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On the lattice of deductive systems of a residuated lattice

DANA PiCciu, ANTOANETA JEFLEA AND RALUCA CRETAN

ABSTRACT. In any residuated lattice A the set Ds(A) of all deductive systems of A forms a
pseudo-complemented distributive lattice and we denote by D® the pseudocomplement of D in
this lattice (it is proved that D® = {a € A: aVz = 1, for every € D}). In this paper we give
a characterization for regular deductive systems and we study the lattice Ds;(A) of deductive

systems of the form [a)’. If A is a hyperarchymedean residuated lattice, then Dsp(A) is a
Boolean algebra. Also, for X C A we denote by X* ={a € A:a — z =g, for any z € X}
which is a deductive system and we show that the set R.«(Ds(A)) = {D € Ds(A): D = D**}
does a Boolean algebra.
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1. Introduction

The origin of residuated lattices is in Mathematical Logic without contraction.
They have been investigated by Krull ([13]), Dilworth ([7]), Ward and Dilworth (]20]),
Ward ([19]), Balbes and Dwinger ([1]) and Pavelka ([16]).

In [10], Idziak prove that the class of residuated lattices is equational. These
lattices have been known under many names: BCK- latices in [9], full BCK- algebras
in [13], FLey- algebras in [14], and integral, residuated, commutative I-monoids in [3].

Residuated lattices have been studied extensively and include important classes of
algebras such as BL-algebras, introduced by Héjek as the algebraic counterpart of
his Basic Logic, and MV-algebras, the algebraic setting for Lukasiewicz propositional
logic.

Apart from their logical interest, residuated lattices have interesting algebraic prop-
erties (see [2], [4], [7], [12], [15], [19], [20]).

In order to simplify the notation a residuated lattice (A, A,V,®,—,0,1) will be
referred by its support set A.

By B(A) we denote the Boolean algebra of all complemented elements in the lattice
L(A) = (A,A,V,0,1).

In any residuated lattice A the set Ds(A) of all deductive systems of A forms a
pseudo-complemented distributive lattice and we denote by D® the pseudocomple-
ment of D in this lattice (it is proved that D® = {a € A : aVa = 1, for every
x € D}). In this paper we give a characterization for regular deductive systems de-
noted by Ro(Ds(A)) = {D € Ds(A) : D = D*°}. Also, for X C A we denote by
X*={a€ A:a— x=uzx, for any x € X} which is a deductive system and we show
that the set R.(Ds(A)) = {D € Ds(A) : D = D**} does a Boolean algebra. We
prove that R,(Ds(A)) C R.(Ds(A)) and D € R,(Ds(A)) iff D = [e), with e € B(A).
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Finally, we study the lattice Ds;(A) of deductive systems of the form [a)® with
a € A
If A is a hyperarchymedean residuated lattice, then Ds5(A) is a Boolean algebra.

2. Preliminaries

Definition 2.1. A residuated lattice ([2], [18]) is an algebra (A, A,V,®,—,0,1)of
type (2,2,2,2,0,0) equipped with an order < satisfying the following:

(LRy) (A ,A,V,0,1) is a bounded lattice;

(LR2) (A,®,1) is a commutative ordered monoid;

(LR3) ® and — form an adjoint pair, i.e. c<a —biff a®c <b for all a,b,c € A.

The relations between the pair of operations ® and — expressed by (LR3), is a
particular case of the law of residuation ([2]). Lukasiewicz structure, Gédel structure,
Products structure are residuated lattices (see [18]).

Example 2.1. If (4,V,A,,0,1) is a Boolean algebra and we define for every x,y €
AxzQy=xANy, x—y=2a"Vy, then (A,V,\,®,—,0,1) become a residuated lattice.

Remark 2.1. [18]4 residuated lattice (A, \,V,®,—,0,1) is an MV -algebra iff it
satisfies the additional condition: (x — y) — y = (y — ) — z, for any z,y € A.

We give an example of finite residuated lattice:

Example 2.2. ([11]) Let A = {0,a,b,¢,1} with 0 < a,b < ¢ < 1, but a,b are
incomparable. A become a residuated lattice relative to the following operations:

— |0 a b ¢ 1 ®l0 a b ¢ 1
01 1 1 1 1 00 0O 0O 0 O
alb 1 b 1 1 a|l0 a 0 a a
bla a 1 1 1° b0 0O b b b°
c|0 a b 1 1 c|0 a b ¢ c
1({0 a b ¢ 1 110 a b ¢ 1

We refer the reader to [4], [12], [18] for basic results in the theory of residuated
lattices. In the following, we only present the material needed in the remainder of the
paper.

In what follows by A we denote a residuated lattice; for + € A and a natural
number n, we define z* =z — 0, (z*)* = 2**, 2 =1 and 2" = 2" 1 © 2 for n > 1.

Theorem 2.1. (4], [12], [18]) Let x,x1,22,y,y1,Y2,2 € A. Then we have the fol-
lowing rules of calculus:

(1) l-mz=zx—z=1Ly<zr—yzrx—1=1,0—>z=1;

(c2) 2©0=0,20y <x,y, hencex Oy < x Ay and (xVy =1 implies Oy = x \y);
(c3) @<y iffr—oy=1) and (z >y=y—z=1if v =y);
(1) 2—=y<(z—x)>(z—y)andz >y < (y—2) = (z— 2);
(¢5) 2= (y—2)=(x0y) 2=y — (v 2)

(c6) z@z*=0and x Oy =0 if x < y*

() ¢ <20 <o a1 =0, 0 = 1

(co) 2O (1 Vy2) = (@Oy) V(®Oy2), 1 Vy2) = 2= (1 — 2)A(y2 = ) and
= (11 Vy) 2 (x—y1) V(T — y2);

(c10) 2V (y©2) > (xVy) O (xVz2).

Corollary 2.1. ([12]) Let a4, ..., a,, € A.

* *,
— Y3
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(c11) If a1 V...V a, =1, then a¥ vV ...V a¥ =1, for every natural number k.

Proposition 2.1. If A is a residuated lattice and a,b,x € A, then
(c12): xV(a—b) < (zVa)— (x VD).

Proof. We have (zVa) — (zVb) £ (z — (xVb))A(a — (zVb)) = 1A(a — (zVb)) =
a—(@Vh) 3 (a—z)V(a—b) >zV(a—b).N

Proposition 2.2. ([4]) For e € A the following are equivalent:
(i) e € B(A);
(i) eve* =1.

Lemma 2.1. ([4], [12]) If e € B(A), then
(c13) e©@x =e Az, for every x € A;
(c14) eN(zVy)=(enx)V(eAy), for every x,y € A.

3. The regular deductive systems of a residuated lattice

Definition 3.1. ([12], [18]) A nonempty subset DC A is called a deductive system
of A if the following conditions are satisfied:

(Ds1) 1€ D;

(Dsg) If x,x —y € D, theny € D.

Remark 3.1. ([12], [18]) A nonempty subset DC A is a deductive system of A if for
allz,y e A:

(Dsy) Ifx,y € D, thenxz ®©y € D;

(Dsh) Ifx e D,ye A,z < y, theny € D.

Every deductive system of A is a filter for L(A), but a filter of L(A) is not, in
general, deductive system of A (see [18]).

We denote by Ds(A) the set of all deductive systems of A.

For a nonempty subset S C A, the smallest deductive system of A which contains
S, i.e. N{D € Ds(A) : S C D}, is said to be the deductive system of A generated by
S and will be denoted by [5).

If S = {a}, with a € A, we denote by [a) the deductive system generated by {a}
([a) is called principal).

For D € Ds(A) and a € A, we denote by D(a) = [DU{a}) (clearly, if a € D, then
D(a) = D).

Proposition 3.1. ([12], [18]) Let S C A a nonempty subset of A, a € A, D, Dy, D5 €
Ds(A). Then
(1) If S is a deductive system, then [S) = S;
(1) [S)={r €A :50..08, <z, for somen >1 and sy, ..., s, € S}. In particular,
[a)={z € A:xz>a", for somen > 1};
(i4i) D(a)={x € A:xz>d®a", withd € D and n > 1};
(i) [D1UDg)={x € A:x>dy ©ds for some dy € Dy and da € Ds}.

Proposition 3.2. Let D € Ds(A) and a,b € A. Then D(a) N D(b) = D(aV b).

Proof. Let x € D(a) N D(b). Then there are dy,ds € D and m,n > 1 such that

¢>dGa™ and ¢ > do © ™. Then & > (dy ©® a™) V (do © b") > (dy V do) ©
(dy V™) ® (d2 V a™) ® (a V b)™", hence by Proposition 3.1, z € D(a V b), since
dy Vdg,dy VU",da Va™ € D. We deduce that D(a) N D(b) C D(aV b).
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Conversely, let z € D(aVb), there is d € D and m > 1 such that x > d® (aVb)™ >
d®a™,d®b™, that is, D(a VvV b) C D(a) N D(b), so we obtain the desired equality.ll

Corollary 3.1. Let D € Ds(A) and ay,...,an, € A. Then D(a1) N...N D(ay,) =
D(a1 V... Vay,).

Corollary 3.2. Let D € Ds(A) and ay,...,a, € A such that a1 V ...V a, € D. Then
D(a1)N...Nn D(a,) = D.

The lattice (Ds(A), C ) is a complete Brouwerian lattice (hence distributive), where
for a family F = (D;);e; of deductive systems, inf(F) :QI D, and sup(F) = [gz D;).
7 7

Clearly, in this lattice 0 = {1} and 1 = A.

Proposition 3.3. ([17]) If a,b € A, then
(i) [a)={z€eA:a<z}iffaCa=a;

(i) a <b implies [b) C [a);

(idd) [a) O [b) = [a v b);

(iv) [a) V[b) = [a Ab) = [a©D);
(v) [a) =1 iff a=1.

For Dy, Dy, D € Ds(A) we denote
D1WD2:{a€A:Dlﬂ[a)§D2} andDO:DWO:DW{l}
Lemma 3.1. ([6]) If D1, D2 € Ds(A) then
(ii) If D € Ds(A), then D1 N D C Dy iff D C Dy ~ Da, that is,

Dy ~ Dy =sup{D € Ds(A) : D1ND C Ds};
(t4i) Dy~ Dy ={x € A:xVy€ Dy, for ally € Dy}.
Corollary 3.3. (Ds(A),V,N,~, {1}, A) is a Heyting algebra, where for D € Ds(A),
D°={zeA:xVy=1, for everyy € D},
hence for every x € D and y € D°,x VvV y = 1. In particular, for every a € A,
[@)°={z€eA:xzVa=1}.
Clearly, D® is the pseudocomplement of D in the lattice Ds(A).

Remark 3.2. From Lemma 3.1, (ii), we deduce that if Dy, Do € Ds(A) and x € A
such that x € Dy and © € Dy ~ Ds, then x € Dy. Also, if D € Ds(A) then
D~ D=A and D C D°®°.

Proposition 3.4. D°={a € A:a— xz=2x and x — a = a, for every x € D}.

Proof. Let a € D°. Since 1 =aVa < [(a — z) — z] A(x — a) — a] for every
x € D we deduce that (¢ — ) - x = (x — a) — a = 1, hence a — = = z and
r—a=a,foreveryx e D. R

For X C A we denote by X* ={a € A:a — z ==z, for any v € X}.

Proposition 3.5. X* € Ds(A), for every set X C A.

Proof. Obvious 1 € X* since by ¢;, 1 — x = x, for any z € X. Let a,b € X* .
Then a — z =z and b — x = z, for any x € X. By ¢5, we have (a ®b) -z =a —
(b—2xz)=a—x=uxzhencea®be X*. If a <band a € X* then a — z = z, for any
r€X.Byau,l=a—-b<(b—2z)— (a—z),s0 (b —2)— (a —x)=1. Using ¢,
r<b—zx<a—xz=ux forevery x € X,s0b— x=2x. Wededuce be X*. 1
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Proposition 3.6. If D € Ds(A), then D® C D*.

Proof. Let a € D° and z € D. ThenaVae =1= (aVz) mzx =1 -2 =12
(a—z2)AN(z—2)=r=>(@—2)Al=2x=a—zx=x=a€D*"=D°CD*I

Remark 3.3. By Remark 2.1, if the residuated lattice A is a MV —algebra then
D° = D*.

Proposition 3.7. For every subset X C A, we have X N X* =0 or X N X* = {1}.

Proof. If 1 € X, since X* € Ds(A) we deduce that 1 € X N X*. Let x € X N X*.
Then x -z =x,s0 x =1and X N X* = {1}.

If 1 ¢ X we prove that X N X* = (). Suppose that exists z € X N X*, obvious,
x # 1. Then x — z =z, so x = 1, a contradiction.ll

Corollary 3.4. If D € Ds(A), then DN D* = {1}.
Lemma 3.2. Let X,Y two subsets of A. If X CY then Y* C X*.

Proof. Let y € Y*. Then y — z = z, for every z € Y. Since X C Y we deduce
that y — 2z = z, for every z € X, so y € X*, that is, Y* C X*.1

Proposition 3.8. Let Dy, D2 € Ds(A). Then Dy N Dy = {1} iff D; C Dj3.

Proof. Suppose that Dy N Dy = {1}. Let d; € Dy. For any dy € Da, da,dy <
(dl — dg) — dy S0 (d1 — d2) — dy € DN Dy = {1} We obtain dy — dy = dg, hence
dy € D3.

Conversely, we assume that Dy C Dj. Since D1,Dy € Ds(A), 1 € D; N Dy C
D3N Dy = {1}, by Remark 3.4, that is, D1 N Dy = {1}. W

Lemma 3.3. If D € Ds(A) then D C D**.

Proof. Let d € D. For any © € D*, since D, D* are deductive systems and
z,d < (d — x) — x, we deduce that (d — ) - x € DND* ={1},s0,d — z = =z,
hence D C D**.

Remark 3.4. The set of deductive systems Ds(A) forms two pseudocomplemented
lattices (with * and with ). By Remark 3.3, if the residuated lattice A is a MV -
algebra, then the two pseudocomplemented lattices coincide.

Remark 3.5. It follows from Glivenko’s theorem that the sets R.(Ds(A)) = {D €
Ds(A) : D = D**} and Ro(Ds(A)) = {D € Ds(A) : D = D°®°} are Boolean al-
gebras. For Dyi,Ds € Ds(A), (D N D3)* (respectively, (DS N D$)°) is the least
deductive system including D1, Do. Hence for Dy, Do € Ds(A), we have sup{D;, D2}
in R.(Ds(A)) (respectively, Ro(Ds(A)) ) is (DY N D3)* (respectively, (Dy N D3)°).

Remark 3.6. If D € Ds(A) then (D = D** iff DV D* = A) and (D = D*° iff
Dv D =A).
Theorem 3.1. R,(Ds(A)) C R.(Ds(A)).

Proof. By Proposition 3.6, we have D® C D*. Let D € Ry(Ds(A)). Then DVD® =
A But A=DVvD°CDVD* soDVD*"=A, hence D € R, (Ds(A)). B

Proposition 3.9. The following assertions are equivalent:
(i) e € B(A);

(ii) [e)° = [e");

(iii) [e)°® = [e).
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Proof. (i) = (ii). Let e € B(A). SinceeVe* =1land [e)°* ={r € A:eVva =1}
we deduce that e* € [e)®, so [e*) C [e)°. If z € [e)°, since e V& = 1, we have
er=e"ANl=e*NeVr)Ze*o(eva) 2 (e*@e)V(erOx) Z 0V (e* Ax) =e" Au,
so e* < z. It follow that = € [e*) and we deduce [e)° = [e*).

(i7) = (4). Using Proposition 2.2, [e)® = [e*) = e* € [e)® = eVe* =1 = e € B(A).

(i) = (iid). e € B(A) = [e)*° = [e*)° © 2 [e) = [¢).

(#3i) = (). Since [e)*® = {x € A:avVy =1, foreveryy € [e)°} = {x € A: aVy =1,
for every y € [e*)} ={zx € A:aVy =1, for every y > e*} and e € [e) = [e)°° we
deduce that eVe* =1,s0 e € B(A).l

Remark 3.7. If e € B(A), then [e) € Rs(Ds(A)).

Theorem 3.2. Let D € Ds(A). The following assertions are equivalent:
(i): D € Ro(Ds(A));
(73): there is e € B(A) such that D = [e).

Proof. (i) = (ii). Let D € Ry(Ds(A)) ; since DV D° = A, there exist e € D,
a € D° such that e ® a = 0.

Since a € D® , we have a V e = 1. Using ¢y we deduce that a Ae = a ® e = 0, that
is, e € B(A).

For every # € D,aVax =1. Wehave e Az =0V (e Ax) = (eAa)V(eAz) E
eN(aVz)=eANl=e, s0e<uz, that is, D = [e).

(#4) = (i). By Proposition 3.9, (iii). W

We say that the inverse image of an deductive system under a morphism of resid-
uated lattices is also a deductive system. Hence we have the following results:

Theorem 3.3. Let A, B two residuated lattices and f : A — B a morphism of
residuated lattice. If Y is a nonempty subset of B, then f~1(Y*) is a deductive system
of A containing [f~1(Y)]*. Moreover, if D is deductive system of B, then f~1(D°) is
a deductive system of A containing [f~1(D)]°.

Theorem 3.4. Let A, B two residuated lattices, f : A — B a morphism of residuated
lattice and X C A a nonempty subset of A. Then f(X*) C [f(X)]*.

Proof. Let b € f(X*) and y € f(X). Then there exist a € X* and z € X such
that f(a) = b and f(x) = y. Since a € X* and 2 € X we deduce that « — = = z.
It follows that b — y = f(a) — f(x) = fla — z) = f(x) =y, so, b € [f(X)]*. We
deduce that f(X*) C [f(X)]*.1

Theorem 3.5. Let A, B two residuated lattices, f : A — B a surjective morphism of
residuated lattice and D € Ds(A). Then
(i): 1(D°), [(D*) € Ds(B);
(ii): F(D°) C [F(D)F and J(D*) C [F(D)]";
(#i): If D* (respectively D°) is a mazimal deductive system of A such that f(D*)
(respectively f(D?®)) is a proper, then f(D*) (respectively f(D°)) is a mazimal
deductive system of B.

Proof. (i). Obviously, 1 = f(1) € f(D°). Let =,y € f(D°), that is there are
a,b € D° such that f(a) = « and f(b) = y. Since D® € Ds(A), we deduce that
abeD®and z 0y = f(a)® f(b) = f(a®b) € f(D®). Let x,y € B such that z <y
and x € f(D°). Hence, there is a € D° such that f(a) = z and since f is surjective,
there exists b € A such that f(b) =y. Theny =2z Vy = f(a)V f(b) = f(a Vb) and
aVb>aeD®%soaVbe D®andy € f(D°). We obtain that f(D°) € Ds(B).
Similarly for f(D*) € Ds(B).
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(43). Following from Theorem 3.4.

(#4i). Let D’ be a proper deductive system of B such that f(D*) C D’. We have
that D* C f~1(f(D*)) C f~%(D") and since f~*(D’) is a proper deductive system of
A, we must have D* = f~1(D"). We deduce that f(D*) = f(f~1(D")) = D’, since f
is a surjective morphism. Similarly for f(D°).l

Remark 3.8. For D € Ds(A), if D° is a mazimal deductive system of A, by Remark
3.6 we deduce that D®* = D*  and by Theorem 8.5 if f : A — B is a surjective

morphism of residuated lattice, then f(D*) = f(D°) is a mazimal deductive system
of B.

With any deductive system D of A we can (see [12], [18]) associate a congruence
6p on A by defining : (a,b) € 0p iff a — b,b - a € D iff (a — b) ® (b — a) € D.
Conversely, for § € Con(A), the subset Dy of A defined by a € Dy iff (a,1) € 0
is a deductive system of A. Moreover the natural maps associated with the above
are mutually inverse and establish an isomorphism between the lattices Ds(A) and
Con(A).

For a € A, let a/D be the equivalence class of a modulo 6p. If we denote by
A/D the quotient set A/0p, then A/D becomes a residuated lattice with the natural
operations induced from those of A. Clearly, in A/D, 0 =0/D and 1 =1/D.

Proposition 3.10. Let D € Ds(A), and a,b € A, then
(1) a/D=1/D iff a € D, hence a/D # 1 iff a ¢ D;
(i7) a/D =0/D iff a* € D;

(#4i) If D is proper and a/D =0/D, then a ¢ D;

() a/D <b/D iffa - be D.

Remark 3.9. Let A, B two residuated lattices. We define on A X B, the operations
Ax,Vx,Ox,—x for every (a,b), (a',b') € A x B by (a,b) Ax (a/,V) = (aNd',bAY),
(a,b)Vx (a,0) = (avad,bVd), (a,b) O« (a',b) = (a®a’,bOV), (a,b) —« (', V) =
(a —ad',b—V). Clearly, (Ax B, Ax,Vx,®Ox,—x,(0,0),(1,1)) is a residuated lattice.

Theorem 3.6. Let X and Y be nonempty subsets of residuated lattices A and B,
respectively. Then:

(i) X*xY*=(XxY)*

(ii): A/JX*xB/Y*=(Ax B)/(X xY)*.

Proof. (i). We have that (X x Y)* = {(a,b) € A x B : (a,b) — (z,y) = (z,y),
for all (z,y) € X xY} = {(a,b) € AX B: (a — x,b — y) = (z,y), for all (z,y) €
XxY}t={(a,0)eAxB:a—zxz=zandb—y=y,foral (z,y) e X xY}={a €
Aia—z=zforallz e X}x {beB:b—y=y, forallyecY}=X*xY*

(i1). Note that X* x Y* € Ds(A x B). Consider the surjective morphisms px« :
A— A/X* px+(a) = a/X* for every a € A and py+ : B — B/Y™*, py«(b) = b/Y™* for
every b € B. We define f: (A x B) — A/X* x B/Y* by f(a,b) = (a/X*,b/Y*), for
every (a,b) € Ax B. Then f is a surjective morphisms. We denote the filter kernel by
Ker(f) = f~1((1/X*,1/Y*)) and using Proposition 3.10, Ker(f) = {(a,b) € Ax B :
fla,b) = (1/X*,1/Y*)} = {(a,b) € Ax B : (a/X*,b/Y*) = (1/X*,1/Y*)} =
{(a,b) € AxB:a/X* =1/X*b/Y* =1/Y*} = {(a,b) € AxB:a€ X*,beY*} =
X*xY*.

By the first isomorphism theorem and (i), we deduce that (A x B)/(X x Y)* =
A/X*x B/Y*1

Analogously we obtain:
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Theorem 3.7. Let A and B two residuated lattices and D1 € Ds(A), Dy € Ds(B).
Then:

(Z) D<1> X DQO = (Dl X Dg)<>

(it): A/D$ x B/DS =~ (A x B)/(Dy x Ds)°.

4. The lattice Ds;(A)

We denote by Dsp(A) = {[a)®:a € A}.
Proposition 4.1. Ifa be A, then

(i):a<b:>[) [)

(i1): [@)° N [0)° = [a @ b)° = [a A D)
(#ii): [a —b)° C [a)® ~ [b)°;

(iv): [aVa®)® = [a)®V[a")°.

Proof. (i). If x € [a)®° then xtVa =1, but a < b, hence 1 = zVa < x Vb, so
x Vb=1. We deduce z € [b)°.

(7). We have a®b < aAb < a,b, then using (i) we deduce that [a©b)® C [aAb)® C
[@)°,[b)° , that is, [a ® b)° C [a A b)<> Cla)°N[b)°.

Let now = € [a)° N [b)°, that is,aVax =bVx = 1.

By c10, 2V (a®b) > (xVa)®(xVb) =1, hence zV (a®b) = 1, that is, € [a®b)°

It follows that [a)° N [b)° C [a ® b)°, hence [a)° N [b)° = [a © b)® = [a A D)°.

(i7i). Let © € [a — b)° < 2V (a — b) = 1. We have that z € [a)° ~ [b)* & zVy €
[b)°, for any y € [a)°. Let so y € [a)® < aVy = 1. We prove that bV (x Vy) = 1.

By c12 we deduce 1 = 2V (a — b) < (zVa) — (zVb) = 1= (zVa) — (zVb) = zV
a < xVb. Then x\/y\/a <zVyVb= V1 <azVyVb= zVyVb=1= x € [a)® ~ [b)°.

(). Since a, a* < aVa* we deduce by (7), that [a)®, [a*)° C [aVa*)® = [a)°V[a*)® C
[aVa*)°.

Conversely, let € [a V a*)°. We have 2V (aVa*) =1 = (zVa)Va* =1 and
(xVa*)Va=1=zVaé€[a*) and z V a* € [a)°.

By c10, —a:\/(a(Da ) > (zVa)®(zVa*). Since zVa € [a*)° and x V a* € [a)°
we deduce that x € [a)® [a )°, [a Va*)® Cla)®V[a*)°.

Finally, [a V a*)° = [a)° V [a )

Remark 4.1. [a)® ~ [b)° & [a — b)°. Indeed, if we consider the residuated lattice A
from Ezample 2.2, then [0)° = [a)® = [b)° = [¢)° = {1},[1)° = A and [a)°® ~ [b)® =
{reA:zv1=1}=A but [a — b)° =[b)° = {1}.

Proposition 4.2. Ife € B(A) and [e)® = {1} then e = 0.

Proof. Since by Propositions 3.3 and 3.9, [e)° =[e¢*) = {x € A: x> "} = {1}
and e* € [e*) we deduce that e* =1s0e=10.

Remark 4.2. Since for every a € A, [a)® is the pseudocomplement of [a) in the lattice

Ds(A), then:
(i): [a)* =A< a=1 and [0)° ={1};
(ii): [a)N [a)® = {1k
(i@d): [a)°N [a)*® = {1};
(iv): [a)® = [a)**°.

Definition 4.1. An element a in a residuated lattice A is called nilpotent iff there
exists a natural number n such that a™ = 0. The minimum n such that a™ = 0 is
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called nilpotence order of a and will be denoted by ord(a); if there is no such n, then
ord(a) = co. A residuated lattice A is called locally finite if every a € A,a # 1, has
finite order.

Proposition 4.3. Let a € A and a natural number n. Then [a)® = [a™)°.

Proof . By Proposition 4.1, (i), since a™ < a we obtain [a™)® C [a)°. Conversely,
let « € [a)°. Then aVa = 1. By ¢11, 1 = a"Va™ < a™ V. We deduce that a" vV =1,
so z € [a™)® and [a)® C [a™)°. Finally, [a)® = [a™)°. B

Proposition 4.4. Let a € A,a # 1, such that a has a finite order n. Then [a)® = {1}.

Proof 1. Since n is the finite order of a we have a™ = 0. By Proposition 4.3,
[a)° = [a™)® = [0)° = {1}.

Proof 2. By definition, [a)° ={z € A:aVa =1}. Let x € [a)®. Since 1 = aVz <
[(a = 2) = z] A[(x — a) — a] we deduce that (¢ — z) - 2= (z — a) = a =1,
hencea »z=zandx wa=a.Nowzr=a—-r=a— (a > z)=d> 52 =..=
a” — x=0—x =1 We deduce that [a)° = {1}.0

For a,b € A we denote

[)° Y [0)® = [a) ~ [b)°.
Proposition 4.5. Let a,b € A. Then [a)® Y [b)° = [a V b)°.

Proof. By Lemma 3.1, [a)° Y [b)® = [a)*° ~ [b)* ={z € A:zVy € [b)°, for every
yela)®t={recA:avyvb=1,foreveryy € [a)®°} and [a)*®* ={zr € A:aVy =1,
for every y € [a)°} = {z € A: xVy =1, for every y € A such that yVa = 1}. Clearly,
a € [a)®°, so for any z € [a)® Y [b)® we obtain x V a V b= 1. This implies x € [a V b)°,
hence [a)® Y [b)° C [a V b)°.

Now, we prove that [a V b)® C [a)® Y [b)°. Let € [a V b)°, that is, x VaVb=1.
Let y € [a)°°. We deduce y V z = 1, for z € A such that z V a = 1. If we denote
t = 2 Vb we will prove that (tVa=1=tVy =1, for every y € [a)°°) equivalent with
(t € [a)® = ¢ € [a)°°°) equivalent with [a)® C [a)°°°. It is an immediate consequence
of Remark 4.2, (iv). B

Corollary 4.1. Fora,b€ A, [a)° YV [b)° =[aV b)® € Ds;(A).

)°
Remark 4.3. If a,b € A, then [a)°,[b)° C [a)® Y [b)° so, [a)° V [b)® C [a)® Y [b)° =
[aV b)°.

Remark 4.4. By Proposition 4.1, [a)® V [a*)® = [a)® Y [a*)° = [a V a*)°.
Proposition 4.6. a € B(A) < [a)° Y [a*)® = A.

Proof. By Proposition 4.5, if a € B(A) then [a)° ¥ [a*)® = [aV a*)® = [1)° = A.
Conversely, [a)° VY [a*)° = [aV a*)° = Aimplies 0V (aVa*) =1 = aVa* = 1. By
Proposition 2.2 we deduce that a € B(A).1l

Theorem 4.1. (Dsp(A),N, Y, {1}, A = [1)°) is a bounded distributive lattice and
[0)° = [)°°,[a)°N [a)°° = {1}, [)°°N [5)°° = ([a)° ¥ [5)°)° = [a V B)*°, for a,b € A.

Proof. We shall prove that Y is the supremum in this lattice.

It is obvious that, by Proposition 4.1, a,b < a V b implies [a)®, [b)° C [a V b)°,
a,b € A. For ¢ € A such that [a)®, [b)® C [¢)® we will prove that [a V b)® C [¢)°. If
tefaVvb)®, thentVavb=1,s0tVacb)Clc)° Wededuce that (tVec)Va=1,
sotVeé€la)®. But [a)® C[c)° implies t V ¢ € [¢)° implies ¢ V ¢ = 1 implies ¢ € [¢)°.

Thus, [a V b)° C [¢)°.
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Since using Proposition 4.1, [a)° N ([b)° Y [¢)°) = [a)°N[bVe)® =[a® (bV))® 2
[(a@b) V(o) =a0b)®Yaec)® = ([a)°N[b)°) Y ([a)° © [c)°), for every
a,b,c € Aand {1} = [0)°, A = [1)°, we deduce that the lattice (Ds;(A),N,Y, {1}, A)
is distributive and bounded.

Applying Remark 4.2 we get that [a)® = [a)°®®, [a)°N [a)°® = {1}.

The equality [a)°°N [0)°° = ([a)® ¥ [b)°)°, for a,b € A is equivalent with [a)°°N
[b)°° = [a V b)°°, for a,b € A.

Let z € [a)°°N [b)°® . We deduce that  Vy =1, for every y € [a)® and z V z =1,
for every z € [b)°. Let t € [aVD)°. We obtain tVaVb=1=tVa € [b)®°=axVitVa=
l=avitea)®=zV(@Vt)=1=xVt=1 Thus, [a)°°N [b)* C [aVb)®°.

Conversely, let « € [aV0)°°. Then xV z = 1, for every z € A such that zVaVb=1.
Let y1 € [a)°. Then y; Va=1=yp VaVb=1=2Vy =1=z € [a)®. Let
y2 € [0)°. Then yaVb=1= y2VaVb=1= xVys =1 =z € [b)°°. Thus, x € [a)°°N
[b)°° .

Finally, [a V b)°° C [a)°°N [0)°°, so [a V b)°° = [a)®°N [b)°°. A

Remark 4.5. If A is a chain then Ds;(A) is isomorphic with Lo, the two-elements
Boolean algebra. Indeed, for a € A,a # 1, [a)® = {1} and [1)° = A.

Remark 4.6. If A is a locally finite residuated lattice, then every element of A has
a finite order and by Proposition 4.4 we deduce that Ds;(A) is a Boolean algebra
isomorphic with Lo.

Remark 4.7. We recall that a residuated lattice is subdirectly irreducible iff it is
nontrivial and for any subdirect representation f : A — 11 A;, there exists a j such
il

that f; is an isomorphism of A onto Aj. In [12] it is proved that in any subdirectly
irreducible residuated lattice, if tVy =1, then x =1 or y = 1. Obuviously, if A is a
subdirectly irreducible residuated lattice, then Ds;(A) is a Boolean algebra isomorphic

Remark 4.8. Ife, f € B(A), then [e)°Y[f)° = [evf)° LN [(ev)®) = [e*Af*) =

[e*©f*) = [e)VIfT) = [e)°VIf)®, and [e)°V[e)*® = [e)°¥[e7)* = [eVer)® = [1)* = A.
Remark 4.9. If e € B(A), then [e)* € B(Ds;(A)), so Ds;(B(A)) is a Boolean
subalgebra of B(Ds;(A).

In [5] we introduce and characterize the hyperarchimedean residuated lattice.

Definition 4.2. [5] Let A be a residuated lattice. An element a € A is called
archimedean if it satisfy the condition : there isn > 1 such that a™ € B(A), (equivalent
with a V (a™)* = 1). A residuated lattice A is called hyperarchimedean if all its ele-
ments are archimedean.

Proposition 4.7. If A is a hyperarchimedean residuated lattice then Dsy(A) is a
Boolean subalgebra of Ds(A).

Proof. Since A is a hyperarchimedean residuated lattice then for every a € A
there is a natural number n > 1 such that a™ = e, € B(A). By Proposition 4.3,
[a)® = [a")® = [eq)®. We deduce that V =Y and Ds;(A) is a Boolean algebra.

Theorem 4.2. If A is a residuated lattice, then the map
[ (A0 V,0,1) = (Dsp(A),N, Y, {1}, A),

defined by f(a) = [a)®, for every a € A is an ontomorphism of distributive and
bounded lattices.



ON THE LATTICE OF DEDUCTIVE SYSTEMS OF A RESIDUATED LATTICE 209

Proof. Let a,b € A. Applying Proposition 4.1 and Corollary 4.1 we obtain that
flanb) =laAb)® =l]a)°N[b)° = f(a) N f(b), flaVd) =[aVDd)°® = [a)°Y[b)°* =
Fla@) ¥ F(8), £(0) = [0)° = {1} and £(1) = [1)° = A

In [1], if f: L; — Lo is a morphism of bounded lattices, then we denote the ideal
kernel by Ker(f) = f~1({0}) = {x € Ly : f(z) = 0}.

Remark 4.10. Using this notation, by Proposition 4.4, if we denote by Ordyinie =
{z € A: x has a finite order}, then Ordsinite © Ker(f), where f : A — Dsg(A) is
the ontomorphism from Theorem 4.2.

Proposition 4.8. If A is a hyperarchimedean residuated lattice then Ker(f) =
Ordginite is a proper ideal of L(A) and A/Ker(f) = Ds;(A) as Boolean algebras.

Proof. Let a € Ker(f). Then f(a) = {1} < [a)® = {1}. Since A is a hyperar-
chimedean residuated lattice then for a € A there is a natural number n > 1 such
that ™ = e, € B(A). By Proposition 4.3, we deduce that [a)® = [a")° = [eq)°.
But Propositions 3.9 and 4.2, {1} = [e,)® = [e}), so e, = a™ = 0 and a has a fi-
nite order. We deduce that Ker(f) C Ordyipite. Using Remark 4.10 we deduce that
Ker(f) = Ordfinite.

By Proposition 4.7, A/Ker(f) = Ds;(A) as Boolean algebras.l

Corollary 4.2. For every residuated lattice A, fipa)y s an injective morphism, so
(B(A), A, V,0,1) is a isomorphic with a sublattice of (Dsy(A),N,Y, {1}, A).

Proof. To prove the injectivity of f, let e, g € B(A) such that f(e) = f(g). Then
[e)® = [9)°. Using Proposition 3.9 we deduce that [e*) = [¢*), so e* = ¢g*. Thus, e = g.
|
Proposition 4.9. Ife, f € B(A), then [e)® ~ [f)® = [e* V f)° € Dsp(A).

Proof. By Proposition 4.5, [a)°® ~ [b)® = [a)° Y [b)® = [aV b)°, for every a,b € A.

Applying Propositions 3.9 and Remark 4.2 we have that [e)® ~ [f)® = [e)°®® ~
(1) =[e7)° ~ [f)* =[e"V )° € Dsp(A). B
Corollary 4.3. (Dsp(B(A)),N, Y., {1}, A) is a Boolean algebra and

fiBeay : (B(A),A,V,7,0,1) — (Dsp(B(A)), N, Y¥,%, {1}, A)

defined by fipa)(e) = [e)® = [e*), for every e € B(A) is an isomorphism of Boolean
algebras.

Proof. Apply Theorems 4.1, 4.2, Corollary 4.2 and Proposition 4.9 .1
Theorem 4.3. Let a,b,c € A. Then [¢)® C [a)® ~ [b)° < [a)° N[c)® C [b)°.

Proof. From Lemma 3.1, [a)® ~ [0)°* ={z € A: 2 Vy € [b)°, for all y € [a)°}.

Suppose that [a)® N [c)® C [b)° and let € [¢)°. We have that x V ¢ = 1. Let
y €la)’,soyVa =1 Bycyg, (Vy)V(ede > (xVyVa)o(zVyVe) =
(xv1)eVvl)=1= (zVy)V(eGc)=1=2Vy € [a®c)®. But [a®c)® = [a)°N[c)®
C [b)°, 80 x Vy € [b)°, for any y € [a)°. By definition we deduce that z € [a)® ~ [b)®
50, [¢)° C [a)® ~ [b)°.

Conversely if we suppose that [¢)® C [a)® ~ [b)®, let z € [a)° N [c)° = [a ® ¢)® =
[aAc)®. So,zV(anc)=1.

Wehave 1l =zV(anc) < (zVa)A(zVe) = (zVa)A(zVe)=1=aVa=2xVc=
1=z €[a)® and z € [¢)°. But [¢)® C [a)° ~ [b)® so x € [a)® ~ [b)°. Since = € [a)°
it is easy to show applying Remark 3.2 that z € [b)°. Obviously, [a)° N [c)® C [b)°.M
Remark 4.11. Since (Ds;(A),N, [1)° = A) is a commutative monoid using Theorems
4.1 and 4.5 we deduce that (Ds,(B(A)),N,Y,~, {1}, A) is a residuated lattice.
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