ > 1 an integer, then

1
1 ) 1/
Iroi :/0 12 (—logx) dv = ) (10,6,0,1 + I(;C&O,l)
1 -
| _ N/
5! (C(€+1) C(—t 1))
1
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and
1 T y 1 _ i
Ijigg = 1o (=logz) dr = 5 (10,5,1,1 + Io,e,1,1>
1 ~
=30 (CU+D+C(—£-1) =
3. Applications

We illustrate here how the results above work.
1. Our first example is

1.2
1 1-— 1
Iy 11 = /0 M log® zdx = ——7% + 18¢> (3).

(1 —1x) 36
According to the remark 2.2,

Hog? (1 —
Ty, = / 108 (1 =2) 1005 g = —2131 (¢ (4,1,1) + G (5,1)).

z(l—2a)
Because
23 9
G (L1 = T 0) - (3)
and )
G (5,1) = 2¢(6) ~C2)C (1)~ 33 ()
we obtain 6 ;
510 =12 (50O - QI - 3EG).
But
7'('2 ’/T4 7T6
(=T Cl) =75, 0 = o
so that

1
g0 =gt HI18C(3). W

2. A second example:

1 2
log” (142 1 1
Tfo 11 = /0 log (14 7) 4 L3y - Liog? (2).

z(1+x) 4

From the remark 2.2, it results:

Iio,—m = 2! (63 (—1,1,1) + {5 (-2, 1)) .

Because
(3(-1,1,1) = —élog3 (2)
and
G (-2,1) = 3¢(3)
we conclude that
I;:O,—l,l = i( (3) — %bg?’ (2). m

3. The third example:

1 2
_ log“ (1 —=x 2
Iy901 = /0 % -log® zdx = 8¢ (5) — §7T2 (3)

0+1).

(3.1)
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For the demonstration we use corollary 2.1:
19..2
1 1-—
Ion :/ 108 (1= %) 102y — 2121¢, (3,1,1)
i 0 1—=x
Because
C3 (3a 17 1) = CQ (47 1)
and
T
C2(4,1) =2¢(5) —¢(2)C(3) =2¢(5) — =¢(3)
we conclude that

Irp01 =8 (5) — 27C(3). ™

4. The fourth example:

17 3
log” (1 + x) 1
B - 20 N T e — oot
3001 /0 Tz dz 1 log™ (2). (3.4)

In fact, by Corollary 2.1 we infer that
Ifoon = —31C4(-1,1,1,1)
1
—  (_9l — 4
= (=3 x 1 log® (2)
1
1 log*(2). W

5. The fifth example:

1—2 15
By Corollary 2.2:

1 4
log (1 —
Iigi:= / D802 ;1 tog? ada = 12¢ (5) 7% (3) — 24+ 72 +6 (3)+ = (3.5)

11—z

4
Iig1, = /01 M Lz 1og3xdac = (—1)4 3! (QQ (4,1) — 4+ ZC(z))

= 06(y(4,1) =24+ 6¢(2) +6C(3) +6¢ (4).

Taking into account that

7
G (1) =20(5) - TC),
and ) A
7r ™
C2)=""and )= "7,
we conclude that
4
Iigaa =120 (5) = 7% (8) = 24+ 7 4 6 (3) + 7.
6. The sixth example:
1 2
log (1+x) T 1
+ — .- =92 - — 4+ -
I'iaa —/0 T2 x - logadr =2 — 2log (2) 13 + 8((3). (3.6)

By Corollary 2.2,

1
Ifr“l:/ w-x-logmdm:62(—2,1)—&—24-2&(—1)4—6(—2),

sdydy
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and it remains to take into account that

L-21) = CB);

((-1) = —log(2);
2
~ T
-2) = ——.
(-2 = -T
7. The seventh example is:
1 4
Ii300= / log (1 — ) - log® zdx = 24 — 7% — 6¢ (3) — 71r—5 (3.7)
0

In fact, according to Corollary 2.4:

1 4
I 300 = /0 log (1 — x) - log® xdx = 3! <4 - ZC (z))

=2

7.‘.4

= 6(4-C(2)-CB)-(@)=24-7"-6((3) - z- W
8. The eighth example:

1
_ T 1
o012 =12111= / log® zdz = EC (3). (3.8)
0

1 — 22

See Corollary 2.5 or 2.6.

4. The use of computer

The polylogarithm multiple function in one single complex variable is defined by
the formula (see [17]):

. 21" .
Li  (z1)= > e (i > L,1<i<0) (41)
(81,82,...,8¢) n1>ng>nz>->np>1 gy
defined for |z1| < 1, or thus for |z1| =1 if 51 > 2.
We call polylogarithm multiple function Li multivariable the complex function:
. znl . an ez .
Li (21500 20) = Z S (s> 1,1 < <)
(s1,82,..-,8¢) ST S ma s > ny Ny My
defined for |z1] < 1 and |z;| <1 (2 <i <), so thus for || <1 (1 <i</{)if s; >2.
Lemma 4.1. (see [17])
Li (1) = ¢p (81,82, ..y 8¢), for s1,82,...,80 € N¥;

Li 0) = 0;
(51,52,..‘,51)( )
4 Li (z) = 1 Li (), for sy >1;
dx (s1,59,...,50) o (s1—1,82,...,5¢) ’ ! ’
d 1
— Li T) = Li ), for sy =1.
dx (1,52,....50) ) 1—x (827--~7Se)( )s Jor s

This lemma helps us to compute with high accuracy the values in positive round
variables of the multiple ¢, function with the help of a computer.

For example, by calculating ¢, (6,1,1,1) , it can by solved in Maple the differential
system
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dsys6:=

diff (y6111(x),x)=y5111(x)/x,
diff(y5111(x),x)=y4111(x)/x,

diff (y4111(x),x)=y3111(x)/x,

diff (y3111(x),x)=y2111(x)/x,

diff (y2111(x),x)=y1111(x)/x,

diff (y1111(x) ,x)=y111(x)/(1-x),

diff (y111(x),x)=y11(x)/(1-x),

diff (y11(x),x)=y1(x)/(1-x),

diff(y1(x),x)=1/(1-x);
>init6:=y6111(0)=0,y5111(0)=0,y4111(0)=0,y3111(0)=0,
> y2111(0)=0,y1111(0)=0,y111(0)=0,y11(0)=0,y1(0)=0;

and we obtain

(4 (6,1,1,1) = .00010609000327002678114903988058412790975005495541176.

V VV V V V V YV VYV

Using the program, made in C, that is found at the web address:
http://oldweb.cecm.sfu.ca/cgi-bin/EZFace/zetaform.cgi,

we can compute the sum:

nyg

ny na
O'l '0'2 "'O'Z
2(81,82, ,Sk) =

71|31| .71|S2\ . _71\52\’
niy>ng>nz>--->np>1 "Y1 2 I4

for the non-null integers s1, sa, ..., s and o; = signum (s;) , that are the values of 6,“

and
—ny

p
Z 5817827"'78k = —Ss1 _So _sg
p(p ) n1>n2>;m>n£21 nstong? - nze
for the positive integers si,So,...,Sr and real number p > 1, that are the values
Li(s,,ss,....,50) (1/p) . For p = 1 there can be calculated the positive values of (.
Using this program we obtain:

z(6,1,1,1)= .1060902289102175205140559549145517589881050333008e-3
z(-6,1,1,1)= .2372180534940509192687009551376327999738380380923e-4
With these results and an algorithm to find some constants calculated with a great
number of decimals (that is based on PSLQ, in trained by Ferguson in 1991), or even
the algorithm PSLQ, we can use the computer in order to find various formulas with
the integrals we study in this article.
For example, in the event we use Maple we have

11,0201
L, = / M 10g3 rdx
o xz(1—=x)
—.6963210052863737070597642384858829681155...

Applying the algorithm PSLQ to the vector [7r6 2 (3) —Ll] we find
[1 —648 —36],
that is,
75 — 648¢% (3) + 36L, = 0. (4.2)
It results

1
Ly = —%WG +18¢%(3),

rigorously demonstrated at (3.1).
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Computing with 40 decimals,

1 2

I 1-—

LQZ/ log" (1=2) 1002 iy
0 1—-2z

= .3862046399577749378625821257157710561280... .
Using the tryconsts procedure, which uses the PSLQ algorithm (see [12]),
tryconsts(.3862046399577749378625821257157710561280);
we find

which is formula (3.3) above.
5. Some final comments

The theorems and corollaries obtained in this article offer the possibility to compute
integrals of the type (1.1) and (1.2) (a few of them being mentioned in the book of I.
S. Gradzhteyn and I. M. Ryzhyk [11]. Sergey Zlobin [19] used the integrals

R G LT | S
0

k,0,0,1 — 1_ 2

in order to compute a type of double logarithmic integrals.
In solving Problem 11275 published in February 2007 in American Mathematical
Monthly, (see [3]), D. H. Bailey and J. M. Borwein reached at the following integral

I:/ logu_ ., (5.1)
1

u? —1

By changing the variable u = 1/v we obtain

1 1 1
I:/ logv dv:l / IOgvdv—/ logvdv '
0 v2—1 2\Jy v—1 0o v+1

We already noticed that

1 2
_ logv m
.y = dv = — 5.2
0,1,0,1 /o o —1 v 6 (5.2)
" Ifoq = /1 logv T (5.3)
0,1,0,1 — 0 v + 1 - 12 . .
Consequently
1 2
logv s
1= dv = —. 4
/0 2178 (54)

The integral I is actually an integral of type Iy, m, m, (precisely I = —I11.1).
It may be found in I. S. Gradzhteyn and I. M. Ryzhyk book (see [11] , formulae
4.231.13).

Also in this book one can find the formula

! 1—=x 772
/0 T logade = 1- T, (1], formula 4.281.4) (5.5)

Its proof is simple since

1 1 1
1-— 1
/ J-logmdx:/ logxdx—/ < log zdzx.
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By Corollary 2.1,

n | ~ 72
11,01 = /0 1+ logzdr = ((-2) = ——.

while Corollary 2.2 leads us to

! 2
x -
ISL,1,1,1:*/ logxdng(72)+1:fl+1.

olta 12
Consequently
1 2
1—x us
. 1= g -log xdx = 713:170’1 + I(T,1,1,1 =1- 5

Corollary 2.1 gives us the possibility to compute certain values of the functions ¢
and ¢ by using a definite integral:

Cryr U+ 1,{1},) = Z 1 .

ni>ng>ng>-->ne>1 nl ng -y

ke 1y k(1
_ (=1 J/ log” (1=2) 100t v,
Tk+1)T(+1) )y, 1-u

where /, k is integer k > 0,0 > 1,

~ (_1)n1
Cor (0= 1L A{1}) = Z I E—
7L1>7L2>n3>...>n221 1 B RN Y)
(_1)/€+€+1 /1 logk (1 + LE)
0

= -log’ zd
Lk+1)T(+1) 1+z 08 T,

where /, k is integer k.¢ > 0.
For example, with the help of Maple

(—1f+5{/1k%3(1—10 5
6,1,1,1) = -1 d
C4(a s Ly ) F(4)F(6) 0 1—=x og rax
~ .0001060902289102175205140559549145517589881....

and

B (_1)3+5+1 /1 10g3 (1+x) 5

—-6,1,1,1) = -1 d
C4( 6> P ) F(4)F(6) 0 1+2 og rax

~ .000023721805349405091926870095513763279997383...

We observe that these values coincide with the values of z(6,1,1,1) and z(-6,1,1,1)
calculated using the computer available at the web address

http://oldweb.cecm.sfu.ca/cgi-bin/EZFace/zetaform.cgi .
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