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1. Introduction

Basic Fuzzy logic (BL from now on) is the many-valued residuated logic introduced
by Hajek in [11] to cope with the logic of continuous t-norms and their residua.
Monoidal logic (ML from now on), is a logic whose algebraic counterpart is the
class of residuated; MT L-algebras (see [7]) are algebraic structures for the Esteva-
Godo monoidal t-norm based logic (MTL), a many-valued propositional calculus that
formalizes the structure of the real unit interval [0, 1], induced by a left—continuous
t-norm.

Pseudo BL— algebras were introduced by A. Di Nola, G. Georgescu and A. Iorgulescu
in [6] as a non-commutative extension of Hajek’s BL—algebras. Pseudo BL—algebras
are bounded non-commutative residuated lattices (4, A,V,®,—,~>,0,1) which sat-
isfy the pseudo-divisibility condition x Ny = (x — y) ©x = = @ (z ~ y) and the
pseudo-prelinearity condition (x — y)V (y — x) = (x ~y)V (y ~ x) = 1.

Depending on the above conditions, there are two directions to extend pseudo
BL—algebras. One direction investigates the (bounded) non-commutative residuated
lattices satisfying the pseudo-divisibility condition which were studied under the name
(bounded) divisible pseudo - residuated lattices or bounded Rl - monoids. The second
direction deals with (bounded) non-commutative residuated lattices with the pseudo-
prelinearity condition, that is pseudo MT L— algebras.

Pseudo MTL algebras were in [8] under the name weak-BL algebras in order to
obtain a structure on [0, 1], since there are not pseudo BL—algebras on [0, 1].

So, Pseudo MTL— algebras are non-commutative fuzzy structures which arise
from pseudo t-norms, namely, pseudo BL—algebras without the pseudo-divisibility
condition.

In this paper we develope a theory of localization for pseudo MTL - algebras and
we deal with generalizations of results which are obtained in [15] and [16].

This paper is organized as follows: In Section 2 we recall the basic definitions
and we put in evidence many rules of calculus in pseudo MTL - algebras and a
characterizations for the boolean elements in a pseudo MTL - algebra. In Section 3
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we introduce the pseudo MTL - algebra of fractions relative to a A— closed system.
In Section 4 we develop a theory for strong multipliers on a pseudo MTL - algebra
and in Section 5 we define the notions of pseudo MTL - algebra of fractions and
maximal pseudo MTL - algebra of quotients for a pseudo MTL - algebra. In the
least part of this section it is proved the existence of the maximal pseudo MTL -
algebra of quotients.

A remarkable construction in ring theory is the localization ring Ar associated
with a Gabriel topology F on a ring A.

Using the model of localization ring, in [10], G. Georgescu defined for a bounded
distributive lattice L the localization lattice Ly of L with respect to a topology F on
L and prove that the maximal lattice of quotients for a distributive lattice is a lattice
of localization (relative to the topology of regular ideals); analogous results we have
for the lattice of fractions of a bounded distributive lattice relative to a A— closed
system.

In Sections 6 and 7 we develop a theory of localization for pseudo MTL - algebras.
So, for a pseudo MTL - algebra A we define the notion of localization pseudo MTL
- algebra relative to a topology F on A and in Section 8 we describe the localization
pseudo MTL - algebra Az in some special instances.

Since MT L— algebras are particular classes of pseudo MT L— algebras, the results
of this paper generalize a part of the results from [15], [16] for MT L— algebras.

2. Definitions and preliminaries

Definition 2.1. A pseudo MTL- algebra ([8]) is an algebra (A,A,V,®,—,~>,0,1)

of type (2,2,2,2,2,0,0) equipped with an order < satisfying the following axioms:

(a1) (A,A,V,0,1) is a bounded lattice relative to the order <;

(a2) (A,®,1) is a monoid;

(az) 2Oy <ziffe <y—ziffy <ax~ z, for every x,y,z € A;

(ag) (x = Y)Y V(y = z) = (x ~y)V(y ~ x) =1, for every x,y € A (pseudo-
prelinearity).

Remark 2.1. If A satisfies only the axioms a1, as and as then A is called a residuated
lattice.

Remark 2.2. If additionally for any x,y € A the structure A by Definition 2.1
satisfies the axiom

(a5): (x = y) Oz =20 (x ~y) =z Ay (pseudo-divisibility), then A is a pseudo
BL- algebra.

Remark 2.3. If A satisfies the axioms ay, a2, a3 and as then it is a bounded divisible
residuated lattice. These structures were also studied under the name bounded RL-
monoids.

Remark 2.4. A pseudo MTL- algebra A is called commutative if the operation ©® is
commutative. In this case the operations — and ~~ coincide, and thus, a commutative
pseudo-MTL algebra is a MTL algebra.

A totally ordered pseudo-MT L algebra is called a chain.

For examples of pseudo-MTL algebras sce [4] and [12].

In [4], [6], [8], [12] it is proved that if A is a residuated lattice and a, a1, ..., an, b, b;, ¢ €
A, (i € I) then we have the following rules of calculus:
(c1) a®(a~b)<b<a~(a®b)anda® (a~b) <a<b~ (bOa),
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(ap—1—= an) ®...0 (a2 — a3) © (a1 — a2) < a1 — an,

c21) aVb=((a~b)—=b)A((b~a)—a),

ca2) aVb=((a—b)~b)A(((b—a)~~ a),

coz) a~ (b~c)=(0boa)~canda— (b—c¢)=(a®b) — ¢,

C24) a~>b=a~ (aAD),

c25) a = b=a— (aAD),

ca6) cO(aAD)<(cOa)A(cOb)and (aAb)©c<(a®c)A(bO ),
co7) ifavb=1thena —b=a~b=0b,

cag) if a Vb =1 then, for each natural number n > 1,a™ V "™ = 1,

for each natural number n > 1,(a — 0)" V (b — a)” = (a ~> b)" V (b~ a)" =1,
cz0) a© (V bi) =V (a©b),

(c2) (a—b)ea<a<b—(a®b)and (a -b)©a<b<a— (bOa),
(c3) fa<bthena®c<bOcand c®a<cO®b,
(ca) ifa<bthenc~a<c~bandc—a<c—b,
(c5) ifa<bthenb~c<a~candb—c<a—ec,
(c6) a<bifa—bdb=1lif a~b=1,
(c7) a~a=a—a=1,
(cg) 1~~a=1—a=a,
(c9) b<a~>bandb<a—b,
c1p) a©b<aAband a®b<a,b,
(311) a~1l=a—1= 5
c12) a~>b<(c®a)~ (c®b),
c3) a—b<(a®c)— (bOc),
c1q) ifa<bthena<c~banda<c—b,
c15) (b~c)0a<b~ (c@a)anda® (b—c) <b— (a®c),
c16) fa<bthenb~~0<a~0andb—0<a— 0,
c17) 00a=a®0=0,
c1g) (@~b)Ob~c)<a~cand (b—¢c)O®(a—b)<a—ec
c19) (a1~ a2) ® (a2 ~ a3) @ ... © (an-1 ~* an) < a1 ~> Gy,
)
)
)
)
)
)
)
)
)
)
)

i€l i€l
(‘\e/l bi) ©a :‘\e/l (b © a),
a~ (A bi)=A (a~b),
icl i€l
a— (A b)=A (a—b),
icl i€l
(b 0= )
(V bi) =a=A (bi — a),

i€l i€l
(whenever the arbitrary meets and unions exist)

Proposition 2.1. ([4], [7], [8]) If A is a pseudo MT L—algebra, then for every
x,y,z € A we have :
(1) ifeVy=1thenz@y=1xAy;
(csz) 7= (yV2) = (@ =YV (@ —2) anda~ (yV2) = (= y) V (¢~ 2);
(cs3) (@AY)— 2= (2= 2)V (y = 2) and (wAy) v 2 = (3 2) V (y ~ 2)
(cs4) 2O(YA2)=(zOY)AN(zOz2) and (yA2) Oz =(yOz) AN (20 1) ;
(e35) A (yVz)=(xAy)V (zA=z).

In a pseudo MT L—algebra A we denote ¢~ = a ~» 0 and a~ = a — 0, for every
a € A. Using these notations we have the following rules of calculus in a pseudo
MT L—algebra :
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a<a” ~ba<a> —b,

a < bimplies b~ < a~ and b~ <a~,

((a™))™ =a™ ((a7)7)" =07,

a—a~ =a~a ,

boa)”=a~b",(a® b))~ =a—>b",

(@A™ =a~VbY,(aVbh)™=a~Ab~,
(anb)” =a Vb ,(aVb)~ =a Ab,
(avb)™=a"~Vb  ,(aVbh)~" =a~" Vb~ T,

~ ~—

—b T =a—b and b —ma¥ =a~" ~ bYT =a -~ b

(c36)

(car)

(cas)

(ca9)

(ca0)

(ca1)

(Ca2) < <
(ca3) a—= b =b~a ,a~b" =b—a”,
(caa)

(cas)

(as)

(ar)

(cas)

(ca9)

(¢s0)

(

cs1) 4~ b =a”

2.1. The Boolean center of a pseudo MTL-algebra. Let (L,V,A,0,1) be a
bounded lattice. Recall that an element a € L is called complemented if there is an
element b € L such that a Vb =1 and a A b = 0; if such element b exists it is called a
complement of a. We will denote b = a’ and the set of all complemented elements in
L by B(L). Complements are generally not unique, unless the lattice is distributive.

In residuated lattices however, although the underlying lattices need not be dis-
tributive, the complements are unique (following cs5 in a pseudo MT L— algebra the
complements are unique).

Lemma 2.1. ([9]) Suppose that A is a residuated lattice and a € A have a complement
b € A. Then, the following hold:

(i) If ¢ is another complement of a in A, then ¢ =b ;

(i1) @’ =b and V' = a;
(iii) a® = a.
Remark 2.5. Since in particular a pseudo MTL— algebra is a residuated lattice,
Lemma 2.1 is also true if A is a pseudo MT L— algebra.

In the following we denote by A the universe of a pseudo MTL— algebra A and
by B(A) the set of all complemented elements of A.

Lemma 2.2. Ife € B(A), then e’ = e~ =e¢~ and (e7)~ = (e~)” = e, where by €
we denote the complement of e.

Proof. Ife € B(A), and a = ¢/, then eVa = 1 and eAa = 0. Since e®a < eAa = 0,
then e ®a = 0, hence a < e~ 0=e¢~anda®e < eAa =0, then a ®e = 0,
hence a < e — 0 = e~. On the another hand, e~ = e~ ©@1 = e~ ® (e Va) Y
(e-®e)V(e- ®a) =0V (e~ ®a) =e Oa, hence e < a,and e™” =10 e~ =
(evVa)oe™ L (e@e™)V(a®e™) =0V (a®e™) =a®e™, hence e~ < a, that is

e~ = e~ = a. The equality (e7)~ = (e~)~ = e follows from Lemma 2.1, (7).l

Proposition 2.2. ([9]) If e, f € B(A), then e f,eV f,e — f,e ~ f € B(A) and
for every x € A,

(c2): e@x=eNz=1zQe.
Corollary 2.1. ([9]) The set B(A) is the universe of a Boolean subalgebra of A,
called the Boolean center of A.
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Proposition 2.3. For e € A the following are equivalent:
(1) e € B(A),
(ii) eVe  =eVe~=1.
Proof. (i) = (ii). Follows from Lemma 2.2.

Cq1

(i) = (ii). From e Ve~ = 1 we deduce that 0 = 1~ = (e Ve )™ L e~ A(e™)~ >
e~ Ne,soe”Ne=0. WehaveeVe~=1andeAe™=0,s0e € B(A).N

Proposition 2.4. If e € B(A) then:
(i) e2=cande= (™) = (e7)~,
(i) e me=ecande —e =e,

e~ ~e=ecande~ e~ =e”,

(e = x) = e=ce, for every x € A,
(

(idi
" (e~ x) ~ e=ce, for every x € A,

(iii

roof. (i). Follows from Lemma 2.1 (ii¢) and Lemma 2.2.

(17). If e € B(A), then e Ve~ = 1. Since, by a2, 1 = eVe =[le = € ) ~
e N [(e — e) ~ e], we deduce that (e — e~) ~» e~ = (e~ — ¢e) ~» e = 1, hence
e—e <e ande” —e<ethatis,e—e” =e¢ ande” —e=c.

(#4"). As for (i) using ca1.

(#5i). If © € A, then from 0 < z we deduce using ¢4 and c5 that e~ < e —
hence (e — x) — e < e~ — e = e, by (ii). Since e < (e — z) — e we obtain
(e —x)—e=e.

(vi"). As for (ii7).

(iv). For x € A and e € B(A), since by ¢s2, eAz = e@r =20e < (e — x)@e, (v —
e)Ox,e® (e~ x),x®(x ~ e) <zewededuce that (e — ) De=(x —e)Ox =
eOe~w~z)=z0(x~e)=ecAzx. N
Proposition 2.5. For e € A the following are equivalent:

(i) € B(A),
(1) e=(e™)” =(e7)~ and e Nz =e®x, for every x € A.

Proof. (i) = (ii). By Propositions 2.2 and 2.4.

(1) = (i). Suppose e = (¢™)” = (e )~ and e Az = e ® z, for every x € A.

For x = e™,e™ using c3; we obtain e” ANe=e~ @e=0and eAe™ =e®e™ =0,
so, we have: 1 =0~ = (e~ Ae)” L (e7)¥ Ve~ =eVeX,and 1 =07 = (eAe™)” &
e”V(e”)” =e Ve, hence e~ Ve=e" Ve=1and using Proposition 2.3 we deduce
that e € B(A). B
Proposition 2.6. Ife € B(A) and x € A, then
(cs3) T —e=(xOe™)” =z Ve,

(csa) T e= (e @Qx)”" =eVa™.
Proof. We have
t—e=z— (") E@oe) =@re™)” Do V(™) =1 Ve,
zwe=x~ () L o) = Ax)" L) Ve~ =cevaz™. A

Lemma 2.3. Ife, f € B(A) and x,y € A, then:

(css) eV (zOy) = (eVz)O(eVy),
(cs6) e (xOY) = (eAz) O (e Ny),
(cs7) e (z~y)=eO[(cOz)~ (cOy)] and (zr = y)Oe=[x0e) = (yOe)Oe,
(css) 2O (e~ f)=20[(zOe) » (xOf)] and (e = flOz=[(cOz) = (fOr)] O,
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(cs9) e = (z—y)=(e —x) = (e = y) and e~ (z ~ y) = (e~ x) ~ (e~ y).
Proof. (cs5). We have
(evz)o(eVy) L(eva)oeVieva)oyl=[leva)@e V[eoy) V(roy)
=[eva)nelVeoy V(zoy)l=eV(e@y) V(zoy) =eV(z0y).
(¢56). We have
(enNz)OeNy)=(e02)0(eOy)=(e0e)0(z0y)=e0(z0y)=cA(zOY).

(c57). By c13 we havez — y < (x@e) — (y©e), hence by ¢3, (r — y)©e < [(x0e) —
(y©e)]©e. Conversely, [(z0e) = (yoe)|©e<eand [(z0e) = (yOe)|O(z0e) <
yoe<yso(z0e) = (yoe)|®e <z —y. Hence [(z0e) = (yoe)|Oe < (z — y)A
e=(r—y)Qe.

By c12 we have  ~ y < (e®z) ~ (e®y), hence by c3, e® (z ~ y) < e®[(e@x) ~
(e@y)]. Conversely, e®[(e@x) ~ (e@y)] < eand (e®z)O[(e®x) ~ (eOy)] < edy <y
soe®[edz)~ (e@y)] <z~ y.

Hence e @ [(e @z) ~ (e@y)]| <eA(z~y)=eO (x ~y).

(cs8). We have

[(eoz)—= (for)]ox=[(ecoz)—= (fAr)Ox
Z((eor) = HA(eor) —a)]ow
=[(evz) = fHinl]orz=[e0z) = floz=[(z0e) = flOw
Zaxoemfloz=cA(e—f)=z0(e— f).

We have
rO[(roe) = (0 f)l=z0[(z0e)~ (zA f)]
Zro((zoe)wa)A((zoe)w fll=c0[LA((z@e) ~ f)]
=20[x0e)~ fl=r0(e0r)» fIF 20 [r~ (e~ f)
=zA(e~ f)=z0 (e~ f).
(¢59).We have
(e—a)=(e—y ZFle—2)0e —y=(err) »y=(e0z) —yZe— (z—y),

(e @) ~ (e~ ) 2 [e0(e = a)] ~ y = (eAr) v y = (20¢) ~ y Z ¢ v (¢~ y). W

3. Pseudo-MTL algebra of fractions relative to a A— closed system

Definition 3.1. A nonempty subset S C A is called N—closed system in A if 1 € S
and x,y € S implies x Ny € S.

We denote by S(A) the set of all A—closed system of A (clearly {1}, A € S(A4)).
For S € S(A), on the pseudo - MTL algebra A we consider the relation g defined

by
(z,y) € Og iff there exists e € S N B(A) such that z Ae =y Ae.

Lemma 3.1. s is a congruence on A.
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Proof. The reflexivity, symmetry and transitivity of g are immediately.

The compatibility of g with the operations A,V,® is as in the case of MTL
algebras. To prove the compatibility of 65 with the operations — and ~-, let x,y, z,t €
A such that (z,y) € 0s and (z,t) € 0g. Thus there exists e, f € SN B(A) such that
xAe=yAeand zA f =t A f; we denote g =e A f € SN B(A).

We obtain using cs7:

(z—=2)Ng=(r—=2)0g=[(r0g) = (209)]Og

=Yooy —(toglog=Y—1)o0g=(Y—1Ag
hence (z — z,y — t) € 0g and

(x> 2)ANg=g0O(x~2)=90[(gOx)~ (902

=90[g0y ~ (o =9g0(y~1t)=(y~1t)Ag
hence (z ~ z,y ~t)€fs . A

For z € A we denote by x/S the equivalence class of z relative to g and by
A[S] = A/0s.

By ps : A — A[S] we denote the canonical map defined by pg(z) = x/S, for every
x € A. Clearly, in A[S], 0 = 0/S, 1 = 1/S and for every z,y € A,z/S ANy/S =
(xANy)/S,z/SVy/S = (zVy)/Sx/SOy/S = (xoy)/S z/S — y/S = (z —
Y)/S,x/S ~y/S = (x~y)/S.

So, pg is an onto morphism of pseudo-MT' L algebras.

Remark 3.1. Since for every s € SN B(A), sAs = s A1 we deduce that s/S =
1/S =1, hence ps(SN B(A)) = {1}.

Proposition 3.1. Ifa € A, then a/S € B(A[S]) iff there is e € SN B(A) such that
aVa ,aVa~>e. So, if e B(A), then e/S € B(A[S]).

Proof. For a € A, we have by Proposition 2.3, a/S € B(A[S]) < a/SV (a/S)” =
a/SV(a/S)” =1« (aVa)/S=(aVa™)/S =1/S iff there is ej,es € SN B(A)
such that (aVa ) Ae; =1Aep =e; and (aVa~™)Aex = 1Aex = eq. If denote
e=eiNex € SNB(A), thenaVa ,aVa™ >e.

If e € B(A),since 1 € SNB(A) and 1 =eVe =eVe” > 1, we deduce that
e/S € B(A[S]). &

As in the case of MTL algebras we have the following result:

Theorem 3.1. If A’ is a pseudo-MTL algebra and f : A — A’ is a morphism of

pseudo-MTL algebras such that f(SNB(A)) = {1}, then there is an unique morphism
of pseudo-MTL algebras f': A[S] — A’ such that the diagram

A 2 Als)

N\, 7

! I’
Al

is commutative (i.e. f'ops = f).

Definition 3.2. Theorem 3.1 allows us to call A[S] the pseudo-MTL algebra of
fractions relative to the A—closed system S.

Remark 3.2. If pseudo-MTL algebra A is a MTL— algebra, then A[S] is a MTL—
algebra, called the M'T L-algebra of fractions relative to the A—closed system S.
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Example 3.1. If A is a pseudo MTL— algebra and S = {1} or S is such that 1 € S
and SN (B(A\{1}) = @, then for z,y € A, (z,y) €0s <= s ANl =yANl <= x =1y,
hence in this case A[S] = A.

Example 3.2. If A is a pseudo MTL— algebra and S is a N—closed system such
that 0 € S (for example S = A or S = B(A)), then for every z,y € A, (z,y) € bs
(sincext NO=y A0 and 0 € SN B(A)), hence in this case A[S] = 0.

4. Strong multipliers on a pseudo MTL - algebra

The concept of maximal lattice of quotients for a distributive lattice was defined by
J. Schmid in [17] taking as a guide-line the construction of complete ring of quotients
by partial morphisms introduced by G. Findlay and J. Lambek (see [13], p.36). The
central role in the constructions of maximal lattice of quotients for a distributive lat-
tice due to J. Schmid is played by the concept of multiplier (defined for a distributive
lattice by W. H. Cornish in [5]).

In this section by A we denote the universe of a pseudo MT L— algebra.

We denote by C(A) ={x € A: 20 (x ~ a) = (r — a) Oz, for every a < x,a € A}.
We remark that if A is a MT L— algebra or a pseudo BL— algebra, then C(A) = A.

Lemma 4.1. In a pseudo MTL— algebra A if e € B(A) and xz € C(A), thene®x €
C(A).

Proof. Let a € A such that a <e®z. Then (e@z)O[(e®@a) ~a] =20 (e®

Cs57

[(e0x) ) Zz0e0[cOe0r)~ (e@a)]) =

r@e@e0z)~ (e0a)) Frxo0ed(z~a)=e@z0 (z ~ a)
eO(z—a)0zrzE[(z0e) = (ade)0edz=[(z0e0e) = (a@e)|0evr ™

[(z0e) = a]O(zoe)=[cOr) —aO(cor)R

Also, we denote by Z(A) ={I C A:ifx,y € A,x <y and y € I, then x € T} and
by Z/(A) = {I = JNC(A),J € Z(A)}. Clearly, if I, I € T'(A), then I, N I, € T'(A).
Also, if I € Z'(A), then 0 € I. If A is a MTL— algebra or a pseudo BL— algebra,
then Z'(A) = Z(A) is the set of all ordered ideals of A.

an,;@C(A)

Definition 4.1. By partial strong multiplier on A we mean a map f: I — A, where
I € T'(A), which verifies the next axioms:

(M) fle®z)=e® f(x), for every e € B(A) and x € I;

(M) 2 (z ~ f(2)) = (), for every z € I

(M3) Ife € INB(A), then f(e) € B(A);

(My) A fle)=eA f(x), for every e € INB(A) and z € I.
Remark 4.1. The aziom Ms, x ® (x ~ f(x)) = f(x) implies f(z) < x, for every

x € I, and since x € I C C(A), this axiom become x® (z ~ f(x)) = (v — f(x))Oz =
f(x), for every x € I.

Remark 4.2. If pseudo MT L—algebra A is a MT L—algebra, the Definition 4.1
coincide with the definition for partial strong multipliers in a MT L—algebra, see [15].

By dom(f) € IT'(A) we denote the domain of f; if dom(f) = C(A), we call f
total. To simplify the language, we will use strong multiplier instead partial strong
multiplier, using total to indicate that the domain of a certain multiplier is C'(A).

Example 4.1. The map 0: C(A) — A defined by 0(z) = 0, for every x € C(A) is a
total strong multiplier on A.
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Example 4.2. The map 1 : C(A) — A defined by 1(x) = z, for every x € C(A) is
also a total strong multiplier on A.

Example 4.3. For a € B(A) and I € I'(A), the map f, : I — A defined by
falx) =anz 2 aex, for every x € I is a strong multiplier on A (called principal).

Indeed, for x € I and e € B(A), we have fy(e @z) =aA(e®z)=aA(eNx) =
eNlanz)=e@(aAhz)=e® fo(r) and 2 © (z ~ fu(z)) =20 (x ~ (a Ax)) 2
rO[(z~wa)AN(x~2)) =20 (r~a)=xANa= fx).

Also, if e € INB(A), fu(e) =eNa € B(A) and z A (aAe)=eA(aAzx), for every
z el

If dom(f,) = C(A), we denote f, by f, ; clearly, fo =0 and f; = 1.

For I € 7'(A), we denote M(I,A) ={f : I — A| f is a strong multiplier on A}

and M (A) =, IU(A) M(I,A).
e !

Proposition 4.1. If I, I, € T'(A) and f; € M(I;,A),i = 1,2, then
(ce0) fi(z) ® [z~ faz)] =[x — fi(z)] © fo(2), for every x € [LHN L.

Proof. For z € I1N Iy we have fi(z) ® [z ~ fa(z)] e [(z = fi(z) ©z] © (z ~
(@) = (@ = fi@) @ [0 (@~ fo@)] F [z = Ai(2)] © fola
Definition 4.2. For I,I, € T'(A) and f; € M(I;,A),i = 1,
fiVife, i® fo, fi o fo, frem far NI — A by (fi A f2)(z) = fi(2) A fa(2), (f1V
fo)(@) = fi(@)V fa(2), (fr@ fo) () = fi(x) Oz ~ fo(2)] Z [z — fi(2)]© fa(2), (fr =

(
fz)(a?) = [11(@) = fo@)] O, (fi e fo)(2) =2 O [f1(x) ~ fo(x)], for every z € Lin

Lemma 4.2. fi A fo € M(I1 N1y, A).

Proof. It is sufficient to verify only My (for M, Mg and My see [15]).

For every o € 1N I we have z ® [z ~ (fi A f2)(z)] = 2O [ ~ (fi(2) A fa(2))]

20 @~ A@) A~ L) 2o @ w A AL @~ fH)] 2
Hi@) A fa(x) = (fr A f2)(2) B
Lemma 4.3. f1V fo € M(I1 NIy, A).

Proof. The axioms M;, M3 and M, are verified as in the case of MT L— algebras
(see [15]). To verify My, let © € 1N Io. Then zO[z ~ (f1V f2)(x)] = 20z ~ (fi(x)V
F2)] Z 20z~ filz) V(@ ~ fo2)] Z [20 (@~ fi(2)] VO (@~ fo2))]
= h@) Vb)) = (hV L)) .

Lemma 4.4. f1 ® fo € M(I; N I3, A).

). |
2, we define f1 A fo,
f1

Proof. By using c57 and csg the axioms M7, M3 and M, are verified as in the case
of MTL— algebras (see [15]). For Ma, let € I1N I3 and denote f = f; ® fa.

To prove the equality x @ (x ~ f(z)) = f(z) since by ¢1, x © (z ~ f(x)) < f(x),
it is sufficient to prove that f(z) <z ® (z ~ f(x)).

We have f(z) = fi(2) © (z = f2(2) = 2® (& ~ fi(2)) © (& ~ fa(z)) and
2O (@~ fla) =20z~ (20 (z ~ fi(z)) ® (z ~ f2(x)))]. So, to prove that
f(z) <z o (x~ f(x)) it is sufficient to prove that @ (x ~ f1(z)) © (z ~ fa(x)) <
rO[x~ (20 (2~ f1(z)) O (x ~ fa(z)))], that is a < z ~ (2 © a) (with « ot (x ~
fi(x)) ® (z ~ f2(x))), which is true using as.H

Lemma 4.5. f; «~ fo € M(I1 N IQ,A).
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Proof. By using c57 and csg the axioms M, M3 and M, are verified as in the
case of MTL— algebras (see [15]). For My, let € I1N Iy and denote f = f1 «~
fa: NIy — A; then f(z) = 2 @ [fi(z) ~ fa(z)]. We have fi(z) ~ fa(z) < a2~
[z © (fi(z) ~ fa(2))], hence z © [fi(z) ~ fo(z)] <z O [z~ (2 O (fi(z) ~ fa(2)))]
& fl@)<eofr— f(@)] & fz) =20z~ f(z). B
Lemma 4.6. f; < fo € M(I; N1y, A).

Proof. By using c57 and csg the axioms M, M3 and M, are verified as in the
case of MTL— algebras (see [15]). For My, let € I1N I and denote f = f1 -
fo: NIy — A; then f(z) = [fi(x) — f2(x)] © 2. We have fi(z) — fa(z) <
[(fi(z) — f2(z)) © 2], hence [fi(z) — fo(2)] © 2 < [z — ((fi(z) — foz)) ©2)] O

& fl@) <[z — f@)]0z8 flz) =z - fla)] oz
Using Remark 4.1 we deduce that z ® (z ~ f(2)) = (x — f(z)) © z = f(z), for
everyx € [.

Proposition 4.2. (M(A),A,V,®,«, e, 0,1) is a pseudo MT L— algebra.

Proof. We verify the axioms of a pseudo MT L— algebra.

(ay1). Obviously (M(A), A, V,0,1) is a bounded (distributive) lattice.
(az2). As in the case of MT L— algebras (see [15]), using cgp.

(a3). Let f; € M(I;, A), where I, € T'(A), i = 1,2, 3.

JFrom f1 < fo « f3 for x € I; N I3 N I3, we deduce that

fi(w) < (f2 = f3)(2) & fi(z) < [fa() — f3(2)] © =
So, by c3,we deduce that

(@) Oz~ fo(a)] < [fo(z) = fs(2)] Oz © [z~ fo(z)] <

Hi(@) @z~ fao(x)] < (f2(2) = f3(2)) © fa(2) &

Since (f2(z) — f3(x)) ® fa(x) < f3(x) we deduce that (f1 ® f2)(z) < f3(x), for every
r € 1 NIy N I3, that is, f1 ® fo < f3.

Conversely, if (f; ® f2)( ) < f3(x), then we have [z — f1(2)] © f2(z) < f3(x), for
every x € I; N I3 N I3. Obviously,
£ — f1(2)] < fo(@) = fa(x) 2 (z = fi(2)) Oz < (fa(z) = f3(2)) O

= fi(z) < (fao2) = f3s(@)) O = fi(x) < (fa = f3)(2).

Hence, f1 < fo < f3iff f1 ® fo < f3, for all fy, fo, f3 € M(A)
If fo < f1 e f3 for x € Iy N I3 N I3, then we have

fa(x) < (fr e f3)(@) & fa(z) < 2O [fi(z) ~ f3(z)].
So, by ¢z, we have
[z = fi(2)] © fol2) < [z — fi(@)] © 2 O [fi(z) ~ f3(2)] &

(f1® f2)(2) < f1(2) © (f1(2) ~ f3(2))-

Since f1(z) © (fi(x) ~ f3(x)) < f3(x) we deduce that (f1 ® f2)(z) < f3(x), for every
x € I NIy N I3, that is, fl ®f2 < f3.

Conversely if (f1 @ f2)(z) < f3(x), then we have fi(x) @ [x ~ fa(x)] < f3(z), for
every x € I1 N 1o N I5. It is obvious that

z~ fo(2) < fi(z) ~ fs(@) 220 (x~ f2(2) S 20 (fi2) ~ f3(z))
= fao(z) <20 (fi(z) ~ fs(x) = fo(z) < (fr & f3)(@).
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Hence, f2 < f1 @ f3 iff f1 & f2 < f3 for all fl; f2,f3 S M(A)
(a4q). For the preliniarity equation we have

[(fr = f2)V (f2 = f)l(x) =[(fi = f)@)]VI(f2 < fi)(@)] =
=[(fi(@) = fo(z)) © 2] V [(fa(z) — fi(2)) © 2] =
L(fi(z) = fo() V (fal2) = fil@)] 0z 21Oz =2 = 1(2),
and
[(f1 e f2) V (f2 e fO)l(2) = [(f1 & f2)(@)] V [(f2 &~ fi)(2)] =
=[z O (fi(z) ~ f2(2)] V [z © (f2(2) ~ fi(2))] =
Lz o[(filz) ~ fol) V (f2(x) ~ fi(@)] 2z ol=2=1(z),

hence (f1 < f2) V (fa = f1) = (f1 & f2) V (fa o f1) = 1.
Finally, we deduce that (M(A),A,V,®, <, «~,0,1) is a pseudo MT L— algebra.
[ |

Remark 4.3. To prove that (M (A),\,V,®, <, «~,0,1) is a pseudo MT L-algebra
it is sufficient to ask for strong multipliers only the axioms My and M.

Remark 4.4. If pseudo MTL— algebra A is a pseudo BL— algebra (i.e. (xz —
Yoxr=x20 (x~y)=xAy, foralxy e A), then pseudo MTL— algebra M (A)
is also a pseudo BL— algebra. Indeed, let f; € M(I;, A), where I, € T'(A), i = 1, 2.
Then

(fi = fR)efi=hHAfe[(fi o ) fil(z)=(AiAf)@) &
& (fie fo)@) oz~ filzy)]= (A ))&
(filz) — fo(@)o2]oz~ filz)] = (firf)(z) &
& [fil@) = fo@)] Oz 0 (x~ filz)] = fi(z) A f2(2) &
[fi(z) — f@)]o @A fi(z) = fi(z) A f2(2) &

& [filx) = (@) © filz) = filz) A fa(),

for every x € I1 N I, which is true because A is a pseudo BL— algebra.
Also,

fi@(f f2)=[Afee[fi@(fi e~ f2)l(x) = (fiAf)() &
[z — fi@)] ©z o (filz) ~ fo2)] = (fi A f2)(2) &
[(x fi(z) ©x] © (fi(x) ~ fa(x)) = (fi A f2) () &

1(
(@ A f1(@)) © (filx) ~ fa(2) = (fr A f2)(2) <
fil@) © (f1(z) ~ falz)) = (fL A f2) (@),

for every x € I1 N I, which is true because A is a pseudo BL— algebra. B

¢l

Remark 4.5. If pseudo MTL -algebra A is a MTL -algebra then pseudo MTL -
algebra M(A) is also a MTL -algebra. Indeed if I, 1o € T'(A) and f; € M(I;, A),
i =1,2 we have

(f1 = f2)(@) = [fi(z) = fo(@)] O 2 =2 O [fi(z) ~ f2(2)] = (f1 & f2)(2),
for all x € I) N Iy, then f1 < fo = f1 e~ fa, and pseudo MTL -algebra M(A) is

commutative, so is a MTL -algebra.

Definition 4.3. ([12]) A pseudo MTL algebra A is called
(1) A pseudo IMTL algebra (pseudo involutive algebra) if it satisfies the equation
(pPDN) (z7)~ = (27)” = =;
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(ii) a pseudo WNDM algebra (pseudo weak nilpotent minimum) if it satisfies the
equation
W) (@oy)” VizAy) = (zoy)=(oy)~V(@zAy)» (@oy)] =1

(#91) a pseudo NM algebra (pseudo nilpotent minimum) if it is « WNM algebra
satisfying the axiom (pDN).

Theorem 4.1. If A is a pseudo IMTL algebra (resp. a pseudo WNM algebra, a
pseudo NM algebra), then M(A) is also a pseudo IMTL algebra (resp. a pseudo
WNM algebra, a pseudo NM algebra).

Proof. Suppose A is a pseudo IMTL algebra. For f € M(I,A), with I € T'(A)

and z € I, we have (f7)~ = (f < 0) «~» 0 and (f~)” = (f &~ 0) < 0, so
pDN

(f) =20[(f@)" 0z L zolr~ (f(z))7]"Z 20z~ f(z)] 2 f(x), and
() @ =wo /@ 0¥ e~ (f@)) 0" o - f@lor 2 f(),
hence (f7)~ = (f~)~ = f, that is, M(A) is a pseudo IMTL algebra.

Suppose that A is a pseudo WNM algebra. Let f € M(I,A),g € M(J, A) with
I,JeT'(A),zeInJ anddenotea—f( ),b=g(x). We have ((f@9)~V((fAg) e~
(f @ g = (f© g @)V (@6 (f A g)w) ~ (f ® 9)) = (26 (@0 (@
b))V (zO((aAb) ~ (a®(z ~ b)) F 20 ((a®(z ~ b))~V ((aAb) ~ (a®(z ~ ))))'

Since b < x ~ b we deduce that a Ab < a A (x ~ b), hence, using cs, (a A (z
b)) ~ (a® (z~ b)) < (aAb)~ (a® (z ~D)).

Since A is supposed a pseudo W N M —algebra we obtain 1 = (a ® (x ~ b))~ V
((an(z ~ b))~ (a® (@~ b)) < (a6 (x~ b))~V (@b~ (a© (z ~ b)),
hence (a © (z ~ b))~V (@A b) » (a© (z ~ b))) = 1. Then ((f ® )~ V ((f Ag) &~
(fegk) =rol=x=1() < (fog)~V((fAg) ~ (f®g) =1

Also we have ((f®g)” V((fAg) < (f®g))(@) = ((fog)" (@) V((fArg)(z)—
(feg@)oz) = (((x —-boa o)V ((ard) — (z — b oa) o) =¥
(z—=b)©a)” V([anb) = ((z = b)©a))) O

Since b < 2 — b we deduce that a Ab < a A (x — b), hence using c5, (a A (x —
b)) — ((z = b) ©a) < (aAb) — ((z — b) © a).

Since A is supposed a pseudo WNM —algebra we obtain 1 = ((z — b) ®a)” V
(@A (@ —b) = (& = b)©a) < (z — b)®a) V((@arb) — ((z — b)©a)),
hence ((z — b) @a)” V((aAb) — ((z — b) ©®a)) =1. Then ((f@9)" V((fAg) <
(fe)@) =r0l=2=1(x) & (f©g) V((fAg) = (f©9)) = 1, that is M(A)
is a pseudo W N M algebra.

Suppose now A is a pseudo N M algebra. Then A is a pseudo W N M algebra and
a pseudo IMTL algebra, so M(A) is a pseudo WNM algebra and a pseudo IMTL
algebra, hence M (A) is a pseudo N M algebra.ll

Lemma 4.7. Let the map va : B(A) — M(A) defined by va(a) = f. for every
a € B(A). Then va is a monomorphism of pseudo MTL— algebras.

Proof. Clearly, va(0) = fo = 0. Let a,b € B(A) and = € C(A). We have:
va(aVb) =wva(a) Voa(b),valaAb) =uva(a) Ava(b),
(va(a) @ va(b))(x) = va(a)(z) © (z ~ va(b)(z)) = (aNz) © (x ~ (DA L))
=@oz)0(@~ (bAz)=a0z0(x~ (bAX)]=a0 (bAzx)
=aANbAz)=(aANb)Ax=(valaAD))(z)= (vala®b))(z),
hence va(a ©b) =va(a) @ va(b).
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Also, since a — b,a ~ b € B(A), we have

(va(a) = va(b))(z) = [vala)(z) = va()(@)] Oz = [(aNz) = (bAZ)] O

C58

=llacz)—= box))or = (a—db)or=xA(a—b) =va(a— b)),
(va(a) e va(b))(2) = 2 © [va(a)(z) ~ va(b)(@)] = 2 © [(a A x) ~ (b A )]
=20[(r0a)~ 20b)] ZFro(a~b) =xA(a~b) =vala~ b)(z).
Consequently, we have va(a) < va(b) = va(a — b), va(a) e~ va(b) = va(a ~ D).

This proves that v4 is a morphism of pseudo MT L-algebras.

To prove the injectivity of va, we let a,b € B(A) such that va(a) = va(b). Then
aNzx=0bAux, for every x € C(A), hence for x = 1 € C(A) we obtain that a A1 =
bAl=a=0b0

We have for pseudo MT L— algebras the next analogous definitions, results and
remarks as in [15] for MTL— algebras:

Definition 4.4. A nonempty set I C A is called regular if for every x,y € A such
that x ANe =y Ae for every e € I N B(A), then x = y.

For example A, C(A) are regular subsets of A (since if z,y € A (or, C(A)) and
xANe=yAefor every e € B(A), then for e =1 we obtain t Al=y Al & x=y).

More generally, every subset of A which contains 1 is regular.

We denote R(A) = {I C A: I is a regular subset of A}.

Lemma 4.8. If I,1o € T'(A) N R(A), then Iy N Iz € T'(A) N R(A).

Remark 4.6. By Lemmas 4.2-4.6, 4.8 and Proposition 4.2 we deduce that M,.(A) =
{f € M(A) :dom(f) € T'(A) N R(A)} is a pseudo MT L— subalgebra of M(A).

Proposition 4.3. M, (A) is a Boolean subalgebra of M(A).

Proof. Let f: I — A be a strong multiplier on A with I € Z'(4) N R(A). To
prove that M,.(A) is a Boolean algebra, using Proposition 2.5 it is suffice to prove that
f=")"=(")"and feg=fAg, forallg e M,(A). Let g € M, (A),g:J — A.

Then for allz € INJ and e € INJ N B(A),
enlf@glia) = eAllz = F(@)Og@)] = elr — f@]og() = [r — f]oeog(s) =

Tzoe) = (fl2)0e)0evyg(r)=[e0z) = (flz)Oe) @edg(r) =
=[eoz)—(fle)oz)] 0z Ogle) =
Ele— fllozogle)=le— fle))0eog(x) =[eA fle)) ©g(z) =
— eAf(e)Ag(x) = eAf(e) Ag(z) A) = eng(@) Alf(e) Az] = eAg(a) Ale A ()] =
=eN[f(z) ng(x)] = en[f Agl(z),
hence [f @ gl(z) = f(x) A g(a), (since 11 € R(A)), 50, @ g = [ Ag.

For all x € I we have

() @) =zo(f @) =0 ((f@) o~ ¥ 2oz~ ((f(z))] and
() (2) = (@) 02 =10 (f@)]" 02 [ — (f)~)] o,

so, for all e € I N B(A) we obtain

eN(fT)7 @) =en(@ofz~ ((f(z) ) ) =e0zofz~ ((flz))] =

zoeo[(eor) (eo ((f(x)7)7)] =
= 20e0[e0z)~ (e@[(f(z)” ~0)] =

Troeo|eor)~ (e0(eo (f(x)7)~ )=
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=z0e0[(e0z)~ (e0[eo (f(z)]7)] =
=zx0e®[(e@x)~ (e@[e®[f(x) —0]]7)] =
Troeolleor)~(e0eo (o f(x)]))] =
=z0e0((e0x)~ (eo ([0 fle)7)7)] =
Lroeofrw ([0 f(e))]=20e0[r~ (zAf()]7)]=
Lroedr~ [z V() Froeolr~[=7) A fl)]] =
Lroed [z~ @) A [z~ fle) =
Lroed(IA[z~ fle)))=20ed[r~ f(e)] =
=e@zOz~ fle)]=e@xzAfle)]=eNaA fle)=aA fle)=eA f(z),
and
eN(fV) @) =enfz = ((f@)7) ]oz=[z— ((f(x)") ]oevr =
Zzoe) = ((f@)7)  0aloecoz =
Tzoe)— (o f@]) celoeor=
=[z0e) = (([zo fle)]7) ©e)oevs =
- (rofEM)]oeor=[r—[a™) Afl)]ozoe=
L[z — @) )Nz = fle)oroe=
=1Az—=fle)) ozoe=[z— fle))OzOe=
=xAfle)]oe=eA f(z)Ne=r¢eA f(x).
So, f@g=fAgand f=(f")~ = (f~)", that is, M,(A) is a Boolean algebra. B
Remark 4.7. The azioms M3, My are necessary in the proof of Proposition 4.3.

Definition 4.5. Given two strong multipliers f1, fo on A, we say that fo extends fi
if dom(f1) C dom(f2) and fojaom(r) = f1; we write fi < fo if fo extends fi. A strong
multiplier f is called maximal if f can not be extended to a strictly larger domain.

Lemma 4.9. (i) If f1,fo € M(A), f € M,.(A) and [ < f1,f < fa, then f1 and fo
coincide on the dom(f1) N dom(fa),

(i4) Every strong multiplier f € M,(A) can be extended to a strong maximal mul-
tiplier. More precisely, each principal strong multiplier f, with a € B(A) and
dom(fa) € T'(A) N R(A) can be uniquely extended to a total strong multiplier

fa and each non-principal strong multiplier can be extended to a strong mazimal
non-principal one.

Proof. Asin the case of MT L— algebras (see [15]), using Lemma 4.1.
On the Boolean algebra M,.(A) we consider the relation p4 defined by (f1, f2) € pa
iff f1 and f5 coincide on the intersection of their domains.

Lemma 4.10. p4 is a congruence on Boolean algebra M, (A).
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Proof. The reflexivity and the symmetry of ps are immediately; to prove the

transitivity of pa let (f1, f2), (f2, f3) € pa. Therefore fi, fo and respectively fa, f3
coincide on the intersection of their domains. If by contrary, there exists xg €
dom(f1) N dom(fs) such that fi(zg) # f3(xo), since dom(fs) € R(A), there exists
e € dom(f2) N B(A) such that e A f1(z0) # eA f3(xg) < fi(e®xg) # f3(e ®xo) which
is contradictory, since by Lemma 4.1, e ® xg = e Axg € dom(f1) Ndom(f2) Ndom(fs).

To prove the compatibility of p4 with the operations A,V and ~ on M, (A), let
(f1, f2),(g1,92) € pa. So, we have f1, fo and respectively g1, gs coincide on the in-
tersection of their domains. Let x € dom(f1) N dom(f2) N dom(g1) N dom(gz). Then

fi(z) = fa(x) and g1 (x) = g2(x), hence
(fr Ag)(x) = fi(e) Agi(x) = fal@) A ga(x) = (f2 A g2) (),
(

fivg)(@) = fi(z) vV gi(x) = f2(2) V g2(z) = (f2 V 92)().
For x € dom(f1) N dom(f2) we have

[T (@) = (fi & 0)(z) = 2O[f1(2) ~ 0(x)] = 2O[f2(x) ~ O(x)] = (f2 &~ 0)(z) = f3"(2),

that is the pairs (f1 Ag1, faAge2), (f1 Va1, f2Vge), ([T, f5) coincide on the intersection
of their domains, hence p4 is compatible with the operations A,V and ~. B

For f € M,(A) with I = dom(f) € Z'(A)NR(A), we denote by [f, I] the congruence
class of f modulo py and A” = M,.(4)/pa .

Since the class of Boolean algebras is equational, from Proposition 4.2, Remark 4.6
and Lemma 4.10 we deduce:

Theorem 4.2. A” is a Boolean algebra, where for [f,1],[g,J] € A", [f,I] A lg,J] =

[fng, INJ] [f, Vg, J] = [f vy, INJ], [f, I|®]g,J] = [f@g, INJ], [f, 1] < [g,J] =
[f =g, INJ] [f, I} e~ [g,J] = [f &~ g, 1N J],0 = [0,C(A)] and 1 =[1,C(A)].

Remark 4.8. If we denote by F = 1'(A) N R(A) and consider the partially ordered
systems {017} 1,7er,1cg (where for I,J € F , I C J o7 5 : M(J,A) — M(I,A) is
defined by 61.5(f) = fi1), then by above construction of A" we deduce that A" is the
inductive limit A” = lim M(I, A).

—

IcF

Lemma 4.11. Let the map T : B(A) — A" defined by Ta(a) = [fa, C(A)] for every
a € B(A). Then:

(i) Ta is a monomorphism of Boolean algebras;

(i1) Tx(B(A)) € R(A").

Proof. (i). Follows from Lemma 7.1.
(74). As in the case of MTL algebras (see [15]). B

Remark 4.9. Since for every a € B(A), f, is the unique strong mazimal multiplier
on [fa, C(A)] (by Lemma 7.7) we can identify [fo,C(A)] with f.. So, since Ta is
injective map, the elements of B(A) can be identified with the elements of the set {
fa:a € B(A)}.

Lemma 4.12. In view of the identifications made above, if [f,dom(f)] € A” (with
f € M.(A) and I = dom(f) € I'(A) N R(A)), then I N B(A) C {a € B(4) :
Ja N[f,dom(f)] € B(A)}.

Proof. As in the case of MTL algebras (see [15]).H
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5. Maximal pseudo MTL-algebra of quotients

The scope of this section is to define the notions of pseudo MTL -algebra of frac-
tions and mazimal pseudo MTL - algebra of quotients for a pseudo MTL - algebra.

Definition 5.1. Let A be a pseudo MTL - algebra. A pseudo MTL - algebra F is
called pseudo MTL - algebra of fractions of A if:
(Fr1) B(A) is a pseudo MTL - subalgebra of F;
(Fry) For every a’,b' ¢’ € F,a' £V, there exists e € B(A) such that e ANa’ # e ANV and
eNcd € B(A).

So, pseudo MTL - algebra B(A) is a pseudo MTL - algebra of fractions of itself
(since 1 € B(A)).

As a notational convenience, we write A < F' to indicate that F' is a pseudo MTL
- algebra of fractions of A.

Definition 5.2. Q(A) is the maximal pseudo MTL - algebra of quotients of A
if A 2 Q(A) and for every pseudo MTL - algebra F with A < F there exists a
monomorphism of pseudo MTL - algebras i : F — Q(A).

Remark 5.1. If A < F, then F is a Boolean algebra. Indeed, if o' € F such that
(@) )~ #d or ((a)”)” #d ord Nz #d ©x for some x € F then there exists
e, f,g € B(A) such thate Nd',f Na',gNa' € B(A) and

end #£eN((d))"=((end)" ) or
fna #fa(@))” =fna)7)" or

ghad ANx # gh(d ox)ego(@dAz)£g0(d Oz) <
(god)A(goz) # (god)o(gor) e (ghd)A(gor)#(ghad)o (g0),

a contradiction !.

We also have for pseudo MTL - algebras the next analogous definitions, results
and remarks as in [15] for MTL - algebras:

Lemma 5.1. Let A <X F ; then for every o/, € F,a’ # V', and any finite sequence
sy, € F, there exists e € B(A) such that e Na' # e ANV and e A ¢, € B(A) for
i=1,2,..,n (n>2).

Lemma 5.2. Let A < F and o' € F. Then I,, = {e € B(A) : end € B(A)} €
I(B(A)) N R(A) =T'(B(A)) N R(A).

Theorem 5.1. A" is the mazimal pseudo MTL - algebra Q(A) of quotients of A.

Remark 5.2. 1. If pseudo MTL - algebra A is a MTL - algebra or a pseudo BL
- algebra, then Q(A) is the mazimal MTL - algebra of quotients or the maximal
pseudo BL - algebra of quotients of A.

2. If Ais a pseudo MTL - algebra with B(A) = {0,1} = Ly and A <X F then
F ={0,1}, hence Q(A) = A” = Ls.

3. More general, if A is a pseudo MT L— algebra such that B(A) is finite and A < F
then F' = B(A), hence in this case Q(A) = B(A).
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6. Topologies on a pseudo MTL-algebra

Definition 6.1. A non-empty set F of elements I € Z(A) will be called a topology
on A if the following axioms hold:

(topr) If Iy € F,I, € Z(A) and I, C I, then I, € F (hence A € F);

(tops) If 1, I € F , then 1 NIy € F .

Remark 6.1. 1. F is a topology on A iff F is a filter of the lattice of power set of
A; for this reason a topology on T(A) is usually called a Gabriel filter on Z(A).
2. Clearly, if F is a topology on A, then (A,F U{0}) is a topological space.

Any intersection of topologies on A is a topology; so, the set T'(A) of all topologies
of A is a complete lattice with respect to inclusion.

Example 6.1. If I € Z(A), then the set F(I) = {I' € Z(A) : I C I'} is a topology
on A.

Example 6.2. If we denote R(A) = {I C A : I is a regular subset of A}, then
F =TZ(A)NR(A) is a topology on A.

Example 6.3. A nonempty set I C A will be called dense (see [10]) if for x € A such
that e Nz = 0 for every e € INB(A), then © = 0. If we denote by D(A) the set of all
dense subsets of A, then R(A) C D(A) and F =Z(A)N D(A) is a topology on A.

Example 6.4. For any A— closed subset S of A, the set Fs ={I € Z(A): INSN
B(A) # @} is a topology on A.

7. Localization of pseudo MTL-algebras

In [10], G. Georgescu exhibited the localization lattice Lz of a distributive lattice
L with respect to a topology F on L in a similar way as for rings or monoids.

The concept of localization MT L algebras was studied in [16] for commutative case
(taking as a guide-line the case of distributive lattices).

The aim of this section is to define the notion of localization pseudo MTL - algebra
of a pseudo MTL - algebra. In the least part it is proved that the maximal pseudo
MT L— algebra of fractions and the pseudo MTL - algebra of fractions relative to a
A -closed system are pseudo MT'L - algebras of localization.

In this section by A we consider a pseudo MTL - algebra.

Let F be a topology on A and we consider the relation 6+ on A defined in the
following way: (z,y) € 0r < there exists I € F such that e Az = e Ay for any
eeINDB(A).

Lemma 7.1. 0 is a congruence on A.

Proof. See [16] for the case of MT L— algebras. B

We shall denote by a/07 the congruence class of an element a € A and by
pr: A — A/0r the canonical morphism of pseudo M T L-algebras.

Proposition 7.1. For a € A, a/0r € B(A/0F) iff there exists I € F such that
aVa ,aVa™~ >e for every e € I N B(A). So, if a € B(A), then a/0r € B(A/0F).

Proof. Using Proposition 2.3, for a € A, we have a/0r € B(A/0r) < a/0r V
(a/0F)” =a/0rV (a/0r)~ =1/0Fr < (aVa )/0r = (aVa™)/0Fr =1/0F < there
exist K, J € F such that (aVa~)Ae = 1Ae =¢, forevery e € KNB(A) < aVa~ >,
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for every e € KNB(A) and (aVa™)Ae = 1Ae = e, for every e € JNB(A) < aVa™ > e,
for every e € J N B(A).

If we denote I = KN J, then I € F and for every e € INB(A),aVa ,aVa™~ > e.

If a € B(A), then 1=aVa =aVa™ > e, for every e € IN B(A),I € F, hence
a/0r € B(A/0r).R
Corollary 7.1. If F = Z(A) N R(A), then fora € A, a € B(A) iff a/0r € B(A/0F).

We recall that for a pseudo MTL— algebra A, we denote by C(A) = {z € A :
@ (x~a)=(r—a) Oz, for every a < z,a € A}.

For a topology F on a pseudo MT L—algebra A and we denote by F' = {I =
JNC(A): Je F}.

Definition 7.1. Let F be a topology on A. A F— multiplier is a mapping f : I
— A/Or where I € F' and for every x € I and e € B(A) the following axioms are
fulfilled:

(M) fleox)=e/0r A f(z) =¢€/0F O f(x);

(Mo) /07 ® (2/05 ~ [(z)) = ().
Remark 7.1. The aziom Ms, /07 @ (x/0F ~ f(x)) = f(x), for every x € I, implies
f(x) <z/0F, so, since x/0F € C(A/O0F) this axiom become x/0r © (x/0F ~ f(x)) =
(x/0F — f(x)) ©x/0F = f(x), for every x € I.

By dom(f) € F’ we denote the domain of f; if dom(f) = C(A), we called f total.

To simplify language, we will use F— multiplier instead partial F— multiplier,
using total to indicate that the domain of a certain F— multiplier is C'(A).

If 7 = {A}, then 0f is the identity congruence of A so a F— multiplier is a total
strong multiplier in sense of Definition 4.1, which verify the conditions M; and Ms.

The maps 0,1 : C(A) — A/07 defined by 0(z) = 0/07 and 1(x) = x/0# for every
x € C(A) are F— multipliers in the sense of Definition 7.1.

Also, for a € B(A) and I € F', fo : I — A/0r defined by fo(r) = a/0r N x/0F
for every x € I, is a F— multiplier. If dom(f,) = C(A), we denote f, by f, ; clearly,
fo=0.

We shall denote by M (I, A/0r) the set of all the F— multipliers having the domain
IeF and M(A/0F) :IeUJ-" M(I,A)0F). If I,I, € F', I C I we have a canonical

mapplng PIy,I ¢ M(I27A/9.7:) - M(IlaA/ef) defined by 5011,12(f) = f|[1 for f €
M (I3, A/0F). Let us consider the directed system of sets
{M(I,A)0F) yier, {¢n .1}, er ncr,) and denote by Ax the inductive limit
(in the category of sets) Ar =lim M(I, A/0F). For any F— multiplier f: I — A/0F
IeF
with I € F' we shall denote by (I, f) the equivalence class of f in Ar.

—_—

Remark 7.2. If f; : I, — A/0F , i = 1,2, are F— multipliers, then (I1, f1) = (I2, f2)
(in Ar) iff there exists I € F' , I C I, NIy such that fy; = fo1.

Proposition 7.2. If I, I € F' and f; € M(I;,A/0F),i = 1,2, then
(ce1) fi(z) © [x/0F ~ fo(a)] = [2/0F — f1(x)] © f2(x), for every x € 1N L.

Proof. For z € 1N I we have fi(z) © [z/0F ~ fa(x)] = [(x/0Fr — fi(z)) ®
z/0F] © (x/0F ~ fa(z)) = (2/0F — f1(2) © [2/0F © (x/0F ~ f2(x))] = [2/0F —
f1(2)] © fo(z).m

Let f; : I; — A/0x , (with I; € ', i = 1,2), F—multipliers. Let us consider the
mappings f1 A fo, f1 Y fo, [1® fao, fr < fo, fr e fo: 1 NIy — A/e}‘ defined by

(1 A f2)(x) = fr(@) A fa(), (1 Y f2) (@) = fi(z) V fa(),
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(f1® f2)(z) = f1(z) © [2/0F ~ fo(z)] L [2/0F — f1(2)] © fa(),
(fi = f2)(@) = [fi(z) — fo(@)] © 2/0F,
(f1 &~ f2)(x) = 2/0F © [fi(x) ~ fa(z)],

for any z € I1 N I, and let

I ) A (D, ) = (LN To, fi A fo), (It f1) Y (s fo) = (L N Do, f1 V fo),
e ) = (LNTy i ®f), (01, f1) o (s fo) = (L N I, f1 < fa),

—

and (I, f1) o« (I, f2) = (L N L5, f1 « f).
Clearly, the definitions of the operations A, Y, ®, «~ and <> on Az are correct.
Lemma 7.2. fi A fo € M(I1 N1y, A/OF).
Proof. See [16] and Lemma 4.2. B
Lemma 7.3. f1 Y fo € M(I; N1, A/0F).
Proof. See [16] and Lemma 4.3.H
Lemma 7.4. f1 ® fo € M(I, N 15, A/0F).
Proof. See [16] and Lemma 4.4. W
Lemma 7.5. f1 e fo€ M(I1 N1z, A/0F).
Proof. See [16] and Lemma 4.5. W
Lemma 7.6. f1 < fo € M(I; N1z, A/0F).
Proof. See [16] and Lemma 4.6.H

Proposition 7.3. (Ar, A, Y,®, <, e, 0 = (CTA\),O),l = (CTA\),l)) 18 a pseudo
MT L-algebra.

Proof. See the proof of Proposition 4.2.1
Remark 7.3. (M(A/0r), X, Y,®, >, «,0,1) is also a pseudo MT L-algebra.

Definition 7.2. The pseudo MT L-algebra Az will be called the localization MT L-
algebra of A with respect to the topology F .

Remark 7.4. If pseudo MTL— algebra A is a MTL— algebra in [16] will be called
Ar the localization MT L-algebra of A with respect to the topology F .

Theorem 7.1.  (i): If pseudo MT L-algebra A is a MT L—algebra (resp. a pseudo
BL-algebra) then Ax is also a MT L—algebra (resp. a pseudo BL-algebra);
(vi): If pseudo MT L-algebra A is a pseudo IMT L-algebra (resp. a pseudo W N M -
algebra or a pseudo N M -algebra) then Ax is also a pseudo IMT L-algebra (resp.
a pseudo W N M-algebra or a pseudo N M -algebra).

Proof. (i). See Remarks 4.4 and 4.5.
(i%). See the proof of Theorem 4.1. W

Remark 7.5. If pseudo MTL— algebra A is a MTL—algebra (resp. a pseudo BL-
algebra, a pseudo IMT L-algebra, a pseudo W N M-algebra, a pseudo N M -algebra),
then pseudo MT L— algebra M (A/0F) is a MT L—algebra (resp. a pseudo BL-algebra,
a pseudo IMT L-algebra, a pseudo W N M -algebra, a pseudo N M -algebra,).
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Lemma 7.7. Let the map vr : B(A) — Ax defined by vr(a) = (C(A), fa) for every
a € B(A). Then:
(1) vr is a morphism of pseudo MT L-algebras;
(i1) For a € B(A), (C(A), fa) € B(Ar);
(i) vr(B(A)) € R(Az).

Proof. (i), (¢i7). As in the case of MTL— algebras (see [16]).

(i3). For a € B(A) we have a Va™~ =aVa~ =1, hence (a Az)V [z ® (a Az)~] 2
(ahz)V]z® (@ Va™)] L (arnz)V[(zea™)V(roz™)] Z (aAz)V](z©a™)V0) =
(anz)VE@Aa) ZaoA(ava™) =axzAl =uxand (aAz) Vi aAz)” @] L
(anz)V[a~ Va )ox] 2 (arnz) Ve~ 0x)V(z~ 02)] EF (aAz) Ve~ @z)V0) =
(anz)V(a= Az)Z (aVa )Nz =xA1=uz, for every x € C(A). We deduce that
(a N a)/05 V [2/05 © (@ A 2)/07)] = (a A2) 05 V [((a A 2)/6r) © o/05] = /0

heIE\fa jfa) = fa (E)_ =1, that is, (C(A),E)\Y (C(A)aﬁ) = (C(A)7E) Y
(C(A),Ta) = (C(A),1), so by Proposition 2.3, (C(A), ) € B(Ar).®

8. Applications

In the following we describe the localization pseudo MT L-algebra Az in some
special instances.

1. If I € Z(A), and F is the topology F(I) = {I' € Z(A) : I C I'} (see Example
6.1), then Az is isomorphic with M(INC(A),A/07) and vr : B(A) — Ar is defined
by vr(a) = E‘I for every a € B(A).

If I is a regular subset of A, then 6 is the identity, hence Az is isomorphic with
M(INC(A),A) (see [15]), which in generally is not a Boolean algebra.

2. Main remark. To obtain the maximal pseudo MTL -algebra of quotients
Q(A) as a localization relative to a topology F we have to develope another theory
of multipliers (meaning we add new axioms for F-multipliers).

Definition 8.1. Let F be a topology on A. A strong - F— multiplier is a mapping
f:I — A)0F (where I € F' ={JNC(A): J € F) which verifies the axioms M5 and
Mg (see Definition 7.1) and

(M7) If e € INB(A), then f(e) € B(A/0r);

(Mg) (z/07) A f(e) = (e/0x) A f(z), for every e € IN B(A) and = € I.

Remark 8.1. If (A, A, V,®,—,~,0,1) is a pseudo MTL— algebra, the maps 0,1 :
C(A) — A/0F defined by 0(x) = 0/0Fr and 1(x) = x/0F for every x € C(A) are
strong - F— multipliers. We recall that if f; - I; — AJ0F , (with I, € F', i =1,2)
are F—multipliers f1 A fa, f1 Y fo, f1 ® fa, f1 & fo, f1 & fo: 1 N2 — A/OF defined
by (fi A f2)(@) = fr(@) A f2(2), (fr Y f2)(@) = fi(2) V fa(@), (1 @ f2)(2) = fi(z) ©
/07 ~ fo(x)] 2 [2/6F — [1(2)] © fo(2), (fr = fo)(z) = [fi(z) — fol2)] © z/6F,
(f1 o~ fo)(x) = 2/0F © [f1(x) ~ fa(x)], for any x € Iy N Iy are F—multipliers. If
J1, f2 are strong - F— multipliers then fi1 A fa, 1 Y f2, f1 @ f2, f1 < fa, f1 &~ f2 are
also strong - F— multipliers. Indeed, if e € Iy N Io N B(A), then

(fi & f2)(e) = file) A fa(e) € B(A/OF),

(f1 Y f2)(e) = file) V fa(e) € B(A/0F),
(f1® f2)(e) = [e/0F — fr(e)] © fale) = [(e7)/07 V f1(e)] © fale) € B(A/OF),
(fi = fo)(e) = [fi(e) = fa(e)] ©e/0F = [(fi(e))” V fale)] © ¢/0F € B(A/bF),
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(1 o= £2)(€) = e/05 O ie) = ale)] = /05 © [ (e V fale)] € B(A/05)
Foree I NnIs N B(A) and = € 1N I we have:
z/0F N (fi A f2)(e) =x/0F A fi(e) A fale) = [z/07 A fi(e)] A[z/0F A fa(e)] =
=[e/0F A fr(2)] A e/0F A f2(x)] = e/0F A (f1 A f2)(2)

and
z/0F N (1Y f2)(e) = x/0F N [fi(e) V fa(e)] =
= [z/0F N fi(e)] V [2/07 A fa(e)] =
=le/0r A fi(x)] V [e/0F A foz)] =
=e/0r Nfi(x) V fa(2)] = €/0F A (fL Y f2)(x)
and

z/0F N (f1® f2)(e) = 2/0F N[(e/0F — fi(e)) © fa(e)]
= [(e/0r — fi1(e)) © fa(e)] © x/0F = [(e/0F — fi(e)) © x/0F] © f2(e)
Z((e0a)/0r — (file) ©x/0F)) ©2/0F] © fa(e)
=[e®x)/0r — (file) 0z/0F)] © [2/0F © fa(e)]
=[(e®x)/0r — (e/0r © f1(2))] © [e/0F © fa(z)]
=[((e/0r ©x/0F) — (e/0r © f1(x))) ©®e/0F] © fa(x)
F [(2/0F = f1(2)) © ¢/0£] © fo(x) = [(x/0F — f1(2)) © fo(x)] ©e/0F
=[(i® f)(@)]oe/lr=c/brA(fi® f2)(z)
and
e/0r A (f1 < fo)(z) =[(f1(z) — faz)) ©x/0F] Ne/OF
=[(fi(@) = fa(2)) O 2/0F] © e/0F = [(f1(z) — fo(z)) ©e/0F] © x/0F
(i) ©e/0F) — (folx) ©e/0F)) ©e/0F] © x/0F
=[((z/0F © fi(e)) — (z/0F © fa(e))) O e/bF]| © x/0F =
= [((2/070 f1(e)) = (z/07C f2(e)))0x/0F|0e/0F = [(fi(e) — fa(e)Ox/0r]0e/0F =
=[(fi(e) = fale)) © /0] ©x/0F = [(f1 < f2)(e)] ©x/0F = x/0F N (f1 < f2)(e)
and
e/0F A (f1 e f2)(@) = e/0F N[z/0F © (fi(z) ~ fa(2))]
=(e02)/0r O [fi(z) ~ fo(2)] = 2/0F © [e/0F © (f1(z) ~ f2(x))]
F2/0F 0 le/0r © (/07 © f1(x)) ~ (¢/0F © fa(x)))]
=z/0Fr ©e/0F © ((z/0F © fi(e)) ~ (x/0F © f2(e)))] =
= e/070[z/0r0((x/0rC fi(e) ~ (2/070f2(e)))] F e/0r0x/0rO(fi(e) ~ fa(e))] =
=z/0r ©[e/0r © (fi(e) ~ fa(e))] = /07 © (f1 o~ f2)(e) = x/0F N (f1 & f2)(e).

Remark 8.2. Analogous as in the case of F— multipliers if we work with strong-F —
multipliers we obtain a pseudo MTL— subalgebra of Ar denoted by s — Ax which
will be called the strong-localization pseudo MT L— algebra of A with respect to the
topology F.
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So, if F = Z(A) N R(A) is the topology of regular ideals, then 0 is the identity
congruence of A and we obtain the definition for multipliers on A, so

s — Ar =lim( s — M (I, A)),
IeF
where s — M(I, A) is the set of strong multipliers of A having the domain I (see
Definition 4.1, My — My).
In this situation we obtain:

Proposition 8.1. In the case F = Z(A) N R(A), Ar is exactly the mazimal pseudo
MTL-algebra Q(A) of quotients of A which is a Boolean algebra. If pseudo MTL—
algebra A is a MTL— algebra, Ax is exactly the maximal MT L-algebra Q(A) of
quotients of A.

3. Denoting by D the topology of dense subsets of A, then (since R(A) C D(A))
there exists a morphism of pseudo MTL -algebras « : Q(A) — s — Ap such that the
diagrame

S — AD
is commutative (i.e. « oy = vp). Indeed, if [f,I] € Q(A) (with I € Z'(A) N R(A)
and f: I — A a strong multiplier in the sense of Definition 4.1) we denote by fp the
strong - D—multiplier fp : I — A/0p defined by fp(x) = f(x)/0p for every z € I.
Thus, « is defined by a([f, I]) = [fp, I].
4. Let S C A a A—closed system of pseudo MT L- algebra A.
As in the case of MT L—algebras we obtain the following result:

Proposition 8.2. If Fg is the topology associated with a N—closed system S C A,
then the pseudo MT L-algebra s — Ar, is isomorphic with B(A[S]).

Remark 8.3. In the proof of Proposition 8.2 the axiom Mg is not necessarily.

Concluding remarks

Since in particular a MT L— algebra is a pseudo MT L— algebra we obtain in this
paper a part of the results about localization of MT L— algebras, so we deduce that
the main results of this paper are generalization of the analogous results relative to
MTL— algebras in [15], [16].

We use in the construction of localization pseudo MT L— algebra Az the Boolean
center B(A) of a pseudo MT L— algebra A; as a consequence of this fact, s — Ax is
a Boolean algebra in some particular cases.

A very interesting subject for future research would be a treatment of the local-
ization for pseudo MT L— algebras or residuated lattices without use the Boolean
center.
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