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Solvability of a mixed variational problem

Raruca CIURCEA AND ANDALUZIA MATEI

ABSTRACT. We consider a variational problem arising from contact mechanics, that consists
into a system of two variational inequalities involving Lagrange multipliers. Using elements
of convex analysis, we prove the existence of at least one solution. Moreover, the uniqueness
and the stability are discussed.
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1. Introduction

The present paper focuses on the solvability of the following abstract variational
problem.

Problem 1. For given f, h € X, find u € X and A € A such that

a(u, v —u) +¢(v) = gp(u) +b(v —u, A) = (fiv-u)x VweEX, (1)
b(uv = >‘) < b(ha B= >‘) V‘LL €A (2)
Everywhere in this paper (X, (-, )x, || - |lx) and (Y, (-, )y, || - ||ly) denote two

Hilbert spaces.
Let us assume that
a(+, -): X x X — R, is a symmetric bilinear form such that
there exists M, > 0: |a(u,v)| < Mg||lu|lx|v|x, Yu,ve X, (3)
there exists m, > 0: a(v,v) > m, ||v|%, Y€ X,

¢ : X — R, is a convex lower semicontinuous functional such that
(4)
¢(0x) =0,
b(-, ) : X xY — R is a bilinear form such that
there exists Mp > 0: |b(v, n)| < Mp||v||xllplly, Vv € X, p €Y,
b(v, p)

()

there exists a > 0 : inf u — " > q,
HEY, u#0y veX,v£0x HUHXHMHY
and
A is an unbounded, closed, convex subset of Y that contains Oy . (6)

If b = 0, Problem 1 reduces to a variational inequality of the second kind, as follows.
Problem 2. Find u € X such that
alu,v —u) + ¢(v) — p(u) > (f,v—u)x YveX.
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The proof of the existence, uniqueness and stability of the solution of Problem 2,
can be found in [9]. Since the form a is symmetric, we recall that the unique solution
of Problem 2, u € X, verifies

inf J(v) = J(u),

veX
where

1
J: X —>R Jw) = §a(v,v) + o) — (f,v)x, Yv € X.
If ¢ =0, Problem 1 becomes equivalent with
Problem 3. For given f, h € X, find u € X and A\ € A such that

a(u7 U) + b(v7 )‘) = (f7 U)X Vv € X,
bluyp—A) < blhyu—X) VpeA.

Such problems are called in the literature mized variational problems. For their
solvability we send the reader to [4]. The interest for this kind of problems arises
from contact mechanics; see for example [4, 5, 6, 7], where the weak formulations of
the contact models are written via mixed variational problems.

In the present paper, we prove that Problem 1 has at least one solution. We also
discuss the uniqueness and the stability of the solution.

2. Preliminaries

For the convenience of the reader, we recall in this section some elements of convex
analysis that will be used in this paper. To start, we recall the definition of the saddle
point.

Definition 2.1. Let A and B be two non-empty sets. A pair (u, A) € A X B is said
to be a saddle point of a functional L : A x B — R if and only if

Llu, p) < L(u, ) < L(v, N), YveA ueB.
The following existence result will be used in our paper.

Theorem 2.1. Let (X, (), - llx), (Y,(,), || - |ly) be two Hilbert spaces and let
AC X, BCY be non-empty, closed, convex subsets. Assume that a real functional
L : A x B — R satisfies the following conditions

v — L(v, p) s convex and lower semi-continuous Vu € B, (7)
pw— L(v, @) is concave and upper semi-continuous Vv € A. (8)
Moreover,
A is bounded or lim L(v, po) = oo for some g € B (9)
[lv] x —o0,v€A
and
B is bounded or lim inf L(v, p) = —o0. (10)

lnlly —co,u€B vEA

Then, the functional £ has at least one saddle point.

For more details on the saddle point theory and its applications, we refer to [1, 2,
3, 4].
Another result that will be needed below is the following one.
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Proposition 2.1. Assume that f : X — R is a Gateaux differentiable functional.
Then, [ is convex if and only if
f) = flu)+ (Vf(u),v—u)x Vu,veX.

The proof of Proposition 2.1 can be found in [8].

3. Well-posedness of Problem 1

Everywhere in this section we assume (3)-(6). Our approach of Problem 1 is based
on the saddle point theory, applied to the following functional,
1
L:XXA—=R, Llv,p) = Ea(v,v) + o(v) +b(v —h, 1) — (f,v)x
Yvoe X, pe A (11)
We will prove an auxiliary lemma.

Lemma 3.1. Assuming that Problem 1 has a solution (u,A) € X x A, then this
solution is a saddle point of the functional L. Conversely, assuming that the functional
L has a saddle point (u,\) € X X A, then, this saddle point verifies Problem 1.
Proof. To start, by
blu,pp—A) <b(h,p—A)  VueA,
we obtain immediately
Lu,p) < L(u,\) Yy € A,

Moreover, using the definition of the functional £, we have

Lu,\) = L(v,\) = %a(u,u) + o(u) +b(u, A) — (f,u)x
ol 0) = 6(v) — bu, N) + (f,0)x.
Thus, by
a0 — u) + $(0) — $(u) + 5o —w, ) > (f, v—w)x Vo€ X,
we obtain

L(u,A) — L(v, A) < %a(u,u) - %a(v,v) +a(u,v —u) = —%a(u —v,u—v).

Therefore, for all v € X, L(u, \) < L(v, A).
Conversely, let us assume that (u,A\) € X x A is a saddle point of the functional
L. Tt is straightforward to observe that

L(u,p) < L(u,\) YpeA

implies
bu, b —A) <b(h,u—A) VpeA.
Furthermore,
L(u,\) < L(w,A) YweX
yields
1

ia(u,u) - %a(w,w) + o(u) — p(w) + b(u —w,\) + (f,w—u)x <0Vw e X.
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Replacing w by u+t(v—u), with ¢ > 0, we can write, taking into account the convexity
of the functional ¢,

2
ta(u,v—u)—i—%a(v—u,v—u)—i—t(qﬁ(v)—d)(u))—f—tb(v—u,)\) >t(f,v—u)x YveX.

Dividing by ¢ and passing to the limit as ¢ — 0, we are led to
a(u,v —u) + ¢p(v) — d(u) +b(v —u, A) > (f,v—u)x YveX.

The main result is the following theorem.

Theorem 3.1. Assume (3)-(6). In addition, we assume that the functional ¢ is Lip-
schitz continuous, more precisely there exists Ly > 0 such that

l¢(v) — d(w)| < Lgflv—wlx  Vv,w e X. (12)
Then, Problem 1 has at least one solution.

Proof. Let us prove that the functional £ admits at least one saddle point (u,\) €
X x A. Obviously, the map v — L(v, ) is convex and lower semi-continuous for
every pu € A. In addition, for every v € X, the map p — L(v, p) is concave and upper
semi-continuous. On the other hand,

L(v,0y) = 0.

1
llvllx —o0,veX

We next prove that

m inf L(v, u) = —oo. 13
llly —oo,ue vEX ( ) ( )

Indeed, let i be an arbitrary element in A and let u, € X be the unique solution of
the variational inequality of the second kind

a(uy, v —uy) + o) — o(uy) > (fu,v —uu)x, YveX, (14)
where f,, € X is defined using Riesz’s representation theorem as follows,
(leU)X = (f7U)X —b(U,/.L) Vv € X.
Obviously,
) 1
vlgﬁ( E(’U7 M) = Ea(ulﬂ ull«) + (b(ull«) - (f7 U’H)X + b(u/u M) - b(ha /J/)

Let us put v = 0x in (14). Then, after summing with %a(uu, u,), we deduce

1 Mg
ia(uluuu) = (frup)x + ¢upu) + b(uy, p) < _THUHH?X
Therefore,
. mq 2
<2 - .
Inf L(v, 1) < == llupllx — b(h, 1)

Due to the inf-sup property of the form b, we deduce that there exists a > 0 such
that

b(v
aluly < sup  20H)
vexzox V]l x

and, by (14), we get

Oé”/J,”y < sup (f’ U)X — a(uﬁh U) + (b(up, - 'U) - ¢(uu)
" veXmon olTx

< NI fllx + Mallupll x + Lg.
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Therefore, there exists ¢ > 0 such that

i3 < e(llfI% + llullX + L3)-

Furthermore, there exists ¢ > 0 such that
inf L0, ) < ~llld — 11— £2) + Myllhlx ]y

Since p was arbitrarily fixed in A, by passing to the limit as ||u|ly — oo, we obtain
(13).

Consequently, based on Theorem 2.1, we deduce that the functional £ has at least
one saddle point. Using Lemma 3.1 we deduce that Problem 1 has at least one
solution. O

If we assume that
¢ is a Gateaux differentiable functional, (15)

since 0p(u) = {Veo(u)}, Problem 1 can be restated as follows: find u € X and A € A
such that
a’(ua ’U) + (v¢(u)v U)X + b(’l), >‘) = (fa U)X Vv € Xa
b(u,p—A) < blhyu=2A) VpeA

Let us investigate the uniqueness of the solution.

Theorem 3.2. Assume (3)-(6), (12) and (15). Then, Problem 1 has a solution and
only one.

Proof. Let us consider (u!, \!) and (u?, A\?), two solutions of Problem 1. We have
a(ut,v —u') + d(v) — p(u') + b(v —u, A > (fv—u)x W€ X, (16)
and
a(u?, v —u?) + d(v) — p(u?) + b(v —u? N > (f,v —u)x Yo e X. (17)
Taking v = u? in (16) and v = u! in (17), by summing, we get
a(u' —u? u? —u') +b(ut —ut N2 = A > 0. (18)

Due to the fact that
b(u' —u? A2 — A1) <0,

taking into account (3), we deduce from (18) that u! = u?.
Furthermore,

a(u,v) + (Vo(u),v)x +b(v,\) = (f,v)x YveX.
Thus,
b, \' =A%) = —a(u' —u?,v) — (Vo(u') — Vo(u?),v)x Vo€ X.
Since u' = u?, by the inf-sup property of the form b, we deduce that
ol AT = N[y <0,

and from this, we obtain A\ = \2. O

Let us establish a stability result.
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Theorem 3.3. Assume (3)-(6), (12) and (15). In addition, we assume that there
exists Ly > 0 such that

IVo(v) = Vo(w)|x < Lyglv—wlx Vo,we X. (19)

Let (u1,\1) € X XA and (uz2, \2) € X X A be the solutions of Problem 1 corresponding
respectively the to the data (f1,h1) € X x X and (fa, ha) € X x X. Then, there exists
C =Cla, My, mq, My, Lyy) > 0, such that

[ur —ualx + A = Aelly < C(Ifr = fallx + 71 = hallx). (20)

Proof. Obviously,

a(ur, v —u1) + ¢(v) — ¢(ur) +b(v —ur, A1) = (fr,v —w)x Vv € X, (21)
and

a(uz,v — uz) + ¢(v) — Pp(uz) + b(v — ugz, A2) > (f2,v —u2)x Yo e X. (22)
Let us take v = ug in (21) and v = w7 in (22). By summing, we get

a(ur —uz,ur —u2) < (fi = fa,ur —u2)x +b(ur —uz, A2 — A1).
Notice that
b(ug —ug, A2 — A1) < b(hy — ha, A2 — A1).

Thus, we can write

Mallur —w2llx < [If1 = fellxllus — uallx + Mpllhy — hllx [\ = Ay
On the other hand

a(uy,v) + (Vo(ur),v)x +b(v, A1) = (fr,v)x YveX

and
a(uz,v) + (Vo(uz),v)x + b(v, A2) = (f2,v)x Vv e X.
Therefore,
b(v, A\ — A2) = —a(u; —ug,v) + (f1 — fo,v)x — (Vo(ur) — Vo(ug),v) Vv € X.
Consequently, for every v € X, v # 0, taking into account (19),
b(v, A1 — A
M=) < M =l + 1 = follx + Lol — v

By the inf-sup property of the form b, we deduce
aldr = Xally < If1 = fallx + (Ma + Lvg)|lur — uz|x.

Now, we can write the following inequalities,

I f1— fall% . killur — ugl%

mallur —ull% <

2k, 2
n Mb2||h;k_h2”%/+k2||)‘12_/\2||%’7
2
2
A1 =Xy < @(Ilﬁ—f2||§(+(Ma+Lv¢)2||u1—u2||§(), (23)

where k1, ko are strictly positive real constants. Let us choose k1 and ke such that

ki ka(Ma + Lyg)?

a_2 OéQ > 0.
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Consequently,
L Ifi = folk | MEIhi = hall3
2 X b Y
upr —u < ( + )
” 1 2||X My — k_21 _ kz(MaoJ(rsz(p)2 2k, 2
2ks 5
- . 24
+2maa2 — k1a2 — ZkQ(Ma + Lv¢)2 ”fl f2||X ( )

By (23) and (24), we deduce that there exists C7 > 0 such that

A =22} < Cilllfr = follx + 17 = h2]%). (25)
Based on (24) and (25), we deduce (20).
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