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Existence of weak solution for nonlinear elliptic system

MOUNIR HSINI

ABSTRACT. In this paper, we prove the existence of weak solutions for the following nonlinear
elliptic system

—div A(z, Vu) = —a(2)|ulP®2u — b(a)u[*@|v|f@y + f(z) in Q,

—div B(z, Vv) = —c(x)v]4®) =20 — d(z)v]f®) |ju|*@y + g(z) in Q,

u=v =0 on 99,
where € is an open bounded domains of RV with a smooth boundary 9. The existence of

weak solutions is proved using the theory of monotone operators.
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1. Introduction

In this study, Q is a bounded domain in RY | with a smooth boundary 9.
The purpose of this paper is to study the existence of weak solutions for the following
nonlinear elliptic system involving the p(x)-Laplacian

—div A(z, Vu) = a(z)|uP® =2y — b(x) |u|*@ |[o|P @y + f(z) inQ,
—div B(z, Vv) = ¢(x)v]7®) =2y — d(2)[v]?®|u|*®u + g(z) in Q, (1.1)
u=wv =0 on O

The operator A (resp. B) are with p(z) (resp. ¢(x))-type nonstandard structural
conditions.
Examples of the operator A considered here arise from variational integrals like

/ |Vu|P®) dz, (1.2)
the Euler-Lagrange equation of (1.2) is the p(x)-Laplacian
div( p(z)|Vu[P®~2Vu) = 0, (1.3)

where
Az, €) = p(a) g%,

The study of various mathematical problems with variable exponent has received
considerable attention in recent years. There is an extensive literature on partial
differential equations and the calculus of variations with various nonstandard growth
conditions, for examples we cite works of X-L. Fan, M. Mihailescu and V. Radulescu
[14], [22, 23]. The operator p(x)-Laplacian turns up in many mathematical settings,
e.g., non-Newtonian fluids, reaction-diffusion problems, porous media, astronomy,
quasi-conformal mappings. see [3, 4, 9].
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EXISTENCE OF WEAK SOLUTION ... 25

Problems including this operator for bounded domains have been studied in [14, 22]
and for unbounded domains in [12, 10]. Many authors have studied semilinear and
non linear elliptic systems, as a reference we cite [12, 19, 27].

The generalized formulation for many stationary boundary value problems for par-
tial differential equations leads to operator equation of type

L(u) = f

on a Banach space. Indeed, the weak formulation consists in looking for an unknown
function u from a Banach space H such that an integral identity containing u holds
for each test function v from the space H. Since the identity is linear in v, we can take
its sides as values of continuous linear functionals at the element v € H. Denoting
the terms containing the unknown v as the value of an operator A, we obtain

(L(u),v) = (f,v) VveH,

which is equivalent to the equality of functionals on H, i.e. the equality of elements
of H' (the dual space of H): L(u) = f.
In this paper, we consider nonlinear systems with model L of the form

L{u,v} = {—divA(z, Vu) — a(z)ulP® "2y + b(x)|u|*® |v|* @y |
—div B(z, Vo) + c(@)|u|*® o] @ u — d() o]0}

When div A(z, Vu) = Ayu and div B(z, Vv) = Agv, the existence of solutions for
such systems was proved, using the method of sub and super solutions in [6, 7, 13].

In this study, we generalize several cases dealing with existence of solutions for non-
linear elliptic systems. To this end, we introduce the following intermediary problem

{ —div A(z, Vu) = —a(2)|uP®~2u + f(z), =€,

u=20 on 0, (1.4)

where p(-) € C°(Q) such that 1r€1£p(x) > 1 and a(-) is a non negative function
x

satisfying condition (F0).
The following Theorems are our majors results.

Theorem 1.1. The nonlinear elliptic problem (1.4) has a non trivial weak solution.

Theorem 1.2. Under assumptions (F0), (F1), (F2) and (F3) below, The nonlinear
elliptic system (1.1) have a non trivial weak solution.

This paper consists of five sections. First, we recall some elementary proprieties of
the generalized Lebesgue-Sobolev spaces and introduce the notations needed in this
work. Section 3 is devoted to the study of some preliminary results which allows us
to prove the existence of weak solutions of our problem. Particulary we give the proof
of Theorem 1.1. In the fourth section, we justify the existence of weak solutions in

the case of bounded domains. The goal of the last section is the main result, when
QO =RV,

2. Generalized Lebesgue-Sobolev Spaces Setting.

In order to discuss problem (1.1), we need some results about the spaces W) (Q)
which we call generalized Lebesgue- Sobolev spaces. Let us shortly recall some basic
facts about the setup for generalized Lebesgue- Sobolev spaces, for more details see
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for instance [14], [25], [15] and [30].
Let

Cy () =1{h/heC(Q),h(x)>1 for any z € Q}.

For p(z) € C(Q), we define the variable exponent Lebesgue space LP(®)(Q) by
LP@(Q) = {u/ uis a measurable real-valued function, / Ju(z)|P® dx < oo}
Q
We define the so-called Luxemburg norm, on this space by the formula

p(z)
|t gy = inf{a > 0, / ‘@‘ dx < 1}.
Q (0%

It’s well known, that (LP(*)(Q);|.| ;s ) is a is a separable, uniformly convex Banach
space.

(LP@)(Q);].| Lo ) is termed a generalized Lebesgue space. Moreover, its conjugate
space is L' (*)(Q), where m + le) = 1. For u € LP@)(Q) and v € LP *)(Q), one
has the following inequality

1 1
| / u(@o(@)da| < (= + —= ) Jul o ol < 2ulppeo olps  (21)
Q p p
where, p~ = min p(z) and p'~ = minp/(z).
Q Q
Note that LP2(®)(Q) — LP1(#)(Q), for every functions p; and py in C(Q) satisfying

p1(z) < pa(x), for any = € Q. In addition this imbedding is continuous.
An important role in manipulating the generalized Lebesgue spaces is played by the
modular of the LP(*)(Q) space, which is the mapping Pp(z) LP®)(Q) — R defined by

ooy (1) = /Q @)z

If (un),u € LP@)(Q) and p* < oo then the following relations hold true.

- +

[ul o > 1= |U|Z£p(m> < Ppa) (u) < |U|Z£p(m>v (2.2)
n _

[ulppe) <1 = |u|1£p(w> < Pp(a) (u) < |u|1£p(w>a (2.3)

[t — u| o) — 0 if and if ppp)(un —u) — 0. (2.4)

Another interesting property of the variable exponent Lebesgue space LP(I)(Q) is

Proposition 2.1. ( see [11]) Let p(x) and q(x) be measurable functions such that
p € L¥RY) and 1 < p(2)q(z) < oo, for a.e. x € RN Let u € LY@ (RN), u £ 0.
Then

N i
[ulp@ate) < 1= [l gm) < 1" low) < 140} 0g),

. ) N
[tulp@rate) = 1= 1l aygimy < 1oy < Tl )40y

In particular, if p(x) = p is constant, then

[ul?lq(z) = lulpg-
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The generalized Lebesgue-Sobolev space is defined by:
WP@(Q) = {u € LP®(Q) such that |Vu| € LP@(Q)}.
WP (Q) can be equipped with the norm defined as follow
[l pe)y = [ulpee + [Vulppe, for all ue WHPE(Q). (2.5)

In this paper, we denote by Wol’p(x)(Q) the closure of C§°(Q2) in W) ().

It follows from Fan and Zhao [14] that the generalized Lebesgue- Sobolev spaces
Wwhe (Q) and Wl’p (x)(Q) are separable reflexive Banach spaces. On the other hand
if ¢ € C(Q) satisfys q(z) < p*(x) for any = € Q, the imbedding from W?(®)(Q) into
L) (Q) is compact and continuous. Note that Poincaré inequality is also satisfied
and we have the existence of a constant C' > 0 such that

|u| o) < C|VU| oo, for all u € Wy P (). (2.6)
In view of (2.5), it follows that [Vu| ;) and ||u||,(,) are equivalent norms on Wol’p(x)(Q).
We refer to [21] for more properties of Lebesgue and Sobolev spaces with variable ex-

ponent. We also refer to the recent papers [22, 23, 24] for the treatment of nonlinear
boundary value problems in Lebesgue-Sobolev spaces with variable exponent.

Definition 2.1. 1 < p(z) < N and for x € RY, let us define

N
o) () < N,
+o00 p(z) > N,

p(z) =

where p*(x) is the so-called critical Sobolev exponent of p(x).

Proposition 2.2. ( see [11]) Let p(-) € C_?_’I(IRN), that is Lipshitz-continuous func-
tion defined on RY, then there exists a positive constant ¢ such that

|u|p*(:c) < Hqu(x)a
for all uw € W™ (Q).

We use the following compactness properties of VVO1 P(@) () in our existence proof.
The limit function v belongs Mazur’s Lemma, the first follows from the reflexivity

and the second form the fact that Wol’p(x)(Q) embeds compactly into LP(®)(Q) [21].

Through this paper we suppose that the following assumptions are satisfied.

(FO) a(z),c(x) are resp. in LOO(Q) Lp'(“’)(Q) and L*°(Q) ﬁLq/(””)(Q).

FD o) = e e ) ErE | M@ e,
r(z) — ( ) ( )q*(x) " r(z)

O e @e @ e @ rwrm T

(
q(x)q* (x)

() .
PO =0 o T @ @)
(F3) 1<p,¢g at<p =1, -1, pr<p —1,g —1,p" <p*>2.

Further notation will be introduced as need.
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3. Proof of Theorem 1.1

This section is devoted to the study of problems of type: Lu = f, where L is an
operator from H (Banach space) into it’s dual H ". The methods used are variational,
more precisely, we use the theory of monotone operators.

To this end, we introduce some technical results [5, 7, 29] which allows us to the proof
of Theoreml1.1. Note that hypothesis FO) and F3) will be used in this section. First,
we give conditions needed for the operators A (resp. B).

In this note the operators A(z, &); B(z, ) : Q x RY — R are such that:

(A1) The mapping z +— A(z,¢) (resp.B(z,&)) is measurable for all £ € RV,

(A2) The mapping = — A(z, &) (resp.B(x,&)) is is continuous for all z € .

(A3) For all z € Q and ¢ € RY; A(x, —¢) = A(x, &) and B(z, —¢) = B(z,§).

(A4) There exist a positive constant v, d; > 0 such that

A(x,€).6 > [¢)P™, ; ¥V 2€Q and € € RY,

B(x,£).6 > 8¢ ;. V zeQ and ¢ € RV,
(A5) There exist a positive constant 2 > v; > 0,2 > 071 such that

Az, 6).6 < 3léP@=1 ¥ 2€Q and € € RV,

B(z,£).6 < 8le|"™71 .V 2eQ and € e RV,
(A6) For all z € Q and &, € RY; £ # 5 the following inequalities hold

(A, = A@.m) € =) >0,

(B(@,&) = Bla.n)) (€ =m) > 0

These are called the structure conditions of A (resp. B).

Definition 3.1. Let L: H — H' be an operator on a Banach space H. L is:

- Monotone, if (L(u1) — L(ug2),u1 —ug) > 0 for all uy, us.

- Strongly continuous, if u, — u implies L(u,) — L(u).

- Weakly continuous, if u, — u implies L(u,) — L(u).

- Demi-continuous, if u, — u implies L(u,) — L(u).

- Said to satisfy the My-condition, if u, — wu, L(u,) — f and (L(uy),un) — {(f,u)
imply L(u) = f.

The following Proposition plays an important role in the present paper. Precisely,
it gives a sufficient conditions to the existence of weak solutions for the problems
Lu=f.

Proposition 3.1. Let H be a reflexive, separable Banach space and L : H — H’ an
operator which is: coercive, bounded, demicontinuous, and satisfies the My-condition.
Then the equation L(u) = f admits a solution for each f € H'.

Below we write X = Wol’p(') and [Jul] = [Vu|p(z)-
In the sequel, we introduce the operator L defined on Wl’p(“’)(Q) by

Lu = —div A(z, Vu) + a(z)]u|P® 2y, (3.1)

where a(x) is a non negative function satisfying assumption (FO0).
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Definition 3.2. Let u € X. u is called a weak solution of problem (1.4) if
/ A(z, Vu)Vodx —|—/ a(z)|ulP® " 2uvdr = / fodx; Yo e X.
Q Q Q
Remark 3.1. Using equation (3.1), L is the sum of L1 and Lo, where
(L1 (u),v) = / Az, Vu)Vudr and (La(u),v) = / a(z)|ulP® 2uud.
Q Q

In order to prove the existence of weak solutions of the problem (1.4), we will
employ variational methods. Precisely, we justify that the operator L satisfies the
hypothesis of Proposition 3.1. To this end, we introduce a series of Lemmas dealing
with continuity, boundness, coercivity and monotonicity.

Lemma 3.1. The operator L is a bounded.
Proof. Denot by

U ={z e |u(x)>1} and Qs = {z € Q; |u(zr)] < 1},
then

(Lg(u),v):/ a(x)|u|p(””)*2uvdx+/ a(z)|ulP® " 2uvdz.
Ql Q1

In view of the assumption p™ — 1 < p*(z), the following embeddings hold true:
Wolvp(x)(g) AN L(p*fl)p(z)(g) and Wolvp(x)(g) AN L(p*fl)p(x)(m.
Due to Proposition 2.1, we obtain

+_ -1 -1
[[ul? 1|p(as) = |U|§(x) < 01||U||Z(x) : (32)

Take the function a(z) in L™ @)/ ®"(*)=2)(Q), |u|p+_1,v e L ®)(Q), and applying
Holder inequality, we get

‘/ a(x)|uP® " 2uvde| < | a(x)
Q

+ _
e | 1L MY

p* ()

< cof a(x)

-1
p*/(p*—2) |u|;€p+71)p* () |U

p*(z)-

-1
< esl a(@)|ps j -2 llullp iy [0llpe) < oo

Similarly,

| [ allud - 2uvda| < cal @)yl ol < o
2

It follows that the operator Lo bounded.
Using the structure of A, Holder inequality, equations (2.2)and (2.3), we infer that

‘(Ll(u),v)‘ < ’72/ |Vu|P®) =1 Vo|dx
Q
< 272H|vu|p(x)—1 HVUP(I)
P’ (z)
N _
< 2yamax ([l 0y, 0l oy ) 100
Hence the operator L is bounded, as we hope. [l

Lemma 3.2. The operator L is dimicontinuous.
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Proof. The proof of the demicontinuity of Lo will be deduced from the following
assumptions.
p(z)
First step. For all u,v € LP™)(Q), |t — 0|y — 0= ||u — 0| 7®=T |,y — 0.
Let € > 0, < ¢ and u,v € LP(®)(Q) such that |u — v|,(,) < 1, then we have

lu — v[P(®)

lu — v|p(x) = inf{u €0, n; ‘Ll,p(z) dr < 1}.

On the other hand 0 < p < n < 1, it follows
— ylp@) — ylp@)
/ 7|u i dx < / Ju = ol dx
o pr@- o pr@
U — U|p(x) u — v|P®)

inf{n €]0,n]; / Ju = o™ @1 dx < 1} < inf{p €]0,n][; /Q |

Since the last term of this inequality represent |u — v,y < 7 < €. The proof of the
first claim will be immediately deduced if we consider the fact

and consequently

@ dx <1},

b : |u — o™
|[u — 0|77 |y -1 < inf{p €]0,n]; /QW dr < 1}.
Second step. We claim that the map u € LP®)(Q) — |u[P(®)=2 ¢ L%(Q) is
continuous. To this end we will use the convention
W) — { uwP® for wu > 0;
—(—u)?@®  for u<O0.

Our intention is to show the following identity:

U — V] — 0= juP@) =1 _P@)=1 0.
p(z)—1

The result is trivial when p(z) = 2. We claim to prove the result for p(z) > 2.

p e (P71 yp@) =1 ;:/ |uP@)=1 vP(%)—H% dr,
T Q

then, for z € Q, by Lagrange theorem applied to the function g(y) = y?*)~!, there
exists c(z) satisfying

()
Due to the fact that (u —v) € LP®)(Q), we have |u — v|v(pw>—1 € LP@-1(Q) =
P (p(@)—2) P (p(2)—2) ple)—1

p(xz)—
(L3575 (9))* and Jul,Ju] € LPC)(@) tmply Ju] “FE, o] “SE € 135 (o),
Hence

(@) (p(2)~2)
p o (WP@~1 _pp@-1y < pTES / |u_v|pm T sup(|ul, [v]) T PO T da.

p(x)—1

Thus the proof of the continuity by using (2.1), (2.4) and the second claim.

Next we are going to prove the demicontinuity of the operator L;. For this purpose
let (uyn) C Wol’p(x)(fl) such that u,, — v in Wol’p(x)(Q). Passing to a subsequence we
may assume that v, — w and Vu,, — Vu pointwise almost everywhere. In view
of the continuity of the map & — A(x,€), it follows that A(x, Vu,) — A(z, Vu)
almost everywhere. Using condition (A5), we obtain

_p(@)
p(@)—1 p(z)
/ }A(a:, Vupg) dx < ’}/2/ }Vun dx < oo
Q Q
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By the convergence of the sequence (uy,), (A(z, Vuy,)) is bounded in LP'(*)(Q). Thus
we may pass again to a further subsequence and assume that A(z, Vu,,) — A(z, Vu)
weakly in L' (*)(Q).

Let us argue by contradiction that the whole sequence converges weakly. Suppose
that we can find a neighbourhood U of A(x,Vu) and a subsequence such that
Az, Vu,,) C L”l(‘”)(Q)\U. We may assume pointwise convergence by passing to
a further subsequence and this sub-subsequence converges weakly in L (*)(Q) to
A(z,Vu) by the earlier argument, which is a contradiction. Consequently,

(Lyup,v) = / A(z, Vu,)Vode — / Az, Vu)Vodr = (Lyu,v).
Q Q

Lemma 3.3. The operator L is strictly monotone.

Proof. The strict monotonicity of L will be immediately deduced for the monotonicity
condition of A, precisely assumption (A6) and the following elementary identity [20]
and [28].

92-P|q — bIP < (a|a|p*2 - b|b|p*2).(a —b), if p(z) > 2, (3.3)

p—2
(p—1a— b|2<|a| + |b|) < (a|a|P*2 - b|b|p*2).(a —b), if 1<p(z) <2 (3.4)
for all a,b € R™, where . denotes the standard inner product in R". [l
The last Lemma in this section deal with coercivity, in particular we have

Lemma 3.4. The operator L is coercive.

Proof. Using the positivity of the function a(-), the definition of L, we get
(Lu,u) > / A(z, Vu)Vudz.
Q
In view of assumption (A4), we can write

(Luvu)')/l > 71/ |vu|p(x)dx = pp(x)(lvul) (35)
Q
Combining equations (2.2), (2.3) and (3.5), one has

(Lu,u) = 71 (|Vuly

- + . - +
Py [Vull) =y ik (uf? ).

Using the fact that p~ > 1, one writes
. -1 -1
(Luyw)/ul > 31 i (lul2, uli ) = 00 as [luf — oo
Hence, the operator L is coercive as required. ]

Remark. Using previous Lemmas, all conditions of Proposition 3.1 are fulfilled.
hence, the proof of Theorem 1.1 is completed.
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4. Nonlinear systems on bounded domains

The goal of this section is to prove existence of weak solutions for the system (1.1).
The operators A and B are such that conditions (A1)-(A6) fulfulled. We suppose
that p(x) and g(x) are Lipshitz-continuous functions defined on RY. In addition,
we take p(z),q(z) € C%(Q). We denote by p/(x),q (z) the conjugate exponents of
p(x), g(x) respectively. i.e.

1 1 1 1

+ = + =
p(z)  plx)  qlz)  ¢(2)
a, b, ¢, d are non negative functions satisfying condition (F0), (F1) and (F2). Finally,
a and [ are regular nonnegative functions such that the assumption F3) will be
satisfied.
In the following discussions, we will use the product space
1,p(z ,q(x
Wy(a).ate) = Wo 7 (Q) x Wy (), (4.1)

p

which is equipped with the norm
[, V)Ml p(a)q(z) = max{{|ullpe; [vllg@)}s ¥V (w,v) € Wiy q), (42)
where [[u||,(z) (resp., [|ulg(z)) is the norm of WP (Q) (vesp., W1 ().
The space W;(xm(x) denotes the dual space of W,(,) () and equipped with the norm
[l p@).at@) 7= N-llepgay + 11l g

where ||.|[spz), [|-|l«,q(z) are respectively the norm of Wofl’p,(m)(fl) and Wofl’q/(m)(Q),

dual resp. of Wol’p(x)(fl) and Wol’p(x)(Q).
First, we recall the following definition.

Definition 4.1. The pair (u,v) € Wy(4) () 5 called a weak solution of the system
(1.1), of

/(.A(x, Vu)V®, + B(z, Vu)VPs)da = / (Fi(x,u,v)®1 + Fo(z,u,v)Ps)dx,
Q Q

Jor all (®1, ®2) € Wy(2),q(2), where F' and G are defined by
Fy (2, u,0) = —a(@)u") 2w — b(@) [u|]*@ o] "o + f(z),
Fy(z,u,v) = —c(@) o]~y — d(z)|u]*® [v|* @y + g(z).

The weak formulation of the system (1.1) is reduced to the operator form identity

Li(u,v) + La(u,v) + B(u,v) = F, (4.3)
where L1, Lo, B and F' are defined on W, q(») as follow:
(Ly(u,v), (P1,P3)) : = / Az, Vu)VPdx —l—/ B(z, Vu)V®adu,
Q Q
(La(u,v), (P1,P2)) : = / a(z)|ulP®2ud, dx —|—/ c(z)|v| 1 2y Dy du,
Q Q

(Bluv), (@1,22): = [ W@l ol @otade + [ d)lol?uluads,
Q Q

(F0): = ((f,9). (1, ®5)) = /Q Oy do + /Q g, dr.
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Proof. of Theorem 1.2. To prove the existence of weak solutions of the system (S),
we are going to study properties of the operators Lq, Lo, B and F'.

1. In view of the previous section, in particular Lemmas 3.1, 3.2, 3.3 we have similar
properties to the operators L; and Lo, i.e. L and Lo are demi-continuous, bounded
and strictly monotone, hence their sum. N

2. The second remark consist in the proof of coercivity of the operator L defined on
the space Wy(2) q(z) by: (L(u, ), (®1,®2)) = (L1 — L2 + B)(u,v), (®1, P2)), for all
(‘131,‘1)2) S Wp(m)’q(m). Let (u,v) € Wp(m)’q(m), then

Cwo.we) = n [ (V@ [ a@lap® 6 [ (901 4 [ ofa)ol
Q Q Q Q

[P [ a0
Q Q
Since, the functionals a(z), b(z), c(z) and d(x) are positive on €, we have

(E(u,v),(u,v))z/ |Vu|”(”)+/ |Vo|1®),
Q Q

Using inequalities (2.2) and (2.3), we obtain

~ . + — . + —
(L(u,v), (u,v)) = min(|Vul) . [Vulp ) +min([Vo[g 5 Vol ).

Since [|ul[pz) = IVUlp@a), [Vllg@) = [VVlq@) and p~, ¢~ > 1, therefore

[ (w, V)| p(a) ()

The proof of the coercivity of the operator L is verified.
3. The operator B(u;v) is well defined; indeed, if

O ={z e |u(@)] 21, [v(z)] = 1}, Qo ={z € |u(x)] <1, Jv(z)| <1},
Q3 ={z @ ful@)] =1, Jv(x)] <1} and Q4 ={z € Q; [u(z)] <1, |v(z)] = 1},

we have

— 00 as |[(u,0)lp().q(z) = O©-

4

[ r@t @1 ugnde = 3 ([ b@lul ol vdao ).

i=1

Furthermore,
\/ b(a) o[ vgrdr| < / b(@)[ul* o] || da.
Q1 1951
Since at + 1 < p*(x), T + 1 < ¢*(x), then the following embeddings hold true

W()Lp(x)(Q) AN LOé+P($)(Q) and Wol’q(””)(Q) AN L(ﬁ*ﬂ)cz(x)(g)_

Then, we obtain

+ + + +
] ot pa) < e1ltlp) < callul® |pe@y, and [[0]? @) < eslfo]? g o)

If we apply (2.2), (2.3) and Proposition 2.1 and take the functionals b € L(*)(Q);
d € L"®)(Q), then we have

‘/ b(x)|u|a($)|vlﬁ(x)v¢ldx‘ < |b($)|5(m)|ua+ p*(x)||v|[3++1
Q

()| P1]5(z) < 00,

+ +
d(x)lvlﬁ(”)IUI“(”)U@dx‘ < d(@) ey [l e 0]

‘ ¢ (@) P2g(z) < o0,
o
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’/Q b(x)|u|a(x)|v|ﬁ(x)v¢1d$’ < [0(@) sy [ () [10]° T g () D1 [0y < 00,
2

| [ @Il uluada] < @)l 1ol
Q2

Repeating the same arguments we deduce
| [ bl o @ vonds| < oc.
Q;

Hence, |(B(u;v), (®1,®2))| < co. The operator B(u;v) is well defined on W4 4(a)-
4. Tt remainds to prove the continuity of the operator B. To this end we will show
the compactness of B.

Let {(un,vn)} C Wy)q) be a sequence such that (u,,v,) — (u,v) weakly in
Wo(),q(z)- We claim that B(u,,v,) — B(u,v) strongly in Wy 4(x), i-e. for all
(@1, P2) € Wy(z),q(z) We have

g* ()| D2]g(z) < 00

/ d(z)[v]P@|u|*@upydz| < co, fori =3,4.
Q;

(B(tn,vn) — B(u,v); (@1,‘32))’ =o(1) as n — oc.
Clearly
B(tn, vn) — B(u,v) = (By(tn, vn) — By(u,v)) + (By(un, vn) — By (u,v)),

where

(Bu(tn, vn) = Bu(u, v); (®1,P2)) = / b() (|un | 0| PP v, — [u| |0l 0) &, dor,
Q

and

(Bo(un, vn) = By(u, v); (®1, P2)) = / d(@)(Jon | Jun |* Py = 0] u|* ) Doda.
Q

Then it’s sufficient to prove the compactness of B, (u,v) and B, (u,v).

(Bu(un; vn) = Bu(u,v); (®1,®2)) = /b(x)lvnlﬁ(””)“(lunla(””)—IUIQ(””))% dx
Q

[ B o P e
Q

In view of item 3. one writes

|(Bu(tnyvn) = Bulu,v)s (@1,92))] < ealb(@)lsgay (Il [Jual ) = Jufe

p*

[

o ||on [F@+1 |v|ﬁ(x)v|q*)|@1|;5.

A similar calculation gives us the following inequality
|(Butn, va) = Buw,0); (@1,82))] < cald(@)lyie) (Jun

1017 |y [t |*F = [l

a+1

ol |vn|5(””) _ |U|ﬁ(w)

q*

p*)|(1)2|ii'

Due to the continuity of Nemytskii operators v — |u|*®) (resp. v — |v[?®)v) from
LP®)(Q) into LP" () (Q) (resp. from L4#)(Q) into LT (*)(Q)), there exists ng > 0 such
that for all n > ng we have

— o(1), (4.4)

=o(1). (4.5)
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Finally from equations (4.4) and (4.5), we have the claim and the operator B will
be compact and completely continuous. Hence, B satisfies the My-condition and the
system (S) possess a weak solution (u,v) € Wy q(x), for all (f,g) in the dual of

W,

p

(2),q(x)- The proof of the main result on bounded domains is completed.

O
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