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On the series of Kempner-Irwin type

RADU-OCTAVIAN VILCEANU

ABSTRACT. In 1914, Kempner proved that the series consisting of the inverses of natural
numbers which are free of the digit 9 is convergent. In 1916, Irwin considered the convergence
problem of the series containing the inverses of all numbers that contain a group of digits a
number of times. These types of series are still under the attention of many mathematicians
such as R. Baillie, T. Schmelzer, H. Behforooz, B. Farhi, etc. In this paper we will deal with
the problem of computing the sum of series of Kempner-Irwin type.
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1. Introduction

Let X,, be a string of m > 0 digits. We denote by S~ the set of all the positive
integers that do not contain X,, in their decimal representation, by ST we denote
the set of all positive integers that contain X,,, and by S® the set of all positive
integers that contain X, ezactly p times. We will also make use of the set S(<P) of
all positive integers that contain X,, no more than p times, and of the set S(ZP) of
all positive integers that contain X,, at least p times.

The Kempner type series are the series of one of the following form:

1
BXn = DL T (1)

seS—
1
Viix, = Z sk (2)
seS+
®» 1
ik, = D o (3)
seS(p)
(<p) _ 1
\I/k;);?m* Z sk’ (4)
seS(=p)
1
WX, = X G forkeN, (5)
s€S(2p)

See [10], who considered the case where X,, = {9}.
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Notice that
- (<0) o) .
\I/k;Xm - \Ilk i Xm \Ilk 3 Xm?

) |
v = Z v

\IIZ_;X Z\Ij(i)

We may extend the notion of Kempner type series by considering a set X, of strings
of digits, and a set S, of numbers that meet different conditions, expressed in one of
the five forms above. The series

1 *
\I/k;XZZS—k, for k € N*, (6)
ses
are said to be of Irwin type.
The definitions above make sense for any numerical base b.
If m =0 and k& = 1, the series

o0

1
1 Xo g (7)

is precisely the harmonic. This series is dlvergent because

1 1
§ - =1
25 += +3+4+5+6+7+8+9+

S S
2 3 4 5 6 7 8) 7
SR Y S I
2 4 4 8§ 8 8 8
UL S
= —+-4+-4..=x
2 2 2
Euler noticed that the partial sums H,, of this series satisfy the relation
v = hm (H,, —Inn), (8)
where 7 is the Fuler-Mascheroni constant.
If m =0 and k > 2, the series
~ — 1
Vixo = D5 (9)
s=1

is precisely the generalized harmonic series. It is absolutely convergent and the sum
of the series is the value ¢ (k), of Riemann’s function.

Since for k > 2 the series (1)-(5) are sub-series of (9), they are also convergent. It
remains to consider the case k = 1.

In 1914, A. J. Kempner [10] showed that the series W} y = > - 1/sand ‘I’le =
> scst 1/s are convergent. F. Irwin [8] has generalized in 1916 this result as follows:

Theorem 1.1. The series

> (10)

ses
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where S represents the set of all natural numbers that have in their decimal repre-
sentation at most ag-times the digit 9, at most ag-times the digit 8 ... and at most
ag-times the digit 0, is convergent.

Later, H. Behforooz [5] proved the following result regarding the density of the
terms in harmonic subseries which generates convergence:

Theorem 1.2. Suppose that S is an infinite set of positive integers for which the
series ) g 1/s is convergent. If for each positive integer k we denote by Ny the
number of all elements of S which do not exceed 10* and M, = 10¥ — Ny, then

The convergence of the Kempner-Irwin series is very slow. For this reason various
algorithms were built in order to compute their sums accurately (see [2], [3], [11]).
The aim of this paper is to discuss the problem of computing the sum of a series of
Kempner-Irwin type in various numerical bases.

2. The main results

B. Farhi [4] has studied the convergence of the sequences (Wgr) d”) N for d €
’ re
{0,1,...,9}:

Lemma 2.1. (B. Farhi) For all d € {0,1,...,9}, the sequence (\I/i”")d) is con-
’ re

N*

vergent decreasingly to 10log 10.

We will consider now the convergence problem of the sequence <\Il§7_"389,,) , de-
’ r

fined by
W= 3 - (11)
SES(”

where S() is the set of all positive integers whose decimal representations contains
the string ”89” exactly r times. Using the technique of Baillie [3], we split the set
S into two sets: S| the set of all numbers of S(") that have the last digit 8, and
§2(r) = §(r)\ §1(r)

We note

§I0 = 5100 A [107,107Y) S = 500 A [107, 107
where 7,4 € N, j € {1,2} and
I =g, =1,
Sa@ = (8}, $29 = {1,2,3,4,5,6,7,9},
1<° = {18,..,98}, S*V = {89},
Sf“) ={ab:a=1,..,9; b=0,..,7,9}\ {89},
520 — {%m: 1,.,9 b=0,..,9}\ {898},
S = 18981, §2M) = {189, ..., 989} U {890, ..., 897,899} ,
59 = ([10%,10°) )\ (857 U s @ U s,
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Put: . . '
tivj”" = Z gv ti;T = Z ;7 \I//l(;:)ggﬁ = Z ; (12)
SGS‘Z(T) sesg” s€S1(r)
We have
1
oo =3, torr=0,r=1
1
o= Wutg ‘Bhr= o r=bh
u=1
ti —ZE—Z;i>1r>O
i, — s - 10U+8, = 4 — Y
sesH™ ues™,
and
7
1 1
to,2;0 = ; 7 + 5, to.2;r = 0, r>1,
79 7
1 1 1 1
t12:0 = — to ==, b1y =0, 7> 2,
b0 2 0utl 2 o 79 Tgg e T gy
=0 u=1 u=1
1 7
t;o.0 = = i>1
,2;0 Z s Z 10w Z 10u_|_9 >1,
I 1=0 e g, 520
1 ! 1
bi2ir = - = i>1, r> 1.
©,2;7 Z s Z 10U—|—9 Z 10“_}_9,27 , =
sESf(” =0 “’551@1 uESI 1 ES,}Y;”
Also
% 1
to,o = 27, to.,, =0, 7> 1,
=1
8 9 7
1 1 1
t1.0 = -
10 ZlOu+l+Zlou+9+99’
=0 u=1 u=1
1
t1;1 = @7 t1,, =0, r > 2,
S DD P P iz
1=0 e 5 Ut 2y JUT

1—1

1 1
”*Z > 10u—|—l z; 0ut9 " > Turg ‘=br=t

1=0 yes, ues2m) ues Y

We use for approximating ¢;,» (with ¢, € N*) the formulas
8
1 1 1 9 1 1
T.. — — — = titg + —tio + —ti1 1
T Z Z 10u + Z 10u + Z 10u 10 7 1,r+ 10 i 1,2,r+ 10 i—1,1;r—1,
=0 ueSgT1 uES?Yl) ues; "

Tl'r

, 10t0,1,r 1, T = =
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The approximation error is given by

Ci;r = Ti;r - ti;rv T, € Nv

1 1 9

Cpg = — — — — 7

Y180 89 7120

1
Ciy = 1_0t0,1;7"—1 —t1, =0, r>2.
Therefore
9 1 1
ti;r = 1_0ti—1;7" + Eti—l,Q;r + 1_0ti—1,1;r—1 - Ci;r- (13)

Lemma 2.2. The following formula holds true:
(o] (o]
033 Gy < o0
r=11i=1
Proof. In fact, for r,i € N* we have

8
! 9 9
Ci = — — R
=22 10u(10u+1) Z 100 (10u+9) 2 10u (10u + 9)
1=0 e 5, we S westoh

From this identity it results that C;, > 0. On the other hand,

9 1 9 1 9 1
CoSos 2 whin 2 @tin 2w

u2
ues”| ues?) ues; Y

IN

Because the sets Si(r) = Sil(r) U Sf(r) (r,i € N) form a partition of N*,

oo oo o] 2
Y s (pta) i w—g s <

5 =
r=11i=1 u=1 u 50 6

and the proof is done

O
We note:
[ee]
C, = ZCW’ for r € N*.
i=1
Lemma 2.3. For every r € N* the series \115?89,, and \11/15:)89,, are convergent and
1) _ g 1
gy = Ulinger — 1001 + 3’ (14)

g = W) — 100, r> 2. (15)
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Proof. The fact that the series \Ilg )89,, and \Il1 »goe (r € N¥) are convergent is obvious
. Let’s demonstrate the relations (14) and (15) Using (13), we have for all r € N:

U = Z tior + trar

o0
9 1 1

0 tic1. + 1_0ti—1,2;r + 1—0ti—1,1;r—1 — Cipr | +t1yr
i—2

:%Z ].OZ-QQT 1oztzlr 1_Zcir+clr+t1r

1 1 _
= _‘I/Y)sg + 55 10 (‘I’Y)sg - ‘1/1(;7*:)89”) + 10\11/1(7:891”) =Gy + Cry + g
1

=0y — E\If’l";)gg,, +— \If’l";ggl,? Cyp + Chip + tisye
Thus

Vi)~ 100, + 1 if r=1

o' =) 100, 4100y, + 10t =
L7een — T80 B B v - 100, it r>2.

and the demonstration is closed . [l
Theorem 2.1. The sequence (\If’1<,fi>89,,> u decreases and
; rEN®

lim W) = 22.217649... (16)

T—00

Proof. Because C, > 0, the formula (15) shows that <\I//1(,C)89,,) u is decreasing.
; rEN*

Because this sequence is positive, it is necessarily convergent. It remains to compute
the limit. For every integer R > 2,

R

R r r—1 1 1
WD = 3 (Wil — ) ¥ = 10300, 4 ¥ 4
r=2 r=1
which yields
1
Jim WY, = —1020 + Vg + 5 (17)
r=1
We have
Zr:l Cr = Zr:l Zi:l Cisr
where
Cor Tty =3 S Ly 9y 9
o — Ligr—bir — 10w (1OU + l 10w (10U + 9) 10u (1011, + 9) '
=0 uESEZE u€ES; 51) ues Y

i—1
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Because the sets Si(i)l (i,7 € N*) form a partition of N*\S® and the sets Si(izl)
(i,r € N*) form a partition of N*| we infer that

o 8 1 1 1 1
R P .

r=1i=1 1=0 ueN*\S(0)
8 o
1 1 1 1 1 1
* (ﬁ_10u+9>z Z<m_10u+l>_ 2 (ﬁ_louﬂ)
weSLO) =0 | u=1 u€ S (0)
o0
1 1 1 1
+Z (10u 10u+9) N EXS;(O) (IO—u a 10u+9)
9 [e%)
1 ) 1 1
-3y >3 () 3 (———)
— ul( Ou 10u+l) o fiper (10u 10u+1 e 10w 10u+9
9 %)
> (- mr) w2 1 E s 2 T e
1=0 u=1 €S =0 4S50 1 eSL0) ueS1(0)
From
(0)
> Lowo,
u€S0)
it results
1 1< 1
Z Z p> E:ZE+Z 10u+l Z 10u+9
uES(0> u€eS(0N[10,00) u=1 1=0 veS©) ueS2(0)
Or,
1 1(0)
ueS10)
so that
o 1 (0 0
. 0 1(0
ZZCZ‘;T—A-F 751 + 19 @1,,89,, Z Z 10u+9 (18)
r=11i=1 u= 1 €5(0)
where
9 (e’ e}
1 1 1
D M T RN EEND S
=1 u=1 u=1 10u<s<10(u+1)

We pass now to the computation of A. For every N sufficiently big, by applying (8)
and using the symbols of Landau and Hardy (see [7], p. 7), we have:

N 1 N 10N+
PR EED D =i 2
u=1 t=1 s=10

10u<s<10(u+1)

wl»—l
©
W | =

9
= (logN+'y)—{log(10N+9)+’y—Z§}+oN(1)

21
:Z;—10g10+0N(1),

s=1
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where + is the constant of Euler. Passing to the limit we have:

9
1
A=) < —log10. (19)

According to (18), we obtain:

1
Z C, = Z Z Ciy = \11(10,289” + O\Illl(;e)ggﬁ —log10 — Z 0wt

r=11i=1 weS0)

Finally, by replacing the value of >°°2 | C, in (17), it results

B 0N w0 1 o )
Jim R = ~10) " Cr+ 0y e tg = ——@1;7,89,7+1010g 10+10 Y o
=t ues©®
L 10log10-9 3 1
= — o) _ - -
8 & u (10u +9)
ueS0)
Using Maple 7,
1
— ~.103689...
uezs:(m u (10u + 9)
and thus
lim w0, ~ 22.217649...
— 00
The proof is done. 0

Similarly one can study sequences of the form (\I/Y) 'y dy” ) . It would be inter-
T

esting to find the exact value of their terms and their limit, but this problem remains
open.

3. Kempner-Irwin series in binary base

In other numerical bases (e.g., base 2) there are Kempner-Irwin series with faster
convergence.

We will consider several examples.

1) Of first example is the series summation,

@ P = Z P (20)

SES—

where S~ is the set of all the positive integers that do not contain 70”7, in the base
2. Thus,
1 1 1 1

— + + + +
Loy 1l 11l 1111y,
Transformed in the base 10, the series becomes:

1 1 1 3
@7.” by = + + +
(10)*1;70 Laoy  3(i0) 7(10) 15(10 nz::l (10)

(2)@17;77077 =

We evaluate this series using Maple 7,
>evalf [60] (sum(’1/(2°n-1)’, ’n’=1..infinity));
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concluding that it rapidly converges to
1.606695152415291763783301523190924580480579671505756435778081... (1)

Converting in binary basis
>convert (1.60669515241529176378330152319092458048057967150,binary,60) ;
we find

(2)®71.»¢» ~ 1.10011011010100000101111110011110010000111111001000100100001.... (2.

2) Another example is offered by the series

) 1 1 1 1 1
o= - L L L toe o (2D)
SEES;) 5(2) 1(2) 10(2) 100(2) 1000(2)

where S() is the set of all the positive integers that contain ”1” exactly once, in base
2. In base 10 we have

(1) 1 1 1
10)® oy = + + + = +
! laoy 2000 200y 2o
= 1
= D 5 =200 =100
n=0 ~(10)
3) A third example,
1
1
ol = ¥ =)
ses() $(2)

where SU) is the set of all the positive integers that contain ”0” ezactly once, in base
2. We have

C310 TN U I O SR S
@170 705, T 101y | 110G, 1011, | 1101 11100

! +( 1 N 1 )
10 \1llg) — 10 111 — 1

1 1 1
* (1111(2) — 1002 + 1111 ¢5) — 109 + 11119 — 1(2)> +
Transformed in base 10, this series becomes

1 1 1
104y = = T @3 BDE
’ (22 =1-=1)q (22 =1=2)qq (22 =1-=1)qy

1 1 1
+ + +
((24 N C Lo B I e 1>(1o>>
1 2
1 1 1
(22 =1-1) kzzo (22 =1 -2F) 4 kzzo (24 =1 -2) 4

With Maple 7,
>evalf [60] (sum(sum(’1/(2°n-1-2"k)’,’k’=0..n-2),’n’=2. .infinity)) ;
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we obtain
(10)4)(1?0,, ~ 1.46259073504436469954614544672053462107474486474882110936420... (1)

and converted in base 2:

>convert (1.46259073504436469954614544672053462107474486474 ,binary,60) ;
we conclude that

(2)@830,, ~1.01110110011011000101100010101110011100101011100111001011010... (2).

More examples can be easily exhibited by using the beautiful result of Thomas
Schmelzer and Robert Baillie [11] on the asymptotic behavior of Kempner-Irwin series
in base 10:

Theorem 3.1. a) Let X,, be a string with m digits having period p, i.e.,

Xm =7 dids...dpd1ds...dp...d1do...d) 7. (23)

m=kp digits
Let Uy be the sum of all numbers 1/s, where s does not contain the substring
X,n. Then
Uy 10P
li =T = log 10. 24
mgnoo 10m 10p — 1 08 ( )
b) Let X,, = "dyds...dy,” be a string with m digits non-periodical and let \Il;( be
the sum of all numbers 1/s, where s does not contain the substring X,,. Then

Vi

lim ——== =log10. 2
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